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ENHANCED GRADIENT RECOVERY-BASED A POSTERIORI

ERROR ESTIMATOR AND ADAPTIVE FINITE ELEMENT

METHOD FOR ELLIPTIC EQUATIONS

YING LIU†, JINGJING XIAO‡,∗, NIANYU YI§, AND HUIHUI CAO§

Abstract. Recovery type a posteriori error estimators are popular, particularly in the engineering

community, for their computationally inexpensive, easy to implement, and generally asymptoti-
cally exactness. Unlike the residual type error estimators, one can not establish upper and lower
a posteriori error bounds for the classical recovery type error estimators without the saturation
assumption. In this paper, we first present three examples to show the unsatisfactory perfor-

mance in the practice of standard residual or recovery-type error estimators, then, an improved
gradient recovery-based a posteriori error estimator is constructed. The proposed error estimator
contains two parts, one is the difference between the direct and post-processed gradient approx-

imations, and the other is the residual of the recovered gradient. The reliability and efficiency
of the enhanced estimator are derived. Based on the improved recovery-based error estimator
and the newest-vertex bisection refinement method with a tailored mark strategy, an adaptive
finite element algorithm is designed. We then prove the convergence of the adaptive method by

establishing the contraction of gradient error plus oscillation. Numerical experiments are provided
to illustrate the asymptotic exactness of the new recovery-based a posteriori error estimator and
the high efficiency of the corresponding adaptive algorithm.

Key words. Gradient recovery, a posteriori error estimator, adaptive finite element method,

elliptic equation.

1. Introduction

Adaptive finite element methods [1, 2, 3] are widely used for numerically solving
partial differential equations, especially for solutions with singularity or multiscale
properties. Based on the principle of uniform distribution of errors, the adaptive
algorithm adjusts the mesh such that the errors are “equally” distributed over
the computational mesh. A posteriori error estimation [4, 5, 6], which provides
information about the size and the distribution of the error, is an essential ingredient
of adaptive finite element methods. Error estimators are computable quantities
depending on finite element approximations and known data that locate accurate
sources of global and local error. Globally, we use the a posteriori error estimator as
the stop criterion to determine whether the finite element solution is an acceptable
approximation. Locally, we use the a posteriori error estimator as an indicator
which shows the error distribution and guides the local mesh adaptation.

There is a large numerical analysis literature on adaptive finite element methods
[7, 8, 9, 10], and various kinds of a posteriori estimates have been proposed for
different problems [5, 11, 12]. Basically, there are two types of a posteriori error
estimations, one is residual-type error estimation, and the other is the recovery type
error estimation. Residual type error estimations, originally introduced by Babuška
and Rheinboldt [13], to estimate errors, consider local residuals of the numerical
solution. Today, residual type a posteriori error estimates are well studied for a
large class of elliptic model problems [14, 15, 16]. It is proved that the residual
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estimator provides upper and lower bounds of the actual error in a suitable norm.
However, in practical simulation, the residual error estimator is usually larger than
the actual error. Hence, it may guide the adaptive algorithm not being terminated
timely in practical applications (see Example 3.1). Recovery type a posteriori error
estimations, which adopt a certain norm of the difference between the direct and
post-processed approximations of the gradient (or other quantities) as an indicator,
have gained wide popularity since the work of Zienkiewicz and Zhu [17]. Estimators
of the recovery type possess many attractive features. In particular, their ease of
implementation, generality, and ability to produce quite accurate estimators have
led to their widespread adoption. Recovery type a posteriori error estimator is
based on a suitable finite element post-processing technique including the gradient
recovery [18, 19, 20, 21, 22], flux recovery [23, 24] or functional recovery [25]. Gra-
dient recovery is a post-processing technique that reconstructs improved gradient
approximations from finite element solutions, which is widely used in engineering
practice for its superconvergence of recovered derivatives and its robustness as an
a posteriori error estimator. Now, different kinds of post-processing techniques
are developed based on weighted averaging [26], the local least-squares methods
[17, 27, 28], the local or global projections, post-processing interpolation, and so
on. Under the assumption that the recovery operator is superconvergent [4], the
corresponding error estimator is asymptotically exact [11]. Unfortunately, without
the saturation assumption that the recovery provides a better approximation than
the numerical approximation does, one can not derive the reliability and efficiency
of the recovery type estimator. In some cases, such as the diffusion problem with
discontinuous coefficients of the load function is orthogonal to the finite element
space [2], the recovery process may not provide improved gradient approximation,
then the corresponding error estimator is not reliable and can lead to adaptive
refinement completely failing to reduce the global error, which in turn produces a
wrong finite element approximation. The purpose of this paper is to derive a gra-
dient recovery-based error estimator with guaranteed upper and lower bounds of
the actual error. In view of some interesting numerical findings, an improved error
estimator, which contains an additional term that ensures reliability, is proposed
and proved to be reliable and efficient. We formulate an adaptive algorithm that is
driven by this estimator and a tailored mark strategy and establish its convergence
theory.

