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COMBINED METHODS FOR SOLVING TIME-VARYING

SEMILINEAR DIFFERENTIAL-ALGEBRAIC EQUATIONS WITH

THE USE OF SPECTRAL PROJECTORS AND APPLICATIONS

MARIA FILIPKOVSKA (FILIPKOVSKAYA)

Abstract. Two combined methods for computing solutions of time-varying semilinear differential-

algebraic equations (descriptor systems) are obtained. When constructing the methods, time-
varying spectral projectors which can be found numerically are used. This enables one to nu-
merically solve the differential-algebraic equation (DAE) in the original form without additional
analytical transformations. The convergence and correctness of the developed methods are proved.

The methods are applicable to the semilinear DAEs with the continuous nonlinear part which may
not be differentiable in time. The global Lipschitz condition and other conditions of this kind are
not used in the presented theorems on the global solvability of DAEs and on the convergence of

the methods. This extends the scope of the methods. The obtained theorems ensure both the
existence of a unique global exact solution and the convergence of the methods, which enables
one to compute an approximate solution on any given time interval. Numerical examples illus-
trating the capabilities of the methods and their effectiveness in various situations are provided.

To demonstrate the practical application of the obtained methods and theorems, the numerical
and theoretical analyses of mathematical models of the dynamics of electric circuits are carried
out. It is shown that their results are consistent.

Key words. Descriptor system, differential-algebraic equation, numerical method, global solu-

tion, time-varying operator pencil, spectral projector.

1. Introduction

Consider an implicit differential equation of the form

(1)
d

dt
[A(t)x(t)] +B(t)x(t) = f(t, x(t)),

where t ∈ [t+,∞), t+ ≥ 0, f ∈ C([t+,∞)× Rn,Rn) and A, B ∈ C([t+,∞),L(Rn))
( L(X,Y ) denotes the space of continuous linear operators acting from the vector
space X to the vector space Y , and L(X) := L(X,X)). The operators A(t), B(t)
(depending on the parameter t) can be degenerate (i.e., noninvertible). Equations
of the type (1) with a degenerate (for some t) operator A(t) are called degener-
ate differential equations or differential-algebraic equations (DAEs). DAEs of the
form (1) are commonly referred to as semilinear. Since the operators A(t), B(t)
are time-varying, equation (1) is called a time-varying semilinear DAE or a time-
varying degenerate differential equation (DE). In what follows, for the sake of gen-
erality, equation (1), where A ∈ C([t+,∞),L(Rn)) is an arbitrary operator function
(i.e., the operator A(t) is not necessarily degenerate), will be called a time-varying
semilinear differential-algebraic equation.

The initial condition for the DAE is given by

(2) x(t0) = x0,

where t0 ≥ t+. The presence of a degenerate operator at the derivative in the DAE
means the presence of algebraic constraints, namely, the graphs of the solutions
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must lie in the manifold generated by the “algebraic part” of the DAE and the
initial points (t0, x0) must also belong to this manifold (see Remark 3.1).

A function x ∈ C([t0, t1),Rn) ([t0, t1) ⊆ [t+,∞)) is said to be a solution of
equation (1) on [t0, t1) if the function A(t)x(t) is continuously differentiable on
[t0, t1) and x(t) satisfies (1) on [t0, t1). If the solution x(t) of (1) satisfies the initial
condition (2), then it is called a solution of the initial value problem (the IVP) (1),
(2).

Notice that if we consider a time-varying semilinear DAE of the form

(3) A(t)
d

dt
x(t) +B(t)x(t) = f(t, x(t))

instead of (1), then we must require greater smoothness for its solution than for
(1). Namely, a function x ∈ C1([t0, t1),Rn) satisfying equation (3) on [t0, t1) is
called a solution of (3).

DAEs or degenerate DEs are also called descriptor equations, algebraic-
differential systems and differential equations (or dynamical systems) on manifolds.
These equations are used to describe mathematical models in control theory, radio-
electronics, cybernetics, mechanics, economics, ecology, chemical kinetics and gas
industry (see, e.g., [3–5, 17, 18, 20, 24]). It is known that the dynamics of electrical
circuits is modeled using DAEs which, in general, cannot be reduced to explicit or-
dinary differential equations (ODEs). In Sections 4.1 and 4.2 we will consider two
mathematical models having the form of the DAE (1), which describes transient
processes in electrical circuits.

In the present paper, two combined numerical methods for the time-varying
semilinear DAEs, which have the first and second orders of convergence, are de-
veloped. To obtain these methods, we use, in particular, the time-varying spectral
projectors described in Sections 2.1 and 3.1 and the scheme with recalculation (the
“predictor-corrector” scheme). The methods are called combined since each of them
is essentially a combination of two methods, namely, a difference method for the
“differential part” and an iteration method for the “algebraic part” of the DAE
(this combination is used in method 1 presented in Section 3.2), and in addition
recalculation is used in method 2 presented in Section 3.3. The theorems on the
convergence and the orders of accuracy of the methods are proved in Sections 3.2,
3.3. These theorems contain conditions for the existence and uniqueness of exact
solutions, which in conjunction with conditions for the convergence of the methods
ensures the correctness of the methods as well.

Earlier, numerical methods for time-invariant semilinear DAEs were obtained
(see [11]) using time-invariant spectral projectors. The presence of time-varying op-
erators in the DAE (1) (as well as in (3)) significantly complicates the construction
of the numerical methods and the proof of their convergence; however, the approach
developed for the proof of the existence and uniqueness of global solutions in [8]
enables one to solve this problem as well. Furthermore, in [11] an approximation
by a centered difference was used in obtaining the second-order method, but this
increases the quantitative characteristic of stability and, accordingly, a smaller step
size may be required in calculations. Therefore, in the present paper, instead of a
centered difference we use the recalculation technique to achieve the second order
of convergence.

The main aims of the present work were: (1) to develop numerical methods,
which have certain advantages described below, for time-varying semilinear DAEs,
and (2) to demonstrate that the analytical methods, developed earlier to study the
solvability and stability of time-varying semilinear DAEs, can be applied to the
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development of the methods of numerical analysis. The numerical and theoretical
analyses of mathematical models, presented in Sections 4.1 and 4.2, are a demon-
stration of the effectiveness of the comprehensive analysis of practical problems by
using the methods presented in [8, 9] and the present paper.

It is clear that for different problems related to the numerical solution of various
types of DAEs different approaches may be more or less suitable (see the literature
mentioned below).

The obtained numerical methods, theorems on their convergence and other re-
sults presented in the paper have the following advantages and distinctive features:

1. The developed methods are applicable to DAEs of the type (1) and (3) with
the continuous nonlinear part which may not be differentiable in t (see Propo-
sitions 3.1, 3.2). This is important for applications, since such equations arise
in various practical problems. For example, the functions of currents and volt-
ages in electric circuits may not be differentiable (or be piecewise differentiable)
or may be approximated by nondifferentiable functions. As examples, nonsinu-
soidal currents and voltages of the “sawtooth”, “triangular” and “rectangular”
shapes [7] can be considered, but more complex shapes are also occurred. In
Sections 4.1.2 and 4.2.2, the examples of numerical solutions for electrical cir-
cuits with nondifferentiable (on a given time interval) functions of voltages are
presented (Fig. 4 and 9).

2. The presented theorems and propositions on the convergence of the methods
give conditions which ensure the existence of a unique exact solution of the IVP
for the DAE on [t0,∞) and enable one to compute approximate solutions on any
given time interval [t0, T ]. This is important to note, since when proving the
convergence of a method one often assumes in advance that there is a unique
exact solution on the interval where the computation will be carried out, while
the calculation of the allowable length of this interval is a separate problem. Also,
one often uses theorems allowing one to prove the existence and uniqueness of
an exact solution only on a sufficiently small (local) time interval, but in this
case the numerical method can be correctly applied only on this small interval.

3. The global Lipschitz condition and other conditions of this kind, including the
global condition of the contractivity (the Lipschitz condition with a constant
less than 1), are not used in the theorems on the DAE global solvability and on
the convergence of the methods. The global Lipschitz condition is not fulfilled
for mathematical models of electrical circuits with certain nonlinear parameters
(e.g., in the form of power functions mentioned in Section 4.1, 4.2). In general,
various types of DEs with non-Lipschitz or non-globally Lipschitz functions (see,
e.g., [14, 23] and references therein) arise in applications.

4. It is not required that the DAE in question (i.e., (1) or (3)) be a regular DAE
of tractability index 1 (see the definitions in [18, p. 319-320]), i.e., that λA(t) +

B(t)− ∂f
∂x (t, x) is a regular pencil of index 1, or that the DAE has index 1 in any

other sense given in the literature on DAEs [1, 4, 13, 17, 20]. Instead, the pencil
λA(t)+B(t) associated with the linear part of the DAE is required to be a regular
pencil of index not higher than 1. The definition of the pencil index and the
discussion of this issue are given in Section 2.1.1. Note that the purpose of the
paper was to construct numerical methods for the DAE (i.e., equation (1) or (3)
with the degenerate operator A(t) ). Since λA(t) +B(t) has index 0 in the case
when A(t) is nondegenerate (for all t), we will formulate statements (theorems,
lemmas, etc.) and carry out proofs for the case when A(t) is degenerate but not
identically zero and λA(t) + B(t) is a regular pencil of index 1. Of course, for
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the cases when A(t) is nondegenerate or zero (for all t), the results obtained in
the paper remain valid.

5. The time-varying spectral projectors used in developing the numerical methods
can be numerically found, as shown in Section 3.1 (the description of the projec-
tors is given in Section 2.1), which enables one to numerically solve the DAE (1)
in the original form, i.e., additional analytical transformations are not required
for the application of the methods.

Generally, there are already a lot of works on numerical methods for solving
various types of DAEs. Key ideas and main approaches to the numerical solution
of DAEs are described in the monographs [1, 4, 13, 17, 18, 20] (we also refer to
[11, 16, 19] for an overview). Since we consider the semilinear DAEs with regular
characteristic pencils of index 1, which can be reduced to semi-explicit DAEs with
the help of spectral projectors (see Section 2.1), we will mainly discuss index-1
DAEs, including semi-explicit DAEs of index 1. The main idea of many works
is the reduction of a DAE to an ODE or the replacement of a DAE by a stiff
ODE for the further application of methods for solving ODEs, or the use of these
methods directly for solving DAEs. For example, to solve autonomous semi-explicit
DAEs of index 1, the ε-embedding method is applied in [13, 16]. Also, for the
nonautonomous semi-explicit DAE dy/dt = f(t, y, z), 0 = g(t, y, z) of index 1 (it
means that [∂g/∂z]−1 exists and is bounded in a neighborhood of the exact solution
[4] ), [1, 4, 16, 17] provide the ε-embedding method in which the Runge-Kutta
(RK) method is applied to the corresponding stiff system dy/dt = f(t, y, z, ε),
ε dz/dt = g(t, y, z, ε), where ε > 0 is a small parameter, and then ε = 0 is set in
the resulting formulas. A solution of the stiff system of ODEs dy/dt = f(t, y, z, ε),
ε dz/dt = g(t, y, z, ε) (ε > 0) in general does not approach the solution of the
reduced DAE (obtained by setting ε = 0) dy/dt = f(t, y, z, 0), 0 = g(t, y, z, 0);
however, under certain conditions it is possible to obtain a stiff ODE system whose
solutions approximate solutions of the reduced DAE [4, 16]. Note that in order
to apply the ε-embedding method, it is necessary to reduce a semi-explicit DAE
to the corresponding stiff ODE system that requires a sufficient smoothness of
the nonlinear function in the DAE (the continuity of the function is not enough
here). As mentioned above, one of the advantages of the methods proposed in the
present paper is that they are applicable to semilinear DAEs with the continuous
nonlinear part which may not be differentiable in t. The backward differentiation
formulas (BDF), RK methods and general linear multi-step methods were presented
for semi-explicit DAEs and regular nonlinear DAEs of index 1 in [1, 4, 17, 18] and
also for regular time-invariant quasilinear DAEs in [13]. In [17, 19], the collocation
RK method, the BDF method and a half-explicit method were given for regular
strangeness-free DAEs. The RK methods are also used to solve semi-explicit DAEs
of index 2 or 3 in [1, 4, 13] and [22]. There exist numerical methods for the reduction
of the index of DAEs (see, e.g., [1, 13, 17, 18]).

The stiff ODE systems mentioned above arise in various applications. For exam-
ple, the ODE systems containing fast and slow motions (variables) are stiff ODE
systems which describe motions of a rigid body about its center of mass [2, 5].
The averaging method enabling one to obtain approximate solutions of the stiff
(perturbed) system on a large time interval is presented in [5], and the method of
integral manifolds, which allows one to reduce the original perturbed system to an
ODE, has been considered in [2]. A solution of the reduced DAE can be a good
approximation to the solution of the corresponding stiff ODE system under certain
conditions.
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The projector based analysis of DAEs and the application of BDF, RK and
general linear methods to DAEs with properly stated leading term is described in
[18]. The technique described in this monograph uses the concept of the tractability
index. As mentioned above, under the restrictions used in the present paper, the
DAEs may not have tractability index 1. Furthermore, another projector method
is used in this paper.

The paper has the following structure: In Section 2.1, we consider con-
straints on the operator coefficients (more precisely, on the characteristic operator
pencils) of the DAEs, define the index of a regular operator pencil, and describe the
spectral projectors and the method for reducing the time-varying semilinear DAE
to a semi-explicit form by using these projectors. Section 2.2 provides theorems
and propositions (proved in prior papers), which give conditions for the existence,
uniqueness and boundedness of the exact global solutions, as well as certain defi-
nitions and the remarks on the solution properties and the theorem applications.
These results were obtained in the prior papers, but since they are necessary for
the formulation and proof of the main results of the present paper, we provide
them here. In Section 3, an algorithm for calculating the spectral projectors is
described, and two combined methods for solving the time-varying semilinear DAE
are obtained, as well as the theorems on the convergence, correctness and the or-
ders of convergence (the global errors) of the methods are proved. In addition,
the important propositions on the convergence of the methods, when weakening
the smoothness requirements for the nonlinear functions in the DAEs, are given in
Subsections 3.2, 3.3. In Sections 4.1 and 4.2, the theoretical and numerical analyses
of mathematical models of the dynamics of electric circuits are carried out. This, on
the one hand, demonstrates the application of the obtained theorems and methods
to real physical problems, and on the other hand, shows that the theoretical and
numerical results are consistent. In Section 4.3, numerical examples illustrating the
proved convergence of the methods are given, and the comparative analysis of the
methods is carried out.

In the paper, the following notation is used : IX denotes the identity operator in
the space X; δij is the Kronecker delta; C(0,∞) = C((0,∞), (0,∞)). A function,
for example f , is often denoted by the same symbol f(x) as its value at the point
x in order to explicitly indicate its argument (or arguments), but it will be clear
from the context what exactly is meant. Notice that when the formula breaks at
the multiplication sign, we denote it by ×.

2. Preliminaries

2.1. Index of a regular pencil of operators, spectral projectors and their
application.

2.1.1. Index of a regular pencil λA(t) + B(t). Consider the operator pen-
cil λA(t) + B(t) (λ is a complex parameter) associated with the linear part
d

dt
[A(t)x(t)]+B(t)x(t) of the DAE (1) or with the linear part A(t)

d

dt
x(t)+B(t)x(t)

of the DAE (3). The pencil associated with the linear part of the DAE is called
characteristic.

In the present paper, it is assumed that λA(t) +B(t) is a regular pencil of index
not higher than 1 (index 0 or 1). This means that for each t ≥ t+ the pencil is
regular, i.e., the set of its regular points is not empty (for the regular points λ
there exists the resolvent of pencil (λA(t) + B(t))−1), and there exist functions
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C1, C2 : [t+,∞) → (0,∞) such that for each t ∈ [t+,∞) the pencil resolvent

R(λ, t) := (λA(t) +B(t))−1

satisfies the condition (cf. [24, 25])

(4) ∥R(λ, t)∥ ≤ C1(t) for all λ with |λ| ≥ C2(t)

(hence, for any fixed t the resolvent is bounded in a neighborhood of infinity). The
condition (4) means that either the point µ = 0 is a simple pole of the resolvent
(A(t) + µB(t))−1 of the pencil A(t) + µB(t) (this is equivalent to the fact that
λ = ∞ is a removable singularity of R(λ, t)), or µ = 0 is a regular point of the
pencil A(t) + µB(t) (i.e., the operator A(t) is nondegenerate).

