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A FULLY DISCRETE ULTRA-WEAK DISCONTINUOUS
GALERKIN METHOD FOR SOLVING THE DRIFT-DIFFUSION
MODEL OF SEMICONDUCTOR DEVICES

XINYU DING, FUZHENG GAO*, AND YUNXIAN LIU*

Abstract. In this paper, we study an ultra-weak discontinuous Galerkin (UWDG) method for
spatial discretization to solve the drift-diffusion (DD) model of one-dimensional semiconductor
devices. Optimal error estimates are obtained using a special projection for both the semi-discrete
and fully discrete UWDG schemes with smooth solutions. In the fully discrete UWDG scheme,
we use an explicit third-order total variation diminishing Runge-Kutta method, which ensures
stability under general temporal-spatial conditions. Numerical simulations are also performed to
verify the analysis.
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1. Introduction

In this paper, we develop a UWDG method in space for solving the DD model of
one-dimensional semiconductor devices, which is coupled with an explicit total vari-
ation diminishing Rung-Kutta (TVDRK) time-marching algorithm. Thereafter, we
refer to the method as RK-UWDG. The DD model? is described by the following
equations

(1) ng — V- (uEn) = 76An,
(2) A¢==(n—ny),
3) B=-vs,

where the unknown variables are the electron concentration n and the electric po-
tential ¢. (1) is the electron concentration equation and (2) is the electric potential
equation. F represents the electric field.

The DD model is derived from the classical Boltzmann-Poisson system [ that
describes electron transport in semiconductor devices. Many numerical methods
have been applied to solve the DD model, such as finite volume method [14 15 161
finite element method (17 18] and also some other types of numerical methods [*9].
In [3, 4], Squeff et al. analyzed the P! continuous finite element method for solving
the DD model coupled with P® — P! mixed finite element method for the poisson
equation. Liu and Shul® used a local discontinuous Galerkin (LDG) method to
solve the DD model and gave suboptimal error estimates and numerical simula-
tions. Later in [6], Liu developed the LDG method for the DD model with the
optimal error estimates. Here, we present a RK-UWDG to solve the DD model of
one-dimensional semiconductor devices.

The first dicontinuous Galerkin (DG) method was introduced by Reed and Hill(2"]
within the context of neutron linear transport in 1973. Subsequently, Cockburn
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and Shu et al. developed the RKDG method for the hyperbolic conservation laws,
which employs the DG method in space coupled with an explicit TVDRK time-
marching?!> 22- 23: 241 Tn 1998, Cockburn and Shul?®! proposed the LDG method
as an extension to general convection-diffusion problems of the numerical scheme
for the compressible Navier-Stokes equation. This method rewrites the equation
into a first-order system, then apply the DG method on the system.

Meanwhile, the UWDG method was first proposed in [7], unlike the LDG method,
it does not need to introduce any auxiliary variables. The principle of the UWDG
method is to use integration by parts repeatedly and to move all the spatial deriva-
tives from the trial function to the test function in the weak formulations. Cheng
and Shul® proposed the UWDG method for general time-dependent problems with
higher order spatial derivatives in 2008. In 2013, Bona et al. proposed a UWDG
method for the generalised KdV equation with error estimation in [9]. Chen and
Cheng['%! applied the UWDG method to the nonlinear Schrédinger equation and
used a special projection to obtain optimal error estimates in 2019. In 2022, Wang
and Xu applied the UWDG method to the convection diffusion equation in [11].
The UWDG method has the advantages of the classic DG method. Firstly, it can
be easily designed for any order of accuracy that can be locally determined in each
cell (p-adaptivity). Secondly, it can be used on arbitrary triangulations, even those
with hanging nodes (h-adaptivity). Thirdly, it is extremely local in data communi-
cations. The evolution of the solution in each cell needs to communicate only with
the immediate neighbors, regardless of the order of accuracy (parallel implementa-
tions). Furthermore, it is more compact than the LDG scheme and is simpler in
formulation and coding.

In this work, we will first present the optimal error estimate of the semi-discrete
UWDG scheme for solving one-dimensional drift-diffusion model with periodic
boundary condition. The main technique is a special projection to be defined
following from [11]. The projection can eliminate the projection errors involved in
the diffusion part, but not eliminate the projection errors involved in the nonlin-
earity part. To avoid losing accuracy, we use a priori assumption to obtain optimal
error estimate for the semi-discrete UWDG scheme. In practice, the DD model of
semiconductor devices is described with Dirichlet boundary condition, so we also
perform the error estimate of UWDG method with Dirichlet types. Furthermore,
the error estimate for the third-order fully discrete explicit TVD RK-UWDG for-
mat will be analysed. The interaction of different intermediate time layers in the
explicit TVDRK method renders the theoretical analysis of full discretisation con-
siderably more challenging than that of semi-discretisation.

The organization of the paper is as follows. In Section 2, we present the discrete
format of the UWDG method for solving the one-dimensional DD model. In Sec-
tion 3, we describe the corresponding projection. Optimal L? error estimation of
the semi-discrete UWDG scheme is derived in Section 4. In Section 5, we obtain
the error estimate of the UWDG scheme for the DD model with Dirichlet boundary
conditions. In Section 6, we present a fully discrete third-order RK-UWDG format
and derive optimal L? error estimate. Simulation results are presented in Section
7. Concluding remarks and a plan for future work are given in Section 8.

