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ON A PRIORI ERROR ANALYSIS OF DISCONTINUOUS

GALERKIN METHOD FOR THE VLASOV-NONSTATIONARY

STOKES SYSTEM
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Abstract. In the first part of this paper, the uniqueness of a strong solution is established for
the Vlasov-unsteady Stokes problem in 3D. The second part deals with a semi discrete scheme,

which is derived as a result of spatial discretization of the coupled system of Vlasov and Stokes

equations for the 2D problem by discontinuous Galerkin methods, while keeping temporal variable
continuous. The proposed semi-discrete scheme preserves both mass and momentum conservation

properties. Based on the orthogonal L2 as well as the Stokes projections, error estimates in the

case of smooth compactly supported initial data are derived by employing a variant of nonlinear
Grönwall’s lemma in a crucial way. Moreover, the generalization of error estimates to 3D problem

is also briefly discussed. Finally, using a time splitting algorithm as the phase space is four

dimensional, some numerical experiments are conducted, whose results confirm our theoretical
findings.
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1. Introduction

This paper develops and analyses a discontinuous Galerkin method for the fol-
lowing coupled system of Vlasov-nonstationary Stokes equations:

(1)

∂tf + v · ∇xf + ∇v ·
(

(u− v) f
)

= 0 in (0, T ) × Ωx × Rd,

f(0, x, v) = f0(x, v) in Ωx × Rd.

(2)


∂tu− ∆xu+ ∇xp =

∫
Rd

(v − u) f dv in (0, T ) × Ωx,

∇x · u = 0 in Ωx,

u(0, x) = u0(x) in Ωx.

Here, Ωx is a d-dimensional torus Td = Rd/Zd for d = 2, 3, u(t, x) denotes the fluid
velocity, p(t, x) is the fluid pressure, and f(t, x, v) represents the droplet distribution
function. In this paper, we take Td = [0,M ]d,M > 0 for d = 2, 3, with periodic
boundary conditions. This system arises in the mathematical model of the thin
sprays of droplets in a gas medium, which is dispersed into a background fluid
medium. The dispersed phase is modelled by a kinetic equation called Vlasov
equation, where as, the background fluid medium is described by the nonstationary
Stokes equation. The coupling in Vlasov part occurs via a drag force and in Stokes
system by a Brinkman force which acts as a forcing term. Study of this type of
models comprising of a kinetic equation for the dispersed phase and a fluid equation
for the gas goes back to the works of O’Rourke [26] and Williams [32] (also, see
[10]).
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Earlier, Hamdache [19] has discussed the global existence of weak solutions to the
system (1)-(2) with homogeneous Dirichlet boundary condition for the fluid velocity
and with specular reflection boundary condition for the droplet distribution. Var-
ious kinetic fluid equations have been discussed in the literature, say, for example
Vlasov-Burgers equations [16, 17]; Vlasov-Euler equations [4]; Vlasov-Navier-Stokes
equations [5, 9, 34, 22] and references, therein.

This paper deals with some qualitative and quantitative properties of solutions
to our system (1)-(2). Note that a proof of the global-in-time existence of strong
solution to the system (1)-(2) in 3D is established in [9], but uniqueness is missing
there, therefore, our first attempt is to prove uniqueness result in 3D.

Since our major emphasis in the subsequent part of this paper is on developing
and analysing an appropriate numerical scheme for the system (1)-(2), which is
motivated by [12, 20, 13, 14] for the Vlasov-Poisson system, [25] for the Vlasov-
steady Stokes and [7, 33] for the Vlasov-Maxwell system, we apply discontinous
Galerkin methods for both kinetic and nonstationary Stokes equations to discretize
in both x and v variables keeping time variable continuous. Thereby, we derive a
semi-discrete scheme. Note that the kinetic equation is a transport problem which
conserves total mass. As discontinuous Galerkin(dG) methods have the property to
preserve the conservation property, dG turns out to be a method of choice for the
kinetic equation. For the time dependent Stokes system, we apply dG, but other
methods like mixed finite element method, the local discontinuous Galerkin or any
conforming or nonconforming numerical method can also be employed. Our main
contributions in this paper are as follows:

• Uniqueness of strong solution in three dimensions is proved for the Vlasov-
unsteady Stokes system. Earlier in [24], there is an error in the proof of
uniqueness and a correct proof of uniqueness is given in Section 2 of this pa-
per. This can be achieved after proving some higher moment estimates for
the droplet distribution and regularity results for the fluid velocity vector.

• DG methods are proposed for numerical approximations and are shown to
conserve mass and the total momentum, which confirm similar conservation
properties for the continuous system.

• Error estimates are derived for the fluid velocity and the fluid pressure
approximations using Stokes projection in 2D setup, while in 3D case some
remarks are given in the subsection 4.4. Moreover, error estimate for the
approximation of the droplet distribution is obtained using the orthogonal
L2-projection. The error analysis uses a variant of the nonlinear Grönwall’s
inequality in a crucial way.

• Since phase space is four or six dimensions depending on d = 2 or d = 3,
a Lie splitting in time marching combined with dimension splitting in the
phase space is proposed for computational experiments, whose numerical
results confirm our theoretically findings.

This paper is organized as follows. In Section 2, we deal with certain qualitative
and quantitative properties of the solutions to the continuum model. We further
prove uniqueness result for strong solutions to (1)-(2). Section 3 introduces a semi-
discrete dG-dG numerical scheme and analyses some of its properties. A priori
error estimates for the semi-discrete method are established in Section 4. Further,
some comments on 3D problems are presented. Section 5 deals with some numerical
experiments based on a time-splitting schemes combined with dG methods, whose
results confirm our theoretical findings. Finally in Section 6, some concluding
remarks are given.
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2. Continuous problem: Some properties and uniqueness of strong so-
lution

Let us denote by the local density ρ and the local macroscopic velocity of the
droplets V, respectively, as

ρ(t, x) =

∫
Rd

f(t, x, v) dv and V (t, x) =
1

ρ

∫
Rd

f(t, x, v)v dv.

Define the lth order velocity moments of distribution function as

mlf(t, x) =

∫
Rd

|v|lf(t, x, v) dv, for l ∈ N ∪ {0}.

Now, we use the standard notations for Sobolev spaces with their norms, say,
the space W k,p denotes the kth order Lp-Sobolev spaces. Further, we denote by

W k,p =
(
W k,p(Ωx)

)2
, for all k ≥ 0, and for 1 ≤ p ≤ ∞. When p = ∞, it is defined

in the usual manner.
For our subsequent use, set J0 and J1 as a class of divergence free (in the sense

of distributions) vector fields defined by

J0 =
{
w ∈ L2 : ∇x ·w = 0,w is periodic

}
,

J1 =
{
w ∈W 1,2 : ∇x ·w = 0,w is periodic

}
.

Throughout this paper, it is assumed that any function defined on Ωx is periodic in
the x-variable and C is a generic constant which is independent on the discretizing
parameter h.

2.1. Some properties of the model problem. We begin this subsection by
stating a result on L∞-estimate for the local density.

Lemma 2.1. [22, Prop.4.6, p.44] Assume that u ∈ L1(0, T ;L∞), and supCr
t,v
f0 ∈

L∞
loc

(
R+;L1(Rd)

)
, where Cr

t,v := Ωx ×B(etv, r), ∀ r > 0 and B(etv, r) denotes the

ball centered at etv having radius r. Then, there holds:

(3) ∥ρ∥L∞((0,T ]×Ωx) ≤ edT sup
t∈[0,T ]

∥ sup
Cr

t,v

f0∥L1(Rd).

In the following Lemma, we gather certain conservation properties of solutions
(f,u) to the system (1)-(2). For its proof, see [19].

Lemma 2.2. The following properties are satisfied by the solutions (f,u) of the
Vlasov-Stokes system:

(1) (Positivity preserving) If the initial condition f0 ≥ 0, then the solution
f ≥ 0.

(2) (Mass conservation) The total mass of the solution f is conserved in
the following sense :∫

Rd

∫
Ωx

f(t, x, v) dxdv =

∫
Rd

∫
Ωx

f0(x, v) dxdv, t ∈ [0, T ].

(3) (Total momentum conservation) The total momentum is preserved in
the sense that for all t ∈ [0, T ],∫

Rd

∫
Ωx

vf(t, x, v) dxdv +

∫
Ωx

u(t, x) dx =

∫
Rd

∫
Ωx

vf0(x, v) dx dv +

∫
Ωx

u0(x) dx.

The following Lemma gives the important energy-dissipation identity satisfied
by the solutions to the Vlasov-Stokes system.
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Lemma 2.3. (Energy dissipation) The total energy of the Vlasov-Stokes system
(1)-(2) dissipates in time, i.e.,

d

dt

(∫
Rd

∫
Ωx

|v|2f(t, x, v) dxdv +

∫
Ωx

u2 dx

)
≤ 0,

provided f is non-negative.

Proof. Multiplying (1) by |v|2
2 and (2) by u ∈ J1, an application of the integration

by parts shows∫
Rd

∫
Ωx

∂t

(
|v|2

2
f

)
dx dv +

1

2

∫
Ωx

∂tu
2 dx+

∫
Ωx

|∇xu|2 dx− 2

∫
Rd

∫
Ωx

v · uf dxdv

+

∫
Rd

∫
Ωx

|v|2f dxdv +

∫
Rd

∫
Ωx

|u|2f dx dv = 0.

The above equality is the same as

d

dt

(∫
Rd

∫
Ωx

|v|2 f dx dv +

∫
Ωx

u2dx

)
+ 2

∫
Ωx

|∇xu|2 dx

+ 2

∫
Rd

∫
Ωx

|u− v|2f dx dv = 0.

As the third term is non-negative and as the last term is non-negative because f is
non-negative, we drop them to derive the result and this completes the proof. □

As a consequence of above lemma, we also obtain the following identity:

(4)

1

2

(∫
Rd

∫
Ωx

|v|2f(t, x, v) dx dv +

∫
Ωx

u2 dx

)
+

∫ t

0

∫
Ωx

|∇xu|2 dxdt

+

∫ t

0

∫
Rd

∫
Ωx

|u− v|2f dx dv dt =
1

2

∫
Rd

∫
Ωx

|v|2 f0 dx dv +
1

2

∫
Ωx

u2
0 dx.

Hence, we deduce that

(5) u ∈ L∞(0, T ;L2) and u ∈ L2(0, T ;J1)

provided |v|2f0 ∈ L1(Ωx × Rd) and u0 ∈ L2.
Recall by Sobolev imbedding H1(Ωx) ↪→ Lp(Ωx). Here, when d = 2, p ∈ [2,∞)
and for d = 3, p ∈ [2, 6]:

(6) u ∈ L2(0, T ;Lp).

Below, we state a result on the local density and local momentum for which proof
can be found in [19, Lemma 2.2, p.56]. These results are essential for obtaining the
regularity of the solutions to the Stokes system.

Lemma 2.4. For p ≥ 1, let u ∈ L2(0, T ;Lp+d), f0 ∈ L∞(Ωx × Rd) ∩ L1(Ωx × Rd)
and ∫

Rd

∫
Ωx

|v|pf0 dxdv <∞.