If µ = 0 is a regular point of the pencil A(t)+µB(t) for each t, then λA(t)+B(t) is
a regular pencil of index 0. If µ = 0 is a simple pole of the resolvent (A(t)+µB(t))−1

for each t, i.e., A(t) is degenerate for all t and the condition (4) is satisfied, then
λA(t) + B(t) is a regular pencil of index 1. In the general case, the definition for
the index of a regular pencil is given below.

In [24, Section 6.2], for the regular pencil λA+B of time-invariant square matrices
A and B, the maximum length of the chain of root vectors of the pencil A+µB at
the point µ = 0 is referred to as the index of the pencil λA+B. This definition can
be naturally associated with the following generalization (cf. [24, Section 3.3.1],
[25]) of the condition (4): Assume that the pencil λA(t) +B(t) is regular (for each
t ≥ t+) and there exist functions C1, C2 : [t+,∞) → (0,∞) such that for each
t ∈ [t+,∞),

(5) ∥R(λ, t)∥ ≤ C1(t)|λ|ν−1 for all λ with |λ| ≥ C2(t) (ν ∈ N),
then λA(t) + B(t) is called a regular pencil of index not higher than ν. It follows
from (5) that∥∥(A(t) + µB(t)

)−1∥∥ ≤ C1(t) |µ|−ν for all µ with 0 < |µ| ≤
(
C2(t)

)−1
.

Accordingly, we define the index of a regular pencil λA(t) + B(t) in the following
way.

Definition 2.1. Let A, B : T → L(X,Y ) (or A(t), B(t) are matrices corresponding
to the linear operatorsA(t), B(t) ∈ L(X,Y ) with respect to some bases in the spaces
X, Y , which depend on the parameter t ∈ T ), where X = Y = Rn or = Cn and
T ⊆ R is some interval. Also, let the operator (or matrix) pencil λA(t) + B(t),
where λ is a complex parameter, be regular for each t ∈ T . For a fixed t ∈ T , if the
point µ = 0 is a pole of the resolvent (A(t)+µB(t))−1, then the order ν (ν ∈ N) of
the pole is called the index of the regular pencil λA(t) +B(t), and in the case
when µ = 0 is a regular point of the pencil A(t) + µB(t), the index of the regular
pencil λA(t)+B(t) is ν = 0. If the pencil λA(t)+B(t) has index ν for each t ∈ T ,
then we will say that λA(t) +B(t) is a regular pencil of index ν (ν ∈ N ∪ {0}).

Various notions of index of a matrix (operator) pencil, index of a DAE and
a relationship between them are discussed in [10, Remark 2.1] and in detail in
[17, 18, 20].

We fix t and will give several comparisons with a time-invariant regular pencil
λA + B of index 1 below. First, note that if the regular pencil λA + B (A is
degenerate) has index 1 in the above sense, then the index of nilpotency of the
matrix pencil λA+B equals 1 as defined in [12, p. 717–718]. Further, the index of
nilpotency of the matrix pencil λA+B is called the Kronecker index of the regular
matrix pair {A,B} which forms the matrix pencil λA+B [18, Def. 1.4]. In addition,
the Kronecker index or nilpotency index of the regular pencil λA+B (the regular
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matrix pair {A,B} or matrix pencil λA + B) coincides with the Kronecker index
(see [18, Def. 1.4]) or the index (see [12, p. 718]) of a regular linear time-invariant
DAE d

dt [Ax] +Bx = f(t). The linear time-invariant DAE with the regular pencil
λA+B of index 1 in the sense as defined in the present paper is a regular linear DAE
with tractability index 1 [18, Def. 2.25] (for a semilinear DAE this correspondence
does not exist) and its Kronecker index as well as its index of nilpotency is 1. Thus,
for the regular pencil λA+B of index 1 all these notions give the same index value
(equal to 1) for the linear time-invariant DAE as well as the pencil, regardless of
how the index is defined. In addition, the regular pencil λA+B of index not higher
than 1 (as defined in the present paper) satisfies the “rank-degree” criterion defined
in [6, p. 30].

Note that the approach that uses the differentiation index (see [4]) deals with
the differentiation of algebraic equations in a differential-algebraic system and with
the index of a DAE while we work with the index of the pencil associated with
the linear part of the DAE and do not use manipulations with equations to find
it. Moreover, we consider the case when the nonlinear function f in the DAE (1)
(or (3)) may not be differentiable with respect to t and, if f is not differentiable,
the differentiation index of the DAE cannot be determined. The differentiation
index, roughly speaking, is defined as the number of differentiations needed to
reduce a DAE to an explicit ODE (the precise definition is given in [4, Section 2]).
Similarly, when finding the strangeness index [17] of a linear DAE (or a pair of
matrices), differentiation as well as additional operations are applied. For a linear
time-invariant DAE the differentiation index (if it can be determined) and the
nilpotency (or Kronecker) index coincide.

2.1.2. Spectral projectors of the Riesz type and their application. Sup-
pose that λA(t) + B(t) is a regular pencil of index not higher than ν, i.e., the
condition (5) holds, then for each t ∈ [t+,∞) there exist the two pairs of mutually
complementary projectors P1(t), P2(t) and Q1(t), Q2(t) (i.e., Pi(t)Pj(t) = δijPi(t),
P1(t) + P2(t) = IRn , Qi(t)Qj(t) = δijQi(t), Q1(t) + Q2(t) = IRn) which can be
obtained by the formulas (see [24, 25])

(6)

P1(t) =
1

2πi

∮
|λ|=C2(t)

R(λ, t)A(t) dλ, Q1(t) =
1

2πi

∮
|λ|=C2(t)

A(t)R(λ, t) dλ,

P2(t) = IRn − P1(t), Q2(t) = IRn −Q1(t)

and generate the decompositions of Rn into the direct sums of subspaces

(7)
Rn = X1(t)+̇X2(t), Xj(t) = Pj(t)Rn,

Rn = Y1(t)+̇Y2(t), Yj(t) = Qj(t)Rn, j = 1, 2,

such that the pairs of subspaces X1(t), Y1(t) and X2(t), Y2(t) are invariant with
respect to A(t), B(t) (i.e., A(t), B(t) : Xj(t) → Yj(t)); the restricted operators

Aj(t) = A(t)|Xj(t)
: Xj(t) → Yj(t), Bj(t) = B(t)|Xj(t)

: Xj(t) → Yj(t), j = 1, 2,

are such that the inverse operators A−1
1 (t) and B−1

2 (t) exist (if X1(t) ̸= {0} and
X2(t) ̸= {0}, respectively). If the regular pencil has index not higher than 1, i.e.,
satisfies (4), then A2(t) = 0 and the subspaces Xj(t), Yj(t) are such that

Y1(t) = range(A(t)), X2(t) = kerA(t),

Y2(t) = B(t)X2(t), X1(t) = R(λ, t)Y1(t), |λ| ≥ C2(t).
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The spectral projectors (6) are real (because A(t) and B(t) are real) and

A(t)P1(t) = Q1(t)A(t) = A(t), A(t)P2(t) = Q2(t)A(t) = 0,

B(t)Pj(t) = Qj(t)B(t), j = 1, 2.

Using the spectral projectors, for each t ∈ [t+,∞) we obtain the auxiliary oper-
ator [24, 25]

(8) G(t) = A(t) +B(t)P2(t) = A(t) +Q2(t)B(t) ∈ L(Rn)

such that G(t)Xj(t) = Yj(t), j = 1, 2; it has the inverse G−1(t) ∈ L(Rn) such that

G−1(t)A(t)P1(t) = G−1(t)A(t) = P1(t), G−1(t)B(t)P2(t) = P2(t).

The projectors Pi(t), Qi(t), i = 1, 2, and the operators G(t), G−1(t) as operator
functions have the same degree of smoothness as the operator functions A(t), B(t)
and the function C2(t) from (4) [24, Section 3.3], [25].

In what follows, we suppose that A, B ∈ C1([t+,∞),L(Rn)) and C2 ∈
C1([t+,∞), (0,∞)), then Pi, Qi ∈ C1([t+,∞),L(Rn)), i = 1, 2, and G, G−1 ∈
C1([t+,∞),L(Rn)). Since the projectors Pi(t), Qi(t) are continuous (moreover,
they are continuously differentiable) as operator functions for t ∈ [t+,∞), the di-
mensions of the subspaces Xi(t) = Pi(t)Rn and Yi(t) = Qi(t)Rn (i = 1, 2) are
constant (cf. [15, p. 34]), and we denote dimX2(t) = dimY2(t) = d (d = const ≥ 0)
and, accordingly, dimX1(t) = dimY1(t) = n− d, t ∈ [t+,∞). This means that the
pencil λA(t)+B(t) has either index 0 for each t or index 1 for each t (t ∈ [t+,∞)).
Method of the spectral projectors for the reduction of a time-varying
semilinear DAE to the system of an explicit ODE and an algebraic equa-
tion. As shown in [8], using the projectors Pi(t), Qi(t) and the operator G−1(t),
one can reduce the DAE (1) to the equivalent system of the explicit ODE (9) (with
respect to P1(t)x(t)) and the algebraic equation (10):

[P1(t)x(t)]
′ =

[
P ′
1(t)−G−1(t)Q1(t) [A

′(t) +B(t)]
]
P1(t)x(t)

+G−1(t)Q1(t)f(t, x(t)),(9)

G−1(t)Q2(t)
[
f(t, x(t))−A′(t)P1(t)x(t)

]
− P2(t)x(t) = 0.(10)

For each t, with respect to the decomposition Rn = X1(t)+̇X2(t) (see (7)), every
x ∈ Rn can be uniquely represented as

(11) x = P1(t)x+ P2(t)x = xp1(t) + xp2(t), xpi(t) = Pi(t)x ∈ Xi(t), i = 1, 2.

Using (11) (i.e., xpi(t) = Pi(t)x(t), x(t) = xp1(t) + xp2(t)), we rewrite the system
(9), (10) as

x′p1
(t) =

[
P ′
1(t)−G−1(t)Q1(t) [A

′(t) +B(t)]
]
xp1(t)

+G−1(t)Q1(t)f
(
t, xp1(t) + xp2(t)

)
,(12)

G−1(t)Q2(t)
[
f
(
t, xp1

(t) + xp2
(t)

)
−A′(t)xp1

(t)
]
− xp2

(t) = 0.(13)

The system (12), (13) or (9), (10) is a nonautonomous (time-varying) semi-explicit
DAE. Generally, systems of the form ẏ = f(t, y, z), 0 = g(t, y, z) are referred to as
nonautonomous (time-varying) semi-explicit DAEs. The time-varying semilinear
DAE (3) is reduced to a semi-explicit form in a similar way (see [8, the system
(1.18) or (1.19), (1.20)]).

2.2. Existence, uniqueness and boundedness of global solutions of time-
varying semilinear DAEs. Below we give definitions [8, 10] that will be needed
to formulate further results.
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A solution x(t) of the IVP (1), (2) is called global if it exists on the interval
[t0,∞). A solution x(t) of the IVP (1), (2) is called Lagrange stable if it is global
and bounded, i.e., x(t) exists on [t0,∞) and sup

t∈[t0,∞)

∥x(t)∥ <∞.

A solution x(t) of the IVP (1), (2) is called Lagrange unstable (a solution has
a finite escape time or is blow-up in finite time) if it exists on some finite interval
[t0, T ) and is unbounded, i.e., there exists T > t0 (T <∞) such that lim

t→T−0
∥x(t)∥ =

∞.
Equation (1) is called Lagrange stable (Lagrange unstable) for the initial point

(t0, x0) if the solution of the IVP (1), (2) is Lagrange stable (Lagrange unstable)
for this initial point.

Equation (1) is called Lagrange stable (Lagrange unstable) if each solution of
the IVP (1), (2) is Lagrange stable (Lagrange unstable), that is, the equation is
Lagrange stable (Lagrange unstable) for each consistent initial point.

Similar definitions hold for the DAE (3) (the IVP (3), (2)).

The existence, uniqueness and boundedness of global solutions of DAEs
(1) and (3). In what follows, the following notation will be used:

U c
R(0) = {z ∈ Rn | ∥z∥ ≥ R}.

Theorem 2.1 (Global solvability of the DAE (1) [8, Theorem 2.1]). Let f ∈

C([t+,∞)×Rn,Rn),
∂f

∂x
∈ C([t+,∞)×Rn,L(Rn)), A,B ∈ C1([t+,∞),L(Rn)), the

pencil λA(t) + B(t) satisfy (4), where C2 ∈ C1([t+,∞), (0,∞)), and the following
conditions hold:

1. For each t ∈ [t+,∞) and each xp1(t) ∈ X1(t) there exists a unique xp2(t) ∈ X2(t)
such that

(14) (t, xp1(t) + xp2(t)) ∈ Lt+ .

2. For each (fixed) t∗ ∈ [t+,∞), x∗p1
(t∗) ∈ X1(t∗), x∗p2

(t∗) ∈ X2(t∗) such that
(t∗, x

∗
p1
(t∗) + x∗p2

(t∗)) ∈ Lt+ , the operator Φt∗,x∗
p1

(t∗),x∗
p2

(t∗) defined by

Φt∗,x∗
p1

(t∗),x∗
p2

(t∗)

=

[
∂

∂x

[
Q2(t∗) f

(
t∗, x

∗
p1
(t∗) + x∗p2

(t∗)
) ]

−B(t∗)

]
P2(t∗) : X2(t∗) → Y2(t∗)(15)

is invertible.
3. There exist functions k ∈ C([t+,∞),R), U ∈ C(0,∞), a number R > 0

and a positive definite function V ∈ C1
(
[t+,∞) × U c

R(0),R
)

such that
∞∫
v0

(
U(v)

)−1
dv = ∞ (v0 > 0 is some constant) and it holds that

3.1. V (t, z) → ∞ uniformly in t on each finite interval [a, b) ⊂ [t+,∞) as
∥z∥ → ∞;

3.2. For all t ∈ [t+,∞), xp1(t) ∈ X1(t), xp2(t) ∈ X2(t) such that (t, xp1(t) +
xp2(t)) ∈ Lt+ and ∥xp1(t)∥ ≥ R, the following inequality holds:

(16) V ′
(12)(t, xp1(t)) ≤ k(t)U

(
V (t, xp1(t))

)
,

where

V ′
(12)(t, xp1(t)) =

∂V

∂t
(t, xp1(t)) +

(
∂V

∂z
(t, xp1(t)),

[
P ′
1(t)
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−G−1(t)Q1(t)[A
′(t) +B(t)]

]
xp1(t) +G−1(t)Q1(t)f

(
t, xp1(t) + xp2(t)

))
is the derivative of V along the trajectories of equation (12) (where xp1(t)=z(t)).

Then for each initial point (t0, x0) ∈ Lt+ there exists a unique global solution of the
IVP (1), (2).

Equation (12) can be written as x′p1
(t) = Π(t, xp1(t), xp2(t)), where Π has the

form (29) (see Section 3.2), i.e.,

Π(t, xp1(t), xp2(t))

=
[
P ′
1(t)−G−1(t)Q1(t) [A

′(t) +B(t)]
]
xp1(t) +G−1(t)Q1(t)f

(
t, xp1(t) + xp2(t)

)
.

Consider the equation

(17)

x′p1
(t) = ΠT (t, xp1(t), xp2(t)),

ΠT (t, xp1
(t), xp2

(t)) =

{
Π(t, xp1(t), xp2(t)), t ∈ [t+, T ],

Π(T, xp1(T ), xp2(T )), t > T,

where T > t+ is a parameter and the function ΠT is the truncation of Π over t.

Proposition 2.1. Theorem 2.1 remains valid if condition 3 is replaced by the
following:

3. There exists a positive definite function V ∈ C1([t+,∞)× U c
R(0),R), where

R > 0 is some number, and a function U ∈ C(0,∞) satisfying the relation
∞∫
v0

(
U(v)

)−1
dv = ∞ (v0 > 0 is some constant), and for each T > 0 there exists

a number RT ≥ R and a function kT ∈ C([t+,∞),R) such that

3.1. V (t, z) → ∞ uniformly in t on each finite interval [a, b) ⊂ [t+,∞) as
∥z∥ → ∞;

3.2. For all t ∈ [t+,∞), xp1
(t) ∈ X1(t), xp2

(t) ∈ X2(t) such that (t, xp1
(t) +

xp2(t)) ∈ Lt+ and ∥xp1(t)∥ ≥ RT , the following inequality holds:

V ′
(17)(t, xp1(t)) ≤ kT (t)U

(
V (t, xp1(t))

)
,

where

V ′
(17)(t, xp1(t)) =

∂V

∂t
(t, xp1(t)) +

(
∂V

∂z
(t, xp1(t)), ΠT (t, xp1(t), xp2(t))

)
is the derivative of V along the trajectories of equation (17).