2. The DD model and the semi-discrete UWDG scheme

In this section, we consider the following DD model
(4) ng — (uEn)y — 7004, = 0,
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(5a) bur = —(n —na),
(5b) E = —¢q,

where z € (0,1), e, u and € are the electron charge, the mobility and the dielectric
permittivity, respectively. 7 = = is the relaxation parameter, 0 = %TO, m and k
are the effective electron mass and the Boltzmann constant, respectively. T} is the
lattice temperature and ng is the doping function as the initial value. The electron
concentration n has a periodic boundary condition and satisfies the given initial
conditions n(x,0) = ng(x). We will also consider Dirichlet boundary condition for
(4) in Section 5. The electric field E and the electric potential ¢ has the Dirichlet
boundary conditions:

¢(Ov t) = 07 ¢(17 t) = Ubias-

For computational domain I = (0, 1), the grid is divided into N parts consisting
of cells I; = (:zrj_%,xﬁ%), for j =1,..., N, where

0= T1<r3<.<Tyil = 1.
We denote

1
szSljl_pAgcj7 xj=2( Ti_1+x51).

We define a finite element space consisting of piecewise polynomials
Vi ={v |, € P*(I;),5=1,2,..,N},

where P*(I;) denotes the set of polynomials of degree up to k defined on the cell I;.
Both the numerical solution and the test functions will come from V}¥. Note that in
Vk, the functions are allowed to have jumps at the interfaces  ; il . Moreover, both
the mesh sizes Az; and the degree of polynomials k£ can be changed from element
to element freely, thus allowing for h-p adaptivity easily.
For Yo, € V,f, we denote
+ _ + _F N -
Vpjrt = vh(ijr%), [op] = v —v,, Tp = §(vh + v, ),

where [v;] and 7}, are the jump and the mean value, respectively. We denote by
C a generic positive constant independent of h, which may depend on the exact
solution and its derivatives. The value of C' may differ in each case.
__ Since the boundary condition of ¢ is not periodic, we treat it as following. Let
¢ be the solution of

%xx = Qpe = %(TL - nd)
¢(0,t) =0, ¢ 1is periodic on the boundary.

We can easily check that ¢ = 5—1— Vpiasl, B = E— Vbias = —(Ew — Upias- OiNce (E is
periodic, we have F is periodic, and then FE is periodic.

The UWDG method is used exclusively for spatial discretisation of the drift-
diffusion equation (4). In order to facilitate the analysis of (5a)-(5b), we make use
of continuous methods, such as the finite element method and the direct integration
method, etc. Here, we use the direct integration method.
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Multiplying equation (4) by test function v € V,f, and integrating by parts for
all terms involving a spatial derivative arrive at

/ nwdx + / wEnv, de — u(En)j_F%Uj_Jrl +u(En),; - vt
I I

1
) 2 2 -3
J J
_ ) - _ ) +
/Irﬁnvlwdx+79nj+%vx,j+% Tﬁn]_%vz 1
i
_ _ - _ +
(6) Tenm+%vj+% +70nx,j,%vj_% =0,

(7) E, = —S(n—nd).

Replacing the exact solution n and E in the above equations by their numerical
approximations ny and Ej in Vh’“, noticing that the numerical solutions n;, is not
continuous on the cell boundaries, then replacing terms on the cell boundaries by
suitable numerical fluxes, we obtain the UWDG scheme:

—_— _ —_— +
(nh)tv dx + wEpnpv, dx — H(Ehnh)j—l-%ijrl + u(Ehnh)j_%vjil
/I‘ 70NV, d + Tth7j+%vz’j+% Tﬁnm_%vz’ 1
J
(8) — T@ﬁh’w’ﬂ%v;% + Tﬂﬁh@’jiév;ﬁ_% =0,

(9) Ey . = Eh,m = *g(’ﬂh —ng),
(10) E, = Eh — Upias = / _z(nh —ng)ds + Ey — Vbigs,
0

where Ey = E,(0) = fol (fom —¢(np —ng)ds)dz. The “hat” and “tilde” terms are
the numerical fluxes. We choose the flux, i.e.,

(11) Ah =1y, e =g, + A,
(12) Ennn = min(Ey, 0)(n;,) + maz(Ey, 0)(n}),

where \ = %, Cy is a positive constant independent h, see numerical experiments
for more details.

Remark 2.1. The “—” and “+” of (11) can be reversed as follows:
(13) Ah =1y, Thg =m0, + M.
3. Preliminaries

In this paper, we use the norms in the Sobolev space as usual. Let p be a function.
The L? norm is ||p|| = (f; [p(2)[? dz)z, and L™ norm is ||plec = maxzes [p(z)].
Denote ||p||re(0,1;02) = mazo<i<r||pl|- I'n denotes the set of boundary points of

all clements 1; and [[plr, = [, ((p(a, ) + ()]

3.1. Projection and interpolation properties. In what follows, we will con-
sider the special projection of a function n with k + 1 continuous derivatives into
space V}f, denoted by P, i.e., for each j,

(14a) /1 (Pn(z) — n(x))v(z)de =0, Yo PF2(1;),
(14D) Pala;-1) = nlz;-3),
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(14c) (Pn)z(xj+%) an(xj+%),

where ﬁl and 7571; are defined in the same manner as the definition of numerical
flux in (11):

ﬁl(l‘j_%) = Pn(x;'_%), (Pn)e(z;, 1) = (Pn)w(x;r%) + AlPn(z;, )]

Lemma 3.1. P s a local projection.