Then, there hold

(7) ρ ∈ L∞
(

0, T ;L
p+d
d (Ωx)

)
and ρV ∈ L∞

(
0, T ;L

p+d
d+1 (Ωx)

)
.

Remark 2.5. By choosing p = 5 in Lemma 2.4 for d = 2, we obtain

(8) ρ ∈ L∞
(

0, T ;L
7
2 (Ωx)

)
and ρV ∈ L∞

(
0, T ;L

7
3 (Ωx)

)
.
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Remark 2.6. For d = 3, p = 3 in Lemma 2.4 yields

(9) ρ ∈ L∞ (0, T ;L2(Ωx)
)

and ρV ∈ L∞
(

0, T ;L
3
2 (Ωx)

)
.

An application of the Stokes regularity results [18, 29] shows

(10) u ∈ L2(0, T ;W 2, 32 ).

From the Sobolev inequality, it follows that

(11) u ∈ L2(0, T ;Lp) for
3

2
≤ p <∞.

Taking p = 5 in Lemma 2.4, we obtain

(12) ρ ∈ L∞
(

0, T ;L
8
3 (Ωx)

)
and ρV ∈ L∞ (0, T ;L2(Ωx)

)
.

An application of the Stokes regularity result shows

(13) u ∈ H1(0, T ;L2) ∩ L2(0, T ;H2) ∩ L∞(0, T ;H1).

Setting p = 9 + δ with δ > 0 in Lemma 2.4, we arrive at

(14) ρ ∈ L∞
(

0, T ;L
12+δ

3 (Ωx)
)

and ρV ∈ L∞
(

0, T ;L
12+δ

4 (Ωx)
)
.

These properties of ρ and ρV in the Stokes equation (2) guarantees that u ∈
L2(0, T ;W 1,∞) which is important for our proof of existence of a unique strong
solution.

Below, we state and prove a result on the propagation of velocity moments.

Lemma 2.7. Let u ∈ L1(0, T ;W 1,∞) and let f0 ≥ 0 be such that for k ≥ 0 and

⟨v⟩ =
(
1 + |v|2

) 1
2∫
Ωx

∫
R3

⟨v⟩kp{|f0|p + |∇xf0|p + |∇vf0|p} dv dx ≤ C.

Then, the solution f of the kinetic equation for k ≥ 0 satisfies∫
Ωx

∫
R3

⟨v⟩kp{|f |p + |∇xf |p + |∇vf |p} dv dx ≤ C ∀ t > 0.

Proof. Consider the equation for ∂f
∂xi

:

∂t
∂f

∂xi
+ v · ∇x

∂f

∂xi
+ ∇v ·

(
∂u

∂xi
f

)
+ ∇v ·

(
(u− v)

∂f

∂xi

)
= 0,

for i = 1, 2, 3. Multiplying the above vector equation by ⟨v⟩kp|∇xf |p−1, an integra-
tion with respect to x, v yields

1

p

d

dt

∫
Ωx

∫
R3

⟨v⟩kp|∇xf |p dv dx = I1 + I2 + I3,

where

I1 = −
∫
Ωx

∫
R3

⟨v⟩kp|∇xf |p−1∇xu · ∇vf dv dx,

I2 = 3

∫
Ωx

∫
R3

⟨v⟩kp|∇xf |p dv dx,

I3 = −1

p

∫
Ωx

∫
R3

⟨v⟩kp (u− v) · ∇v (|∇xf |p) dv dx.



280 K. KUMAR, H. HUTRIDURGA, AND A. K. PANI

An application of the Young’s inequality in I1 shows

I1 ≤ ∥∇xu∥L∞

∫
Ωx

∫
R3

⟨v⟩kp
(
p− 1

p
|∇xf |p +

1

p
|∇vf |p

)
dv dx.

On using integration by parts to I3, we arrive at

I3 = −3

p

∫
Ωx

∫
R3

⟨v⟩kp|∇xf |p dv dx+ I4

with

I4 = k

∫
Ωx

∫
R3

⟨v⟩kp−2v · (u− v) |∇xf |p dv dx.

Again, we apply the Young’s inequality to obtain

I4 ≤ k∥u∥L∞

∫
Ωx

∫
R3

⟨v⟩kp−1|∇xf |p dv dx+ k

∫
Ωx

∫
R3

⟨v⟩kp|∇xf |p dv dx

≤ C (1 + ∥u∥L∞)

∫
Ωx

∫
R3

⟨v⟩kp|∇xf |p dv dx.

Similar computation involving the equation for ∇vf shows

1

p

d

dt

∫
Ωx

∫
R3

⟨v⟩kp|∇vf |p dv dx ≤ C

∫
Ωx

∫
R3

⟨v⟩kp (|∇xf |p + |∇vf |p) dv dx

+ C (1 + ∥u∥L∞)

∫
Ωx

∫
R3

⟨v⟩kp|∇vf |p dv dx.

Altogether, we obtain

d

dt

(∫
Ωx

∫
R3

⟨v⟩kp (|∇xf |p + |∇vf |p) dv dx

)
≤ C (1 + ∥u∥W 1,∞)

∫
Ωx

∫
R3

⟨v⟩kp (|∇xf |p + |∇vf |p) dv dx,

then an application of the Grönwall’s lemma concludes the rest of the proof. □

2.2. Existence and Uniqueness result in 3D. This subsection discusses briefly
the existence and uniqueness result for the strong solution to (1)-(2) the continuum
model.

Below, we stated the result on the existence of strong solution to the Vlasov-
Stokes equation whose proof can be found in [9, Theorem 5, p. 2435].

Theorem 2.8. (Existence of strong solution) Let the initial data (f0,u0) be
such that

f0 ∈ L1(Ωx × R3) ∩ L∞(Ωx × R3), f0 ≥ 0,∫
Ωx

∫
R3

⟨v⟩kp {|f0|p + |∇xf0|p + |∇vf0|p} dv dx ≤ C,

for p ∈ (3,∞), k > 4 − 3
p and u0 ∈W 1,p ∩ J1. Then, there exists a global strong

solution (f,u, p) to the Vlasov-Stokes system (1)-(2). Moreover,∫
Ωx

∫
R3

⟨v⟩kp {|f |p + |∇xf |p + |∇vf |p} dv dx ≤ C,

and

u ∈ Lr(0, T ;W 2,q) ∩H1(0, T ;Lq)

for q < p and r ∈ (1,∞). Here, ⟨v⟩ =
(
1 + |v|2

) 1
2 .
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The following theorem is on the uniqueness result for the strong solution of
(1)-(2).

Theorem 2.9. (Uniqueness of strong solution) Under the hypothesis of The-
orem 2.8 there is atmost one strong solution (f,u, p) to (1)-(2).

Proof. Suppose the solution is not unique, that is, (f1,u1, p1) and (f2,u2, p2) are
two distinct strong solutions of (1)-(2) with say u1 ̸= u2, p1 ̸= p2 and f1 ̸= f2 . Let
ū = u1 − u2, p̄ = p1 − p2 and f̄ = f1 − f2, then ū, p̄ and f̄ satisfies the following
equations:

(15) f̄t + v · ∇xf̄ + ∇v ·
(
ūf1 + u2f̄ − vf̄

)
= 0,

and

(16)

ūt − ∆xū+ ∇xp̄ =

∫
R3

(
vf̄ − u2f̄ − ūf1

)
dv,

∇x · ū = 0

with f̄(0, x, v) = 0 and ū(0, x) = 0.
Now, multiply the equation (16) by ū and then integrate in x to obtain

(17)
1

2

d

dt
∥ū∥2L2 + ∥∇xū∥L2

=

∫
Ωx

ū

(∫
R3

vf̄ dv

)
dx−

∫
Ωx

|ū|2
(∫

R3

f1 dv

)
dx−

∫
Ωx

u2ū

(∫
R3

f̄ dv

)
dx

≤
(∫

Ωx

|ū|2
(∫

R3

1

⟨v⟩2k−2
dv

)
dx

) 1
2
(∫

Ωx

∫
R3

⟨v⟩2k|f̄ |2 dv dx

) 1
2

+ ∥u2∥L∞

(
|ū|2

(∫
R3

1

⟨v⟩2k
dv

)
dx

) 1
2
(∫

Ωx

∫
R3

⟨v⟩2k|f̄ |2 dv dx

) 1
2

≤ C∥ū∥2L2 + ∥⟨v⟩kf̄∥2L2(Ωx×R3).

Note that in the second step the Hölder inequality and in the last step, the Young’s
inequality with assumption that k > 5

2 are used.

Now, multiply equation (15) by ⟨v⟩2kf̄ and integrate in x, v-variables, to obtain

(18)

1

2

d

dt
∥⟨v⟩kf̄∥2L2(Ωx×R2) +

1

2

∫
Ωx

∫
R3

⟨v⟩2kv · ∇xf̄
2 dv dx

= −
∫
Ωx

∫
R3

⟨v⟩2kf̄ ū · ∇vf1 dv dx− 1

2

∫
Ωx

∫
R3

⟨v⟩2kū2 · ∇v f̄
2 dv dx

+ 3

∫
Ωx

∫
R3

⟨v⟩2kf̄2 dv dx+
1

2

∫
Ωx

∫
R3

⟨v⟩2kv · ∇v f̄
2 dv dx.

A use of integration by parts yields

(19)
1

2

d

dt
∥⟨v⟩kf̄∥2L2(Ωx×R3) = T̃1 + T̃2 + T̃3

where

T̃1 = −
∫
Ωx

∫
R3

⟨v⟩2kf̄ ū · ∇vf1 dv dx

T̃2 = −1

2

∫
Ωx

∫
R3

⟨v⟩2kū2 · ∇v f̄
2 dv dx

T̃3 = 3

∫
Ωx

∫
R3

⟨v⟩2kf̄2 dv dx+
1

2

∫
Ωx

∫
R3

⟨v⟩2kv · ∇v f̄
2 dv dx.
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For T̃1 term

(20)

T̃1 ≤
(∫

Ωx

∫
R3

⟨v⟩2kf̄2 dv dx

) 1
2
(∫

Ωx

|ū|5
(∫

R3

1

⟨v⟩5α
dv

)
dx

) 1
5

·(∫
Ωx

∫
R3

⟨v⟩
10(k+α)

3 (∇vf1)
10
3 dv dx

) 3
10

≤ ∥⟨v⟩kf̄∥L2(Ωx×R3)∥ū∥L5∥⟨v⟩k+α∇vf1∥
L

10
3 (Ωx×R3)

≤ ∥⟨v⟩kf̄∥L2(Ωx×R3)

(
∥ū∥

1
10

L2∥∇ū∥
9
10

L2 + ∥ū∥L2

)
∥⟨v⟩k+α∇vf1∥

L
10
3 (Ωx×R3)

≤ 1

2
∥⟨v⟩kf̄∥2L2(Ωx×R3)∥⟨v⟩

k+α∇vf1∥2
L

10
3 (Ωx×R3)

+
1

20
∥ū∥2L2 +

9

20
∥∇ū∥2L2

+
1

2
∥⟨v⟩kf̄∥2L2(Ωx×R3)∥⟨v⟩

k+α∇vf1∥2
L

10
3 (Ωx×R3)

+
1

2
∥ū∥2L2

≤ ∥⟨v⟩k+α∇vf1∥2
L

10
3 (Ωx×R3)

∥⟨v⟩kf̄∥2L2(Ωx×R3) + 2∥ū∥2L2 +
9

20
∥∇ū∥2L2

≤ C∥⟨v⟩kf̄∥2L2(Ωx×R3) + 2∥ū∥2L2 +
9

20
∥∇ū∥2L2 .