The rest of this paper is organized as follows. In Section 2, we give a description
of the linear elliptic model problem and its finite element method. The poor perfor-
mance of the classical error estimators, i.e., residual estimators are not asymptoti-
cally accurate, the gradient recovery method may not provide a better approxima-
tion, and the gradient recovery-based error estimator may lead to over-refinement,
are explained and demonstrated by three examples in Section 3. Then an improved
gradient recovery-based error estimator is presented and analyzed. In Section 4,
we present the adaptive finite element algorithm and prove its convergence result.
Several numerical experiments are reported in Section 5 to demonstrate the perfor-
mance of our improved estimator.

2. Model problem and its finite element scheme

Let Ω ⊂ Rd(d = 2, 3) be an open and bounded polyhedral domain. Following
the standard notation, we use L2(Ω) to denote the space of all square-integrable
functions, and its norm is denoted by ∥·∥. Let Hs(Ω) be the standard Sobolev space
with norm ∥·∥s and seminorm |·|s. Furthermore, ∥·∥s,D and |·|s,D denote the norm
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∥·∥s and the semi-norm |·|s restricted to the domain D ⊂ Ω, respectively. W k,∞(Ω)
denotes the standard Sobolev space with norm ∥ · ∥k,∞,Ω and seminorm | · |k,∞,Ω.
We also use the notation H1

0 (Ω) for the functions that belong to H1(Ω) and their
trace vanishes on ∂Ω. Moreover, we shall use C, with or without a subscript, for a
generic constant independent of the mesh size, and it may take a different value at
each occurrence.

We consider the adaptive finite element method for the following problem{
−∇ · (A∇u) = f in Ω,

u = 0 on ∂Ω,
(1)

where f ∈ L2(Ω), A is a piecewise constant positive definite symmetric matrix,
namely, we assume that there exists a partition of the domain Ω into a finite set
of Lipschitz polygonal domains {Ωj}Nj=1, N ≥ 1, such that A is constant on each
Ωj . To make sure the well-posedness of (1), we assume that the jump of u and
(A∇u) · n is 0 across the interface.

The corresponding variational form of the model problem (1) is to find u ∈ H1
0 (Ω)

such that

(2) a(u, v) = (f, v), ∀v ∈ H1
0 (Ω),

where the bilinear and the linear forms are defined by

a(u, v) =

∫
Ω

(A∇u)(∇v)dx, (f, v) =

∫
Ω

fvdx,

respectively. The energy norm is denoted by

9v9D = ∥A 1
2∇v∥0,D.

Let Th = {K} be a conforming triangulation of domain Ω. For each element K,
hK is the diameter of K, and h = maxK∈Th

hK is the mesh size of Th. Assume
that the triangulation Th is regular; i.e., for all K ∈ Th, there exists a positive
constant κ satisfies hK ≤ κρK , with ρK denoting the diameter of the largest circle
that may be inscribed in K. If the number of sub-domain satisfies N > 1, let T j

h be
a triangulation of Ωj and assume that interfaces I = {∂Ωi ∩ ∂Ωj : i, j = 1, · · ·N}
do not cut through any element K ∈ Th, so that the discontinuities of coefficient
occur only across mesh edge. Define the set of all edges of the triangulation by

E := EΩ ∪ E∂Ω,

where EΩ is the set of all interior element edges, E∂Ω is the set of boundary edges. For
the edge e ∈ E , let ne be the unit vector normal to e. When e ∈ EΩ, e = K+

e ∩K−
e

is the common edge shared by K+
e and K−

e . Let Vh be the continuous piecewise
linear finite element space,

Vh = {v ∈ H1(Ω) : v|K ∈ P1(K), ∀K ∈ Th}.

Set

V 0
h = {v ∈ Vh : v = 0 on ∂Ω},

then the corresponding finite element discrete scheme of (2) is to find uh ∈ V 0
h such

that

(3) a(uh, vh) = (f, vh), ∀ vh ∈ V 0
h .
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3. Improved gradient recovery-based a posteriori error estimation

In this section, we first recall the classical a posteriori error estimators and
numerically investigate their performance in the adaptive method for the model
problem (1). We shall report three examples to demonstrate that the performance of
error estimators can be arbitrarily bad if no care is taken to avoid these difficulties.
and explain why these estimators fail to guide the adaptive refinement accurately.
Based on this observation, we then present our improved gradient recovery-based
error estimator and establish its reliability and efficiency.

3.1. Poor performances of classical error estimators. We now recall the
residual-type a posteriori error estimators for (2) and (3). The standard residual-
type estimator on element K is defined as

(4) η2res,K = h2
K∥f∥20,K +

∑
e∈∂K

he∥Je(A∇uh)∥20,e,

where the jump of the normal component for any e ∈ EΩ is

Je(A∇uh) = [A∇uh · ne] = (A∇uh|K+
e
−A∇uh|K−

e
) · ne,

and Je(A∇uh) = 0 for any e ∈ E\EΩ. The corresponding global residual type
estimator is

(5) η2res =
∑

K∈Th

h2
K∥f∥20,K +

∑
e∈E

he∥Je(A∇uh)∥20,e.

According to [29], the estimator is the global upper bound and local lower bound
of the exact error,

(6)
9u− uh92 ≤ Cη2res,

η2res,K ≤ C
(9u− uh 92

ωK
+osc2h(f, ωK)

)
,

where the oscillation term is

osc2h(f, ωK) =
∑

K∈ωK

h2
K∥f − fK∥20,K ,

with fK is the cell average of f on element K.
When utilizing the above residual estimator as the driver of the adaptive finite

element method, the resulting adaptive meshes will yield the optimal convergence
rate. However, the appearance of the unknown constant C in the bounds makes
the asymptotic result a bit inconvenient and results in the adaptive algorithm not
being terminated timely in practical application. The following benchmark test is
presented to show this unsatisfactory performance.