Proof. We rewrite (14b) as

(15) n(z;_1) :Pn(x;l).
Using the result of (15), we rewrite (14c) as

1 _ 1 _
(16) n(‘rJJr%) - Xnﬂ?(x]Jr%) = P?’L(.%‘J+%) - X(,Pn)ﬂ?(x_ﬁ_%)?

which implies (14b)-(14c) can be locally decoupled, so P is a local projection!'?). [
Lemma 3.2. 'Y The projection P exists uniquely and has the following approzi-
mation property:

(17) Il +R=|ln]r, < CREF,

where n = Pn — n. The positive constant C, solely depending on u, is independent

of h.

3.2. Inverse properties. We list some inverse properties (see [12]) of the finite
element space th that will be used in our error analysis. For any v € V,{“7 there
exists positive constant C'; independent of v and h, such that

. _ iy _1 _d
(18)  @vell < Cra7 Mol (@)vllr, < Crh™Z|oll,  (@d)|v]lee < Crh™% 0],
where d is the spatial dimension. In our case d = 1.

4. Error estimate

In this section, we will obtain the optimal error estimate of the semi-discrete
UWDG scheme by the special projection and the a priori assumption.

Theorem 4.1. Letn and ny, be the exact solution to (6) and the numerical solution
to the semi-discrete UWDG scheme (8), respectively. If the finite element space V}f
is the piecewise polynomials of degree k > 1, then for small enough h there holds
the following error estimate:

(19) In = nall Lo 0,m302) < CHFTY,

where the constant C' depends on the final time T', k, ||n|| Lo 0,1;22)s |72 loos |1 E|lso
and || Byl s -

Proof. Taking the difference of (6) and (8), we have the following error equation

/ (n—np)vdx + / w(En — Epnpg)v, de — p(En — Ehnh)j+%vj;1

1; I; 2
+ pu(En — Ehnh)j_%v;:% — / TO(n — np )z, da
1
+70(n — nh)ﬁ%v;H% 70(n — ﬁﬁ)]_%v;j_%
(20) —70(ne — Nha)jr1v 1 +70(ng —%)]7%vj_% =0.
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We write the error e = n — ny, £ = Pn — np, n = Pn — n, obviously, e = £ — n,
(E—n)T =& —nt, (E—n); =& —n; . Choosing v = ¢ € V¥ in the error equation
(20), we have

/ (€ —mn)&da + / w(En — Exng)&e do — p(En — Em\h)ﬁ%g#
I; I 2

M(En - E/hn\h)j—%f;r_ 1 / 7—0(5 - 77)§m dz

3 I
(21) —TONE — 77]j+%§j_+% +70(€ — 77)%7 15 ~1 —|— TONE — ]j—ffj_
Using integration by parts and the special projection (14a)-(14c), to obtain
/ (& —n)&da + / ((En — Epng)&y da — p(En — fhn\h)ﬂ%@;%
I; I;

(B0 = B, g5, + [ 706
I;

+ et + ot
—7-0§+1§H+1+7'0£ 1§ . 1—|—7’0§+1§m]+1—7'05].7%5967].7%
(22) 79§_J+1 1T TH)\[f]j+%§j+% +T9€m,j—%§;_—% +7’9/\[£]j_%£f_% =0.

Summing over j, and using the periodic boundary condition, we get

/ftgdx —/ntfdx—i—z / (En — Epnp)&, da

(B = B 467,y = (B = By 467 )+ (=0 [ (&

2

N

_2ZTe 16y — D TONERL)

j=1
(23) = ZT

Next, we estimate T;(¢ = 1,2,3) term by term. From the property (17) of the
projection and the Schwartz inequality, we can get

T = /ﬁtfdx
I
<C/(nt)2dx+C/§2dx
I I
(24) < Ch*H2 1+ Cllg?.
About the term T3 of (23), we have
N
T = Z(— / ;,L(En — Epnp )&, dx + M(En — Ehnh)j+%§;+%

j=1 I;
— p(En — Bumn);_y €5 )

N N
@) =3 [ B = En)éeda+ Y p(Erm — B4 €
j=11i j=1
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For convenience and noticing that E}, is continuous at cell interfaces, we denote
(26) Ennn, = Epng, = min(Ey, 0)(n,) + maz(Ey,0)(n)).

Therefore, T can be expressed as

T, = Z/ (Epnp — En)é, dz + ZM Ennp — En)j 1 [€]41

Jj=1

= Z/ (Epnp — Epn + Epn — En)é, do

j=1

—+ Z ,U, Ehnh — Epn+ Epn — En)]+ [5] i+3

—Z/ uEhnh—n@dx—t—Z/ (Ep — EYné, dx

+ ZuEh,ﬁ%(ﬁ; lj+1 + ZN Ep = E)jpan1léljg
j=1

o~

N
Z/ wEnR(n — f)fzdx+ZNEhg+ ( g)j+%[€]j+%
j=1 j j=1
JrX:/I p(En — E)né, deFZN(Eh - E)j+%nj+%[§]j+%
=171 i=1
JN . J _
—Z/jluEh&xdx—ZuEm 1 16sy)
+Z,UE}LJ+ 77j+ j+1 +Z/ pERNE, dx
1
" N
+ (Z/} w(En — E)né, deJrZM(Eh —E)jpangalélia)
j=171 j=1

4
27) =) Tu,
i=1

where £ = ¢+ and 7 = n*(E,>0), €
the terms Ty;(i = 1,2, 3,4).
First we make the a priori assumption