Proof. The proof of the above proposition is easily derived from the proof of The-
orem 2.1 (see [8]), since a solution of equation (17) with the truncation coincides
with the solution of the original equation with the same initial values on the interval
[t+, T ] (where the right-hand sides of the equations coincide). �

A system of s pairwise disjoint projectors {Θk ∈ L(Z)}sk=1 (i.e., Θi Θj = δij Θi)

such that
s∑

k=1

Θk = IZ , where Z is an s-dimensional linear space and IZ is the

identity operator in Z, is called an additive resolution of the identity in Z (cf. [21]).
An operator function Φ: D → L(W,Z), whereW , Z are s-dimensional linear spaces
and D ⊂ W , is called basis invertible on an interval J ⊂ D if for some additive
resolution of the identity {Θk}sk=1 in Z and for any set of elements {wk}sk=1 ⊂ J
the operator

Λ =
s∑

k=1

ΘkΦ(w
k) ∈ L(W,Z)
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has an inverse Λ−1 ∈ L(Z,W ) (cf. [21]). The basis invertibility of Φ on J implies
its invertibility on J , i.e., the invertibility of the operator Φ(w∗) for each w∗ ∈ J .
The converse is not true, except for the case when W , Z are one-dimensional.

Theorem 2.2 (Global solvability of the DAE (1), [8, Theorem 2.2]). Theorem 2.1
remains valid if conditions 1, 2 are replaced by the following:

1. For each t ∈ [t+,∞) and each xp1(t) ∈ X1(t) there exists xp2(t) ∈ X2(t) such
that (14).

2. For each (fixed) t∗ ∈ [t+,∞), x∗p1
(t∗) ∈ X1(t∗), xip2

(t∗) ∈ X2(t∗) such that

(t∗, x
∗
p1
(t∗) + xip2

(t∗)) ∈ Lt+ , i = 1, 2, the operator function Φt∗,x∗
p1

(t∗)(xp2(t∗))

defined by

(18)

Φt∗,x∗
p1

(t∗):X2(t∗) → L(X2(t∗), Y2(t∗)),

Φt∗,x∗
p1

(t∗)(xp2(t∗))=

[
∂

∂x

[
Q2(t∗)f

(
t∗, x

∗
p1
(t∗)+xp2(t∗)

)]
−B(t∗)

]
P2(t∗),

is basis invertible on [x1p2
(t∗), x

2
p2
(t∗)].

Remark 2.1. Theorems 2.1 and 2.2 ensure the following smoothness for the com-
ponents of a solution x(t) of the DAE (1): P1(t)x(t) ∈ C1([t0,∞),Rn), P2(t)x(t) ∈
C([t0,∞),Rn). If in these theorems A, B ∈ Cm+1([t+,∞),L(Rn)), the function
C2 ∈ Cm+1([t+,∞), (0,∞)) in the condition (4), and f ∈ Cm([t+,∞) × Rn,Rn),
where m ≥ 1, then the solution x(t) is such that P1(t)x(t) ∈ Cm+1([t0,∞),Rn) and
P2(t)x(t) ∈ Cm([t0,∞),Rn).

Proposition 2.2 ([8, Assertion 2.1]). Theorem 2.1 remains valid if conditions 1, 2
are replaced by the following condition: there exists a constant 0 ≤ α < 1 such that∥∥G−1(t)Q2(t) f

(
t, xp1(t) + x1p2

(t)
)
−G−1(t)Q2(t) f

(
t, xp1(t) + x2p2

(t)
)∥∥

≤ α
∥∥x1p2

(t)− x2p2
(t)

∥∥(19)

for any t ∈ [t+,∞), xp1(t) ∈ X1(t), x
i
p2
(t) ∈ X2(t), i = 1, 2.

A proposition similar to 2.2 holds true for Theorem 2.2 and its conditions 1, 2.
Note that if the conditions of Proposition 2.2 are satisfied, then the conditions of
Theorems 2.1, 2.2 hold as well, and that these theorems impose weaker constraints
on the functions in the DAE than Proposition 2.2.

Recall that dimX2(t) = dimY2(t) = d = const, dimX1(t) = dimY1(t) = n − d,
t∈ [t+,∞).

Theorem 2.3 (Lagrange stability of the DAE (1) [8, Theorem 2.5]). Let f ∈

C([t+,∞) × Rn,Rn),
∂f

∂x
∈ C([t+,∞) × Rn,L(Rn)), A,B ∈ C1([t+,∞),L(Rn)),

and let the pencil λA(t)+B(t) satisfy (4), where C2 ∈ C1([t+,∞), (0,∞)). Assume
that conditions 1, 2 of Theorem 2.1 or 1, 2 of Theorem 2.2 are satisfied and the
following conditions hold:

3. There exist functions k ∈ C([t+,∞),R), U ∈ C(0,∞), a positive definite func-

tion V ∈ C1
(
[t+,∞)× U c

R(0),R
)
and a number R > 0 such that

∞∫
t+

k(t) dt <∞,

∞∫
v0

(
U(v)

)−1
dv = ∞ (v0 > 0 is some constant) and it holds that

3.1. V (t, z) → ∞ uniformly in t on [t+,∞) as ∥z∥ → ∞;

3.2. For all t ∈ [t+,∞), xp1(t) ∈ X1(t), xp2(t) ∈ X2(t) such that (t, xp1(t) +
xp2(t)) ∈ Lt+ and ∥xp1(t)∥ ≥ R inequality (16) holds.
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4. Let one of the following conditions be satisfied:
4a. For all (t, xp1(t) + xp2(t)) ∈ Lt+ , ∥xp1(t)∥ ≤M <∞ (M is an arbitrary

constant) it holds that

∥G−1(t)Q2(t)
[
f(t, xp1(t) + xp2(t))−A′(t)xp1(t)

]
∥ ≤ KM <∞,

where KM = K(M) is some constant.
4b. For all (t, xp1

(t) + xp2
(t)) ∈ Lt+ , ∥xp1

(t)∥ ≤ M < ∞ (M is an arbitrary
constant), it holds that

∥xp2(t)∥ ≤ KM <∞,

where KM = K(M) is some constant.
4c. For each t∗ ∈ [t+,∞), there exists x̃p2(t∗) ∈ X2(t∗) such that for each

x∗pi
(t∗) ∈ Xi(t∗), i = 1, 2, which satisfy (t∗, x

∗
p1
(t∗) + x∗p2

(t∗)) ∈ Lt+ , the op-
erator function (18) is basis invertible on (x̃p2(t∗), x

∗
p2
(t∗)] and the corre-

sponding inverse operator (i.e.,
[ d∑
k=1

Θ̃k(t∗)Φt∗,x∗
p1

(t∗)(xp2,k(t∗))
]−1

where

{xp2,k(t∗)}dk=1 is an arbitrary set of the elements from (x̃p2(t∗), x
∗
p2
(t∗)] and

{Θ̃k(t∗)}dk=1 is some additive resolution of the identity in Y2(t∗) ) is bounded
uniformly in t∗, xp2(t∗) (i.e., in t∗, xp2,k(t∗), k = 1, . . . , d) on [t+,∞),
(x̃p2(t∗), x

∗
p2
(t∗)]. In addition, let sup

t∗∈[t+,∞)

∥x̃p2(t∗)∥ <∞ and

sup
t∗∈[t+,∞), ∥x∗

p1
(t∗)∥≤M

∥G−1(t∗)Q2(t∗)
[
f(t∗, x

∗
p1
(t∗)+ x̃p2(t∗))−A′(t∗)x

∗
p1
(t∗)

]
∥ <∞

(M is an arbitrary constant).

Then the DAE (1) is Lagrange stable.

Note that if condition 3 of Theorem 2.3 holds, then condition 3 of Theorem 2.1
holds. From this remark we obtain the following corollary.

Corollary 2.1. If all the conditions of Theorem 2.3 except 4 are fulfilled, then
the conditions of Theorem 2.1 or 2.2 (depending on whether conditions 1, 2 of
Theorem 2.1 or conditions 1, 2 of Theorem 2.2 are fulfilled) are satisfied and,
consequently, for each initial point (t0, x0) ∈ Lt+ there exists a unique global solution
of the IVP (1), (2).

The theorem [8, Theorem 2.9 ] on the Lagrange instability of the DAE (1) gives
conditions under which the DAE is Lagrange unstable, and therefore does not
have global solutions, for consistent initial points (t0, x0) such that the component
P1(t0)x0 belongs to a certain region.

Remark 2.2. The theorems [8, Theorems 2.3 and 2.4] on the global solvability of
the DAE (3) guarantee that its solution x ∈ C1([t0,∞),Rn). If in these theorems
A, B ∈ Cm([t+,∞),L(Rn)), the function C2 ∈ Cm([t+,∞), (0,∞)) in (4) and
f ∈ Cm([t+,∞)× Rn,Rn), where m ≥ 1, then the solution x ∈ Cm([t0,∞),Rn).

Remark on the choice of the function V in the above theorems (see [9,
Section 4]). First, note that [8, Section 2] provides the theorems on the global
solvability, Lagrange stability and instability and ultimate boundedness (dissipa-
tivity) of DAEs (1) and (3). A scalar function V (t, z) is called a Lyapunov type
function if it satisfies one of the theorems mentioned above. The function

(20) V (t, z) = (H(t)z, z),

where H ∈ C1([t+,∞),L(Rn)) is a positive definite self-adjoint operator function
(see [8, Definition 1.1]), satisfies the conditions of Theorems 2.1–2.3 on the global
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solvability and Lagrange stability and the theorem [8, Theorem 2.9] on the Lagrange
instability, however, the conditions on the derivative V ′

(12)(t, xp1(t)) remain in the

theorems and need to be verified. A similar statement holds for the corresponding
theorems obtained for the DAE (3) in [8]. [9, Section 4] provides detailed comments
on the application of the function (20) when checking the conditions of the theorems
presented in [8, 9]. For V of the form (20), the derivative V ′

(12)(t, xp1(t)) (presented

in (16)) has the form
(21)

V ′
(12)(t, xp1(t)) =

(
H ′(t)xp1(t), xp1(t)

)
+ 2

(
H(t)xp1(t),

[
P ′
1(t)−G−1(t)Q1(t) [A

′(t)

+B(t)]
]
xp1(t) +G−1(t)Q1(t) f

(
t, xp1(t) + xp2(t)

))
.

3. Combined numerical methods: the construction, convergence and or-
ders

3.1. Calculation of the spectral projectors and preliminaries. One of the
advantages of the numerical methods proposed in this paper is the possibility to nu-
merically find the spectral projectors Pi(t), Qi(t), which enables one to numerically
solve the DAE in the original form (1). To calculate the spectral projectors, residues
can be used (see (22) below). Recall that, by assumption, the pencil λA(t) +B(t)
is either a regular pencil of index 1 or a regular pencil of index 0.

The definition of the index of a regular pencil is given in Section 2.1.1.
Now, suppose that λA(t) + B(t) is a regular pencil of index ν

(ν ∈ N ∪ {0}). It follows from (6) that P1(t) =
1

2πi

∮
|µ|=1/C2(t)

(A(t)+µB(t))−1A(t)
µ dµ

and Q1(t) =
1

2πi

∮
|µ|=1/C2(t)

A(t)(A(t)+µB(t))−1

µ dµ. Thus, for each t ∈ [t+,∞) the pro-

jectors (6) can be calculated by using residues:
(22)

P1(t) = Res
µ=0

(
(A(t) + µB(t))−1A(t)

µ

)
, Q1(t) = Res

µ=0

(
A(t)(A(t) + µB(t))−1

µ

)
,

P2(t) = IRn − P1(t), Q2(t) = IRn −Q1(t).

Denote

Rp(µ, t) :=
(A(t) + µB(t))−1A(t)

µ
, Rq(µ, t) :=

A(t)(A(t) + µB(t))−1

µ
,

then
P1(t) = Res

µ=0
Rp(µ, t), Q1(t) = Res

µ=0
Rq(µ, t),

where t is a parameter. It is clear that the function (Rp)ij(µ, t) (i, j = 1, ..., n), i.e.,
(i, j)-entry of the matrix Rp(µ, t), is a rational function in µ, and if µ = 0 is its
pole of order k, then (Rp)ij(µ, t) = φ(µ, t)µ−k, where φ(µ, t) is a polynomial in µ
such that φ(0, t) ̸= 0 (similarly for (Rq)ij(µ, t)).

Thus, the main steps of the algorithm used for the calculation of the projectors
(22) are as follows:

Step 1. For i, j = 1, ..., n:
1.1. determine the order k of a pole of the function (Rp)ij(µ, t) at the point
µ = 0; to do this, we convert (Rp)ij(µ, t) to a rational form (with respect
to µ) and determine the order k of the zero of the denominator at the point
µ = 0, at that, if the denominator does not have a zero at µ = 0, then the
order k = 0;
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1.2. if the order k ≥ 1, then

(P1)ij(t) = Res
µ=0

(Rp)ij(µ, t) =
1

(k − 1)!

dk−1

dµk−1

[
(Rp)ij(µ, t)µ

k
]∣∣∣∣

µ=0

,

and if the order k = 0, then (P1)ij(t) = 0. Finally, P1(t) =(
(P1)ij(t)

)
1≤i,j≤n

.

Step 2. Perform the same as in Step 1, replacing Rp(µ, t) =
(
(Rp)ij(µ, t)

)
1≤i,j≤n

with Rq(µ, t) =
(
(Rq)ij(µ, t)

)
1≤i,j≤n

and, accordingly, P1(t) with Q1(t) =(
(Q1)ij(t)

)
1≤i,j≤n

.

Step 3. Having calculated P1(t) and Q1(t), find P2(t) = IRn − P1(t) and Q2(t) =
IRn −Q1(t).

In the case when the index of the pencil is 0, we have P1(t) ≡ IRn , P2(t) ≡ 0,
and Q1(t) ≡ IRn , Q2(t) ≡ 0. In this case, the operator A(t) is nondegenerate (i.e.,
invertible) for each t ∈ [t+,∞) and the DAE (1) (as well as (3)) can be reduced to
an ODE. Obviously, in the case when A(t) ≡ 0 and B(t) is nondegenerate for each
t, which corresponds to a particular case of the pencil λA(t) +B(t) of index 1, we
have P1(t) ≡ 0, P2(t) ≡ IRn , and Q1(t) ≡ 0, Q2(t) ≡ IRn , and, in this case, the
DAE is a purely algebraic equation (i.e., do not contain the derivative).

Note that in Step 1 of the above algorithm one can use another (but similar)
approach which involves the calculation of the entire projector at once and the
second option of Step 1 is as follows:

1.1. determine the order ν of a pole of Rp(µ, t) at the point µ = 0 (to do
this, we can determine the order kij = k of a pole of (Rp)ij(µ, t) at µ = 0
as described in item 1.1 of Step 1 above, and set ν = max

i,j=1,...,n
{kij});

1.2. if the order ν ≥ 1, then

P1(t) = Res
µ=0

Rp(µ, t) =
1

(ν − 1)!

dν−1

dµν−1

[
Rp(µ, t)µ

ν
]∣∣∣∣

µ=0

,

and if ν = 0, then P1(t) = 0.

After computing the projectors, the auxiliary operator G(t) is calculated by the
formula (8).

For the special cases when A(t) is nondegenerate or is zero (for all t), the results
obtained herein remain valid, but since the purpose was to construct numerical
methods for the DAEs, we carry out further proofs for the case when A(t) is de-
generate but not identically zero and λA(t) + B(t) is a regular pencil of index 1,
without comments on the form of the conditions for the special cases.

Remark 3.1. (cf. [8, Remark 1.2]) Introduce the manifold

(23) Lt+ = {(t, x) ∈ [t+,∞)× Rn | Q2(t)[A
′(t)P1(t)x+B(t)x− f(t, x)] = 0}

(in (23) the number t+ is a parameter). The consistency condition (t0, x0) ∈ Lt+

for the initial point (t0, x0) is one of the necessary conditions for the existence of
a solution of the IVP (1), (2). An initial point (t0, x0) satisfying this condition is
called a consistent initial point and the corresponding initial values t0, x0 are called
consistent initial values.

We discretize the IVP (1), (2) on the uniform mesh

(24) ωh = {ti = t0 + ih, i = 0, ..., N − 1, tN = t0 +Nh = T}
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with the step h = (T − t0)/N ( [t0, T ] ⊂ [t0,∞) is any given interval). The value
of an approximate solution at the point ti is denoted by xi (i = 0, ..., N).