Example 3.1. [Residual estimators are not asymptotically accurate.] Let L-shaped
domain Ω = (−1, 1)2\(0, 1) × (−1, 0), we consider the Laplace equation with a
Dirichlet boundary condition given by an exact solution

u = r2/3 sin (2θ/3) , r2 = x2 + y2, tan θ =
x

y
.

The solution shows singularity at the reentrant corner (0, 0).

We apply the residual error estimator (4) and the newest-vertex bisection refine-
ment method [30] in the adaptive algorithm, and the error tolerance is 0.01. The
results are reported in Figure 1. Firstly, it shows that the error estimator success-
fully guides the mesh refinement near the reentrant corner (0, 0), and the adaptive
algorithm achieves the optimal convergence rate for the gradient error. Secondly,
the error estimator is approximately five times the exact one. This means that it
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(a) Adaptive mesh.

102 103 104 105

Number of unknowns

10-2

10-1

100

E
rr

or

Rate of convergence is CN-0.51

(b) Error and the residual estimator.

Figure 1. Local refined mesh and the history of the error and estimator.

k N ||∇u−∇uh|| η
1 21 2.7204933666149056e− 01 1.3498972825307682e+ 00
...

...
...

...
34 6781 1.0225214483815645e− 02 5.0066913395745878e− 02
35 8073 9.3703641684631644e − 03 4.5878237026149953e − 02
36 9661 8.5594967357026843e− 03 4.1932448254810677e− 02
...

...
...

...
52 135971 2.2637731869184861e− 03 1.1088270194150417e− 02
53 159679 2.0875642635971403e − 03 1.0227397197614970e − 02

Table 1. The data of mesh nodes, error and error estimator.

can not drive the adaptive algorithm to stop timely. To see this clearly, we list the
data in Table 1. The residual estimator requires a mesh with 159679 nodes. But
we note that the exact error is below the tolerance when the mesh with 8073 nodes.
This means that the adaptive iterations after the 35th iteration are not necessary,
which wastes a large computational cost.

Example 3.1 shows that the adaptive method with the residual type error esti-
mator is inefficient due to the unknown constant C in (6). In general, C depends
on the mesh quality and the partial differential equation. One way to avoid this
difficulty is developing a constant-free estimator, such as the equilibrated residual
error estimator [31].

In practice, a posteriori error estimator based on gradient recovery usually pro-
vides efficient and reliable error estimates for adaptive algorithms. Note that the
gradient of linear finite element solution is piecewise constant, gradient recovery
smooths it into the linear finite element space via weighted averaging, projection,
or local least square fitting. Denote the set of nodes by N , for every mesh node
z ∈ N , ϕz is the Lagrange finite element basis function of Vh, ωz = supp(ϕz).
Let the recovery space be Wh = Vh × Vh and the gradient recovery operator as
G : Vh → Wh. The recovered gradient G(∇uh) [26] based on weighted averaging is
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defined as

G(∇uh) =
∑
z∈N

G(∇uh)(z)ϕz, G(∇uh)(z) =

Jz∑
j=1

αj
z(∇uh)Kj

z
, ∀uh ∈ V g

h ,

where ∪Jz
j=1K̄

j
z = ω̄z,

∑Jz

j=1 α
j
z = 1, 0 ≤ αj

z ≤ 1, j = 1, ..., Jz. Ideally, gradient

recovery G(∇uh) provides a better approximation of the true gradient ∇u than
∇uh does, which means that there exists β < 1 such that

(7) ∥∇u−G(∇uh)∥ ≤ β∥∇u−∇uh∥.
Using the triangle inequality, we immediately obtain

(8)
1

1 + β
∥G(∇uh)−∇uh∥ ≤ ∥∇u−∇uh∥ ≤ 1

1− β
∥G(∇uh)−∇uh∥.

Then the difference between ∇uh and recovered gradient G(∇uh) provides a rea-
sonable local and global error estimator ∥G(∇uh)−∇uh∥0,K and ∥G(∇uh)−∇uh∥,
respectively. If the gradient recovery method is superconvergent [20, 21, 26, 27, 28],
we have β → 0 in (8) and

∥G(∇uh)−∇uh∥
∥∇u−∇uh∥

→ 1,

which indicates that the gradient recovery-based error the estimator is asymptoti-
cally exact.

Unfortunately, we can not prove (7) with β < 1. Similar to [2], we present
a counterexample to show that the gradient recovery method is invalid and the
corresponding error estimator provides no information on the exact error.

Example 3.2. [Gradient recovery method can not provide a better approximation.]
Let Ω = (0, 1)×(0, 1), we consider the Poisson equation with homogeneous Dirichlet
boundary condition and

f(x, y) =

{
1 (x, y) ∈ ( j4 ,

j+1
4 )× (k4 ,

k+1
4 ), j, k = 0, 1, 2, 3 and j + k is odd,

−1 else.