&, %]\\ = 5~ (otherwise). Next we estimate

(28) [n —nnl <h

which implies that ||ng]|[|cc < C, ||Ehzlloc < C and ||Ehllec < C. We will justify
(28) later. Using integration by parts, noting the denotation of E, we have

N N ~
To1 = — Z/ WERES, da — Z :UEh,j-&-%fj—i-% [g]j-i-%
j=1 I; j=1
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1 z
:_52/{”&, dx—ZMEh] 16541 €l541
72 / pER & da + 5 Z“Ehd+

- Z/J’Eh j+1£j+ [g]

j=1
1 1
(29) =5 / PENE Az — 5 By a6 -
j=171 =1

Noting that Zj\]:l M\Eh)jJr%Hf]?_‘_% > 0, we have

N
1
T <f§ Ep, .£%d
21 2j_1/1jl$ h,a§” dT

1
e
(30) < CelP,
where C' is dependent on |1z |loos [|72lloos | Ezllco and || Fl|co-

Using Young’s inequality and (17), we get

N
Ty =) 1By 37y43 (54
j=1

_ N
€

<Ch|n|t, + EE B il J+%
=

~ N
€
(31) SCR*M*2 4 5% il By 3|17 -
=
~__ 76
Let € = m, we ha,Ve
70
(32) Ty < CRPFH2 4 T - [g]? 1

Next, using Young’s inequality, (17) and || E} || < C, to obtain

N
Tos =) / pEpng, dz
j=171i
N
<|Z/ pEnE, dz|
j=1"1%i

c 2 1 2
gi o ISz
Slnli? + Sl |

1
(33) SCR*F2 4 |l
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Then, we estimate T54. Using integration by parts, we obtain

N N
Toy :(Z/I w(En — E)né, dv + Z 1(En — E)jJr%anr% [f]jJr%)
=171 j=1

N N

:_Z/I u((Eh_E)n)x§d$+ZN((Eh_E)n)jJr%f];%
J=174 j=1
N N
_ZN((Eh_E)”)j—§§j+,% + U(Eh—E)j+1”j+l[§]]+%
J=1 J=1
N
== p((En = E)n)o€ de
N N
= wBr—E)jiaini 1€+ > (B — E)jiang i 1l€]i
j=1 j=1

(34) }Z/ ((Bw — E)n),€ da.

Using Schwartz inequality and Young’s inequality, to get

Ty = - Z/ (En — E)n)t da
_—Z/I‘u(Ehyx—Ex)nfdx—iv:/llu(Eh—E)”xgdlﬂ
?/ n—nhnﬁdx—l—zeﬂ/ / np —n)ds)ng€ dz

I;

7/ (n— 5nfdx+§j // (n— €) ds)n,é da

= I

<CH77H2 +Cl¢l?

231

+CZ€”/ / %nxfdx—&—Czeu/ / 2ds)n,tdz

(35)  <Clnl* + gl < Ch?**2 1 O|ig|1*.
Substituting (30), (32), (33) and (35) into (27), we obtain

N
1 70
2k+42 2 2 2
(36) T, < Ch™ = + ClE]I” + 5”51“ T 1[€]j+%'
i=
Finally, we estimate T3. Using Young’s inequality, we get
N N
Ty =— 79/ (&)2dz — 2 Zm[g]ﬁég;ﬁ% — > TONES,
I , ,
j=1 j=1

N
<=0 [ (&) o > rololel}yy + =) - o,
<
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NG X
(37) <—T9/(€I)2 da?—&—ZTHiﬁ_E —ZT@(A—U)[&}?_,'_l.
I j=1 g j=1 ’
Using the definition of boundary norm and the inverse property, we obtain
N
Y5 <ll&lIR,
j=1
Ch s O 9
<=L it 1
(39) <plelr =5 [ @) as
Then we have
c N
1 2 2
(39) T <o 1) [ () o 3700 =0Vl
Combining (36) and (39) gets
N
Ch 1 1
T+ Ty <0 =143 [ (€ de =30 r00 -0 = DI,
j=1
(40) + CR*F 2 4 C|¢).
Let 0 = % to obtain
N
2C1 +1
(41) Ty + T5 < OB 4 O[E1P = D _rb(A = =) I€)7, -

j=1
Letting Cy = 2C1 + 1, we get
(42) Ty + T3 < Ch22 1 Ol¢)2.
Substituting (24) and (42) into (23), we have

d
(43) @/152 dz < CR**2 4 Cl¢|%.

Using the Gronwall’s inequality, we obtain
(44) €]l L (0,7:12) < CREFY

From the above inequality (44) and the property of the projection (17), we get the
error estimate (19).

The following is to verify the a priori assumption (28) to complete the proof.
For k > 1, we consider A small enough so that Chk+1<%h, where C is the constant
in (19) determined by the final time 7. Then if t* = sup{t : ||n(t) — nx(¢)|| < h},
we should have ||n(t*) — np(¢*)|| = h by continuity if ¢* is finite. On the other
hand, our proof implies that (19) holds for ¢ < ¢*, in particular ||n(t*) — np(t*)]] <
C’hk+1<%h<h. This is a contradiction if t* < T'. Hence t* > T and the assumption
(28) is correct. O

5. Error estimates of the UWDG method with Dirichlet boundary con-
ditions
In practice, the DD model of semiconductor devices is described with Dirichlet
boundary condition. Therefore, we will discuss the error estimate of the UWDG

method with Dirichlet types in this section.
The Dirichlet boundary condition is

(45) n(0,t) =n;, n(l,t) =n,,
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(46) ¢(Oa t) = 07 ¢(17 t) = Ubias-

The semi-discrete UWDG scheme is the same as (8), except that the fluxes nh
and n/ should be changed at one of the boundaries to take care of the Dirichlet

boundary condition. We choose the fluxes for nh and ngé similarly to (11) as the
following

(ﬁ)% = (nh)% = ny, (,ﬁ;)]_% = (n;—t)j—la ] = 27 aNa
(ﬁ\h)N+% = (”Z)J\u% = Ny,
(Mh2)y = (ng,,)1 + Alnaly,

(47) (Mha)j—r = (g .)j—1 T Alal;m1, 7=2,., N+ 1.