An initial value t0 is given, and an initial value x0 for the IVP (1), (2) is chosen
so that the consistency condition

Q2(t0)
[
A′(t0)P1(t0)x0 +B(t0)x0 − f(t0, x0)

]
= 0, i.e., (t0, x0) ∈ Lt+ ,

is fulfilled. Accordingly, the initial values t0 and z0 = P1(t0)x0, u0 = P2(t0)x0
satisfy the condition (t0, z0 + u0) ∈ Lt+ as well. The consistency condition for
the initial values t0, x0 ensures the best choice of initial values for the developed
combined methods (more precisely, for the methods applied to the “algebraic part”
of the DAE, which are combined with those applied to the “differential part”).

Below, Theorems 2.1, 2.2 ensuring the existence of a unique exact solution of
the IVP (1), (2) and other results which are presented in Section 2.2 are used.

3.2. Method 1 (the simple combined method).

Theorem 3.1. Let the conditions of Theorem 2.1 or 2.2 be satisfied, and in addition
let the operator

Φt∗,P1(t∗)z∗,P2(t∗)u∗ = Φt∗,P1(t∗)z∗(P2(t∗)u∗) : X2(t∗) → Y2(t∗),

which is defined by (15) or (18) for each (fixed) t∗,
x∗p1

(t∗) = P1(t∗)z∗, x∗p2
(t∗) = P2(t∗)u∗, be invertible for each point

(t∗, P1(t∗)z∗ + P2(t∗)u∗) ∈ [t0, T ]× Rn. Let A, B ∈ C2([t0, T ],L(Rn)),
C2 ∈ C2([t0, T ], (0,∞)) (recall that the function C2(t) was introduced in
(4)), f ∈ C1([t0, T ] × Rn,Rn) and let an initial value x0 be chosen so that the
consistency condition (t0, x0) ∈ Lt+ holds. Then the method

z0= P1(t0)x0, u0= P2(t0)x0,(25)

zi+1=
(
IRn + h

[
P ′
1(ti)−G−1(ti)Q1(ti)[A

′(ti) +B(ti)]
]
P1(ti)

)
zi

+ hG−1(ti)Q1(ti)f
(
ti, xi

)
,(26)

ui+1= ui −
[
IRn −G−1(ti+1)Q2(ti+1)

× ∂f

∂x

(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
P2(ti+1)

]−1

×
[
ui −G−1(ti+1)Q2(ti+1)

[
f
(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
−A′(ti+1)P1(ti+1)zi+1

]]
,(27)

xi+1= P1(ti+1)zi+1 + P2(ti+1)ui+1, ti+1 ∈ ωh, i = 0, ..., N − 1,(28)

which approximates the IVP (1), (2) on [t0, T ], is convergent of order 1, that is,

max
1≤i≤N

∥x(ti)− xi∥ = O(h), h→ 0,

where x(t) is an exact solution of the IVP (1), (2) (xi is the value of an approximate
solution at ti).

Proof. Take any initial point (t0, x0) ∈ Lt+ (i.e., Q2(t0)
[
A′(t0)P1(t0)x0+B(t0)x0−

f(t0, x0)
]
= 0). By virtue of the theorem conditions, taking into account Remark

2.1, we obtain that for each initial point (t0, x0) ∈ Lt+ there exists a unique global
(exact) solution x(t) of the IVP (1), (2) such that z(t) = P1(t)x(t) ∈ C2([t0, T ],Rn)
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and u(t) = P2(t)x(t) ∈ C1([t0, T ],Rn) (z ∈ C1([t0,∞),Rn), u ∈ C([t0,∞),Rn) and
z(t) ∈ X1(t), u(t) ∈ X2(t)).

The DAE (1) is equivalent to the system (12), (13) which can be written in the
form:

x′p1
(t) =

[
P ′
1(t)−G−1(t)Q1(t) [A

′(t) +B(t)]
]
xp1(t)

+G−1(t)Q1(t)f
(
t, xp1(t) + xp2(t)

)
,

xp2(t) = G−1(t)Q2(t)
[
f
(
t, xp1(t) + xp2(t)

)
−A′(t)xp1(t)

]
.

Let us introduce the mappings Π, W : [t+,∞)×Rn ×Rn → Rn of the following
form:

Π(t, z, u) :=
[
P ′
1(t)−G−1(t)Q1(t) [A

′(t) +B(t)]
]
P1(t)z

+G−1(t)Q1(t) f(t, P1(t)z + P2(t)u),(29)

W (t, z, u) := G−1(t)Q2(t)
[
f(t, P1(t)z + P2(t)u)−A′(t)P1(t)z

]
.(30)

These mappings are continuous in (t, z, u) and have continuous partial derivatives
with respect to z, u on [t+,∞)×Rn ×Rn due to the conditions of Theorem 3.1, as
well as Proposition 3.1 presented below, and, in addition, they have a continuous
partial derivative with respect to t on [t+,∞) × Rn × Rn due to the conditions of
the theorem.

Consider the system

z′(t) = Π(t, z(t), u(t)),(31)

u(t) =W (t, z(t), u(t)).(32)

Below is the lemma that was proved in the paper [8] (in this paper, equa-
tion (32) was written in the form F (t, z(t), u(t)) = 0, where F (t, z(t), u(t)) =
W (t, z(t), u(t))− u(t)).

Lemma 3.1 ([8, Lemma 2.1]). If a function x(t) is a solution of the DAE (1) on
[t0, t1) and satisfies the initial condition (2), then the functions z(t) = P1(t)x(t),
u(t) = P2(t)x(t) are a solution of the system (31), (32) on [t0, t1), satisfy the
initial conditions z(t0) = P1(t0)x0, u(t0) = P2(t0)x0, and z ∈ C1([t0, t1),Rn),
u ∈ C([t0, t1),Rn).

Conversely, if functions z ∈ C1([t0, t1),Rn), u ∈ C([t0, t1),Rn) are a solution of
the system (31), (32) on [t0, t1) and satisfy the initial conditions z(t0) = P1(t0)x0,
u(t0) = P2(t0)x0, then P1(t)z(t) = z(t), P2(t)u(t) = u(t) and the function x(t) =
z(t)+u(t) is a solution of the DAE (1) on [t0, t1) and satisfies the initial condition
(2).

Note that if u(t) ∈ Rn satisfies relation (32), then u(t) ∈ X2(t) (i.e., u(t) =
P2(t)u(t)).

Using equality (32), where t is replaced by t+ h, and the Taylor expansion

W
(
t+ h, z(t+ h), u(t+ h)

)
=W

(
t+ h, z(t+ h), u(t)

)
+
∂W

∂u

(
t+ h, z(t+ h), u(t)

)[
u(t+ h)− u(t)

]
+O(h),

(33)

∂W

∂u

(
t+ h, z(t+ h), u(t)

)
= G−1(t+ h)Q2(t+ h)

× ∂f

∂x

(
t+ h, P1(t+ h)z(t+ h) + P2(t+ h)u(t)

)
P2(t+ h),(34)
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we obtain the relation

u(t+ h) =

[
IRn − ∂W

∂u

(
t+ h, z(t+ h), u(t)

)]−1[
W

(
t+ h, z(t+ h), u(t)

)
− ∂W

∂u

(
t+ h, z(t+ h), u(t)

)
u(t) +O(h)

]
.

(35)

Relation (35) can be rewritten as

u(t+ h) = u(t)−
[
IRn − ∂W

∂u

(
t+ h, z(t+ h), u(t)

)]−1[
u(t)

−G−1(t+ h)Q2(t+ h)
(
f
(
t+ h, P1(t+ h)z(t+ h) + P2(t+ h)u(t)

)
−A′(t+ h)P1(t+ h)z(t+ h)

)]
+O(h),

(36)

where
∂W

∂u

(
t + h, z(t + h), u(t)

)
is defined in (34). As a result, for the algebraic

equation (AE) (32) we obtain a method similar to the Newton method with respect
to the component u of the phase variable x = z + u. The existence of the inverse
operator used in the relations (35) and (36) follows from the following statement:
From the invertibility of the operator Φt,P1(t)z,P2(t)u (if in the theorem conditions
it is assumed that the requirements of Theorem 2.1 are satisfied) and the basis
invertibility of the operator function Φt,P1(t)z(P2(t)u) (if in the theorem conditions
it is assumed that the requirements of Theorem 2.2 are satisfied) for any fixed
t ∈ [t0,∞), z ∈ Rn, P2(t)u ∈ X2(t) such that F (t, z, P2(t)u) = 0 (i.e., (t, P1(t)z +
P2(t)u) ∈ Lt0) and the invertibility of Φt,P1(t)z,P2(t)u and Φt,P1(t)z(P2(t)u) for any
fixed point (t, P1(t)z+P2(t)u) ∈ [t0, T ]×Rn it follows that there exists the inverse
operator (if the requirements of Theorem 2.1 hold)[

IRn − ∂W

∂u

(
t+ h, z(t+ h), u(t)

)]−1

=

[
IRn −G−1(t+ h)Q2(t+ h)

× ∂f

∂x

(
t+ h, P1(t+ h)z(t+ h) + P2(t+ h)u(t)

)
P2(t+ h)

]−1

= P1(t+ h)−
[
Φt+h,P1(t+h)z(t+h),P2(t+h)u(t)

]−1
G(t+ h)P2(t+ h) ∈ L(Rn),

(37)

where Φt,P1(t)z,P2(t)u is the operator (15), and the inverse operator (if the require-
ments of Theorem 2.2 hold)[

IRn − ∂W

∂u

(
t+ h, z(t+ h), u(t)

)]−1

= P1(t+ h)−
[
Φt+h,P1(t+h)z(t+h)(P2(t+ h)u(t))

]−1

×G(t+ h)P2(t+ h) ∈ L(Rn),

(38)

where Φt,P1(t)z(P2(t)u) is the operator (18), for the points (t + h, P1(t + h)z(t +
h) + P2(t+ h)u(t)) belonging to Lt0 and [t0, T ]×Rn. For clarity, we note that the
inverse operators on the left sides of (37) and (38) are the same, but the formulas
for them are written through Φt,P1(t)z,P2(t)u and Φt,P1(t)z(P2(t)u) respectively.

Using the representation

(39)
dz

dt
(t) =

z(t+ h)− z(t)

h
+O(h), h→ 0,
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we obtain (an analog of the explicit Euler method for the DE (31))

z(t+ h) =z(t) + hΠ(t, z(t), u(t)) +O(h2) =
(
IRn + h

[
P ′
1(t)−G−1(t)Q1(t)[A

′(t)

+B(t)]
]
P1(t)

)
z(t) + hG−1(t)Q1(t)f

(
t, P1(t)z(t) + P2(t)u(t)

)
+O(h2).

(40)

Taking into account the obtained equalities (40), (36) and Lemma 3.1, we write
the IVP (1), (2) at the points {ti}i=0,...,N of the introduced mesh ωh in the form:

z(t0) =P1(t0)x0, u(t0)=P2(t0)x0,

z(ti+1) =z(ti) + hΠ(ti, z(ti), u(ti)) +O(h2)

=
(
IRn + h

[
P ′
1(ti)−G−1(ti)Q1(ti)[A

′(ti) +B(ti)]
]
P1(ti)

)
z(ti)

+ hG−1(ti)Q1(ti)f
(
ti, x(ti)

)
+O(h2),

(41)

u(ti+1) =u(ti)−
[
IRn− ∂W

∂u

(
ti+1, z(ti+1), u(ti)

)]−1

×
[
u(ti)−W

(
ti+1, z(ti+1), u(ti)

)]
+O(h)

=u(ti)−
[
IRn−G−1(ti+1)Q2(ti+1)

× ∂f

∂x

(
ti+1, P1(ti+1)z(ti+1)+P2(ti+1)u(ti)

)
P2(ti+1)

]−1

×
[
u(ti)−G−1(ti+1)Q2(ti+1)

[
f
(
ti+1, P1(ti+1)z(ti+1)+P2(ti+1)u(ti)

)
−A′(ti+1)P1(ti+1)z(ti+1)

]]
+O(h),

(42)

x(ti+1) =z(ti+1) + u(ti+1)

=P1(ti+1)z(ti+1) + P2(ti+1)u(ti+1), i = 0, ..., N − 1.(43)

Then the numerical method for solving the IVP (1), (2) on [t0, T ] takes the form
(25)–(28), where zi, ui (i = 0, ..., N) are values of the approximate solution of
the system (31), (32) at the point ti, which satisfies the initial conditions z(t0) =
P1(t0)x0 and u(t0) = P2(t0)x0, and xi (i = 0, ..., N) is a value of the approximate
solution of the IVP (1), (2) at ti.

Denote

pi = sup
t∈[t0,T ]

∥Pi(t)∥, qi = sup
t∈[t0,T ]

∥Qi(t)∥, i = 1, 2, p = max{p1, p2},

p̃1 = sup
t∈[t0,T ]

∥P ′
1(t)∥, ã = sup

t∈[t0,T ]

∥A′(t)∥,

b = sup
t∈[t0,T ]

∥B(t)∥, ĝ = sup
t∈[t0,T ]

∥G−1(t)∥.

(44)

Since the partial derivative of f(t, x) with respect to x is continuous on [t+,∞)×Rn,
then, using the finite increment formula, we obtain (for i = 1, ..., N):∥∥f(ti, P1(ti)z(ti) + P2(ti)u(ti)

)
− f(ti, P1(ti)zi + P2(ti)ui)

∥∥
≤Mp

(
∥z(ti)− zi∥+ ∥u(ti)− ui∥

)
,(45)
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where M = max
1≤i≤N

sup
θi∈(0,1)

∥∥∥∥∂f∂x(ti, P1(ti)zi + P2(ti)ui + θi
(
P1(ti)[z(ti) − zi] +

P2(ti)[u(ti)− ui]
))∥∥∥∥.

Denote
εzi = ∥z(ti)− zi∥, εui = ∥u(ti)− ui∥.

It follows from the initial condition that εz0 = 0, εu0 = 0, and from the formulas
(26), (41) and (45) we have: εz1 = O(h2),

(46) εzi+1 ≤
(
1 + h [p̃1 + ĝq1(p1(ã+ b) +Mp)]

)
εzi + hĝq1Mpεui +O(h2).

Denote κ = p̃1 + ĝq1(p1(ã+ b) +Mp), r(h) = 1 + κ h and M̃ = ĝq1Mp, then (46)
takes the form

(47) εzi+1 ≤ r(h)εzi + hM̃εui +O(h2).

Using (47) recursively, we obtain that

(48) εzi+1 ≤ h M̃

i∑
j=0

ri−j(h)εuj +O(h2)

i∑
j=0

rj(h), i = 0, ..., N − 1.

Since rj(h) ≤
(
1 + (T−t0)κ

N

)N

≤ e(T−t0)κ , j = 1, ..., N , then

(49) εzi+1 ≤ O(h)

i∑
j=1

εuj +O(h), i = 1, ..., N − 1.

Further, using the formula

u(ti+1) =G
−1(ti+1)Q2(ti+1)

[
f
(
ti+1, P1(ti+1)z(ti+1) + P2(ti+1)u(ti)

)
−A′(ti+1)P1(ti+1)z(ti+1)

]
+G−1(ti+1)Q2(ti+1)

× ∂f

∂x

(
ti+1, P1(ti+1)z(ti+1) + P2(ti+1)u(ti)

)
P2(ti+1)

[
u(ti+1)− u(ti)

]
+O(h)

and the corresponding formula for finding the approximate value ui+1, that is,

ui+1 =G−1(ti+1)Q2(ti+1)
[
f
(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
−A′(ti+1)P1(ti+1)zi+1

]
+G−1(ti+1)Q2(ti+1)

× ∂f

∂x

(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
P2(ti+1)

[
ui+1 − ui

]
,

we obtain the relation

u(ti+1)− ui+1

=

[
IRn −G−1(ti+1)Q2(ti+1)

∂f

∂x

(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
P2(ti+1)

]−1

×
[
G−1(ti+1)Q2(ti+1)

(
f
(
ti+1, P1(ti+1)z(ti+1) + P2(ti+1)u(ti)

)
− f

(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
−A′(ti+1)P1(ti+1)

[
z(ti+1)− zi+1

]
+
∂f

∂x

(
ti+1, P1(ti+1)z(ti+1) + P2(ti+1)u(ti)

)
P2(ti+1)

[
u(ti+1)

− u(ti)
]
− ∂f

∂x

(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
P2(ti+1)
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×
[
u(ti+1)− u(ti) + u(ti)− ui

])
+O(h)

]
.