0 1/4

1/4

2/4

2/4

3/4

3/4

1

1

1 −1 1 −1

1 −1 1

−11−11

−1

1−1 1−1

1 2 3

4 5 6

7 8 9

Figure 2. Distribution of f and mesh.

Figure 2 shows the distribution of f and a mesh partition of Ω. If we solve
the Poisson equation by the linear finite element method with this mesh, we can
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easily verify that f is orthogonal to the finite element space, and then the resulting
algebraic equation is AU = 0. Hence, the finite element solution is uh = 0, and

∇uh = G(∇uh) =

(
0
0

)
.

If we take ∥G(∇uh) − ∇uh∥ as the error estimator, it will tell us that the linear
finite element solution uh = 0 is the exact solution. Clearly, u = 0 is definitely not
the solution of the Poisson equation with a piecewise constant f .

In practical adaptive computing, if we take the initial mesh shown in Figure
3 (a), and set the error tolerance to be 10−3, the numerical results are displayed
in Figure 3. The gradient recovery-based error estimator η = ∥G(∇uh) − ∇uh∥
drives the adaptive algorithm to stop at a mesh as shown in Figure 3 (b), and the
corresponding numerical approximation is uh = 0.

(a) Initial mesh. (b) Final adaptive mesh.

0

0.5

1

00.20.40.60.81
-1

-0.5

0

0.5

1

(c) Numerical solution on the final
mesh.

10 12 14 16 18 20 22

Number of unknowns

10-15

10-10

10-5

E
rr

or

Rate of convergence

CN-91

(d) History of the estimator
∥G(∇uh)−∇uh∥.

Figure 3. Numerical results of adaptive algorithm for Example 3.2.

In [32], Ovall demonstrated that a gradient recovery-based estimator can perform
arbitrarily poorly for diffusion problems with discontinuous coefficients. In the
following example, we numerically investigate the performance of the recovery-
based estimator to elliptic interface problems.
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Example 3.3. [Gradient recovery-based error estimator leads to over-refinement.]
Consider the elliptic interface problem{

−∇ · (A∇u) = 0 in Ω,

u = g on ∂Ω,

where Ω = [−1, 1]× [−1, 1] = Ω1 ∪ Ω2 ∪ Ω3 ∪ Ω4 is as shown in Figure 4 (a). The
coefficient A and the exact solution u are chosen as

A =


1, (x, y) ∈ Ω1,

10, (x, y) ∈ Ω2,

100, (x, y) ∈ Ω3,

1000, (x, y) ∈ Ω4,

u(x, y) =


x+ y + 9

10 , (x, y) ∈ Ω1,
1
10x+ 1

10y, (x, y) ∈ Ω2,
1

100x+ 1
100y, (x, y) ∈ Ω3,

1
1000x+ 1

1000y +
9

1000 , (x, y) ∈ Ω4.

We apply the adaptive finite element method with a gradient recovery-based error
estimator to solve this interface problem. Set the error tolerance to be 10−2 and the
initial mesh is shown in Figure 4 (b). It is easy to check that the linear finite element
solution uh = u, and no error appears. But, as shown in Figure 4 (c)-(d), the error
estimator overestimates the local errors and leads to over-refinement. To improve
the reliability and efficiency of gradient recovery error estimators for problems with
jumping diffusion coefficients, it is necessary to avoid averaging across the interfaces
between regions with different coefficients. One possible way is to apply the gradient
recovery method on each sub-domain Ωj separately, then the recovered gradient is
not globally continuous.

In the three examples above, we have shown that the classical error estima-
tors can be arbitrarily poor and that the local error estimators can lead to over-
refinement or produce a wrong finite element approximation. In the following sec-
tions, we provide an improved gradient recovery-based error estimator, which can
avoid the aforementioned difficulties encountered by the classical error estimators.

3.2. Improved error estimator based on gradient recovery. For ease of
presentation, we restrict ourselves to the homogeneous Dirichlet boundary value
problem for the Poisson equation

(9)

{−∆u = f in Ω,

u = 0 on ∂Ω.

Its finite element scheme reads: find uh ∈ V 0
h such that

(10) (∇uh,∇vh) = (f, vh), ∀vh ∈ V 0
h .

Define the local gradient recovery-based a posteriori error estimator ηK on K ∈ Th
as

(11) η2K = ∥G(∇uh)−∇uh∥20,K + h2
K∥f +∇ ·G(∇uh)∥20,K .

Summing the above equation over all element K in Th, the global error estimator
η is

η2 =
∑

K∈Th

η2K = ∥G(∇uh)−∇uh∥2 + ∥h(f +∇ ·G(∇uh))∥2.

We now establish the reliability and efficiency of the improved error estimator, i.e.,
it is a global upper and local lower bound of the exact error.

Denote by Ih : L2(Ω) → V 0
h the quasi-interpolation operator of Clément [33].

We have the following interpolation error estimations for Ih.
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(a) Domain Ω. (b) Initial mesh.

(c) Adaptive mesh.

101 102 103 104

Number of unknowns

10-1

100

E
rr

or

Rate of convergence

CN-0.46

(d) Error estimator.

Figure 4. Numerical results of Example 3.3.