Here, in the second step we have used the Hölder inequality with the assumption
that α > 3

5 , in the fourth step the Gagliardo - Nirenberg inequality [21, Theorem
9.9, p. 1317] and in the fifth step, we have applied the Young’s inequality. Here, in
the second last step we have used estimate from Theorem 2.8.

For the estimate of T̃2 term, a use of integration by parts with the Hölder in-
equality yields

(21)
T̃2 = k

∫
Ωx

∫
R3

⟨v⟩2k−2v · u2f̄
2 dv dx

≤ k∥u2∥L∞∥⟨v⟩kf̄∥2L2(Ωx×R3).

Apply the integration by parts, then the T̃3 term can be estimated as

(22)

T̃3 = 3∥⟨v⟩kf̄∥2L2(Ωx×R3) − k

∫
Ωx

∫
R3

⟨v⟩2kf̄2 dv dx− 3

2

∫
Ωx

∫
R3

⟨v⟩2kf̄2 dv dx

= −
(
k − 3

2

)
∥⟨v⟩kf̄∥2L2(Ωx×R3).

Putting the estimates (20)-(22) into (19) shows

(23)
1

2

d

dt
∥⟨v⟩kf̄∥2L2(Ωx×R3) ≤ C∥⟨v⟩kf̄∥2L2(Ωx×R3) + 2∥ū∥2L2 +

9

20
∥∇ū∥2L2 .

Adding equations (17) and (23), we obtain
(24)
1

2

d

dt

(
∥ū∥2L2 + ∥⟨v⟩kf̄∥2L2(Ωx×R3)

)
+

11

20
∥∇ū∥2L2 ≤ C

(
∥⟨v⟩kf̄∥2L2(Ωx×R3) + ∥ū∥2L2

)
.

A use of the Grönwall’s lemma yields

(25) ∥ū∥2L2 + ∥⟨v⟩kf̄∥2L2(Ωx×R3) ≤ 0.

This leads to a contradiction and u1 = u2, f1 = f2 and this concludes the rest of
the proof. □
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3. Discontinuous Galerkin approximations

This section is on the discontinuous Galerkin method and certain properties of
the discrete system for two dimensional problem (1)-(2). However, a remark on the
three dimensional problem is given in subsection 4.4. It is clear that a compactly
supported (in the velocity variable v) initial datum f0 yields a compactly supported
solution f(t, x, v) in the velocity variable v. Restricting ourselves to compactly
supported initial data, it can be assumed without loss of generality that there is
some L > 0 such that for v ∈ [−L,L]2 = Ωv and t ∈ (0, T ]; suppf(t, x, v) ⊂ Ω =
Ωx × Ωv.

Let T x
h and T v

h be the Cartesian partitions of Ωx and Ωv, respectively, which are
shape regular and quasi-uniform. Let Th be denoted by

Th = {R = T x × T v : T x ∈ T x
h , T

v ∈ T v
h } .

Here, the mesh sizes hx, hv and h corresponding to these partitions are defined as

hx := max
Tx∈T x

h

diam(T x); hv := max
Tv∈T v

h

diam(T v); h := max (hx, hv) .

We use Γx and Γv to denote the set of all edges of the partitions T x
h and T v

h ,
respectively and Γ = Γx×Γv. Further, let Γ0

x (respectively, Γ0
v) and Γ∂

x (respectively,
Γ∂
v ) denote the sets of interior and boundary edges of partition T x

h (respectively,
T v
h ), so that Γx = Γ0

x ∪ Γ∂
x (respectively, Γv = Γ0

v ∪ Γ∂
v ).

We define the discontinuous finite element spaces as

Hh :=
{
ϕ ∈ L2(Ωx) : ϕ|Tx ∈

(
Pk(T x)

)2
, ∀T x ∈ T x

h

}
,

Lh :=
{
ϕ ∈ L2

0(Ωx) : ϕ|Tx ∈ Pk(T x), ∀T x ∈ T x
h

}
,

Xh := {ϕ ∈ L2(Ωx) : ϕ|Tx ∈ Pm(T x), ∀T x ∈ T x
h },

Vh := {ϕ ∈ L2(Ωv) : ϕ|Tv ∈ Pm(T v), ∀T v ∈ T v
h },

Zh :=
{
ψ ∈ L2(Ωx × Ωv) : ψ|R ∈ Pm(T x) × Pm(T v), ∀R = T x × T v ∈ Th

}
where Pk(T ) and Pm(T ) denote the spaces of polynomials of degree at most k amd
m in each variable.

Below, we define the jump and average value on the mesh. Let the inward and
outward unit normal vectors on the element T r, r = x or v denoted by n− and n+,
respectively. Following [1, 31], we define the average and jump of a scalar function
ϕ and a vector-valued function ϕ at the edges as follows:

{ϕ} =
1

2
(ϕ− + ϕ+), [[ϕ]] = ϕ−n− + ϕ+n+ on Γ0

r, r = x or v

{ϕ} =
1

2
(ϕ− + ϕ+), [[ϕ]] = ϕ− · n− + ϕ+ · n+ on Γ0

r, r = x or v,

where,

ϕ±Tx(x, .) = lim
ϵ→0

ϕTx(x± ϵn−, .) ∀ x ∈ ∂T x.

For a vector valued function ϕ the weighted average is denoted as

{ϕ}δ := δϕ+ + (1 − δ)ϕ− for 0 ≤ δ ≤ 1.

Now for a fixed edge n− = −n+ and for the boundary edges, the jump and the
average are defined, respectively, as [[ϕ]] = ϕn and {ϕ} = ϕ.
The discrete spaces W k,p(Th) are defined as

W k,p(Th) = {ϕ ∈ Lp(Ω) : ϕ |R∈W k,p(R), ∀ R ∈ Th} k ≥ 0, 1 ≤ p ≤ ∞.
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Further, use Hk(Th) to denote W k,2(Th) for k ≥ 1. The discrete norms are defined
by

∥z∥m,Th
=

(∑
R∈Th

∥z∥2m,R

) 1
2

, ∀ z ∈ Hm(Th), m ≥ 0,

∥z∥pLp(Th)
=
∑
R∈Th

∥z∥Lp(R), ∀ z ∈ Lp(Th),

for all 1 ≤ p <∞ and ∥z∥L∞(Th) = esssupz∈Th
|z|. For F ∈ Γx, zh ∈ Xh

∥zh∥20,F =

∫
F

[[zh]]F · [[zh]]F ds(x).

For all (wh, qh) ∈Hh × Lh,

|||wh|||2 = ∥∇wh∥2L2 +
∑
F∈Γx

h−1
x ∥[wh]∥2L2(F ),

|||(wh, qh)|||2 = |||wh|||2 + ∥qh∥2L2(T x
h ) +

∑
F∈Γx

hx∥[qh]∥2L2(F ).

For our subsequent use, we recall some standard estimates.

• Trace inequality: (see [15, Lemma 1.46, p. 27]) Let ϕh ∈ Xh, then for
all F ∈ Γx and T x ∈ T x

h it holds

(26) ∥ϕh∥0,F ≤ Ch
− 1

2
x ∥ϕh∥0,Tx .

• Inverse inequality: (see [15, Lemma 1.44, p. 26]) If ϕh ∈ Xh. Then

(27) ∥∇xϕh∥0,Tx ≤ Ch−1
x ∥ϕh∥0,Tx ∀ T x ∈ T x

h ,

and if 1 ≤ p, q ≤ ∞, then (see [15, Lemma 1.50, p. 29])

(28) ∥ϕh∥Lp(Tx) ≤ Ch
2
p−

2
q

x ∥ϕh∥Lq(Tx) ∀ T x ∈ T x
h .

• In [3, Lemma 2.1, p. 744], the author proved a Poincaré-Friedrichs type
inequality which says that

∥wh∥0,Ωx
≤ C|||wh|||, ∀ wh ∈ H1(Ωx).

For k ≥ 0, define the standard L2-projections as fellows: Px : L2(Ωx) → Xh,Pv :
L2(Ωv) → Vh, Px : L2 → Hh, and Ph : L2(Ω) → Zh. Note that Ph = Px ⊗ Pv,
(see [8, 2]).
From the definition, Ph is stable in L2-norm and also it is also stable in all Lp-
norms (see, [11]). Let 1 ≤ p ≤ ∞, then for w ∈ Lp(Ω)

(29) ∥Phw∥Lp(Th) ≤ C∥w∥Lp(Ω).

Approximation properties of projection operator: For m ≥ 0 and ϕ ∈
Hm+1(R) for R ∈ Th there exist a positive constant independent of h, such that
(30)

∥ϕ− Phϕ∥0,Th
+ h

1
2 ∥ϕ− Phϕ∥0,Γx×T v

h
+ h

1
2 ∥ϕ− Phϕ∥0,T x

h ×Γv
≤ Chm+1∥ϕ∥m+1,Ω.
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3.1. Semi-discrete dG method. The semi-discrete dG method is to seek
(fh,uh, ph)(t) ∈ Zh ×Hh × Lh, for t ∈ [0, T ] such that

(31)

(
∂fh
∂t

, ϕh

)
+ Bh(uh; fh, ϕh) = 0 ∀ ϕh ∈ Zh

coupled with semi-discrete dG scheme for the Stokes system as follows:

(32)

(
∂uh

∂t
,ψh

)
+ah(uh,ψh)+bh(ψh, ph)+(ρhuh,ψh) = (ρhVh,ψh) ∀ ψh ∈Hh,

(33) −bh(uh, wh) + sh(ph, wh) = 0 ∀ wh ∈ Lh,

with fh(0) = f0h ∈ Zh and uh(0) = u0h ∈Hh to be defined later, where

(34) Bh(uh; fh, ϕh) :=
∑
R∈Th

Bh,R(uh; fh, ϕh),

with
(35)

Bh,R(uh; fh, ϕh) := −
∫
R

fhv · ∇xϕh dv dx+

∫
Tv

∫
∂Tx

v̂ · nfhϕh ds(x) dv

−
∫
R

fh(uh − v) · ∇vϕh dv dx+

∫
Tx

∫
∂Tv

(uh − v) · nfh
∧

ϕh ds(v) dx,

where the numerical fluxes are defined as

(36)


v̂ · nfh = {vfh}β · n :=

(
{vfh} +

|v · n|
2

[[fh]]

)
· n on Γ0

x × T v,

(uh − v) · nfh
∧

= {(uh − v)fh}α · n :=(
{(uh − v)fh} +

|(uh − v) · n|
2

[[fh]]

)
· n on T x × Γ0

v,

with n = n−, β = 1
2 (1±sign(v·n±)) and α = 1

2 (1±sign((uh−v)·n±)). For the more

details about weighted average refer [6]. On the boundary edges e ∈ Γ∂
r , r = x, v, we

impose periodic boundary condition for v · nfh
∧

and the compact support condition

for (uh − v) · nfh
∧

. Thus, we rewrite (34) as

Bh(uh; fh, ϕh) :=
∑
R∈Th

(
−
∫
R

fhv · ∇xϕh dv dx−
∫
R

fh (uh − v) · ∇vϕh dv dx

)
+

∑
Tv∈T v

h

∫
Tv

∫
Γx

{vfh}β · [[ϕh]] ds(x) dv

+
∑

Tx∈T x
h

∫
Tx

∫
Γv

{(uh − v)fh}α · [[ϕh]] ds(v) dx.