By the finite increment formula, we have that (for i = 0, ..., N − 1):∥∥f(ti+1, P1(ti+1)z(ti+1) + P2(ti+1)u(ti)
)
− f

(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)∥∥
≤M̂p

(
∥z(ti+1)− zi+1∥+ ∥u(ti)− ui∥

)
,

where p is defined in (44) and

M̂ = max
0≤i≤N−1

sup
θ̂i∈(0,1)

∥∥∥∥∂f∂x(ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

+ θ̂i
(
P1(ti+1)[z(ti+1)− zi+1] + P2(ti+1)[u(ti)− ui]

))∥∥∥∥.
Denote

C1 = sup
0≤i≤N−1

∥∥∥∥∂f∂x(ti+1, P1(ti+1)z(ti+1) + P2(ti+1)u(ti)
)∥∥∥∥ ,

(50) C2 = sup
0≤i≤N−1

∥∥∥∥∂f∂x(ti+1, P1(ti+1)zi+1 + P2(ti+1)ui
)∥∥∥∥ ,

K= sup
0≤i≤N−1

∥∥∥∥[IRn−G−1(ti+1)Q2(ti+1)
∂f

∂x

(
ti+1, P1(ti+1)zi+1

+P2(ti+1)ui
)
P2(ti+1)

]−1
∥∥∥∥.(51)

Then

εui+1 ≤Kĝq2
[
M̂p(εzi+1 + εui ) + ãp1ε

z
i+1 + C1p2O(h) + C2p2(O(h) + εui )

]
+O(h)

=Kĝq2(M̂p+ ãp1)ε
z
i+1 +Kĝq2(M̂p+ C2p2)ε

u
i +O(h), i = 0, ..., N − 1.

Consequently, there exist the constants α = Kĝq2(M̂p + ãp1) and β =

Kĝq2(M̂p+ C2p2) such that

(52) εui+1 ≤ αεzi+1 + βεui +O(h), i = 0, ..., N − 1.

From (52), (49) and the relation εz1 = O(h2) we obtain

εui+1 ≤ O(h)
i∑

j=1

εuj + βεui +O(h), i = 0, ..., N − 1.

Further, using the method of mathematical induction, we find that εui+1 = O(h),
i = 0, ..., N − 1, and given (49) we obtain εzi+1 = O(h), i = 1, ..., N − 1. Conse-
quently,

max
1≤i≤N

εui = max
1≤i≤N

∥u(ti)− ui∥ = O(h),

max
1≤i≤N

εzi = max
1≤i≤N

∥z(ti)− zi∥ = O(h), h→ 0,

and hence max
1≤i≤N

∥x(ti) − xi∥ = O(h), h → 0 (recall that εz0 = 0, εu0 = 0 and

∥x(t0)−x0∥ = 0). Thus, the method (25)–(28) converges and has the first order. �

Proposition 3.1. If in Theorem 3.1 we do not require the additional smooth-

ness for f , A,B and C2, i.e., we assume that f ∈ C([t+,∞) × Rn,Rn),
∂f

∂x
∈

C([t+,∞) × Rn,L(Rn)), A,B ∈ C1([t+,∞),L(Rn)) and C2 ∈ C1([t+,∞), (0,∞))
(these restrictions are specified in Theorems 2.1 and 2.2), then the method (25)–(28)
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is convergent, but may not have the first order, that is,

max
1≤i≤N

∥x(ti)− xi∥ = o(1), h→ 0

(i.e., max
1≤i≤N

∥x(ti)− xi∥ → 0, h→ 0 ),

∥x(t0)− x0∥ = 0.

Proof. The proof is carried out in the same way as the proof of Theorem 3.1, where
instead of (33), (39) we use the representations

W
(
t+h, z(t+h), u(t+h)

)
=W

(
t+h, z(t+h), u(t)

)
+
∂W

∂u

(
t+h, z(t+h), u(t)

)[
u(t+h)

− u(t)
]
+ o(1),

dz

dt
(t) =

z(t+h)− z(t)

h
+ o(1), h→ 0.

(53)

�

Proposition 3.1 states that, in general, the conditions of Theorem 2.1 or 2.2 on
the global solvability of the DAE are sufficient for the convergence of the meth-
ods, and only the invertibility of the operator Φt∗,P1(t∗)z∗,P2(t∗)u∗ for every fixed
(t∗, P1(t∗)z∗ + P2(t∗)u∗) ∈ [t0, T ]× Rn which does not belong to Lt+ is addition-
ally needed.

3.3. Method 2 (the combined method with recalculation).

Theorem 3.2. Let the conditions of Theorem 2.1 or 2.2 be satisfied, and in addition
let the operator

Φt∗,P1(t∗)z∗,P2(t∗)u∗ = Φt∗,P1(t∗)z∗(P2(t∗)u∗) : X2(t∗) → Y2(t∗),

which is defined by (15) or (18) for each (fixed) t∗,
x∗p1

(t∗) = P1(t∗)z∗, x∗p2
(t∗) = P2(t∗)u∗, be invertible for each point

(t∗, P1(t∗)z∗ + P2(t∗)u∗) ∈ [t0, T ]× Rn. In addition, let A, B ∈ C3([t0, T ],L(Rn)),
C2 ∈ C3([t0, T ], (0,∞)), f ∈ C2([t0, T ]× Rn,Rn), and let an initial value x0 be
chosen so that the consistency condition (t0, x0) ∈ Lt+ is satisfied. Then the
method

z0 = P1(t0)x0, u0 = P2(t0)x0,(54)

z̃i+1 =
[
IRn + h

(
P ′
1(ti)−G−1(ti)Q1(ti)[A

′(ti)+B(ti)]
)
P1(ti)

]
zi

+hG−1(ti)Q1(ti)f
(
ti, xi

)
,(55)

ũi+1 =ui−
[
IRn−G−1(ti+1)Q2(ti+1)

× ∂f

∂x

(
ti+1, P1(ti+1)z̃i+1 + P2(ti+1)ui

)
P2(ti+1)

]−1

×
[
ui −G−1(ti+1)Q2(ti+1)

[
f
(
ti+1, P1(ti+1)z̃i+1+P2(ti+1)ui

)
−A′(ti+1)P1(ti+1)z̃i+1

]]
,

(56)
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zi+1 =

[
IRn+

h

2

(
P ′
1(ti)−G−1(ti)Q1(ti)[A

′(ti)+B(ti)]
)
P1(ti)

]
zi

+
h

2

(
P ′
1(ti+1)−G−1(ti+1)Q1(ti+1)[A

′(ti+1)+B(ti+1)]
)
P1(ti+1)z̃i+1

+
h

2

[
G−1(ti)Q1(ti)f

(
ti, xi

)
+G−1(ti+1)Q1(ti+1)f

(
ti+1, P1(ti+1)z̃i+1+P2(ti+1)ũi+1

)]
,

(57)

ui+1 =ui−
[
IRn −G−1(ti+1)Q2(ti+1)

× ∂f

∂x

(
ti+1, P1(ti+1)zi+1+P2(ti+1)ui

)
P2(ti+1)

]−1

×
[
ui −G−1(ti+1)Q2(ti+1)

[
f
(
ti+1, P1(ti+1)zi+1+P2(ti+1)ui

)
−A′(ti+1)P1(ti+1)zi+1

]]
,

(58)

xi+1 = P1(ti+1)zi+1 + P2(ti+1)ui+1, ti+1 ∈ ωh, i = 0, ..., N − 1,(59)

which approximates the IVP (1), (2) on [t0, T ], is convergent of order 2, that is,

max
1≤i≤N

∥x(ti)− xi∥ = O(h2), h→ 0,

where x(t) is an exact solution of the IVP (1),(2) (xi is the value of an approximate
solution at ti).

Proof. Take any initial point (t0, x0) ∈ Lt+ . By virtue of the theorem conditions,
for each initial point (t0, x0) ∈ Lt+ there exists a unique global (exact) solution
x(t) of the IVP (1), (2) such that z(t) = P1(t)x(t) ∈ C3([t0, T ],Rn) and u(t) =
P2(t)x(t) ∈ C2([t0, T ],Rn) (z ∈ C1([t0,∞),Rn), u ∈ C([t0,∞),Rn) and z(t) ∈
X1(t), u(t) ∈ X2(t)).

As in the proof of the previous theorem, we consider the system (31), (32),
where the mappings Π(t, z, u) and W (t, z, u) have the form (29) and (30). Lemma
3.1 remains valid.

Using equality (32) where t is replaced by t+ h and the Taylor expansion of the
form

W
(
t+ h, z(t+ h), u(t+ h)

)
=W

(
t+ h, z(t+ h), u(t)

)
+
∂W

∂u

(
t+ h, z(t+ h), u(t)

)[
u(t+ h)− u(t)

]
+O(h2),

where
∂W

∂u

(
t + h, z(t + h), u(t)

)
has the form (34), we obtain the relation of the

form (35) where O(h) is replaced by O(h2). This relation can be written as

u(t+ h) =u(t)−
[
IRn− ∂W

∂u

(
t+h, z(t+h), u(t)

)]−1

(60)

×
[
u(t)−W

(
t+h, z(t+h), u(t)

)]
+O(h2)

=u(t)−
[
IRn−G−1(t+h)Q2(t+h)
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× ∂f

∂x

(
t+h, P1(t+h)z(t+h)+P2(t+h)u(t)

)
P2(t+h)

]−1

×
[
u(t)−G−1(t+h)Q2(t+h)

(
f
(
t+h, P1(t+h)z(t+h) + P2(t+h)u(t)

)
−A′(t+h)P1(t+h)z(t+h)

)]
+O(h2).

There exist the inverse operators (37) and (38) (when the requirements of Theo-
rems 2.1 and 2.2, respectively, are fulfilled) for the points (t+h, P1(t+h)z(t+h)+
P2(t+ h)u(t))∈Lt0 and (t+ h, P1(t+ h)z(t+ h) + P2(t+ h)u(t))∈ [t0, T ]×Rn (see
the explanation in the proof of Theorem 3.1).

As above, we denote by zi, ui and xi (i = 0, ..., N) the values, at the points ti, of
an approximate solution of the system (31), (32) that satisfies the initial conditions
z(t0) = P1(t0)x0 and u(t0) = P2(t0)x0 and of an approximate solution of the IVP
(1), (2), respectively.

To approximate the DE (31), we will use the Euler scheme with recalculation
(such schemes are also called implicit and “predictor-corrector” schemes).

The preliminary value of z(t) at the point ti+1 is calculated using the ex-
plicit Euler method (as in method 1), i.e., the DE (31) is approximated by the
scheme z(t + h) = z(t) + hΠ(t, z(t), u(t)) + O(h2), and the approximate value for
z(ti+1), which will be denoted by z̃i+1, is calculated by the formula (55), where
xi = P1(ti)zi + P2(ti)ui, or z̃i+1 = zi + hΠ(ti, zi, ui). Denote

z̃(ti+1) = z(ti) + hΠ(ti, z(ti), u(ti)) =
(
IRn + h

[
P ′
1(ti)−G−1(ti)Q1(ti)[A

′(ti)

+B(ti)]
]
P1(ti)

)
z(ti) + hG−1(ti)Q1(ti)f

(
ti, P1(ti)z(ti) + P2(ti)u(ti)

)
.

(61)

Using the formula (60) and substituting z(ti + h) = z(ti+1) := z̃(ti+1), we find the
preliminary value of u(t) at the point ti+1, which will be denoted by ũ(ti+1). As a
result, we have

ũ(ti+1) =u(ti)−
[
IRn− ∂W

∂u

(
ti+1, z̃(ti+1), u(ti)

)]−1

×
[
u(ti)−W

(
ti+1, z̃(ti+1), u(ti)

)]
+O(h2)

=u(ti)−
[
IRn−G−1(ti+1)Q2(ti+1)

× ∂f

∂x

(
ti+1, P1(ti+1)z̃(ti+1)+P2(ti+1)u(ti)

)
P2(ti+1)

]−1

×
[
u(ti)−G−1(ti+1)Q2(ti+1)

[
f
(
ti+1, P1(ti+1)z̃(ti+1)+P2(ti+1)u(ti)

)
−A′(ti+1)P1(ti+1)z̃(ti+1)

]]
+O(h2).

(62)

The corresponding approximate value which is denoted by ũi+1 takes the form (56)
or

ũi+1 = ui −
[
IRn − ∂W

∂u

(
ti+1, z̃i+1, ui

)]−1[
ui −W

(
ti+1, z̃i+1, ui

)]
.
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Now let us perform the recalculation using the formula (57), i.e., the approximate
value found for z(ti+1) by the formula (55) is refined using the expression

zi+1 = zi +
h

2

[
Π(ti, zi, ui) + Π(ti+1, z̃i+1, ũi+1)

]
,

where z̃i+1 and ũi+1 have the form (55) and (56).
Substitute the values z(ti), u(ti) of the exact solution into (57) and write the

expression for finding the residual (approximation error):

ψi(h) =− z(ti+1)− z(ti)

h
+

1

2

[
Π
(
ti, z(ti), u(ti)

)
+Π

(
ti+1, z(ti)

+hΠ(ti, z(ti), u(ti)), ũ(ti+1)
)]
,(63)

where ũ(ti+1) is defined by (62).
Using the Taylor formula, we obtain the following expansions (as h→ 0):

(64)
z(ti+1)− z(ti)

h
= z′(ti) +

h

2
z′′(ti) +O(h2),

Π
(
ti+1, z(ti) + hΠ(ti, z(ti), u(ti)), u(ti+1)

)
= Π

(
ti, z(ti), u(ti)

)
+ h

[
∂Π

∂t

(
ti, z(ti), u(ti)

)
+
∂Π

∂x

(
ti, z(ti), u(ti)

)(
P1(ti)Π

(
ti, z(ti), u(ti)

)
+ P2(ti)

du

dt
(ti)

)]
+O(h2).

(65)

It follows from (31), (63), (64), (65) and the equality

z′′(ti) =
∂Π

∂t

(
ti, z(ti), u(ti)

)
+
∂Π

∂x

(
ti, z(ti), u(ti)

)[
P1(ti)Π

(
ti, z(ti), u(ti)

)
+ P2(ti)

du

dt
(ti)

]
that

ψi(h) = O(h2).

Thus, the value of z(t) at the point ti+1 is finally calculated by the following formula
(where ũ(ti+1) has the form (62)):

z(ti+1) =z(ti) +
h

2

[
Π(ti, z(ti), u(ti)) + Π

(
ti+1, z(ti)

+ hΠ(ti, z(ti), u(ti)), ũ(ti+1)
)]

+O(h3).(66)

Further, we carry out the recalculation of the value of u(ti+1), using the same
formula as before, but with the value of z(ti+1) refined by the formula (66):

u(ti+1) =u(ti)−
[
IRn−G−1(ti+1)Q2(ti+1)

× ∂f

∂x

(
ti+1, P1(ti+1)z(ti+1)+P2(ti+1)u(ti)

)
P2(ti+1)

]−1

×
[
u(ti)−G−1(ti+1)Q2(ti+1)

[
f
(
ti+1, P1(ti+1)z(ti+1) + P2(ti+1)u(ti)

)
−A′(ti+1)P1(ti+1)z(ti+1)

]]
+O(h2).
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A solution of the IVP (1), (2) at the points of the introduced mesh (24) is
calculated by the formula (43).

Denote
εzi = ∥z(ti)− zi∥, εui = ∥u(ti)− ui∥, i = 0, ..., N ;

ε̃zi = ∥z̃(ti)− z̃i∥, ε̃ui = ∥ũ(ti)− ũi∥, i = 1, ..., N.

It follows from the initial condition that εz0 = εu0 = 0. From the above, we obtain
the inequality εzi+1 ≤ εzi +O(h3) + h∥φi(h)∥, where

φi(h) =− 0.5
[
Π
(
ti, z(ti), u(ti)

)
−Π(ti, zi, ui)

+ Π
(
ti+1, z(ti) + hΠ

(
ti, z(ti), u(ti)

)
, ũ(ti+1)

)
−Π(ti+1, zi + hΠ(ti, zi, ui), ũi+1)

]
.