Lemma 3.1 ([33]). For any K ∈ Th, v ∈ H1
0,D(Ω), ωK ≡ ∪K̄′∩K̄ ̸=∅K

′, there exists
a positive constant C such that

∥v − Ihv∥0,K ≤ ChK∥∇v∥ωK
,(12)

∥∇(v − Ihv)∥0,K ≤ C∥∇v∥ωK .(13)

Theorem 3.1. Let u and uh be the solution of (9) and (10), respectively. Then
there exists a positive constant Cr, such that the estimator η defined in (11) satisfies
the following global reliability

(14) ∥∇u−∇uh∥2 ≤ Cr

∑
K∈Th

(
∥G(∇uh)−∇uh∥20,K + h2

K∥f +∇ ·G(∇uh)∥20,K
)
.

Proof. Let e = u − uh, utilizing the Galerkin orthogonality of the finite element
approximation, integration by parts and (1), we obtain

∥∇e∥2 = (∇e,∇e) = (∇e,∇(e− Ihe)) = (∇(u− uh),∇(e− Ihe))

= (∇u−G(∇uh),∇(e− Ihe)) + (G(∇uh)−∇uh,∇(e− Ihe))

=
∑

K∈Th

(f +∇ ·G(∇uh), e− Ihe)K +
∑

K∈Th

(G(∇uh)−∇uh,∇(e− Ihe))K

=: M +N,
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where

M =
∑

K∈Th

(f +∇ ·G(∇uh), e− Ihe)K ,

N =
∑

K∈Th

(G(∇uh)−∇uh,∇(e− Ihe))K .

Using the Cauchy-Schwartz inequality and (12), we have

M ≤
∑

K∈Th

∥f +∇ ·G(∇uh)∥0,K∥e− Ihe∥0,K

≤ C

( ∑
K∈Th

h2
K∥f +∇ ·G(∇uh)∥20,K

)1/2

∥∇e∥.

Using the Cauchy-Schwartz inequality, (13) and the Young inequality, we have

N ≤
∑

K∈Th

∥G(∇uh)−∇uh∥0,K∥∇(e− Ihe)∥0,K

≤ C

( ∑
K∈Th

∥G(∇uh)−∇uh∥0,K

)1/2

∥∇e∥.

Then, we obtain

∥∇e∥ ≤Cr

( ∑
K∈Th

∥G(∇uh)−∇uh∥0,K

)1/2

+

( ∑
K∈Th

h2
K∥f +∇ ·G(∇uh)∥20,K

)1/2
 ,(15)

which completes the proof. �
Note that all gradient recovery techniques can be viewed as performing some

sort of averaging of the piecewise constant gradient ∇uh. Using the estimation of
∥G(∇uh)−∇uh∥0,K obtained by Du and Yan [18], we can get a local lower bound
of the numerical error in terms of local indicators and oscillation.

Theorem 3.2. Let u and uh be the solution of (9) and (10), f ∈ L2(Ω), respec-
tively. Then there exists a positive constant C, which is independent of mesh size
h, such that the estimator defined in (11) satisfies

(16) η2K ≤ C

∥∇u−∇uh∥2ωK
+
∑

K∈ω′
K

h2
K′∥f − f̄∥20,K′

 ,

where f̄ denotes a piecewise constant approximation of f over Th with element value
fK equal to the mean value of f over K ∈ Th.

Proof. For the edge jump of the classical residual estimator, from [16], we obtain

(17)
∑
e∈∂K

he∥Je(∇uh)∥20,e ≤ C

(
∥∇u−∇uh∥2ωK

+
∑

K∈ωK

h2
K∥f − f̄∥20,K

)
.

From [18], for the first term of the estimator defined in (11), we have

(18) ∥G(∇uh)−∇uh∥20,K ≤ C
∑
e∈∂K

he∥Je(∇uh)∥20,e.
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Following from (17) and (18), we obtain

(19) ∥G(∇uh)−∇uh∥20,K ≤ C∥∇u−∇uh∥2ωK
+ C

∑
K∈ωK

h2
K∥f − f̄∥20,K .

For the second term of the estimator, using the inverse inequality, we have

h2
K∥f +∇ ·G(∇uh)∥20,K =h2

K∥f +∆uh +∇ ·G(∇uh)−∇ · ∇uh∥20,K
≤h2

K∥f +∆uh∥20,K + h2
K∥∇ · (G(∇uh)−∇uh)∥20,K

≤h2
K∥f +∆uh∥20,K + C∥G(∇uh)−∇uh∥20,K .(20)

From [16], we know that

(21) h2
K∥f +∆uh∥20,K ≤ C

(
∥∇u−∇uh∥2ωK

+
∑

K∈ωK

h2
K∥f − f̄∥20,K

)
.

Substituting (21) and (19) into (20), we obtain

(22) h2
K∥f +∇ ·G(∇uh)∥20,K ≤ C

(
∥∇u−∇uh∥2ωK

+
∑

K∈ωK

h2
K∥f − f̄∥20,K

)
.

Then (16) follows from (19) and (22). �

Remark 3.1. Our gradient recovery based on a posteriori error estimator and
adaptive algorithm can be generalized to the model problem (1) with some modifi-
cations. For A ̸= I, the local error estimator is defined as:

(23) η2K = ∥A1/2(G(∇uh)−∇uh)∥20,K + h2
K∥A−1/2(f +∇ · (AG(∇uh)))∥20,K ,

and the global error estimator

η2 =
∑

K∈Th

η2K = ∥A1/2(G(∇uh)−∇uh)∥20,Ω + ∥A−1/2h(f +∇ · (AG(∇uh)))∥20,Ω.