In (32), the bilinear form ah(uh,ψh) is given by

(37) ah(uh,ψh) =

2∑
i=1

ah,i(uh,i, ψh,i)
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where, uh,1, uh,2 and ψh,1, ψh,2 are defined as the Cartesian components of uh and
ψh, respectively, with

ah,i(uh,i, ψh,i) =
∑

Tx∈T x
h

∫
Tx

∇uh,i · ∇ψh,i dx+
∑
F∈Γx

∫
F

ϑ

hx
[[uh,i]] · [[ψh,i]] ds(x)

−
∑
F∈Γx

∫
F

({∇uh,i} · [[ψh,i]] + [[uh,i]] · {∇ψh,i}) ds(x)

and the penalty parameter ϑ > 0.
The bh(·, ·) stands for

(38) bh(uh, wh) = −
∑

Tx∈T x
h

∫
Tx

wh∇ · uh dx+
∑
F∈Γx

∫
F

[[uh]]{wh} ds(x) ,

the stabilization term

(39) sh(ph, wh) =
∑

F∈ Γ0
x

hx

∫
F

[[ph]] · [[wh]] ds(x).

Like in continuous case, set discrete local density ρh and discrete local macroscopic
velocity Vh as

(40) ρh =
∑

Tv∈T v
h

∫
Tv

fh dv and Vh =
1

ρh

 ∑
Tv∈T v

h

∫
Tv

vfh dv

 .

Note that equations (32) and (33) are equivalent to
(41)(
∂uh

∂t
,ψh

)
+Ã((uh, ph), (ψh, wh)) + (ρhuh,ψh) = (ρhVh,ψh) ∀ (ψh, wh) ∈Hh×Lh,

where

(42) Ã((uh, ph), (ψh, wh)) = ah(uh,ψh) + bh(ψh, ph) − bh(uh, wh) + sh(ph, wh).

Note that equation (38) is equivalent to

bh(uh, wh) =
∑

Tx∈T x
h

∫
Tx

uh · ∇wh dx−
∑
F∈Γ0

x

∫
F

[[wh]]{uh} · nF ds(x).

The bilinear form ah(uh,ψh) is coercive with respect to |||·|||-norm (for proof, see
[15, Lemma 4.12, p. 129]), i.e. there exists non-negative β0 independent of h such
that

(43) β0|||uh|||2 ≤ ah(uh,uh).

The bilinear form Ã((uh, ph), (ψh, wh)) satisfy the following properties in the |||(·, ·)|||-
norm:

• discrete inf-sup stability condition, i.e. for α > 0 (for proof, refer [15,
Lemma 6.13, p. 253])

(44) α|||(uh, ph)||| ≤ sup
(ψh,wh)∈Hh×Lh\{(0,0)}

Ã((uh, ph), (ψh, wh))

|||(ψh, wh)|||

• boundedness property

(45) |Ã((uh, ph)(ψh, wh))| ≤ C|||(uh, ph)||||||(ψh, wh)|||,

where, the non-negative constant C is independent of h.
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Since Zh ×Hh × Lh is finite dimensional, the discrete problem (31) and (41)
gives rise to a system of non-linear ODEs. Then, an appeal to the Picard’s theorem
ensures an existence of a local-in-time unique solution (fh,uh, ph). In order to
continue the discrete solution for all t ∈ [0, T ], we need the boundedness of the
discrete solution which we shall comment it as a Remark 4.14 later on in this
paper.

3.2. Some properties of the discrete solution. Below, we stated some prop-
erties satisfied by the discrete system. The proofs of which are similar to the proof
of [23, Lemma 3.3 - 3.6]. So we are skipping the details.

Lemma 3.1. Let (fh,uh, ph) ∈ C1(0, T ;Zh ×Hh) × C0(0, T ;Lh) be the dG-dG
approximation obtained as a solution to (31)-(33) with initial datum fh(0) = Phf0
and uh(0) = Pxu0. Then, for all t ≥ 0,

(i) Mass conservation∫
Ω

fh(t, x, v) dv dx =

∫
Ω

f0(x, v) dv dx ∀ m ≥ 0.

(ii) Momentum conservation∫
Ω

vfh(t, x, v) dv dx+

∫
Ωx

uh dx =

∫
Ω

vf0(x, v) dv dx+

∫
Ωx

u0 dx for m ≥ 1.

(iii) For m ≥ 0

(46) max
t∈[0,T ]

∥fh∥0,Th
≤ eT ∥f0∥0,Th

.

(iv) Energy identity

1

2

(∫
Ω

|v|2fh dxdv +

∫
Ωx

|uh|2 dx

)
+

∫ t

0

ah(uh(s),uh(s)) ds

+

∫ t

0

sh(ph(s), ph(s)) ds+

∫ t

0

∫
Ω

|uh(s) − v|2fh(s) dx dv ds

=
1

2

(∫
Ω

|v|2f0 dxdv +

∫
Ωx

|u0|2 dx

)
, when m ≥ 2.

As a result of the Lemma 3.1(i), for a given non-negative initial data, we obtain∫
Ω

fh(t, x, v)dxdv ≥ 0 and

∫
Ωx

ρh(t, x)dx ≥ 0.

Since it is difficult to prove non-negative property of fh, that is, fh ≥ 0, therefore,
we do not have the discrete version of the energy dissipation as given in Lemma
2.3.
We need the following lemma for our subsequent use.

Lemma 3.2. Let ρ and ρh be the continuum and the discrete local density associated
to the f and fh, respectively. Then,

∥ρ− ρh∥0,T x
h
≤ 2L∥f − fh∥0,Th

and ∥ρ− ρh∥∞,T x
h
≤ 4L2∥f − fh∥∞,Th

.

Moreover,
∥ρV − ρhVh∥0,T x

h
≤ 4L2∥f − fh∥0,Th

.

For details of the proof of the above lemma, refer [25, Lemma 6]. From equation
(46), it follows

(47) ∥ρh∥0,T x
h
≤ C(T )L∥f0∥0,Th

.
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4. Rate of convergence

In this section, some a priori error estimates for the discrete solution are derived.

4.1. Error estimates for nonstationary Stokes system. This subsection fo-
cusses on error estimates for the time dependent Stokes system.

Stokes projection: Define the Stokes projection (Πuu(t),Πpp(t)) of (u(t), p(t))
for all t ∈ [0, T ] satisfying

(48) ah(u−Πuu,ψh) + bh(ψh, p− Πpp) = 0 ∀ ψh ∈Hh,

(49) −bh(u−Πuu, wh) + sh(p− Πpp, wh) = 0 ∀ wh ∈ Lh.

Systems (48) and (49) can be written as

(50) Ã ((Πuu− u,Πpp− p) , (ψh, wh)) = 0, ∀ (ψh, wh) ∈Hh × Lh

where, Ã ((·, ·) , (·, ·)) is defined in (42).

From equation (44), Ã ((Πuu,Πpp), (ψh, wh)) satisfies the discrete inf-sup con-
dition in the |||(·, ·)|||-norm and by equation (45), it is bounded from above in the
|||(·, ·)|||-norm. Therefore, a use of the Lax-Milgram lemma shows existence of a
unique pair of discrete solutions (Πuu,Πpp)(t) ∈Hh × Lh, for t ∈ (0, T ].

The following lemma shows the approximation properties of the Stokes projec-
tion, for a proof, refer [15, Corollary 6.26, p. 260].

Lemma 4.1. Let (Πuu,Πpp) ∈ Hh × Lh solve (50). Assume that (u, p) ∈
L∞(0, T ;Hk+1) × L∞(0, T ;Hk). Then,

(51) ∥u−Πuu∥L2 + hx|||u−Πuu||| + hx∥p− Πpp∥0,T x
h
≤ Chk+1

x ,

where, C is a positive constant which is independent of hx.

Next, lemma shows a relation between the L∞ and L2 bounds while approxi-
mating function in the broken polynomial space. For a proof, see [25, Lemma 3, p.
5].

Lemma 4.2. Let uh ∈Hh, an approximation of u be defined by (32)-(33). Assume
that u ∈W 1,∞ ∩Hk+1. Then,

∥u− uh∥L∞ ≲ hx∥u∥W 1,∞ + hkx∥u∥k+1,2 + h−1
x ∥u− uh∥L2 .

Error equation for Stokes part: Since the scheme (32)-(33) is consistent,
(32)-(33) also hold for the solution (f,u, p) to the continuum model. Hence, by
taking the difference with eu := u − uh, ep := p − ph, we obtain the following
equations:

(52)

(
∂eu
∂t

,ψh

)
+ ah (eu,ψh) + bh (ψh, ep) + (ρu− ρhuh,ψh)

= (ρV − ρhVh,ψh) , ∀ ψh ∈Hh,

(53) −bh(eu, wh) + sh(ep, wh) = 0 ∀ wh ∈ Lh.

Using the Stokes projection operator, we rewrite

(54)
eu := u− uh := (Πuu− uh) − (Πuu− u) =: θu − ηu,

ep := p− ph := (Πpp− ph) − (Πpp− p) =: θp − ηp.
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Using (54) and (48)-(49), the error equation (52)-(53) becomes

(55)

(
∂θu
∂t

,ψh

)
+ ah (θu,ψh) + bh (ψh, θp) + (ρθu,ψh) = (ρV − ρhVh,ψh)

+

(
∂ηu
∂t

,ψh

)
+ (ρηu,ψh) + ((ρ− ρh)θu,ψh)

− ((ρ− ρh)ηu,ψh) − ((ρ− ρh)u,ψh) , ∀ ψh ∈Hh

(56) −bh(θu, wh) + sh(θp, wh) = 0 ∀ wh ∈ Lh.

Lemma 4.3. Let (u, p) ∈ L∞(0, T ;Hk+1) × L∞(0, T ;Hk) be the unique pair of
solutions of the time dependent Stokes equation (2). Further, let (uh, ph) ∈Hh×Lh

be a pair of solutions of the discrete problem (41). Then, for all t ∈ (0, T ], there
holds

(57)

1

2

d

dt
∥θu∥2L2 + β|||θu(t)|||2 + sh(θp, θp)

≤ C
(
hk+1 + ∥f − fh∥0,Th

+ h−1∥f − fh∥0,Th
∥θu∥L2

)
∥θu∥L2 ,

where C is a positive constant depends on L and T , but independent on h.