Introduce the estimates (44), (45). Then

(67) ∥Π
(
ti, z(ti), u(ti)

)
−Π(ti, zi, ui)∥ ≤ kp1ε

z
i + M̃(εzi + εui ) = O(εzi ) +O(εui ),

where M̃ = ĝq1Mp and k = p̃1 + ĝq1[ã+ b]. Similarly, using the finite increment
formula and the estimates (44) and (67), we obtain

∥Π
(
ti+1, z(ti) + hΠ

(
ti, z(ti), u(ti)

)
, ũ(ti+1)

)
−Π

(
ti+1, zi + hΠ(ti, zi, ui), ũi+1

)
∥

≤
[
kp1 + M̂ +O(h)

]
εzi +O(h)εui + M̂ ε̃ui+1,

where M̂ = ĝq1
˜̃Mp,

˜̃M = max
0≤i≤N−1

sup
θi+1∈(0,1)

∥∥∥∥∂f∂x(ti+1, x̃i+1 + θi+1

[
x̃(ti+1)− x̃i+1

])∥∥∥∥,
x̃(ti+1) = P1(ti+1)

[
z(ti) + hΠ

(
ti, z(ti), u(ti)

)]
+ P2(ti+1)ũ(ti+1),

x̃i+1 = P1(ti+1)
[
zi + hΠ(ti, zi, ui)

]
+ P2(ti+1)ũi+1.

Thus,
∥φi(h)∥ ≤ (O(1) +O(h))[εzi + εui ] +O(1)ε̃ui+1,

and hence

εzi+1 ≤[1 +O(h) +O(h2)]εzi + [O(h) +O(h2)]εui +O(h)ε̃ui+1 +O(h3)

=r̂(h)εzi +O(h)[εui + ε̃ui+1] +O(h3),
(68)

(69)
ε̃zi+1 ≤ εzi +h∥Π

(
ti, z(ti), u(ti)

)
−Π(ti, zi, ui)∥ = r̂(h)εzi +O(h)εui , i = 0, ..., N − 1,

where r̂(h) = 1 +O(h).
Further, the expression

u(ti+1) =G
−1(ti+1)Q2(ti+1)

[
f
(
ti+1, P1(ti+1)z(ti+1)

+ P2(ti+1)u(ti)
)
−A′(ti+1)P1(ti+1)z(ti+1)

]
+G−1(ti+1)Q2(ti+1)

∂f

∂x

(
ti+1, P1(ti+1)z(ti+1) + P2(ti+1)u(ti)

)
× P2(ti+1)

[
u(ti+1)− u(ti)

]
+O(h2)

and the corresponding expression for finding the approximate value ui+1, that is,

ui+1 =G−1(ti+1)Q2(ti+1)
[
f
(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
−A′(ti+1)P1(ti+1)zi+1

]
+G−1(ti+1)Q2(ti+1)

∂f

∂x

(
ti+1, P1(ti+1)zi+1
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+ P2(ti+1)ui
)
P2(ti+1)

[
ui+1 − ui

]
,

yield

u(ti+1)− ui+1 =

[
IRn −G−1(ti+1)Q2(ti+1)

× ∂f

∂x

(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
P2(ti+1)

]−1

×
(
G−1(ti+1)Q2(ti+1)

[
∂f

∂x

(
ti+1, P1(ti+1)zi+1 + P2(ti+1)ui

)
−A′(ti+1)

]
× P1(ti+1)[z(ti+1)− zi+1] +O

(
[∥z(ti+1)− zi+1∥+ ∥u(ti)− ui∥]2

)
+O

(
[∥z(ti+1)− zi+1∥+ ∥u(ti)− ui∥] ∥u(ti+1)− u(ti)]∥

)
+O(h2)

)
.

As in method 1, we denote by C2 and K the constants (50) and (51). Then

εui+1 ≤ K
(
ĝq2[C2 + ã]p1ε

z
i+1 +O([εzi+1 + εui ]

2) +O(εzi+1 + εui )O(h) +O(h2)
)
,

and consequently

(70) εui+1 = O(εzi+1) +O
(
(εzi+1)

2 + (εui )
2
)
+O(h2), i = 0, ..., N − 1.

Similarly, we find that

(71) ε̃ui+1 = O(ε̃zi+1) +O
(
(ε̃zi+1)

2 + (εui )
2
)
+O(h2), i = 0, ..., N − 1.

Substituting (69) into (71) and carrying out certain manipulations, we obtain

(72) ε̃ui+1 = [O(1)+O(h)]
(
εzi +(εzi )

2+(εui )
2
)
+O(h)εui +O(h2), i = 0, ..., N −1.

Substituting (72) into (68), we get

(73) εzi+1 ≤ r̂(h)εzi +O(h)εui +O(h)
[
(εzi )

2 + (εui )
2
]
+O(h3).

From the above, we obtain εz0 = εu0 = ε̃z1 = 0, ε̃u1 = O(h2), εu1 = O(h2), εz1 = O(h3),
ε̃u2 = O(h2), εu2 = O(h2) and εz2 = O(h3). Using (73), we find recurrently the
estimate
(74)

εzi+1 ≤ O(h)

( i∑
j=0

[
εuj +(εuj )

2
]
+

i−1∑
k=1

i−k∑
j=0

[
εuj +(εuj )

2
]2k)

+O(h2), i = 2, ..., N − 1.

Substituting (74) into (70), we get

εui+1 ≤O(h)

i∑
j=0

[
εuj + (εuj )

2 + (εuj )
4
]
+O((εui )

2) +O(h)

i−1∑
k=1

i−k∑
j=0

[
εuj + (εuj )

2
]2k

+
i−1∑
k=1

i−k∑
j=0

[
εuj + (εuj )

2
]4k

+O(h2), i = 2, ..., N − 1.

(75)

Further, using the method of mathematical induction, we find that εui+1 = O(h2),

i = 0, ..., N − 1. Then it follows from (74) that εzi+1 = O(h2), i = 0, ..., N − 1.
Hence,

max
1≤i≤N

εui = O(h2), max
1≤i≤N

εzi = O(h2), h→ 0,

and therefore max
0≤i≤N

∥x(ti) − xi∥ = O(h2), h → 0. Thus, the method (54)–(59)

converges and has the second order. �
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Proposition 3.2. If in Theorem 3.2 we do not require the additional smooth-

ness for f , A,B and C2, i.e., we assume that f ∈ C([t+,∞) × Rn,Rn),
∂f

∂x
∈

C([t+,∞) × Rn,L(Rn)), A,B ∈ C1([t+,∞),L(Rn)) and C2 ∈ C1([t+,∞), (0,∞))
(these restrictions are specified in Theorems 2.1 and 2.2), then the method (54)–(59)
is convergent, but may not have the second order.

Proof. The proof is carried out in the same way as the proof of Theorem 3.2, but
with the use of the representations (53). �

Note that if condition 2 of Theorem 2.1 is fulfilled (i.e., the operator (15) is
invertible) for each t∗ ∈ [t+,∞), x∗p1

(t∗) ∈ X1(t∗), x
∗
p2
(t∗) ∈ X2(t∗), and not only

for those that (t∗, x
∗
p1
(t∗) + x∗p2

(t∗)) ∈ Lt+ , or if condition 2 of Theorem 2.2 is

fulfilled (i.e., the operator function (18) is basis invertible on [x1p2
(t∗), x

2
p2
(t∗)] ) for

each t∗∈ [t+,∞), x∗p1
(t∗)∈X1(t∗), x

i
p2
(t∗)∈X2(t∗), i = 1, 2, then in Theorems 3.1

and 3.2 it is not necessary to check the fulfillment of the additional condition of the
invertibility of the operator Φt∗,P1(t∗)z∗,P2(t∗)u∗ = Φt∗,P1(t∗)z∗(P2(t∗)u∗) for each
(t∗, P1(t∗)z∗ + P2(t∗)u∗) ∈ [t0, T ]×Rn.

Remark 3.2. Since it is assumed that the operator function A(t) is continuously
differentiable, we can write the DAE (3), i.e., A(t) d

dtx(t) +B(t)x(t) = f(t, x(t)), in
the form

(76)
d

dt
[A(t)x(t)] + B̃(t)x(t) = f(t, x(t)), where B̃(t) = B(t)−A′(t),

and use the numerical methods obtained for the DAE of the form (1).
For the IVP (76), (2) as well as for the IVP (3), (2), the consistency condition

for the initial values t0, x0 takes the form

(t0, x0) ∈ L̂t+ = {(t, x) ∈ [t+,∞)× Rn | Q2(t)[B(t)x− f(t, x)] = 0}.

4. Numerical experiments

In Sections 4.1, 4.2 we carry out the theoretical and numerical analyses of math-
ematical models of the dynamics of electric circuits, which demonstrate the appli-
cation of the developed methods and obtained theorems to a real physical problems
and show that the theoretical and numerical results are consistent.

In Section 4.3, the comparative analysis of the obtained methods is carried out
and numerical examples illustrating the proved convergence are presented.

All computations were done using Matlab.

4.1. Example 1: Analysis of a mathematical model of the electrical cir-
cuit dynamics.

4.1.1. Theoretical analysis of the mathematical model of the electrical
circuit dynamics. Consider the simple electrical circuit with a time-varying in-
ductance L(t), time-varying linear resistances R(t), RL(t) and nonlinear resistances
φL(IL), φ(Iφ), whose dynamics is described by the DAE (1) (where we omit the
dependence on t in the notation of the variable x(t)) with

x=

x1x2
x3

, A(t)=
L(t) 0 0

0 0 0
0 0 0

,
B(t)=

RL(t) −1 0
1 0 1
0 1 −R(t)

, f(t, x)=
 −φL(x1)

I(t)
U(t) + φ(x3)

,
(77)
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where I(t) and U(t) are a given (input) current and a given voltage, x1 = IL,
x3 = Iφ and x2 = UL are unknown currents and an unknown voltage. The remain-
ing currents and voltages in the circuit are uniquely expressed via the desired and
given ones.

Using the formulas (22) and, accordingly, the algorithm given in Section 3.1, we
compute

P1(t)=

 1 0 0
−R(t) 0 0
−1 0 0

, P2(t)=

 0 0 0
R(t) 1 0
1 0 1

,
Q1(t)=

1 R(t) 1
0 0 0
0 0 0

, Q2(t)=

0 −R(t) −1
0 1 0
0 0 1

.
Then, the vector x has the projections

xp1(t) = P1(t)x = (x1,−R(t)x1,−x1)T ,
xp2(t) = P2(t)x = (0, R(t)x1 + x2, x1 + x3)T.

Global solvability and Lagrange stability of the mathematical model (1),
(77) of the electrical circuit dynamics. Below, the definitions and theorems
given in Section 2.2 are used. Recall that a solution of the initial value problem
(1), (77), (2) is global if it exists on [t0,∞).

By Theorem 2.1 as well as by Theorem 2.2, for each initial point (t0, x0) ∈
[t+,∞)×R3, where x0 = (x0,1, x0,2, x0,3)T, which satisfies the consistency condition
(t0, x0) ∈ Lt+ , that is,

x0,1 + x0,3 = I(t0), x0,2 −R(t0)x0,3 = U(t0) + φ(x0,3),

there exists a unique global solution of the DAE (1), (77) with the initial condition
(2) if the following conditions hold:

L, R, RL∈C1([t+,∞),R), I, U ∈C([t+,∞),R), φ, φL∈C1(R), L(t) ≥ L0 > 0 and

R(t) ̸= 0 (R(t)>0 from physical considerations) for all t∈ [t+,∞), and λL(t)

+RL(t) +R(t) ̸= 0 for sufficiently large |λ| such that |λ| ≥ L−1
0 and all t∈ [t+,∞);

(78)

there exists a number R > 0 such that [φL(x1)− φ(I(t)− x1)−R(t)I(t)− U(t)]x1+

+[L′(t)/2 +RL(t) +R(t)]x21 ≥ 0 for all t∈ [t+,∞), ∥xp1(t)∥ = |x1|∥(1,−R(t),−1)T ∥
≥R.

(79)

The condition (79) can be weakened by using Proposition 2.1 presented in Section
2.2.

If the conditions (78), (79) hold and sup
t∈[t+,∞)

|I(t)| < ∞, sup
t∈[t+,∞)

|U(t)| < ∞,

sup
t∈[t+,∞)

|R(t)| <∞, then by Theorem 2.3 the DAE (1), (77) is Lagrange stable, i.e.,

for each consistent initial point (t0, x0) a global solution of the IVP (1), (77), (2)
exists and is bounded.

4.1.2. Numerical analysis of the mathematical model. Let us seek numer-
ical solutions of the DAE (1), (77) provided that there exist corresponding exact
global solutions, i.e., that the global solvability conditions presented in Section 4.1.1
are satisfied. The functions used in numerical experiments satisfy the conditions
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of the proved theorems or propositions on the convergence of the methods. This
enables one to compute a numerical solution on any given time interval.

Choose

U(t) = 2 sin(2t+ π), I(t) = sin(2t− π), L(t) = 10−1 + (t+ 1)−1,

RL(t) = 3 + 0.5 sin(2t), R(t) = 1 + 0.5 sin(2t),
(80)

(81) φ(x3) = a x2k−1
3 , φL(x1) = b x2m−1

1 ,

where a = b = 1, k = m = 2. For the chosen functions the DAE (1), (77) is
Lagrange stable since the conditions of the Lagrange stability, specified in Section
4.1.1, hold. The components of the solution x(t) = (x1(t), x2(t), x3(t))T computed
(by method 1) for the consistent initial values t0 = 0, x0 = (0, 0, 0)T are displayed
in Fig. 1.
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Figure 1. The example of a Lagrange-stable solution: The plots
of the components x1(t), x2(t), x3(t) of the approximating solution
x(t) = (x1(t), x2(t), x3(t))T computed for the DAE (1), (77) with
the functions (80), (81), where a = b = 1, k = m = 2, and the
initial values t0 = 0, x0 = (0, 0, 0)T. The analysis of the presented
graphs shows that the solution exists on the given interval and its
norm does not increase with increasing time. When the interval is
increased by a factor of 10 and more, the qualitative picture of the
behavior of the numerical solution does not change (therefore, the
corresponding graphs were not presented here). Thus, the results of
the numerical experiment are consistent with the conclusion about
the Lagrange stability of the DAE, which was obtained using the
corresponding theorem.

For the functions

U(t) = t+ 1, I(t) = 3(t+ 1)−1, L(t) = 10−1 + (t+ 1)−1,

RL(t) = e−t, R(t) = 2 + cos t
(82)
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and φ, φL of the form (81) where a = b = 1 and k = m = 2, and for the consistent
initial values t0 = 0 and x0 = (0, 37, 3)T, the components of the numerical solution
are plotted in Fig. 2.
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Figure 2. The example of a global solution: The plots of the
components x1(t), x2(t) and x3(t) of the approximating solution
x(t) = (x1(t), x2(t), x3(t))T computed (by method 1) for the DAE
(1), (77) with the functions (82) and (81), where a = b = 1,
k = m = 2, and the initial values t0 = 0 and x0 = (0, 37, 3)T.
In this case, the exact solution is global, but it can be unbounded
on [t0,∞). This is because the conditions for the global solvabil-
ity of the DAE (1), (77), specified in Section 4.1.1, hold, but the
additional conditions for the Lagrange stability are not fulfilled.
The presented graphs demonstrate the same behavior pattern of
the solution. When the interval is increased by a factor of 10, the
qualitative picture of the behavior of the solution does not change.

Further, consider the case when the function U(t) is continuous, but not differ-
entiable. Let the voltage U(t) have the sawtooth shape (see Fig. 3)

(83) U(t) =

{
t− 15 i, t ∈ [15 i, 10 + 15 i], i ∈ {0} ∪ N,
30(i+ 1)− 2t, t ∈ [10 + 15 i, 15 + 15 i], i ∈ {0} ∪ N.

Also, let

I(t) = sin(2t− π), L(t) = 10−1 + (t+ 1)−1,

RL(t) = 3 + 0.5 sin(2t), R(t) = 1 + 0.5 sin(2t)
(84)

and φ, φL have the form (81) where a = 3, b = 4 and k = m = 2. In this case, the
DAE (1), (77) is Lagrange stable since the conditions for the Lagrange stability,
given in Section 4.1.1, hold. The numerical solution for this case was obtained
by methods 1 and 2 for the consistent initial values t0 = 0, x0 = (0, 0, 0)T. Its
components obtained by method 1 are displayed in Fig. 4. When the calculation
interval increases, the qualitative picture of the solution behavior does not change.
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Figure 3. The plot of U(t).
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Figure 4. The example of a solution for the case when the
function U(t) is continuous, but not differentiable: The plots of
the components x1(t), x2(t), x3(t) of the approximate solution
x(t) = (x1(t), x2(t), x3(t))T computed for the DAE (1), (77) with
the functions (83), (84) and (81), where a = 3, b = 4, k = 2,
m = 2, and the initial values t0 = 0, x0 = (0, 0, 0)T. The theoret-
ical analysis shows that the exact solution is Lagrange stable and
the presented plots demonstrate the same behavior pattern of the
approximate solution.