4. Adaptive finite element method

In this section, based on the improved gradient recovery type error estimator
(11) and the newest-vertex bisection refinement method, we introduce an adaptive
finite element algorithm and analyze its convergence.

In the adaptive algorithm, we adopt the Dörflers bulk strategy [7] to control both
error and oscillation. We use two marking strategies: Marking Strategy E deals
with the error estimator and Marking Strategy R does so with the oscillation.

• Marking strategy E: Given a parameter 0 < θE < 1, construct a minimal
subset Mk of Tk such that

(24)
∑

K∈Mk

η2K(k) ≥ θ2Eη
2(k),

where η2(k) =
∑

K∈Tk
η2K(k), k is used for the level k in the adaptive loops.

• Marking strategy R: Given a parameter 0 < θ0 < 1 and the Marking
strategy E, enlarge Mk to a minimal set (denoted again by Mk) such that

(25)
∑

K∈Mk

h2
K(k)∥f − f̄∥20,K ≥ θ20∥h(k)(f − f̄)∥20,Ω.

The new proposed recovery type estimator and the newest vertex bisection re-
finement with the interior property are employed in the adaptive algorithm. The
convergence analysis of the adaptive algorithm presented here is similar to that
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Algorithm 1 Adaptive Finite Element Algorithm

Given two parameters θE , θ0 ∈ (0, 1), initial mesh T0. Set k := 0.
Step 1 (SOLVE) Solve the discrete equation (10) for numerical solution uk on
Tk.
Step 2 (ESTIMATE)

• Computing the local error estimator

ηK(k)2 = ∥G(∇uk)−∇uk∥20,K + ∥h(k)(f +∇ ·G(∇uk))∥20,K .

• Computing the total error estimator by summing over all K ∈ Tk

η(k) =

( ∑
K∈Tk

η2K(k)

) 1
2

.

Step 3 (MARK) Mark a subset Mk ⊂ Tk satisfying (24) and (25).
Step 4 (REFINE) Refine each triangle Mk by the newest vertex bisection to get
Tk+1.
Step 5 Set k := k + 1 and go to Step 1.

of [23]. To establish the convergence of the adaptive method, we start with the
following Lemmas.

Lemma 4.1. [2] Let 0 < γ0 < 1 be the reduction factor of element size associated
with one refinement and θ0 is given in the Marking Strategy R. Let Mk be a subset
of Tk satisfying Marking Strategy R, if Tk+1 is generated by the refinement from Tk,
then

(26) ∥h(k + 1)(f − f̄)∥ ≤ ζ∥h(k)(f − f̄)∥,

where ζ =
√

1− (1− γ2
0)θ

2
0.

Lemma 4.2. [2] For the residual type a posteriori error estimator defined in (4),
if each e ∈ Ek contains a vertex of Tk+1 as its interior point, there exists a positive
constant C such that

(27) η2res,K(k) ≤ C
(
∥∇(uk+1 − uk)∥2ωe

+ ∥h(k)(f − f̄)∥20,ωe

)
,

where η2res,K(k) = ∥h(k)f∥20,K +
∑

e∈∂K

he(k)∥Je(∇uk)∥20,e

Lemma 4.3. There exists a positive constant Cl > 0 such that

η2(k) ≤ Cl

(
∥∇(uk+1 − uk)∥2 + ∥h(k)(f − f̄)∥2

)
.(28)

Proof. Using the estimations (19), (22), (5) and (27), we obtain

η2(k) = ∥G(∇uk)−∇uk∥2 + ∥h(k)(f +∇ ·G(∇uk))∥2

≤ C
(
∥u− uk∥2 + ∥h(k)(f − f̄)∥2

)
≤ C

( ∑
K∈Tk

η2res,K(k) + ∥h(k)(f − f̄)∥2
)

≤ Cl

(
∥∇(uk+1 − uk)∥2 + ∥h(k)(f − f̄)∥2

)
,

which completes the proof. �
Lemma 4.4. Under the conditions of Lemma 4.3 and Theorem 3.1, it holds that

(29) ∥∇(uk+1 − uk)∥2 ≥ δ1∥∇(u− uk)∥2 − ∥h(k)(f − f̄)∥2
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with δ1 = 1
ClCr

.

Proof. From Theorem 3.1, for uk ∈ V 0
h (k), there exists a positive constant Cr such

that

η2(k) ≥ 1

Cr
∥∇(u− uk)∥2.

According to (28), we have

∥∇(uk+1 − uk)∥2 ≥ 1

Cℓ
η2(k)− ∥h(k)(f − f̄)∥2

≥ 1

CℓCr
∥∇(u− uk)∥2 − ∥h(k)(f − f̄)∥2.

�

Theorem 4.1. Set δ = max{
√
1− δ1, ζ}, δ1 < 1 and ζ are given in Lemma 4.4 and

Lemma 4.1. Under the condition of the Lemma 4.4, the sequence {uk} generated
by the adaptive finite element algorithm satisfies

(30) ∥∇(u− uk)∥ ≤ C0δ
k

with C0 =
√
∥∇(u− u0)∥2 + ∥h(0)(f − f̄)∥2.