Proof. Choose ψh = θu and wh = θp in (55) and (56), respectively. Then add
the resulting expressions. Using the Hölder inequality and the coercivity (43) of
ah(θu, θu), we obtain

1

2

d

dt
∥θu∥2L2 + β|||θu(t)|||2 + sh(θp, θp) + ∥ρ 1

2 θu∥2L2 ≤
(
∥ρV − ρhVh∥0,T x

h
+ ∥∂tηu∥L2

+∥ρ∥L∞(Ωx)∥ηu∥L2 + ∥ρ− ρh∥0,T x
h
∥u∥L∞

)
∥θu∥L2

+
(
∥ρ− ρh∥0,T x

h
(∥θu∥L2 + ∥ηu∥L2)

)
∥θu∥L∞ .

Since the last term on the left hand side is non-negative, it can be dropped. An
application of the projection estimate along with the Lemma 3.2 and the estimate

(58) ∥θu∥L∞ ≤ Ch−
d
2 ∥θu∥L2

with d = 2 yields (57). □

4.2. Error estimates for the kinetic equation. Since the scheme (31) is con-
sistent, the solution (u, f) to the continuum problem satisfies

(59)

(
∂f

∂t
, ϕh

)
+ B(u; f, ϕh) = 0 ∀ϕh ∈ Zh,

where

B(u; f, ϕh) :=
∑
R∈Th

BR(u; f, ϕh),

with

BR(u; f, ϕh) = −
∫
R

fv · ∇xϕh dx dv −
∫
R

f(u− v) · ∇vϕh dx dv

+

∫
Tv

∫
∂Tx

v · nfϕh ds(x) dv +

∫
∂Tv

∫
Tx

(u− v) · nfϕh dxds(v).

Subtracting equation (31) from (59), we obtain:(
∂

∂t
(f − fh) , ϕh

)
+ B(u; f, ϕh) − Bh(uh; fh, ϕh) = 0 ∀ϕh ∈ Zh.



290 K. KUMAR, H. HUTRIDURGA, AND A. K. PANI

By denoting ef := f − fh, we rewrite the above equation as

(60)

(
∂ef
∂t

, ϕh

)
+ a0h(ef , ϕh) + N (u; f, ϕh) −N h(uh; fh, ϕh) = 0 ∀ϕh ∈ Zh,

where

a0h(ef , ϕh) := −
∑
R∈Th

∫
R

efv · ∇xϕh dxdv +
∑

Tv∈T v
h

∫
Tv

∫
Γx

{vef}β · [[ϕh]] ds(x) dv,

N (u; f, ϕh) := −
∑
R∈Th

∫
R

f(u−v)·∇vϕh dxdv +
∑

Tx∈T x
h

∫
Γv

∫
Tx

(u−v)f ·[[ϕh]] dx ds(v) ,

and

N h(uh; fh, ϕh) := −
∑
R∈Th

∫
R

fh(uh − v) · ∇vϕh dxdv

+
∑

Tx∈T x
h

∫
Γv

∫
Tx

{(uh − v)fh}α · [[ϕh]] dxds(v) .

With the help of the L2-projection Ph : L2(Ω) → Zh, split the error ef := f − fh
as

(61) ef = (Phf − fh) − (Phf − f) := θf − ηf .

Below, we state the error representation of the nonlinear term.

Lemma 4.4. Let f ∈ C0(Ω),u ∈ C0(Ωx) and fh ∈ Zh. Then, there holds

N (u; f, θf )−N h(uh; fh, θf ) =
∑

Tx∈T x
h

∫
Γv

∫
Tx

|(uh − v) · n|
2

|[[θf ]]|2 dxds(v)

+
∑
R∈Th

∫
R

(
(u− uh) · ∇vf θf − θ2f

)
dxdv + K2(uh − v, f, θf ),

where

(62)

K2(uh − v, f, θf ) =
∑
R∈Th

∫
R

ηf (uh − v) · ∇vθf dxdv

−
∑

Tx∈T x
h

∫
Γv

∫
Tx

{((uh − v)ηf )}α · [[θf ]] dxds(v) .

Proof. The proof is similar to the [25, Lemma 11, p.13]. □

For the estimate of ef := θf − ηf , it is enough to estimate θf as the estimate of
ηf is already known from equation (30). After taking ϕh = θf in (60), a use of (61)
with Lemma 4.4, yields

(63)

1

2

d

dt
∥θf∥20,Th

+
∑

Tv∈T v
h

∫
Tv

∫
Γx

|v · n|
2

|[[θf ]]|2 ds(x) dv

+
∑

Tx∈T x
h

∫
Tx

∫
Γv

|(uh − v) · n|
2

|[[θf ]]|2 ds(v) dx = (∂tηf , θf ) −K1(v, ηf , θf )

−
∑
R∈Th

∫
R

(
(u− uh) · ∇vf θf − θ2f

)
dv dx−K2(uh − v, f, θf ),
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where,
(64)

K1(v, ηf , θf ) =
∑
R∈Th

∫
R

ηfv · ∇xθf dxdv −
∑

Tv∈T v
h

∫
Tv

∫
Γx

{vηf}β · [[θf ]] ds(x) dv .

Inspired by the proof of [14, Lemma 2.1-2.2, p. 4], we provide below a short
proof of the estimates of K1 and K2.

Lemma 4.5. Let f and fh(t) ∈ Zh be the solution of (1) and (31), respectively.
Assume that

f ∈ C0(0, T ;W 1,∞(Ω) ∩Hm+1(Ω)).

Then, for m ≥ 1 and t ∈ [0, T ], K1(v, ηf , θf ) as defined in (64), there holds

|K1(v, ηf , θf )| ≤ Ch2m+1∥f∥2m+1,Ω + ∥θf∥20,Th
+

1

4
∥|v · n| 12 [[θf ]]∥20,Γx×T v

h
.

Proof. We write the expression (64) of K1 as

K1(v, ηf , θf ) =
∑

R∈Th

∫
R

ηfv ·∇xθf dxdv−
∑

Tv∈T v
h

∫
Tv

∫
Γx

{vηf}β · [[θf ]] ds(x) dv = K1
1+K1

2.

For the first term K1
1, a use of the definition of the orthogonal L2-projection as

P0
v (v) · ∇xθf ∈ Zh with the Hölder inequality, the inverse inequality (27), the

projection estimate (30) and the Young’s inequality shows

|K1
1| ≤

∑
R∈Th

∫
R

ηf
(
v − P0

v (v)
)
· ∇xθf dx dv +

∑
R∈Th

∫
R

ηfP0
v (v) · ∇xθf dx dv

≤ ∥v − P0
v (v)∥L∞(Th)∥ηf∥0,Th

∥∇xθf∥0,Th
≤ Chvh

−1
x ∥ηf∥0,Th

∥θf∥0,Th

≤ Ch2(m+1)∥f∥2m+1,Ω + ∥θf∥20,Th
.

Again by using the Hölder inequality, the trace inequality (26), the projection
estimae (30) with the Young’s inequality, we arrive at the following estimate for
the second term K1

2

|K1
2| =

∣∣∣ ∑
Tv∈T v

h

∫
Tv

∫
Γx

(
{vηf}+

|v · n|
2

[[ηf ]]

)
· [[θf ]] ds(x) dv

∣∣∣
≤

 ∑
Tv∈T v

h

∫
Tv

∫
Γx

8|v · n||{ηf}|2 ds(x) dv

 1
2
 ∑

Tv∈T v
h

∫
Tv

∫
Γx

|v · n|
8

|[[θf ]]|2 ds(x) dv

 1
2

+

 ∑
Tv∈T v

h

∫
Tv

∫
Γx

8|v · n||[[ηf ]]|2 ds(x) dv

 1
2
 ∑

Tv∈T v
h

∫
Tv

∫
Γx

|v · n|
8

|[[θf ]]|2 ds(x) dv

 1
2

≤ C ∥v∥L∞(T v
h
)∥ηf∥20,Γx×T v

h
+

1

4
∥|v · n|

1
2 [[θf ]]∥20,Γx×T v

h

≤ Ch2m+1L∥f∥2m+1,Ω +
1

4
∥|v · n|

1
2 [[θf ]]∥20,Γx×T v

h
.

This completes the proof. □

Lemma 4.6. Let (f,u) and (fh,uh) ∈ Zh ×Hh be the unique solution of (1) and
(31), respectively. Assume that

(u, f) ∈ C0(0, T ;W 1,∞ ∩Hk+1) × C0(0, T ;W 1,∞(Ω) ∩Hm+1(Ω)).
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Then, for m ≥ 1, K2((uh − v), f, θf ) as defined in (62) satisfies the estimate

(65)

|K2(uh − v, f, θf )| ≤ C
(
hm∥u− uh∥L∞ + hm+1

)
∥f∥m+1,Ω∥θf∥0,Th

+ Ch2m+1 (∥u− uh∥L∞ + ∥u∥L∞ + 2L) ∥f∥2m+1,Ω

+
1

4
∥| (uh − v) · n| 12 [[θf ]]∥20,T x

h ×Γv
.

Proof. From the expression (62) of K2, it follows that

K2(uh − v, f, θf ) =
∑
R∈Th

∫
R

ηf (uh − v) · ∇vθf dxdv

−
∑

Tx∈T x
h

∫
Γv

∫
Tx

{((uh − v)ηf )}α · [[θf ]] dxds(v) = K2
1 + K2

2.

The first term K2
1 of the above expression can be bounded by

|K2
1| =

∣∣∣ ∑
R∈Th

∫
R

ηf (uh − v) · ∇vθf dv dx
∣∣∣

=
∣∣∣ ∑
R∈Th

∫
R

ηf
(
(uh − u) + (u−P0

xu) − (v − P0
vv) + (P0

xu− P0
vv)
)
· ∇vθf dv dx

∣∣∣
≤
(
∥uh − u∥L∞ + ∥u−P0

xu∥L∞ + ∥v − P0
vv∥L∞(T v

h )

)
∥ηf∥0,Th

∥∇vθf∥0,Th

≤ Ch−1
v

(
∥uh − u∥L∞ + ∥u−P0

xu∥L∞ + ∥v − P0
vv∥L∞(T v

h )

)
∥ηf∥0,Th

∥θf∥0,Th

≤ C
(
hm∥uh − u∥L∞ + hm+1

)
∥f∥m+1,Ω∥θf∥0,Th

.

Here, in the second step, the last term vanishes by the definition of the orthog-
onal L2-projection as (P0

xu − P0
vv) · ∇vθf ∈ Zh. In the third step, we use the

Hölder inequality with the inverse inequality (27) and in the last step, we apply the
projection estimate (30).