The analysis of the numerical solution shows that the results of the numerical
experiment are consistent with the conclusion about the Lagrange stability of the
exact solution.

The analysis of the obtained numerical solutions shows that the results of the
numerical experiments are consistent with the results of the theoretical analysis of
the DAE (1), (77).

4.2. Example 2: Analysis of a mathematical model of the electrical cir-
cuit dynamics.

4.2.1. Theoretical analysis of the mathematical model of the electrical
circuit dynamics. Consider an electrical circuit whose diagram is given in Fig. 5
(reference directions for currents and voltages across the circuit elements coincide).
The global solvability of the mathematical model (1), (88) (see below) describing
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the circuit dynamics has been studied in [9, Section 5]. In the present section, we
provide the conditions for the existence, uniqueness and boundedness of a global
solution of the IVP (1), (88), (2) both in the general case and in the particular cases
for which approximate solutions are found using the obtained numerical methods
(see Section 4.2.2).

Figure 5. The electric circuit diagram.

An inductance L(t), a conductance G3(t) and resistances R1(t), R2(t), φ1(I1),
φ2(I2) and φ3(I31) are given for the circuit. Inductance, resistance and conductance
are given in henries (H), ohm (Ω) and siemens (S), respectively.

We denote the unknown currents by x1(t) = I1(t), x2(t) = I31(t) and x3(t) =
I2(t) and in the sequel, for brevity, omit the dependence on t in the notation for
xj(t) (j = 1, 2, 3). The mathematical model of the electrical circuit dynamics has
the form of the system

d

dt
[L(t)x1] +R1(t)x1 = U(t)− φ1(x1)− φ3(x2),(85)

x1 − x2 − x3 = I(t) +G3(t)φ3(x2),(86)

R2(t)x3 = φ3(x2)− φ2(x3),(87)

which describes a transient process in the electrical circuit. The current I(t) and
voltage U(t) are given. Having solved the obtained system, we find the currents
I1(t), I31(t), I2(t). The remaining currents and voltages in the circuit are uniquely
expressed via the desired and given ones. The mathematical model (85)–(87) can
be represented as the DAE (1) where

(88)

x=

x1x2
x3

, A(t)=
L(t) 0 0

0 0 0
0 0 0

, B(t)=

R1(t) 0 0
1 −1 −1
0 0 R2(t)


f(t, x)=

U(t)− φ1(x1)− φ3(x2)
I(t) +G3(t)φ3(x2)
φ3(x2)− φ2(x3)

.
We assume that L, R1, R2 ∈ C1([t+,∞),R), φj ∈ C1(R), j = 1, 2, 3,
I, U, G3 ∈ C([t+,∞),R), and L(t), R1(t), R2(t), G3(t) > 0 for all t ∈ [t+,∞).
Then A,B ∈ C1([t+,∞),L(R3)), f ∈ C([t+,∞) × R3,R3), ∂f/∂x ∈ C([t+,∞) ×
R3,L(R3)), for each t the pencil λA(t) + B(t) is regular, and the condition (4),

where C1(t) =
√
2
(
1 +R−1

2 (t)
)
+ 1 and C2(t) = L−1(t)

(
1 +R1(t)

)
+ 1, holds for

all t ∈ [t+,∞).
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Using the formulas (22), we obtain the projection matrices Pj(t), Qj(t) (6) (the
algorithm for computing the projection matrices (6) is given in Section 3.1):

P1(t)=

1 0 0
1 0 0
0 0 0

, P2(t)=

 0 0 0
−1 1 0
0 0 1

,
Q1(t)=

1 0 0
0 0 0
0 0 0

, Q2(t)=

0 0 0
0 1 0
0 0 1

.
Then we obtain the matrix G(t) by (8). The vector x has the projections (compo-
nents)

xp1(t) = P1(t)x = (x1, x1, 0)T =: xp1 , xp2(t) = P2(t)x = (0, x2 − x1, x3)T =: xp2 .

Denote z = x1, u = x2 − x1, w = x3, then

xp1 = (z, z, 0)T, xp2 = (0, u, w)T.

The consistency condition (t, x) ∈ Lt+ (see Remark 3.1) holds if t, xi, i = 1, 2, 3,
satisfy the algebraic equations (86), (87). Using the above notation, we can rewrite
the system (86), (87) as

u = −I(t)−G3(t)φ3(u+ z)− w,

w = R−1
2 (t) [φ3(u+ z)− φ2(w)]

(see [9, p. 205]) and transform it to the form

w = −I(t)− u−G3(t)φ3(u+ z),(89)

u = ψ(t, z, u), where(90)

ψ(t, z, u) =− I(t)−
(
G3(t) +R−1

2 (t)
)
φ3(u+ z)

+R−1
2 (t)φ2

(
− I(t)− u−G3(t)φ3(u+ z)

)
.(91)

Below, the theorems and propositions from Section 2.2 are used. The derivation
of the constraints on the functions in the DAE (1), (88), under which the conditions
of Theorems 2.1 and 2.2 are satisfied, is described in detail in [9, Section 5]. The
below conditions for the existence and uniqueness of a global solution of the IVP
(1), (88), (2) were obtained based on these results.

Global solvability of the mathematical model (1), (88). By Theorem 2.1, for
each initial point (t0, x0) ∈ [t+,∞) × R3, where x0 = (x0,1, x0,2, x0,3)T, for which
equalities (86), (87) hold (i.e., the consistency condition (t0, x0) ∈ Lt+ holds), there
exists a unique global solution of the DAE (1), (88) satisfying the initial condition
(2) if the following conditions are fulfilled:

L, R1, R2 ∈ C1([t+,∞),R), I, U, G3 ∈ C([t+,∞),R), φj ∈ C1(R), j = 1, 2, 3, and

L(t), R1(t), R2(t), G3(t) > 0 for all t ∈ [t+,∞);

(92)

for each t∈ [t+,∞) and each z∈R there exists a unique u ∈ R such that (90) holds;

(93)

for each t∗ ∈ [t+,∞) and each z∗, u∗, w∗ ∈ R which satisfy (89), (90), the relation

φ′
3(u∗ + z∗) +

[
φ′
2(w∗) +R2(t∗)

][
1 +G3(t∗)φ

′
3(u∗ + z∗)

]
̸= 0 holds;

(94)
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there exists a number R > 0 such that −
(
φ1(z) + φ3(u+ z)

)
z ≤ R1(t)z

2

for any t ∈ [t+,∞), z, u ∈ R satisfying (90) and |z| ≥ R.

(95)

By Theorem 2.2, a similar statement holds if the above conditions are satisfied
with the following changes: the condition (93) does not contain the requirement that
u be unique; the condition (94) is replaced by the following:

for each t∗ ∈ [t+,∞), z∗ ∈ R and each uj∗, w
j
∗ ∈ R, j = 1, 2, satisfying (89), (90)

the relation φ′
3(u2 + z∗) +

[
φ′
2(w2) +R2(t∗)

][
1 +G3(t∗)φ

′
3(u1 + z∗)

]
̸= 0 holds

for any uk ∈ [u1∗, u
2
∗], wk ∈ [w1

∗, w
2
∗], k = 1, 2

(96)

(obviously, this condition is satisfied in the case if the relation present in it holds
for each t∗ ∈ [t+,∞), each z∗ ∈ R and each uk, wk ∈ R, k = 1, 2).

The global solvability conditions mentioned above can be weakened by using
Proposition 2.1.

Below, examples of the functions that satisfy the presented conditions are con-
sidered and certain changes of these conditions are discussed.

The conditions (93), (94), as well as (96), hold if the functions φ2, φ3 are in-
creasing (nondecreasing) on R, for example:

(97)
φ2(y) = a y2k−1, φ3(y) = b y2m−1 or φ2(y) = a y

1
2k−1 ,

φ3(y) = b y
1

2m−1 , a, b > 0, k,m∈N,

or if they have the form (98) and inequality (99) is satisfied:

φ2(y) = a sin y, φ3(y) = b sin y or φ2(y) = a cos y, φ3(y) = b cos y, a, b ∈ R,
(98)

G3(t)|b|+R−1
2 (t)(|a|+ |b|+G3(t)|a| |b|) < 1, t ∈ [t+,∞).(99)

Note that if φ2, φ3 have the form (97), then the mapping ψ(t, z, u) (91) is not
globally contractive with respect to u (in general, it does not satisfy the global
Lipschitz condition in u and z) for k,m ≥ 2 and any G3(t), R2(t), a and b, and
hence the condition (19) (see Section 2.2) is not fulfilled. Obviously, if ψ(t, z, u) is
globally contractive with respect to u for any t, z, i.e., there exists a constant α < 1
such that

(100)
∣∣ψ(t, z, u1)− ψ(t, z, u2)

∣∣ ≤ α|u1 − u2|, u1, u2 ∈ R,
for each t ∈ [t+,∞) and each z ∈ R, then the condition (93) holds.

If we take into account that t∗, z∗, u∗, w∗ satisfy (89), i.e., w∗ = −I(t∗)− u∗ −
G3(t∗)φ3(u∗ + z∗), but disregard equality (90), then the condition (94) takes the
following form:

for each t∗ ∈ [t+,∞) and each z∗, u∗ ∈ R the relation
∂ψ

∂u
(t∗, z∗, u∗) ̸= −1 holds.

The conditions (93), (94) ensure the fulfillment of conditions 1, 2 of Theorem 2.1;
(93) without the requirement for u to be unique and (96) ensure the fulfillment of
conditions 1, 2 of Theorem 2.2. Instead of conditions 1, 2 of Theorem 2.1 or
Theorem 2.2 one can use the condition (19) of Proposition 2.2 which is satisfied if
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there exists a constant α < 1 such that

G3(t)
∣∣φ3(u1 + z)− φ3(u2 + z)

∣∣
+R−1

2 (t)
∣∣φ3(u1 + z)− φ3(u2 + z)− φ2(w1) + φ2(w2)

∣∣
≤ α

√
|u1 − u2|2 + |w1 − w2|2

(101)

for any t ∈ [t+,∞), z ∈ R and ui, wi ∈ R, i = 1, 2, that is, the nonlinear function
in the “algebraic part” of the DAE is a globally contractive with respect to xp2 for
any t, xp1 . However, this condition is more restrictive. If we take into account that
the graph of a solution x(t) must lie in the manifold Lt+ and, therefore, t, z, u, w
are related by equalities (89), (90), then, using these equalities, we can transform
inequality (101) so that it will be similar to (100).

To derive the condition (95), the function V (t, xp1(t)) of the form (20) with a
time-invariant operatorH, i.e., V (t, xp1(t)) ≡

(
Hxp1(t), xp1(t)

)
, whereH = 0.5 IR3 ,

was chosen. Then V ′
(12)(t, xp1(t)) has the form (21) where H(t) ≡ H, and condi-

tion 3 of Theorem 2.1 (the same condition is present in Theorem 2.2) is satisfied if

there exist functions Ũ ∈ C(0,∞), k ∈ C([t+,∞),R) such that
∞∫
v0

(
Ũ(v)

)−1
dv = ∞

(v0 > 0) and for some R > 0 the inequality

(102) 2L−1(t)
[
− (L′(t) +R1(t))z

2 + U(t)z −
(
φ1(z) + φ3(u+ z)

)
z
]
≤ k(t) Ũ(z2)

holds for all t ∈ [t+,∞), z, u ∈ R satisfying (90) and |z|≥R. It is readily verified
that (102), where

k(t) = 2L−1(t)
(
|L′(t)|+ |U(t)|

)
, Ũ(v) = v,

is satisfied if (95) holds. The specified functions k(t), Ũ(v) are also used to obtain
conditions for the Lagrange stability of the DAE (1), (88).

Global solvability of the mathematical model (1), (88) in some particular
cases.

I. Consider the functions
(103)
φ1(y) = c y2l−1, φ2(y) = a y2k−1, φ3(y) = b y2m−1, a, b, c > 0, k, m, l ∈ N,
where φ2, φ3 from (97). The functions (103) satisfy (95) if

sup
t∈[t+,∞)

|I(t)| <∞, inf
t∈[t+,∞)

R2(t) = K0 > 0 (K0 is some constant) and m ≤ l.

Thus, if φj, j = 1, 2, 3, have the form (103), where m ≤ l, and, in addi-
tion, L,R1, R2 ∈ C1([t+,∞),R), I, U,G3 ∈ C([t+,∞),R), L(t), R1(t), G3(t) > 0
for t ∈ [t+,∞), sup

t∈[t+,∞)

|I(t)| <∞ and inf
t∈[t+,∞)

R2(t) = K0 > 0, then for each ini-

tial point (t0, x0) ∈ [t+,∞)× R3 satisfying (86), (87) there exists a unique global
solution of the IVP (1), (88), (2).

II. Now consider the functions

(104) φ1(y) = c sin y, φ2(y) = a sin y, φ3(y) = b sin y, a, b, c ∈ R,
where φ2, φ3 from (98) and we can replace sines by cosines in (104). For the
functions (104) the condition (95) holds if inf

t∈[t+,∞)
R1(t) = R∗ > 0. Notice that for

the functions (98) condition 1 of Theorem 2.2 is always satisfied.
Thus, if φj, j = 1, 2, 3, have the form (104), and, in addition, L,R1, R2 ∈

C1([t+,∞),R), I, U,G3 ∈ C([t+,∞),R), L(t), R2(t), G3(t) > 0 for t ∈ [t+,∞), the
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functions φ2, φ3, G3, R2 satisfy the condition (99), and inf
t∈[t+,∞)

R1(t) = R∗ > 0,

then for each initial point (t0, x0)∈ [t+,∞)×R3 satisfying (86), (87) there exists a
unique global solution of the IVP (1), (88), (2).

Lagrange stability of the mathematical model (1), (88). By Theorem 2.3,
the DAE (1), (88) is Lagrange stable if the above conditions (92)–(95) are ful-

filled and in addition
∞∫
t+

L−1(t)
(
|L′(t)|+ |U(t)|

)
dt <∞ (this integral converges if

∞∫
t+

L−1(t)|U(t)|dt <∞ and lim
t→∞

L(t) = L̃ <∞, L̃ ̸= 0) and condition 4a, or 4b, or

4c from Theorem 2.3 holds. Notice that condition 4a of Theorem 2.3 is a conse-
quence of condition 4b.

Condition 4a of Theorem 2.3, as well as condition 4b, holds if

[I(t) +G3(t)φ3(x2) +R−1
2 (t)(φ3(x2)− φ2(x3))]

2 + [R−1
2 (t)(φ3(x2)− φ2(x3))]

2

≤KM∗ = const

for all t∈ [t+,∞), x2, x3 ∈R and |x1| ≤ M∗ (where M∗ is an arbitrary constant)
satisfying equalities (86), (87). These conditions are fulfilled, for example, if

sup
t∈[t+,∞)

|I(t)|<∞, sup
t∈[t+,∞)

G3(t)<∞, sup
t∈[t+,∞)

R−1
2 (t)<∞,

sup
x2∈R

|φ3(x2)|<∞, sup
x3∈R

|φ2(x3)|<∞.

Choose x̃p2(t∗) = x̃p2 = (0, x̃2 − x∗1, x̃3)
T = (0, ũ, w̃)T = 0. Then it is easily

verified that condition 4c of Theorem 2.3 is satisfied if, for example, the following
conditions are satisfied:

• for each t∗ ∈ [t+,∞) and each z∗, u∗, w∗ ∈R satisfying (89), (90) and for
any λ1, λ2 ∈(0, 1] the following relation holds:

φ′
3(λ2u∗ + z∗) +

[
φ′
2(λ2w∗) +R2(t∗)

][
1 +G3(t∗)φ

′
3(λ1u∗ + z∗)

]
̸= 0

(i.e., the relation from the condition (96), where ui = λiu∗, i = 1, 2, and
w2 = λ2w∗, holds);

• for all t∗ ∈ [t+,∞), z∗, u∗, w∗ ∈ R satisfying (89), (90) it holds
that |I(t∗)| <∞, G3(t∗) <∞, R−1

2 (t∗) <∞, |φ2(w∗)| <∞ and
|φ3(u∗ + z∗)| ≤ K1(z∗) <∞, where K1(z∗) = K∗

1 is some constant
for each fixed z∗.