Proof. Since V 0
h (k) ⊂ V 0

h (k + 1), from the orthogonality of the finite element ap-
proximations and Lemma 4.4, it holds that

∥∇(u− uk)∥2 = ∥∇(u− uk+1)∥2 + ∥∇(uk+1 − uk)∥2

≥ ∥∇(u− uk+1)∥2 + δ1∥∇(u− uk)∥2 − ∥h(k)(f − f̄)∥2,

then we have

(31) ∥∇(u− uk+1)∥2 ≤ (1− δ1)∥∇(u− uk)∥2 + ∥h(k)(f − f̄)∥2.

Let yk = (∥∇(u− uk)∥, ∥h(k)(f − f̄)∥)T , and

B =

(
(1− δ1)

1/2 1
0 ζ

)
,

it follows from (31) and Lemma 4.1 that

yk ≤ Byk−1 ≤ Bky0.

Hence,

∥∇(u− uk)∥ ≤ ∥yk∥l2 ≤ ρ(Bk)∥y0∥l2 .
Further, ρ(Bk) = max{(1 − δ1)

k/2, ζk} = δk, C0 = ∥y0∥l2 , which leads to the
proof. �

5. Numerical experiments

We test the performance of the proposed gradient recovery-based error estimator
(11) and adaptive algorithm with six examples. We first investigate the performance
of the improved error estimator in Example 3.1 and Example 3.2, where the per-
formance of classical residual-type and gradient recovery-type estimators are very
poor. Then, we numerically test the performance of the improved error estimator
on problems with the inner layer or in the three-dimensional concave domain, where
the solutions show line singularity. At last, we extend our error estimator to the
model problem (1) with continuous variable or piecewise constant coefficients A.
Unless otherwise specified, parameters θ0 and θE in the marking strategies E and
R are set to 0.2 in numerical tests.
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Example 5.1. Apply the adaptive finite element algorithm with gradient recovery-
based error estimator (11) to Example 3.1. Figure 5 presents the numerical so-
lution, adaptive mesh, history of the error, and estimator. Similar to Figure 1
(a), which is obtained with the classical residual-type error estimator, error esti-
mator (11) also guides the mesh locally refined at the corner (0, 0), aligning with
the singularity of the solution. Figure 5 (c) plots the history of gradient error
∥∇u − ∇uh∥0,Ω and error estimator η. Note that the error estimator η contains
two parts, ∥∇uh −G(∇uh)∥ and ∥∇u−G(∇uh)∥, we also plot the two terms sepa-
rately to examine which part dominates the error estimator. It can be seen clearly
that the error estimator is asymptotically exact, which in turn drives the adap-
tive algorithm to achieve the quasi-optimal convergence rate O(N−1/2). Moreover,
the recovered gradient G(∇uh) is superconvergent to ∇u, thus ∥∇uh − G(∇uh)∥
is close to error estimator η and accounts for the major part. Moreover, the term
∥h(f+∇·G(∇uh))∥ of error estimator η is much smaller and also superconvergent.

(a) Numerical solution. (b) Adaptive mesh.

100 150 200 250 300 350 400

Number of unknowns
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E
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or

||  u-  u
h
||

||  u
h
-G(  u

h
)||

||h(f+   G(  u
h
))||

||  u-G(  u
h
)||

N-0.5

(c) History of error and error
estimator.

Figure 5. Numerical results of Example 5.1 with error estimator (11).

Example 5.2. Example 3.2 shows that the classical gradient recovery-based error
estimator ∥G(∇uh) − ∇uh∥ does not work for this specific case. We now apply
our improved error estimator to this example to show the necessity of the term
∥h(f +∇ · (AG(∇uh))∥ in the recovery-type error estimator. Figure 6 displays the
initial mesh, adaptive mesh, numerical solution, and error estimator, respectively.
In comparison to the numerical results of Example 3.2, our improved error estimator
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can derive the adaptive algorithm to avoid the state that gradient recovery can not
provide a better gradient approximation. Figure 6 (d) shows that ∥∇uh −G(∇uh)∥
dominates η, and ∥h(f +∇ ·G(∇uh))∥ is superconvergent.

(a) Initial mesh. (b) Adaptive mesh.

(c) Numerical solution.
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(d) History of the error estimator.

Figure 6. Numerical results of Example 5.2.

Example 5.3. In this example, we consider the Poisson equation with the Dirichlet
boundary condition given by the exact solution

u = atan(S(
√
(x− 1.25)2 + (y + 0.25)2 − π/3)),

where S = 60 reflects the steepness of the inner slope, and f and g are obtained
from the exact solution u.

Figure 7 plots the numerical solution, locally refined mesh, errors of the gradient,
and error estimators. It is easy to see that the error estimator successfully guides
the mesh refinement along the interface, where the solution has a large gradient.
Figure 7 (c) reports the convergence history of errors and error estimator. Notice
that the convergence rates of ∥∇u−∇uh∥ and error estimator η are quasi-optimal,
∥∇u−G(∇uh)∥ and ∥h(f+∇·G(∇uh))∥ are superconvergent. It can be seen clearly
that the error estimator η is asymptotically exact, and the term ∥h(f+∇·G(∇uh))∥
is much smaller than the term ∥∇uh −G(∇uh)∥.