The following bound for the second term K2
2 is obtained by using the Hölder

inequality with the trace inequality (26) and the projection estimate (30)

|K2
2| =

∣∣∣ ∑
Tx∈T x

h

∫
Tx

∫
Γv

(
{(uh − v)ηf}+

|(uh − v) · nv|
2

[[ηf ]]

)
· [[θf ]] ds(v) dx

∣∣∣
≤

 ∑
Tx∈T x

h

∫
Tx

∫
Γv

8|(uh − v) · nv||{ηf}|2 ds(v) dx

 1
2

×

 ∑
Tx∈T x

h

∫
Tx

∫
Γv

|(uh − v) · nv|
8

|[[θf ]]|2 ds(v) dx

 1
2

+

 ∑
Tx∈T x

h

∫
Tx

∫
Γv

8|(uh − v) · nv||[[ηf ]]|2 ds(v) dx

 1
2

×

 ∑
Tx∈T x

h

∫
Tx

∫
Γv

|(uh − v) · nv|
8

|[[θf ]]|2 ds(v) dx

 1
2

≤ C (∥uh∥L∞ + ∥v∥L∞(T v
h
))∥ηf∥20,T x

h
×Γv

+
1

4
∥|(uh − v) · nv|

1
2 [[θf ]]∥20,T x

h
×Γv

≤ Ch2m+1 (∥uh − u∥L∞ + ∥u∥L∞ + 2L) ∥f∥2m+1,Ω +
1

4
∥|(uh − v) · nv|

1
2 [[θf ]]∥20,T x

h
×Γv

.
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This completes the rest of the proof. □

4.3. Error estimates. This subsection deals with main results on a priori error
analysis.

Lemma 4.7. Let regularity results

u ∈ C0(0, T ;Hk+1 ∩W 1,∞),

for the fluid velocity and

f ∈ C1(0, T ;Hm+1(Ω)) ∩ C0(0, T ;W 1,∞(Ω))

for the distribution function hold. Further, let (uh, fh) ∈ Hh × Zh be the dG-dG
solutions of (31) and (41). Then for k ≥ 1 and m ≥ 1, there holds

(66)
d

dt
∥θf∥20,Th

≤ C
(
h2m+1 + ∥u− uh∥2L2

)
+ ∥θf∥20,Th

,

where C depends on the polynomial degree m, the final time T , the shape regularity
of the partition and also regularity result of (u, f), but is independent of the mesh
parameters.

Proof. From equation (63), there follows

(67)

1

2

d

dt
∥θf∥20,Th

+
1

2
∥|v · n| 12 [[θf ]]∥2Γx×T v

h
+

1

2
∥|(uh − v) · n| 12 [[θf ]]∥2T x

h ×Γv

= I1 − I2 −K1 −K2 + I3 ≤ |I1| + |I2| + |K1| + |K2| + |I3|.

Here, we use the standard triangle inequality and

I1 = (∂tηf , θf ) , I2 =
∑
R∈Th

∫
R

(u− uh) · ∇vf θf dv dx and I3 =
∑
R∈Th

∫
R

θ2f dv dx.

In order to estimate I1, a use of the Cauchy-Schwarz inequality with (30) yields

(68)
|I1| ≤ ∥∂tηf∥0,Th

∥θf∥0,Th
≤ Chm+1∥ft∥m+1,Th

∥θf∥0,Th

≤ Ch2(m+1)∥ft∥2m+1,Th
+ C∥θf∥20,Th

.

For I2, there holds

(69) |I2| ≤ ∥u− uh∥L2∥∇vf∥L∞(Ω)∥θf∥0,Th
≤ C∥u− uh∥2L2 + ∥θf∥20,Th

.

Now, K1 is estimated in Lemma 4.5,

(70) |K1(v, ηf , θf )| ≤ Ch2m+1∥f∥2m+1,Ω + ∥θf∥20,Th
+

1

4
∥|v · n| 12 [[θf ]]∥20,Γx×T v

h
.

To estimate K2, we use the bound (65) from Lemma 4.6 with Lemma 4.2 to obtain
(71)
|K2| ≤ C

(
hm∥u− uh∥L∞ + hm+1

)
∥f∥m+1,Ω∥θf∥0,Th

+ Ch2m+1 (∥u− uh∥L∞ + ∥u∥L∞ + 2L) ∥f∥2m+1,Ω +
1

4
∥| (uh − v) · n| 12 [[θf ]]∥20,T x

h ×Γv

≤ C
(
hm
(
h∥u∥W 1,∞ + hk∥u∥Hk+1 + h−1∥u− uh∥L2

)
+ hm+1

)
∥f∥m+1,Ω∥θf∥0,Th

+ Ch2m+1
(
h∥u∥W 1,∞ + hk∥u∥Hk+1 + h−1∥u− uh∥L2 + ∥u∥L∞ + 2L

)
∥f∥2m+1,Ω

+
1

4
∥| (uh − v) · n| 12 [[θf ]]∥20,T x

h ×Γv

≤ Cu,fh
2m+1 + ∥u− uh∥2L2 + ∥θf∥20,Th

+
1

4
∥| (uh − v) · n| 12 [[θf ]]∥20,T x

h ×Γv
.
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Now, substituting the estimates (68)-(71) into (67) with a use of kick-back argument
and noting that the last two terms on the left hand side of the equation (67) are
non-negative, we obtain (66) and this completes the proof. □

Below, we discuss the final theorem of this section.

Theorem 4.8. Let k ≥ 1,m ≥ 1 and let

f ∈ C1(0, T ;Hm+1(Ω)) ∩ C0(0, T ;W 1,∞(Ω))

(u, p) ∈
(
C1(0, T ;Hk+1) ∩ C0(0, T ;W 1,∞)

)
× C0(0, T ;Hk(Ωx))

denote the solution of the Vlasov-nonstationary Stokes equation (1)-(2). Further,
let

(fh,uh, ph) ∈ C1(0, T ;Zh) × C1(0, T ;Hh) × C0(0, T ;Lh)

be the dG-dG approximations of (31) and(41). Then, there holds

∥f(t)−fh(t)∥L∞(0,T ;L2(Ω))+∥(u−uh)(t)∥L∞(0,T ;L2) ≤ Chmin(k+1,m+ 1
2 ) ∀ t ∈ [0, T ],

where C depends on the polynomial degrees k and m, the final time T , the shape
regularity of the partition and also regularity result of (u, f), but is independent of
h.

Proof. A use of equations (54) and (61) with triangle inequality implies

∥u− uh∥L2 + ∥f − fh∥0,Th
≤ ∥ηu∥L2 + ∥θu∥L2 + ∥ηf∥0,Th

+ ∥θf∥0,Th
.

Now, from (51) and (30), the estimates of ∥ηu∥L2 and ∥ηf∥0,Th
are known, therefore,

it is sufficient to estimate ∥θu∥L2 + ∥θf∥0,Th
.

Adding (57) and (66) and using equations (54) and (61), triangle inequality with
the projection estimates (51) and (30), we obtain
(72)
d

dt

(
∥θu∥2L2 + ∥θf∥20,Th

)
≲ hmin(2(k+1),2m+1) + ∥θu∥2L2 + ∥θf∥20,Th

+ h−2∥θf∥20,Th
∥θu∥2L2

≲ hmin(2(k+1),2m+1) + ∥θu∥2L2 + ∥θf∥20,Th
+ h−2∥θf∥40,Th

+ h−2∥θu∥4L2 .

Setting

(73) |||(θu, θf )|||2 := ∥θu∥2L2 + ∥θf∥20,Th

and a function Ψ as

(74) Ψ(t) = hmin(2(k+1),2m+1) +

∫ t

0

(
|||(θu, θf )(s)|||2 + h−2|||(θu, θf )(s)|||4

)
ds.

An integration of equation (72) with respect to time from 0 to t with (73)-(74)
yields

|||(θu, θf )(t)|||2 ≤ CΨ(t).

Without loss of generality, we assume that |||(θu, θf )(t)||| > 0, otherwise, we add an
arbitrary small quantity say δ and proceed in a similar way as describe below. Then,
we pass the limit as δ → 0 to obtain the desired result. Note that 0 < Ψ(0) ≤ Ψ(t)
and Ψ(t) is differentiable in time. On differentiating Ψ(t) with respect to t, it now
follows that

∂tΨ(t) = |||(θu, θf )|||2 + h−2|||(θu, θf )|||4

≤ C
(
Ψ(t) + h−2(Ψ(t))2

)
.

Note that ∂tΨ(t) > 0 and therefore, the function Ψ(t) is strictly monotonically
increasing, which is also positive. On integrating in time, we now arrive at∫ t

0

∂sΨ(s)

Ψ(s) (1 + h−2Ψ(s))
ds ≤

∫ t

0

C ds ≤ CT.
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On evaluating integral exactly on the left hand side with Ψ(0) = hmin(2(k+1),2m+1)

and then taking exponential both side, we find that

Ψ(t)
(

1 − hmin(2k,2m−1)
(
eCT − 1

))
≤ eCThmin(2(k+1),2m+1).

Now, for small h > 0,
(
1 − hmin(2k,2m−1)

(
eCT − 1

))
> 0 and this implies

Ψ(t) ≤ Chmin(2(k+1),2m+1).

This completes the rest of the proof. □

The idea to define function Ψ and applying non-linear Grönwall’s lemma in the
proof of above Theorem is inspired by Lemma 4.2 in [27].

Lemma 4.9. Let the hypothesis of Theorem 4.8 holds. Then, there exists a positive
constant C independent of h, such that for all t ∈ (0, T ]

∥∂tθu∥2L2(0,T ;L2) + |||θu(t)|||2 + sh(θp, θp) ≤ Chmin(2(k+1),2m+1).

Proof. A differentiation of equation (56) with respect to time with a choice wh = θp
shows

(75) −bh(∂tθu, θp) + sh(∂tθp, θp) = 0.

By choosing ψh = ∂tθu in equation (55), we obtain

∥∂tθu∥2L2 +
1

2

∂

∂t
ah(θu, θu) + bh(∂tθu, θp) = (ρV − ρhVh, ∂tθu)

+ ((ρ− ρh)θu, ∂tθu) − ((ρ− ρh)ηu, ∂tθu) − ((ρ− ρh)u, ∂tθu)

− (ρθu, ∂tθu) + (ρηu, ∂tθu) + (∂tηu, ∂tθu) .

A use of equation (75) with the Hölder inequality, the Young’s inequality, projection
estimates, Lemma 3.2 and estimate ∥ · ∥L∞ ≤ h−1∥ · ∥L2 shows

∥∂tθu∥2L2 +
1

2

∂

∂t
(ah(θu,θu) + sh(θp, θp)) ≤ C

(
h2(k+1) + ∥f − fh∥20,Th

+ h−2∥f − fh∥20,Th
∥θu∥2L2 + ∥θu∥2L2

)
+

1

2
∥∂tθu∥2L2 .

A kick-back argument with integration in time with respect to time using coercivity
property (43) and estimates from Theorem 4.8 completes the rest of the proof. □

Remark 4.10. From the Lemma 4.9, we derive a super-convergence result

|||(Πuu− uh) (t)||| ≤ Chmin(k+1,m+ 1
2 ) ∀ t ∈ (0, T ].