The flux E/hn\h is the same as before. Then we get the following error estimate.

Theorem 5.1. Let n be the exact solution to (6). Let ny, be the numerical solution
to the semi-discrete UWDG scheme (8), and choose the fluzes of the nj and np, 4
as (47). If the finite element space V¥ is the piecewise polynomials of degree k > 1,
then for small enough h there holds the following error estimate:

(48) ||n_nhHLoo(0TL2) Chk+1

where the constant C depends on the final time T', k, [|n|| L0, 1;22)5 1Nz ]loos |1 E]loo
and || Ex|loo -

Proof. Taking the difference of (6) and (8), we get the same error equation (20).
Taking the flux (47) and still choosing v = &£, by the projection (14a)-(14c) and
(n—ﬁﬁ)% =0, (n—ﬁﬁ)N+% = 0, we have

[ e=nngas [ B Bum)esds — u(Bn - B, 6,
I; I; 2

T u(En — Bpnn); 56", - / POEE s du  T0EE 6L~ TOET €Y
(19) —706 6 — Tex[g]ﬂégﬂé 06,68 +TONE] €, =0,

forj=2,...., N —1, and

[ €=migaas [ u(Bn- Bumieo do - u(Bn - Bumnye

I Iy
+ 1(En — Bynn) 16§ — / 706600 da + TOSLE,
I
(0) e 46 —mONElyEy +rO(E — )} L €] +ONE — ]yl =0,

and

/(f—n)tfdx—i—/ w(En — Epnp)&, da — (En—Ehnh)N+1§N+1

IN IN

+ /’L(En - Ehnh)Nféfj\}_% _/ Teé—é—ww dm - THEN lé-x N— 1 Teé—x N+1£N+1

In
(51)
—TONE] w1 L +TOE L EE L TONE 168 L =0.
N+3SN+1 z,N-35N-1 N-35N-1
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Using integration by parts and summing over j from 1 and N, we get

/Iftﬁdx:/lmfdx

N
+ > (= | w(En—Eyng)é, dx

+p(En = Epnn) 165, 0 — p(Bn — Epnp) ;167 1)

N
+Y (- /Tagm Ao+ 706,60 — 08,0y
j=1

- - - - + +
+ 705;%52 =708, &7 + 7O &7 + TOAI] €L

+Z (=708 1€, ooy H 7060 180 ) = TOELE L + 7Oy (&S

(52) = T1 =+ T2 =+ T3.
We analyze T and T3 as before. For T3, to obtain
N
Ty = E:I(— /1 79(595)2 dx + 79§;+%§;j+ 79§+ 1§+7J+2
Jj= J
- - - - + +

+ 706, &7 — O8] &7 + 700 (&L + TOA] LT
T,5 75 x,5°% Z,5°35 2735

Y (ST L6 TOET 6 ) —TOETE s+ TOEY (€T
j=2

N
— [0 dat D 2004~ TONEE, )
j=1

(53) = 27067 &1 Ot €8 — TON(ED).
2 2 12 2 2
Using Schwartz inequality and Young’s inequality, we get
7 [ (&) ar + § :Ta (E;)?+%) - §N279A[g]2
e % o - its
j=

+ 2
+79(% +o(e])? )+ Ch2k+2 4 Te(g )2 — rOA(ET)?

gffe/ &) dx+z 9 j*? 279 3

+ N2
z,1 1
(54) + 70(—2— + Ch*2 — 70\ — 0 — 5)(gj)?
2
Using the definition of boundary norm and the inverse property, to obtain
N

Do+ €D <IGIR,

j=1
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(55) Hfmﬂz (fm)
Next, we get

T5 <76 (——1)/ &) dx—ZT@ J+1
(56) L OR o\ — o — %)@)2.

Combining (36) and (56) obtains

Tyt Ta <ro(t ~ 14 3) [ (€2 dx—Zre (=0~ DL,y

1

(57) + CR?P2 4 Colgl|* = 70(A = 0 = 5)(€])*
Let 0 = %, then
(58)
N 207 + 1 1
1
Ty +Ts5 < Ch*F2 4 Cll¢|lP = > r0(A - - )ElF s =N — 0 — 5)(5;)2

j=1

Letting Cy = 2C7 + 1, we get

(59) Ty +T5 < CR*F2 + C|I€12.
Substituting (24) and (59) into (52), we have

d
(60) p /5 dz < CR* 2+ C|i€)2.
Using the Gronwall’s inequality, we obtain
(61) 1€l o< 0,152y < ChM L,

From the above inequality (61) and the property of the projection (17), we get the
error estimate (48).
O

6. TVD Rung-Kutta fully discrete UWDG schemes and error estimate

First, we rewrite (8) in the following variation form:

(62) ((nn)t,v); = Hj(Epnn, v) + Lj(np, v),
where
(63) Hj(Epnp,v) =— /1 pEpnpv, dr + U(Ehnh)j+%vj_+% - #(Ehnh)j_%v;l%,

L;(np,v) :/ TONL VL dT — Tﬂﬁh7j+%1);j+l + Tﬁﬁh,j_%U:F%

1, , ,

64 + 76N v,
h VT, J+ 5

—~ +
i+l — 70Ny 1 v

1-
2

For convenience of analysis, we denote

N
:Z(uv

j=1
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which is the inner product in L2(I). Let H(-,-) = Z;\f:l Hi(e ), L(,) = Zjvzl Li(-,).
After summing over j = 1,2,..., N in the variation formulation (62), we get the

semi-discrete UWDG scheme in the form:
(65) ((np)e,v) = H(Epnp,v) + L(ng, v).

6.1. TVD Rung-Kutta fully discrete UWDG scheme. In this section, we
would like to adopt the third-order TVDRK method [13] to update the semi-discrete
UWDG scheme (62).

Let {t™ = mAt}¥_, be the uniform partition of the time interval [0, 7], here
At is time step. Given n}*, we can get E;* and ¢j', then we find the numerical
solution at the next level #™+!, through several intermediate stages t™ !, by the
following TVDRK methods.

The explicit third order TVD RK-UWDG scheme is: Find the numerical solution

n" ™ € ViF, such that

(ny' 1 v1)r, =(ng', v, + AHG(Eng v1) + AtL;(ng, v1),
(nZL2 v2)1, :%(nhm,vg)lj + i(nzn’l,”ﬁfj
+ iAt?—lj(E}T’lnzn’l,vg) + iAt[,j(nZl’lwg),
(np ™, v3)1, =g (', vs)r, + ;( % vs),
(66) + %At?—l (B2 vg) + %Atcj(n;l“,vg),

for 5 =1,..., N and arbitrary vy, vs,v3 € V;f.
The direct integration method of the electric potential equation is: Find E,T’l, (bZL’l €
Vik, such that

By = By = ——(np"" = na)
m,l _ 7m,l _ Toe m,l m,l
(67) Eh = Eh — Ubias = / _g(nh - nd) ds + E() — Ubias)
0
where Byt = EN0) = [ (T —¢(npt —ng)ds)dz, for j = 1,..,N and | =

0,1,2, u™0 = u™ (u = Eh or ny).
6.2. Error estimate.

Lemma 6.1. ' For any u,v € V}f, there holds

(68) L(u,v) = L(v,u).

Lemma 6.2. 2% For any u € V¥, if A\ > S, there holds

(69) L(u,u) < 0.

Lemma 6.3. 'Y For any u € V¥, if Co > 3 + 2C4, there hold
N

(10) L) <~ (el + S0 B2,

J=1

2
(71) l|lug||* + Zh J+2 < T—E(wu).
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Theorem 6.1. Let n™ be the exact solution to (6) at time level m, which is smooth
with bounded derivatives. Let n}® be the numerical solution to the ewxplicit third
order TVD RK-UWDG scheme (66). If the finite element space V}f is the piecewise
polynomials of degree k > 1, then for small enough h there holds the following error
estimates:

(72) In = nnll L o,rp2) < C(RFT 4+ A),

where the constant C' depends on the final time T', k, ||n|| Lo 0,1;2)s |72 loos |1 E|lso
and || Ez|oo-

Proof. The proof of this Theorem can be found in the Appendix A.1. ([

7. Numerical experiments for the DD model

In this section, we combine the third-order TVDRK method3! for the time
discretization with the UWDG method for the spatial discretisation to solve a one-
dimensional DD model. We choose locally orthogonal Legendre polynomial basis
over I; = (xj_%,acj+%),

1
Az?

W@ =1, @) =z-z;, @)= (-1~ A,

The numerical solution can be written as
k
nn(z,t) = > ul (W (@), @ el
1=0

We use the L? projection for initial value discretisation. Additionally, for A = %
in (11), we take Cy = 10 in our numerical experiments. Here, we take At = 0.06h>
for numerical stability.
Example 1 (The accuracy test). Let I = [0,27], J € [0,1], we consider the
following coupled equations with periodic boundary condition
ny — (En)w — Nggy = f(LU,t),
(bxac =n—- g(xat)v
where f(z,t) and g(x,t) are suitably chosen such that the exact solutions are
n=2-e)cosx, wcl,tcl,
¢ =elcosx.
Table 1 shows that the convergence rates of errors in L>°-norm and L?-norm attain
k+1 order of accuracy.

Example 2 (Convection-dominated Problem). Let I = [0,2x], J € [0, 1], we
consider the following coupled equations with Dirichlet boundary condition

ng — (En)y — eng, = f(x,t),
bzz =1 — g(,t),
where f(z,t) and g(x,t) are suitably chosen such that the exact solutions are
n=sinzxcost, x €l teJ,
¢ = cosxsint.

Table 2 and 3 show that the convergence rates of errors in L>®-norm and L?-norm
attain k+1 order of accuracy. This example illustrates that the UWDG method
can solve the convection-dominated problem efficiently.

Example 3 (Semiconductor Device Simulation). We simulate the DD model
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TABLE 1. The errors and orders of L> and L? norms for Example 1.