Example 5.4. In this example, we consider the Poisson equation with the Dirichlet
boundary condition on a 3D domain Ω = (−1, 1)3\(0, 1)×(−1, 0), the exact solution

u = r2/3 sin(2θ/3),
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(a) Numerical solution. (b) Adaptive mesh.
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Figure 7. Numerical results of Example 5.3.

f and g are obtained by the exact solution u.
Figure 8 lists the numerical solution, adaptive mesh, and errors of Example

5.4. From Figure 8 (c), we can see clearly that gradient error ∥∇u − ∇uh∥ and
error estimator η achieve quasi-optimal convergence rates, and the estimator is
asymptotically exact. Similar to the previous three examples, in η2 = ∥G(∇uh) −
∇uh∥2+∥h(f +∇·G(∇uh))∥2, the part ∥h(f +∇·G(∇uh))∥ is much smaller than
the part ∥∇uh −G(∇uh)∥.

In the following two examples, we extend our improved error estimator to the
elliptic equation with diffusion coefficient A with a modification,

η2K = ∥A1/2(G(∇uh)−∇uh)∥20,K + h2
K∥A−1/2(f +∇ · (AG(∇uh)))∥20,K .

Example 5.5. Let Ω = [−1, 1] × [−1, 1], we consider the model problem (1) with

continuous coefficient A =

(
10 cos(y) 0

0 10 cos(y)

)
and the exact solution

u =
1

(x+ 0.5)2 + (y − 0.5)2 + 0.01
− 1

(x− 0.5)2 + (y + 0.5)2 + 0.01
.

The numerical solution, adaptive mesh, and the errors are reported in Figure
9. The exact solution has large gradients near the two points (−0.5, 0.5) and
(0.5,−0.5). Figure 9 (b) shows that the error estimator guides the adaptive algo-
rithm to locally refine around the two peaks of the solution. In Figure 9 (c), we can



GRADIENT RECOVERY AND ADAPTIVE FEM FOR ELLIPTIC EQUATIONS 369

(a) Numerical solution. (b) Adaptive mesh.
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Figure 8. Numerical results of Example 5.4.

see that error estimator η is asymptotically exact to the error ∥A1/2(∇u−∇uh)∥.
Moreover, the first part of η, i.e. ∥A1/2(∇uh − G(∇uh))∥, dominates the error
estimator η, and the second part of η, i.e. ∥A−1/2h(f + ∇ · (AG(∇uh)))∥, is su-
perconvergent. Both the mesh refinement and the errors demonstrate that the error
estimator leads to a very effective convergent procedure.

Example 5.6. In this example, we consider the problem (1) with discontinuous
coefficient A on a square domain Ω = (−1, 1)× (−1, 1), which is decomposed into 4
sub-domain {Ωi}4i=1, with Ω1 = (0, 1)× (0, 1), Ω2 = (−1, 0)× (0, 1), Ω3 = (−1, 0)×
(−1, 0) and Ω4 = (0, 1)× (−1, 0). The exact solution is

u(r, θ) = rγµ(θ),

with

µ(θ) =


cos((π/2− σ)γ · cos((θ − π/2 + ρ)γ) if 0 ≤ θ ≤ π/2,

cos(ργ) · cos((θ − π + σ)γ) if π/2 ≤ θ ≤ π,

cos(σγ) · cos((θ − π − ρ)γ) if π ≤ θ < 3π/2,

cos((π/2− ρ)γ) · cos((θ − 3π/2− σ)γ) if 3π/2 ≤ θ < 2π,



370 Y. LIU, J. XIAO, N. YI, AND H. CAO

(a) Numerical solution. (b) Adaptive mesh.
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Figure 9. Numerical results of Example 5.5.

where γ, ρ, σ are numbers satisfying the following nonlinear relations

R := a1/a2 = − tan((π/2− σ)γ) · cot(ργ),
1/R = − tan(ργ) · cot(σγ),
R = − tan(σγ) · cot((π/2− ρ)γ),

0 < γ < 2,

max{0, πγ − π} < 2γρ < min{πγ, π},
max{0, π − πγ} < −2γσ < min{π, 2π − πγ}.

The piecewise constant coefficient A is taken as

A =

{
a1I xy > 0,

a2I xy < 0.

In this example, the numbers γ, ρ, σ are chosen as

γ σ ρ a1 a2
0.1 −14.92256510455152 π/4 161.4476387975881 1.0

The solution has a discontinuous derivative along the interface, and the numer-
ical solution is plotted in Figure 10 (a). Note that the gradient of the solution
is discontinuous across the interface, so we apply the gradient recovery method
on each sub-domain {Ωi}4i=1 separately. In this case, we take θ0 = θE = 0.1.
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Adaptive refined mesh and the convergence history of errors and the estimators are
shown in Figure 10 (b)-(c). We see that the gradient recovery-based error estimator
successfully guides the mesh refinement around the origin point, and the decay of
∥A1/2(∇u−∇uh)∥ and η is quasi-optimal.

(a) Numerical solution. (b) Adaptive mesh.
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Figure 10. Numerical results of Example 5.6.
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