Since for 1 ≤ p <∞

∥ (Πuu− uh) (t)∥Lp ≤ C|||(Πuu− uh) (t)||| ∀ t ∈ (0, T ]

then

∥ (Πuu− uh) (t)∥Lp ≤ Chmin(k+1,m+ 1
2 ) ∀ t ∈ (0, T ].

Again as Ωx ⊂ R2, the discrete Sobolev imbedding (refer [30]) implies

∥ (Πuu− uh) (t)∥L∞ ≤ C

(
log

(
1

h

))
|||(Πuu− uh) (t)|||

≤ C

(
log

(
1

h

))
hmin(k+1,m+ 1

2 ) ∀ t ∈ (0, T ].
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Remark 4.11. If

∥u−Πuu∥L∞(0,T ;Lp) ≤


Chk+1 for 1 ≤ p <∞,

C

(
log

(
1

h

))
hk+1 for p = ∞,

then

∥u− uh∥L∞(0,T ;Lp) ≤


Chmin(k+1,m+ 1

2 ) for 1 ≤ p <∞,

C

(
log

(
1

h

))
hmin(k+1,m+ 1

2 ) for p = ∞.

Lemma 4.12. Under the hypothesis of Theorem 4.8, there exists a positive constant
C independent of h such that for all t ∈ (0, T ]∫ T

0

|||(θu(s), θp(s))|||2 ds ≤ Chmin(2(k+1),2m+1).

Proof. Note that equation (55)-(56) is also equivalent to(
∂θu
∂t

,ψh

)
+ Ã ((θu, θp), (ψh, wh)) + (ρθu,ψh) = (ρV − ρhVh,ψh) + (∂tηu,ψh)

+ (ρηu,ψh) + ((ρ− ρh)θu,ψh) − ((ρ− ρh)ηu,ψh) + ((ρ− ρh)u,ψh) ,

where, Ã ((·, ·), (·, ·)) is defined in (42), and hence,

Ã ((θu, θp) , (ψh, wh)) = (ρV − ρhVh,ψh) − ((ρ− ρh)ηu,ψh) + ((ρ− ρh)θu,ψh)

− ((ρ− ρh)u,ψh) + (ρηu,ψh) − (ρθu,ψh) + (∂tηu,ψh) − (∂tθu,ψh) .

An application of the discrete inf-sup stability condition (44) with the Hölder in-
equality, the projection estimate, the Lemma 3.2, the Lemma 4.9 and the Theorem
4.8 concludes the rest of the proof. □

Theorem 4.13. Let k ≥ 1,m ≥ 1 and let (f,u, p) be the solutions of the Vlasov-
nonstationary Stokes equation (1)-(2) satisfying

f ∈ C1(0, T ;Hm+1(Ω)) ∩ C0(0, T ;W 1,∞(Ω))

(u, p) ∈
(
C1(0, T ;Hk+1) ∩ C0(0, T ;W 1,∞)

)
× C0(0, T ;Hk(Ωx)).

Further, let

(fh,uh, ph) ∈ C1(0, T ;Zh) × C1(0, T ;Hh) × C0(0, T ;Lh)

be the dG-dG approximations of (31) and (41). Then, there holds

∥p(t) − ph(t)∥L2(0,T ;L2(Ωx)) ≤ Chmin(k,m+ 1
2 ) ∀ t ∈ [0, T ]

where C depends on the polynomial degrees k and m, the final time T , the shape
regularity of the partition and also regularity result of (u, f), but is independent of
h.

Proof. A use of equation (54) with triangle inequality gives

∥p− ph∥0,T x
h
≤ ∥ηp∥0,T x

h
+ ∥θp∥0,T x

h
.

Rest of the proof follows from Lemma 51 and Lemma 4.12. □
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Remark 4.14. From equation (46) and Theorem 4.8 along with equation (5), it
follows that

fh ∈ L∞(0, T ;L2(Th)) and uh ∈ L∞(0, T ;L2).

Thanks to these bounds, the earlier local-in-time existence result for the discrete
problem can be improved to a global-in-time existence result by extending the interval
of existence.

4.4. Comment on 3D. In 3D the inequality (28) becomes

(76) ∥wh∥Lp(Tx) ≤ Ch
3
p−

3
q

x ∥wh∥Lq(Tx).

An application of (76) shows

(77) ∥u− uh∥L∞ ≲ hx∥u∥W 1,∞ + h
k− 1

2
x ∥u∥Hk+1 + h

− 3
2

x ∥u− uh∥L2 .

On using (76) the result of Lemma 4.3 is now modified as

(78)

1

2

d

dt
∥θu∥2L2 + β|||θu(t)|||2 + sh(θp, θp)

≤ C
(
hk+1 + ∥f − fh∥0,Th

+ h−
3
2 ∥f − fh∥0,Th

∥θu∥L2

)
∥θu∥L2 .

The change in the estimate of K2 term (71) is as follows:
(79)

|K2| ≤ C
(
hm∥u− uh∥L∞ + hm+1) ∥f∥m+1,Ω∥θf∥0,Th

+ Ch2m+1 (∥u− uh∥L∞ + ∥u∥L∞ + 2L) ∥f∥2m+1,Ω +
1

4
∥| (uh − v) · n|

1
2 [[θf ]]∥20,T x

h
×Γv

≤ C
(
hm

(
h∥u∥W 1,∞ + hk− 1

2 ∥u∥Hk+1 + h− 3
2 ∥u− uh∥L2

)
+ hm+1

)
∥f∥m+1,Ω∥θf∥0,Th

+ Ch2m+1
(
h∥u∥W 1,∞ + hk− 1

2 ∥u∥Hk+1 + h− 3
2 ∥u− uh∥L2 + ∥u∥L∞ + 2L

)
∥f∥2m+1,Ω

+
1

4
∥| (uh − v) · n|

1
2 [[θf ]]∥20,T x

h
×Γv

≤ Cu,fh
2m+1 + h2m−3∥u− uh∥2L2 + ∥θf∥20,Th

+
1

4
∥| (uh − v) · n|

1
2 [[θf ]]∥20,T x

h
×Γv

.

This modifies the (66) as:
(80)

d

dt
∥θf∥20,Th

≤ Cu,fh
min(2(k+1),2m+1) + Ch2(m+k)−1 + Ch2m−3∥θu∥2L2 + ∥θf∥20,Th

.

By adding (78) and (80), we obtain

(81)

d

dt

(
∥θu∥2L2 + ∥θf∥20,Th

)
≲ hmin(2(k+1),2m+1) + h2(m+k)−1 + h2m−3∥θu∥2L2

+ ∥θf∥20,Th
+ h−3∥θu∥2L2∥θf∥20,Th

.

Thus, for m ≥ 2, it becomes

(82)

d

dt

(
∥θu∥2L2 + ∥θf∥20,Th

)
≲ hmin(2(k+1),2m+1) +

(
∥θu∥2L2 + ∥θf∥20,Th

)
+ h−3

(
∥θu∥4L2 + ∥θf∥40,Th

)
≲ hmin(2(k+1),2m+1) + |||(θu, θf )|||2 + h−3|||(θu, θf )|||4,

with same definition of |||(·, ·)||| as in Theorem 4.7. Set

Ψ(t) = hmin(2(k+1),2m+1) +

∫ t

0

(
|||(θu, θf )(s)|||2 + h−3|||(θu, θf )(s)|||4

)
ds.
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On integration and proceed in a similar manner as in the proof of Theorem 4.7 to
obtain

Ψ(t)
(

1 − hmin(2k−1,2m−2)(eCT − 1)
)
≤ eCThmin(2(k+1),2m+1).

For m ≥ 2 and with smallness assumption on h

(1 − hmin(2k−1,2m−2)(eCT − 1)) > 0.

Hence, the result of Theorem 4.8 follows for 3D for m ≥ 2.

5. Numerical Experiments

This section, we report on some numerical simulations based on a splitting al-
gorithm. We have approximated solutions to the following Vlasov-nonstationary
Stokes model with source terms:

(83)

∂tf + v · ∇xf + ∇v ·
(

(u− v) f
)

= F(t, x, v) in (0, T ) × Ωx × Ωv,

f(0, x, v) = f0(x, v) in Ωx × Ωv.

(84)

{
∂tu− ∆xu+ ρu+ ∇xp = ρV + G(t, x) in Ωx,

∇x · u = 0 in Ωx.

For the computational results, we employed splitting algorithm for the linear kinetic
equation (83), using the Lie-Trotter splitting method. To achieve this, firstly, split
the equation (83) as:

(85) (a) ∂tf + ∇v · ((u− v) f) = F(t, x, v), (b) ∂tf + v · ∇xf = 0.

To compute the solution f , we first solve part (a) of (85) over the full time step

using f0 as the initial data to obtain an intermediate solution f̃ . Next, part (b) of

(85) is solved over the full time step with f̃ as the initial data.
For a temporal discretization, let {tn}Nn=0 be a uniform partition of the time

interval [0, T ], where tn = n∆t with time step ∆t > 0. Let Fn ∈ Zh,U
n ∈

Hh, P
n ∈ Lh, ρ

n
h and ρnhV

n
h be the approximations of fn = f(tn),un = u(tn), pn =

p(tn), ρn = ρ(tn) and ρnV n = ρ(tn)V (tn), respectively. Our numerical algorithm is
to find

(
Un+1, Pn+1, Fn+1

)
∈Hh × Lh ×Zh, for n = 0, 1, · · · , N − 1 such that

(86)



(
Un+1 −Un

∆t
,ψh

)
+ ah(Un+1,ψh) + bh(ψh, P

n+1) +
(
ρnhU

n+1,ψh

)
=
(
ρnhV

n
h + Gn+1,ψh

)
∀ ψh ∈Hh,

−bh(Un+1, wh) + sh(Pn+1, wh) = 0 ∀ wh ∈ Lh,(
F̃ − Fn

∆t
, ϕh

)
+ Bx

h

(
Un+1;Fn, ϕh

)
= (Fn, ϕh) ∀ ϕh ∈ Zh,(

Fn+1 − F̃

∆t
, ψh

)
+ Bv

h(F̃ , ψh) = 0 ∀ ψh ∈ Zh,

where, ah(Un,ψh), bh(ψh, P
n) and sh(Pn, wh) are defined by (37)-(39) at t = tn.

In (86) we have used the following notations:

Bv
h(Fn, ϕh) :=

∑
R∈Th

Bv
h,R(Fn, ϕh)
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with

Bv
h,R(Fn, ϕh) := −

∫
Tv

∫
Tx

Fn v.∇xϕh dxdv +

∫
Tv

∫
∂Tx

v · nFn
∧

ϕh ds(x) dv

and

Bx
h(Un+1;Fn, ϕh) :=

∑
R∈Th

Bx
h,R(Un+1;Fn, ϕh),

with

Bx
h,R(Un+1;Fn, ϕh) := −

∫
Tx

∫
Tv

Fn
(
Un+1 − v

)
.∇vϕh dv dx

+

∫
Tx

∫
∂Tv

(
Un+1 − v

)
· nFn
∧

ϕh ds(v) dx

where the numerical fluxes are given by (36) at t = tn.
For our computation, let xl and vm are the nodes in T x

h and T v
h , respectively,

where l = 1, · · · , Nx and m = 1, · · · , Nv. Any function in the Zh space can be
represented as

g =
∑
l,m

g(xl,vm)Ll
x(x)Lm

v (v)

on R, where Ll
x(x) and Lm

v (v) are the l-th and m-th Lagrangian interpolating
polynomials in T x and T v, respectively.