4.2.2. Numerical analysis of the mathematical model of the electrical
circuit dynamics. In this section, we present the plots of numerical solutions of
the DAE (1), (88) describing the electrical circuit dynamics (see Section 4.2.1) for
such parameters of the electric circuit (i.e., the functions I(t), U(t), G3(t), L(t),
R1(t), R2(t), φ1(x1), φ2(x3) and φ3(x2) ) for which there exists a unique global
solution of the IVP (1), (88), (2), as well as the conditions of Theorems 3.1, 3.2 or
Propositions 3.1, 3.2 on the convergence of the methods hold.

Consider the case when φi, i = 1, 2, 3, have the form (103), where k = m = l = 2,
i.e.,

(105) φ1(y) = c y3, φ2(y) = a y3, φ3(y) = b y3, a, b, c > 0, y ∈ R.
Let L, R1, R2 ∈ C1([t+,∞),R), I, U, G3 ∈ C([t+,∞),R), L(t), R1(t), G3(t) > 0
for all t∈ [t+,∞), sup

t∈[t+,∞)

|I(t)| <∞ and inf
t∈[t+,∞)

R2(t) = K0 > 0. Then, as shown

in Section 4.2.1, for each initial point (t0, x0) ∈ [t+,∞) × R3 satisfying equalities
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(86), (87) there exists a unique global solution of the IVP for the DAE (1), (88)
with the functions (105) and the initial condition (2).

Note that equalities (86), (87) can be transformed into the following form:

x3 = x1 − x2 − I(t)−G3(t)φ3(x2),(106)

x2 = x1 − I(t)−
(
G3(t) +R−1

2 (t)
)
φ3(x2)

+R−1
2 (t)φ2

(
x1 − x2 − I(t)−G3(t)φ3(x2)

)
(107)

(recall that if (t, x) satisfy (86), (87), then (t, x) ∈ Lt+), and the condition (93) can
be rewritten as follows: for each t ∈ [t+,∞) and each x1 ∈ R there exists a unique
x2 ∈ R such that (107) holds. Consequently, by setting arbitrary initial values
t0 ∈ [t+,∞) and x0,1 ∈ R, one can always find a unique x0,2 by the formula (107)
and then find a unique x0,3 by the formula (106) such that the initial point (t0, x0),
where x0 = (x0,1, x0,2, x0,3)T, will be consistent. For example, in the particular
case when φi have the form (105), if t+ = t0 = 0, x0,1 = 0 and I(t) is such that
I(0) = 0, then t0 = 0, x0 = (0, 0, 0)T are consistent initial values.

Recall that the components of a solution x(t) = (x1(t), x2(t), x3(t))T denote the
functions of the currents, namely,

x1(t) = I1(t), x2(t) = I31(t), x3(t) = I2(t).

Consider the case when

I(t) = (t+ 1)−1 − 1, U(t) = t+ 1, G3(t) = (t+ 1)2,

L(t) = 500 (t+ 1)−1, R1(t) = 1 + (t+ 1)−1, R2(t) = t(t+ 1)−1
(108)

and φi, i = 1, 2, 3, have the form (105) where a = b = c = 1, and take the consistent
initial values t0 = 0, x0 = (0, 0, 0)T. As mentioned above, an exact solution of the
DAE is global, i.e., exists on [t0,∞), in all cases considered in this section. However,
in this case, the solution can be unbounded on [t0,∞), since the conditions for the
Lagrange stability, specified in Section 4.2.1, are not fulfilled. The components of
the numerical solution (obtained by method 2) are plotted in Fig. 6.

In realistic problems of electrical engineering the inductance L(t) can be very
small, therefore, we take L(t) = 10−3. Choose the remaining parameters of the
circuit in the form (105), where a = b = c = 1, and
(109)
R1(t) = e−t, R2(t) = 5+e−t, I(t) = sin t, U(t) = (t+1)−1, G3(t) = (t+1)−1.

Take the consistent initial values t0 = 0, x0 = (0, 0, 0)T. As proved above, the exact
solution is global. The components of the computed (by method 2) solution are
plotted in Fig. 7.

Consider the case when the function U(t) is not continuously differentiable, but
only continuous. Take the voltage of the triangular shape (see Fig. 8):

(110) U(t) = 10− |t− 10− 20 k|, t ∈ [20 k, 20 + 20 k], k ∈ N ∪ {0}.
In this case we use Propositions 3.1 and 3.2. Also, take the functions

(111)
I(t) = (t+ 1)−1 − 1, G3(t) = (t+ 1)−1, L(t) = 10−1 + (t+ 1)−1,

R1(t) = e−t, R2(t) = 2 + e−t,

and φi (i = 1, 2, 3) of the form (105) where a = b = c = 1, and the consistent
initial values t0 = 0, x0 = (0, 0, 0)T. As proved above, the exact solution of the
DAE is global. The numerical solution for this case was obtained by both method
1 and method 2. The plots of its components obtained by method 2 are presented
in Fig. 9.
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Figure 6. The example of a global solution: The plots of the
components x1(t) = I1(t), x2(t) = I31(t) and x3(t) = I2(t) of the
numerical solution of the DAE (1), (88) with the functions (105),
where a = b = c = 1, and (108), and with the initial values t0 =
0, x0 = (0, 0, 0)T. The presented graphs demonstrate that the
qualitative behavior of the numerical solution is consistent with
the theoretical conclusion about the existence of the global exact
solution which, however, can be unbounded on [0,∞).

Now, consider the case when

φ1(x1)=x
5
1, φ2(x3)=

1

3
cosx3, φ3(x2)=

1

3
cosx2,

R1(t)=1 +
1

2
sin t, R2(t)=3 +

1

2
sin t,

(112)

L(t)=(t+ 10)−1/2 + 10−2, I(t)=(ln(t+ 1) + 1)−1,

U(t)=100(t+ 1)−2, G3(t)=(t+ 1)−1.
(113)

In this case the DAE (1), (88) is Lagrange stable since the conditions for the
Lagrange stability, specified in Section 4.2.1, hold. Take the consistent initial values
t0 = 0, x0 = (4/3, 0, 0)T. The plots of the components of the numerical solution
(computed by method 2) are given in Fig. 10.

Further, consider the particular case when φi, i = 1, 2, 3, have the form (104),
i.e.,

φ1(y) = c sin y, φ2(y) = a sin y, φ3(y) = b sin y, a, b, c ∈ R.
Let L,R1, R2 ∈ C1([t+,∞),R), I, U,G3 ∈ C([t+,∞),R), L(t), R2(t), G3(t) > 0 for
t ∈ [t+,∞), the functions G3(t), R2(t) and numbers a, b satisfy the condition (99)
and inf

t∈[t+,∞)
R1(t) = R∗ > 0. Then, as shown in Section 4.2.1, for each initial point

(t0, x0) ∈ [t+,∞)×R3 satisfying (86), (87) there exists a unique global solution of
the DAE (1), (88), (104) with the initial condition (2). It is readily verified that
t0 = 0 and x0 = (0, 0, 0)T are consistent initial values if I(0) = 0.
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Figure 7. The example of the solution for the case usually en-
countered in practice when the inductance L(t) is small: The plots
of the components of the numerical solution of the DAE (1), (88)
with L(t) = 10−3, the functions (105), where a = b = c = 1, and
(109), and with the initial values t0 = 0, x0 = (0, 0, 0)T. The the-
oretical analysis shows that the exact solution is global, and the
behavior of the presented numerical solution is consistent with the
theoretical conclusion.
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Figure 8. The plot of U(t).

For the functions
(114)
I(t) = t, U(t) = t+1, G3(t) = (t+1)−1, L(t) = 1, R1(t) = 2+e−t, R2(t) = 0.1 t+3

and φi (i = 1, 2, 3) of the form (104) where a = 1/3, b = −1/2 and c = 10, and the
consistent initial values t0 = 0, x0 = (0, 0, 0)T, the components of the computed
solution are plotted in Fig. 11.
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Figure 9. The example of a solution for the case when the func-
tion U(t) is continuous, but not differentiable: The plots of the
components x1(t) = I1(t), x2(t) = I31(t), x3(t) = I2(t) of the nu-
merical solution of the DAE (1), (88) with the functions (110),
(111), (105), where a = b = c = 1, and the initial values t0 = 0,
x0=(0, 0, 0)T. The theoretical analysis shows that the exact solu-
tion is global and the plots demonstrate the same behavior pattern
of the numerical solution.

Now, choose φi (i=1, 2, 3) of the form (104), where a=1/3, b=−1/2 and c=5,
and

I(t)=sin t, U(t)=
1

(t+1)5/2
, G3(t)=

1

t+1
,

L(t)=0.1+
1

t+1
, R1(t)=1+e−t, R2(t)=

cos t

2
+3.

(115)

Then the conditions for the Lagrange stability, specified in Section 4.2.1, hold.
The components of the solution computed for the consistent initial values t0 = 0,
x0=(0, 0, 0)T are plotted in Fig. 12.

The obtained numerical solutions show that the results of the theoretical re-
search presented in Section 4.2.1 are consistent with the results of the numerical
experiments.

We can conclude that methods 1, 2 are easy to implement, effective enough, and
enable to carry out the numerical analysis of the global dynamics of mathematical
models described by time-varying semilinear DAEs or the corresponding descriptor
systems.

4.3. Comparative analysis of the methods and the experimental verifi-
cation. As stated in Theorems 3.1, 3.2, methods 1 and 2 are convergent of order 1
and order 2 respectively, but at the same time method 2 requires greater smooth-
ness for the functions in the equation, namely, method 1 and method 2 require
that A,B∈C2([t0, T ],L(Rn)), C2∈C2([t0, T ], (0,∞)), f ∈C1([t0, T ]× Rn,Rn) and



COMBINED METHODS FOR DIFFERENTIAL-ALGEBRAIC EQUATIONS 345

0 20 40 60 80 100
-1

0

1

2

3

0 20 40 60 80 100
-1

0

1

2

0 20 40 60 80 100

-0.1

0

Figure 10. The example of a Lagrange-stable solution: The plots
of the components x1(t) = I1(t), x2(t) = I31(t), x3(t) = I2(t) of the
numerical solution of the DAE (1), (88) with the functions (112),
(113) and the initial values t0 = 0 and x0 = (4/3, 0, 0)T. The
presented graphs show the solution exists on the given interval
and its norm does not increase with increasing time. When the
interval is increased by a factor of 10, the qualitative picture of
the solution behavior does not change. Thus, the results of the
numerical experiment are consistent with the theoretical conclusion
about the Lagrange stability of the DAE.

A,B∈C3([t0, T ],L(Rn)), C2∈C3([t0, T ], (0,∞)), f ∈C2([t0, T ]× Rn,Rn), respec-
tively. However, if A,B∈C1([t+,∞),L(Rn)), C2 ∈ C1([t+,∞), (0,∞)) and f ∈
C([t+,∞) × Rn,Rn) is such that ∂f/∂x is continuous on [t+,∞) × Rn, then the
methods also converge, as stated in Propositions 3.1, 3.2, and method 2 still con-
verges faster.

In this section, we consider the DAE (1) (where for brevity we omit the depen-
dence on t in the notation of the variable vector x(t) ) with A(t), B(t), f(t, x) and
x of the form (88) where

I(t) = sin t, U(t) = (t+ 1)−1, G3(t) = (t+ 1)−1,

L(t) = 500, R1(t) = e−t, R2(t) = 2 + e−t,

φ1(x1) = x31, φ2(x3) = x33, φ3(x2) = x32.

The physical interpretation of this DAE is given in Section 4.2.1. We take the
consistent initial values t0 = 0, x0 = (0, 0, 0)T.

For the experimental verification and comparison of the rates of the convergence
of methods 1 and 2, we will use the approach that is suitable for the case when an
analytical (exact) solution cannot be obtained or its calculation is rather compli-
cated.

Fig. 13, 14 illustrate how the graphs of the components x1(t) = I1(t) and
x2(t) = I31(t) of the solution x(t) = (x1(t), x2(t), x3(t))T = (I1(t), I31(t), I2(t))T,
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Figure 11. The example of a global solution: The plots of the
components of the numerical solution of the DAE (1), (88) with the
functions (104), where a = 1/3, b = −1/2 and c = 10, and (114),
and the initial values t0 = 0, x0 = (0, 0, 0)T. The presented graphs
demonstrate that the qualitative behavior of the numerical solution
is consistent with the theoretical conclusion about the existence of
the global exact solution (which, however, can be unbounded on
[0,∞)).

computed by method 1 (the simple combined method (25)–(28)) and method 2 (the
combined method with recalculation (54)–(59)) respectively, changes with the mesh
refinement. These figures show that the graphs of the solution component I1(t) as
well as I31(t) approach each other when decreasing a step size (h = 0.1, 0.01, 0.001),
and hence method 1 as well as method 2 converges, at that, the graphs obtained
by method 2 approach each other faster. To show more clearly that the graphs
of the components computed by method 2 for the step sizes h = 0.1, h = 0.01
and h = 0.001 approach each other faster when decreasing the step size than those
computed by method 1, the plots presented in Fig. 13a, 13b and 14a, 14b, are dis-
played on an enlarged scale in Fig. 13c and 14c for both methods simultaneously. It
follows from Table 1 and Fig. 13 that the rate of convergence of method 2 is higher
than of method 1 when computing I1(t). However, Table 2 and Fig. 14 shows
that there is not much difference in the rate of convergence of the methods when
computing I31(t). This is due to the fact that I1(t) = x1(t) is a component of the
projection xp1(t) = P1(t)x(t) = (x1(t), x1(t), 0)T in contrast to I31(t) = x2(t) (see
Section 4.2.1), and this will be explained in more detail below. Thus, the performed
numerical experiment shows that method 2 converges faster than method 1.

The rate of convergence of method 2 increases mainly due to the faster con-
vergence for the component xp1(t), since in method 1 the method having the first
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Figure 12. The example of a Lagrange-stable solution: The plots
of the components of the numerical solution of the DAE (1), (88)
with the functions (115) and (104) where a=1/3, b=−1/2, c=5,
and the initial values t0=0, x0=(0, 0, 0)T. The plots demonstrate
that the qualitative behavior of the numerical solution is consis-
tent with the conclusion about the Lagrange stability of the exact
solution.

order of convergence is applied to the “differential part” of the DAE (to the DE),
and in method 2, due to recalculation, it has the second order of convergence. The
Newton-type method with respect to xp2(t) (which in general has the second order
of convergence if functions in the equation are sufficiently smooth) is applied to the
“algebraic part” of the DAE (to the AE) and the rate of convergence of method 2
for the component xp2(t) increases due to the fact that the refined value of xp1(t) is
used in its recalculation. This is shown in the proofs of Theorems 3.1, 3.2 as well as
in the figures and tables above. The numerical experiments presented in Sections
4.1.2, 4.2.2 confirm the results of the above comparative analysis.
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Figure 13. The plots of the solution component I1(t) computed
by (a) method 1 and (b) method 2 with the step sizes h = 0.1,
h = 0.01, h = 0.001, and (c) the same plots on an enlarged scale
for both methods simultaneously. It is shown that the graphs of
the component approach each other when the step size decreases
from h = 0.1 to h = 0.001, and hence methods 1 and 2 converge
(since the graphs tend asymptotically to the graph of the compo-
nent I1(t) of the exact solution as h tends to 0). In addition, the
graphs obtained by method 2 approach each other faster when de-
creasing the step size than those obtained by method 1, and hence
method 2 converges faster. To show this more clearly, the graphs
are displayed on an enlarged scale (c), using the same colors.
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Figure 14. The plots of the solution component I31(t) computed
by (a) method 1 and (b) method 2 with the step sizes h = 0.1,
h = 0.01, h = 0.001, and (c) the same plots on an enlarged scale
for both methods simultaneously. The presented plots demonstrate
the same as Fig. 13, but for the component I31(t).

Table 2. The values of the solution component I31(t) obtained by
methods 1 and 2 with the step size h = 0.1, 0.01, 0.001, 0.0001 at
t = 7.8, 7.9, 8. The table shows that there is not much difference in
the rate of convergence of the methods when computing I31(t), in con-
trast to the results obtained for the component I1(t).

I31(7.8) I31(7.9) I31(8)

h Method 1 Method 2 Method 1 Method 2 Method 1 Method 2

10−1 -0.7446010 -0.7446247 -0.7449976 -0.7450214 -0.7403373 -0.7403616
10−2 -0.7446068 -0.7446091 -0.7450208 -0.7450231 -0.7403495 -0.7403518
10−3 -0.7446089 -0.7446091 -0.7450229 -0.7450231 -0.7403514 -0.7403516
10−4 -0.7446091 -0.7446091 -0.7450231 -0.7450232 -0.7403516 -0.7403516
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