N L>®-error order  L2-error  order
10 4.4205E-02 - 7.0326E-02 -
20 1.2009E-02 1.88 1.8155E-02 1.95
pl 40 3.0501E-03 1.98 4.6321E-03 1.97
80 7.6952E-04 1.99 1.1710E-03 1.98
160 1.9331E-04 1.99 2.9447E-04 1.99
10 2.4962E-03 - 3.8005E-03 -
20 3.1027E-04 3.01 5.0752E-04 2.91
P2 40 3.8928E-05 2.99 6.5908E-05 2.95
80 4.8549E-06 3.00 8.4005E-06 2.97
160 6.0565E-07 3.00 1.0604E-06 2.99

TABLE 2. The errors and orders of L> and L? norms for Example
2 with e = 1076,

N L*>®-error  order  L2-error  order
10 4.9630E-02 - 7.1574E-02 -
20 9.8705E-03 2.33 1.5197E-02 2.24
plr 40 23071E-03 2.10 3.3619E-03 2.18
80 5.3977E-04 2.10 7.8711E-04 2.09
160 1.3282E-04 2.02 1.9050E-04 2.05
10 2.5942E-03 - 4.1789E-03 -
20 3.0507E-04 3.09 3.6859E-04 3.50
P2 40 3.8902E-05 2.97 3.8588E-05 3.26
80 4.9019E-06 2.99 4.3548E-06 3.15
160 6.1851E-07 2.99 5.1454E-07 3.08

with a length of 0.6m and a doping in Figure 1 defined by ng =5 x 10'7e¢m ™3 in

[0,0.1] and [0.5,0.6] and ng = 2 x 10%e¢m ™3 in [0.15,0.45], and a smooth transition
in between. The lattice temperature is taken as Ty = 300° K. The electron effective
mass m = 0.26 x 0.9109 x 10~3'kg, the electron charge e = 0.1602, the mobility
p = 0.75, the dielectric constant ¢ = 11.7 x 8.85418, and Boltzmann constant
k = 0.138x10~%. The boundary conditions are given as follows: ¢ = ¢y = kTTln(Z—f)
at the left boundary, with n; = 1.4 x 10%cm ™3, ¢ = ¢¢ + Vpias With the voltage
drop wvpies = 1.5 at the right boundary for the potential; T' = 300°K at both
boundaries for the temperature; and n = 5 x 107em ™2 at both boundaries for the
concentration. The results are compared with those obtained by the LDG method
[5].

Figure 2 shows numerical results for the electron concentration n, the electric
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TABLE 3. The errors and orders of L> and L? norms for Example
2 with € = 1077,

N L>®-error  order  L2-error  order
10 4.9630E-02 - 7.1575E-02 -
20 9.8707E-03 2.33 1.5197E-02 2.24
pr 40 23072E-03 2.10 3.3620E-03 2.18
80 5.3978E-04 2.10 7.8713E-04 2.09
160 1.3282E-04 2.02 1.9051E-04 2.05
10 2.5943E-03 - 4.1894E-03 -
20 3.0505E-04 3.09 3.6882E-04 3.51
P2 40 3.8882E-05 2.97 3.8597E-05 3.26
80 4.8907E-06 2.99 4.3553E-06 3.15
160 6.1278E-07 3.00 5.1431E-07 3.08

@n

n/(10'2.em3)

O UWDG!

LDG

FIGURE 1. Doping ng.

E/(V/um)

A & N

(b)E

0 0.1 02 0.3
xpm
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02

03
xlpm

0.4

05 06 0

0.1 0.2 03 0.4 05 0.6
xium

FIGURE 2. [0,0.6] with 100 mesh cell. (a) density n; (b) electric
field E; (c) potential ¢.
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field FE and the electric potential ¢ under UWDG and LDG discretization. At the
point of reaching the steady state at ¢t = 0.4945s, Figure 1 (a) shows the numerical
result of the electron concentration n using UWDG and LDG discretization, while
Figure 1 (b) and (c) show the numerical results of the electric field E and the
electric potential ¢, respectively. The results from both methods are consistent and



240 X. DING, F. GAO, AND Y. LIU

TABLE 4. The CPU time of UWDG method and LDG method.

N 40 80 100 160 200

UWDG Time/s 212 13.10 22.48 116.04 149.64
LDG Time/s 2,51 15.00 31.06 150.48 186.45

as expected. Table 4 shows the CPU time for both methods. The UWDG method
requires a CPU time comparable to that of the LDG method, but has the advantage
of not requiring additional variables and having a simpler structure. Therefore, it
is a reliable tool for studying the numerical simulation of various semiconductor
models.

8. Concluding remarks and future work

In this paper, we utilize the UWDG method to solve the one-dimensional DD
model, in which both the first derivative convection term and the second derivative
diffusion term exist. For the Dirichlet and periodic boundary conditions, we obtain
optimal error estimates in L2-norm for the electron concentration n by means of a
special projection and a priori assumption. We also present optimal error estimate
for the third order fully discrete RK-UWDG scheme. Numerical experiments are
presented to demonstrate the accuracy of the RK-UWDG method and confirm
our theoretical analysis. In particular, for the DD model with Dirichlet boundary
condition, the practical numerical simulation is performed and compared with that
of the LDG method. This method does not require the introduction of auxiliary
variable and can get similar results to the LDG method. In future work, we aim
to apply this method to other semiconductor models, such as the energy transport
model and the hydrodynamic model.