In this setting, the equations for f in (85) can be solved in the reduced dimen-
sions. For example, first we solve equation (85)(a),

∂tf(xl) + ∇v · ((u(xl) − v) f(xl)) = F(t,xl, v)

in the v-direction for a fixed nodal point in the x-direction, say xl, and obtain
updated point values of f(xl,vm) for all vm ∈ T v

h .
Similarly, we solve the equation (85)(b)

∂tf(vm) + vm · ∇xf(vm) = 0

by a dG method in the x-direction by fixing a nodal point in the v-direction, say
vm, and obtain updated point values of f(xl,vm) for all xl ∈ T x

h .
For the plots, we take the degree of polynomials m to approximate the distri-

bution function in x and v-variables and k for both the fluid velocity and fluid
pressure. The mesh sizes for T x

h and T v
h are represented by hx and hv, respectively.

For the numerical experiments, we take hx = hv = h. We calculate the errors
f − fh,u− uh and p − ph in L2(Ω),L2 and L2(Ωx)-norms, respectively, at final
time T and denoted by errL2f, errL2u and errL2p, respectively.

Example 5.1. Our first example has the following as its exact solution:

f(t, x1, x2, v1, v2) = cos(t) sin(2πx1) sin(2πx2)e
(−v2

1−v2
2)(1 + v1)(1 + v2)(1− v21)(1− v22),

u1(t, x1, x2) = cos(t) (− cos(2πx1) sin(2πx2) + sin(2πx2)) ,

u2(t, x1, x2) = cos(t) (sin(2πx1) cos(2πx2)− sin(2πx1)) ,

p(t, x1, x2) = 2π cos(t) (cos(2πx2)− cos(2πx1)) .

Note that corresponding is the initial data

f(0, x1, x2, v1, v2) = sin(2πx1) sin(2πx2)e(−v2
1−v2

2)(1 + v1)(1 + v2)(1 − v21)(1 − v22),

u1(0, x1, x2) = − cos(2πx1) sin(2πx2) + sin(2πx2),

u2(0, x1, x2) = sin(2πx1) cos(2πx2) − sin(2πx1).
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The simulations are performed for the domains Ωx = [0, 1]2 and Ωv = [−1, 1]2.
The penalty parameter is set to be 10 and for k = m = 1 the final time is 0.1, while
for k = m = 2 the final time is 0.01.
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Figure 1. Convergence rates for the distribution function f , for
the fluid velocity u and for the fluid pressure p in the Example 5.1.

Example 5.2. The second example takes the following as the exact solutions:

f(t, x1, x2, v1, v2) = sin(π(x1 − t)) sin(π(x2 − t))e(−v2
1−v2

2)(1 + v1)(1 + v2)(1− v21)(1− v22),

u1(t, x1, x2) = − cos(2πx1 − t) sin(2πx2 − t),

u2(t, x1, x2) = sin(2πx1 − t) cos(2πx2 − t),

p(t, x1, x2) = 2π (cos(2πx2 − t)− cos(2πx1 − t)) ,

with the corresponding initial data:

f(0, x1, x2, v1, v2) = sin(πx1) sin(πx2)e(−v2
1−v2

2)(1 + v1)(1 + v2)(1 − v21)(1 − v22),

u1(0, x1, x2) = − cos(2πx1) sin(2πx2), u2(0, x1, x2) = sin(2πx1) cos(2πx2).

The simulations are performed for the domains Ωx = [0, 1]2 and Ωv = [−1, 1]2.
The penalty parameter is set to be 10 and for k = m = 1 the final time is 0.1, while
for k = m = 2 the final time is 0.01.
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Figure 2. Convergence rates for the distribution function f , for
the fluid velocity u and for the fluid pressure p in the Example 5.2.

In the next example, we examine the preservation of the mass and momentum
conservation property of our scheme.
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Example 5.3. Let F = 0 and G = 0 in (83)-(84). Choose the initial data as:

f(0, x1, x2, v1, v2) = sin(2πx1) sin(2πx2)e(−v2
1−v2

2)(1 − v21)(1 − v22),

u1(0, x1, x2) = − cos(2πx1) sin(2πx2) + sin(2πx2),

u2(0, x1, x2) = sin(2πx1) cos(2πx2) − sin(2πx1).

Let Ωx = [0, 1]2,Ωv = [−1, 1]2, kx = 1, kv = 1, h = hx = hv = 1/6,∆t = 0.001 and
penalty parameter ϑ = 8.
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Figure 3. Deviation in mass and Deviation in momentum for
Example 5.3.

Observations:

• From Figure 1(Left) and Figure 2(Left), it is easily observed that by choos-
ing degrees of polynomials k = 1,m = 1, we achieve an order of con-
vergence for the distribution function f and the fluid velocity u equaling
min (k + 1,m+ 1

2 ) which is 3/2 and for pressure p, the order of convergence

obtained equals min(k,m+ 1
2 ) which is 1.

• By taking degree of polynomials k = m = 2, from Figure 1(Right) and
Figure 2(Right), we obtain the order of convergence for the distribution
function f and the fluid velocity u equals min(k + 1,m+ 1

2 ) which is 5/2,

for the fluid pressure p the order of convergence equals min(k,m+ 1
2 ) which

is 2.
• For the example 5.3, we compute the deviation in mass as the difference

between the initial mass and the mass at time t, see Figure 3(Left). Sim-
ilarly, the deviation in momentum is calculated as the difference between
the initial momentum and the momentum at time t, see Figure 3(Right).
The deviations in mass and total momentum are up to the machine error,
which validate our results of Lemma 3.1.

• In (86), since the kinetic equation is hyperbolic in nature, its approximate

solutions F̃ and Fn+1 are computed at each time level explicitly using
splitting method, while Stokes part is computed implicitly. However, for
time marching in the computation of the Vlasov-Stokes system, a small
time step due to CFL condition for stability of the kinetic part is employed
for computational experiments of all examples in this Section. Since the
discrete system of the Stokes equation is less stiff than the kinetic part,
therefore, for efficient time marching scheme, as in [28], it may be possible
to choose unequal time steps, especially a larger time step for the Stokes,
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while smaller time step in the kinetic part without loosing overall order of
convergence. This will form a part of our future endeavour.

6. Conclusion

In this paper, a semi-discrete numerical method for 2D Vlasov-Stokes equation is
introduced and analysed (see (31)-(33) for the discrete problem). This is a dG-dG
method for the kinetic and the Stokes equations in phase space. The scheme is
mass and momentum conserving. In continuum case, a non-negative initial data
(f0(x, v) ≥ 0) yields a non-negative solution for all times. At present, we are
unable to prove a similar positivity preserving property for our discrete system
and hence, it is difficult to prove a discrete energy dissipation property. The rates
of convergence, with regards to the degree of polynomials m ≥ 1 and k ≥ 1, for
the distribution function f(t, x, v) and the fluid velocity u(t, x) are proved in the
Theorem 4.8 in L∞(0, T ;L2(Ω)) and L∞(0, T ;L2)-norms, respectively. These rates
help us deduce super-convergence result for (Πuu− uh) in |||·|||-norm (see Lemma
4.9). This enables us to derive the rate of convergence for the fluid velocity in
 L∞(0, T ;Lp)-norm 1 ≤ p ≤ ∞, subject to the availability of certain projection
estimates. The rate of convergence for the fluid pressure in L2((0, T ) × Ωx)-norm
is derived in Theorem 4.13. Finally, in subsection 4.4, we comment on the 3D
Vlasov-Stokes equation.
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[22] D. Han-Kwan, É. Miot, A. Moussa, and I. Moyano, Uniqueness of the solution to the 2D

Vlasov–Navier–Stokes system, Rev. Mat. Iberoam., 36 (2020), 37–60.

[23] H. Hutridurga, K. Kumar, and A. K. Pani, Discontinuous Galerkin methods with generalized
numerical fluxes for the Vlasov–viscous Burgers’ system, J. Sci. Comput., 96 (2023), 7, 1–41.

https://doi.org/10.1007/s10915-023-02230-5.

[24] H. Hutridurga, K. Kumar, and A. K. Pani, Periodic Vlasov–Stokes system: Existence and
uniqueness of strong solutions, arXiv preprint arXiv:2305.19576, 2023.

[25] H. Hutridurga, K. Kumar, and A. K. Pani, Discontinuous Galerkin methods for the Vlasov–
Stokes system, Comput. Methods Appl. Math., 25 (2025), 93–113.

[26] P. J. O’Rourke, Collective drop effects on vaporizing liquid spray, Ph.D. Thesis, Princeton

Univ., 1981.
[27] N. Ploymaklam, P. M. Kumbhar, and A. K. Pani, A priori error analysis of the local dis-

continuous Galerkin method for the viscous Burgers–Poisson system, Int. J. Numer. Anal.

Model., 14 (2017), 784–807.
[28] A. K. Pani, V. Thomée, and A. S. Vasudeva Murthy, A first-order explicit-implicit splitting

method for a convection–diffusion problem, Comput. Methods Appl. Math., 24 (2020), 769–

782.
[29] Y. Su, G. Wu, L. Yao, and Y. Zhang, Hydrodynamic limit for the inhomogeneous incom-

pressible Navier–Stokes–Vlasov equations, J. Differential Equations, 342 (2023), 193–238.

[30] V. Thomée, Galerkin finite element methods for parabolic problems, Springer, Berlin, 2007.
[31] K. Vemaganti, Discontinuous Galerkin methods for periodic boundary value problems, Nu-

mer. Methods Partial Differ. Equ., 23 (2007), 587–596.
[32] F. A. Williams, Combustion theory, Cummings Publ. Co., Menlo Park, 1985.

[33] H. Yang and F. Li, Discontinuous Galerkin methods for relativistic Vlasov–Maxwell system,
J. Sci. Comput., 73 (2017), 1216–1248.

[34] C. Yu, Global weak solutions to the incompressible Navier–Stokes–Vlasov equations, J. Math.
Pures Appl., 100 (2013), 275–293.

K.K.: Department of Mathematics, BITS Pilani, K K Birla Goa Campus, NH 17 B, Zuarinagar,
Goa, India.

E-mail : krishan1624@gmail.com

H.H.: Department of Mathematics, Indian Institute of Technology Bombay, Powai, Mumbai
400076 India.

E-mail : hutri@math.iitb.ac.in

A.K.P.: Department of Mathematics, BITS Pilani, K K Birla Goa Campus, NH 17 B, Zuari-

nagar, Goa, India.

E-mail : amiyap@goa.bits-pilani.ac.in