Appendix A. Appendix
A.1. Proof of Theorem 6.1. First, we rewrite the scheme (66) as

(ny' — ny', v, = AtH;(ERng',v1) + AtLi(ng', v1),

(4nZL’2 —3ny — n;“’l, Vo)1, = At?—[j(E,:n’lnzn’l, va) + AtLj(ny 1 v3),
(A1) Gt — Soft =l ug)s, = A (B0, 05) + AL (12, v3),
To get the error equation of the explicit third order TVD RK-UWDG scheme, we
rewrite (6) at the time level m as the following:

(™' —n™ vy), = AtH;(E™n™, v1) + AtL;(n™, v1),

(4n™?% — 3p™ — nm’l,vg)jj = AtH;(E™n™ vg) + AtL;(n™1, vy),
1

(inmJrl — §nm — nm’2,113)1j = At?{j(Em’2nm’2, v3) + Atﬁj(nm’Z,vg,)

(A.2) + (¢, v3),

where (™ is the truncation error and [|(™] < C(At)*.
We rewrite the error e™ = n™ — n};® = {™ — ™, where {™ = Pn™ — n}’,
n™ = Pn™ — n™. Taking the difference of (A.2) and (A.1), we get the following
error equations
(€™t =™ ) = (™ =™, o) + AtH;(E™ 0™ — Ej'ngt,vr)
+ At‘cj(ém - 77m7 Ul)a



A FULLY DISCRETE UWDGM FOR DD MODEL OF SEMICONDUCTOR DEVICES 241

(4§m,2 _ 3€m _ Em,lva)Ij _ (4nm,2 o 377m . T]m71’7)2)1j
+ AH(E™ ™ — Bt vg) + AL (€™ — 0™ vy),
1 1

m m 3 m m m
55 S ’2,03)1]-:(577 +1—77 —577 ’2703)1j

(A.3)  + AtH,;(E™*n™? — E,T’anlg, v3) + ALL(E™2 — ™2 vg) + (C™, v3),
Using the projection (14a)-(14c), choosing v1 = £™, vg = ™1 w3 = 46™2 in (A.3),
we have

(€t —em e = (™ =™, M), + AtH;(E™n™ — Ef'ng, €M)

+ AtL;(E™, €M),

(46™2 = 3™ — gmL ) = (4™ — 3 — g e

+ AL (BT = Bt ) £ AL (67 €,
%5”‘ — M2 A = (gnm+1 —n™ - %nm’z, 4g™?)
(Ad)  + AtH;(E™>n™2 — B n)m? 4€™2) 4 AtL;(€™2,46™2) + (¢™, 46™2),
Summing the above equations and summing over j, we get

3H§m+1||2 _ 3||§m||2 :{<nm,1 _ nm7£m> 4 (477m,2 _ 3nm _ nm,l,gm,l)

L 4 (7 4E7))

+H{BEM g g -2 4 g

+ (267 — g - g 2 =g g™}

+ AH{H(E™ ™ — Epny, €7) + LE™, €M)

+H(E™ ™ = Bttt et 4 L(gm! )

+H(E™2 ™2 — B ingn? 4gm?) 4 L(E™2,46™2))
(A.5) =T + T + T3.

3m1
(5em -

3ml
(Gem+t -

Now we estimate T; term by term. From the property (17) of the projection and
the Schwartz inequality, we have

(A6) Ty < CAtAPHZ L CAH(le™22 + €2 + [|E™2) + (AL,
For the convenience of analysis, we denote
Giu™ = u™t —u™,
Gou™ = 2u™?% — ™1 — ™,
(A.7) Gau™ = u™ " — 2¢™2 ™,
for any function u. With these notations, we rewrite Ts as
Ty =3(£™F — g™, em T —26™2 4 ¢™)
(26 gl g 2em™? — gt — g
=(26™7 — gl — g™, 262 — gl — g™
+3(EmT - 2™ gm e €M)
+3(EmH —2em2 g 2em™? — gl — g™
+3(EMT 2™ 4 g g - 26 )
= — (G28™,G28™) + 2(G28™, G26™) + 3(G3E™, G1€™)
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+3(G3€™, G2€™) + 3(G5€™, G5€™)
(AS) = — ||G2€mH2+Sl + S5+ S35+ S4.
Using the projection (14a)-(14c) and summing over j, we rewrite (A.3) as

(G1€™,v1) =(G1n™,v1) + AtH(E™n™ — Ef'ni’ v1) + AtL(E™, v1),
@fmmq@mmmémw@wmw—mwn@

+ %Atﬁ(G1§7'L7U2),
(@@mm:mw%%HéAmmwy%m—m%mmg

1
(A.9) + gAtﬁ(Gggm, vg) + (¢, v3),
Choosing vy = G2&™ in (A.9), we rewrite Sy as
S1 =2(G26™,G2E™)
:2(G277m, G2§m) + AtH(Gl (Emnm — E;’:’thm), Ggfm)
(A.10) + ALL(GLE™, GoE™).

Similarly, choosing v3 = G1£™, G2&™, G3£™ respectively in (A.9), we rewrite S, S3
and Sy as

Sz =3(Gsn™, G1&™) + AtH(Go(E™n™ — Ej'ny'), G1&™)
+ ALL(G2E™?,G1E™) + (¢, GiE™)
S =3(Gan™, G2&™) + AtH(G2(E™n™ — Ei'np'), G2£™)
+ ALL(GoE™?, Go€™) + (¢, GoE™)
Ss =3(Gsn™, G3E™) + AtH(G2(E™n™ — Ei'np'), Gs&™)
(A.11) + ALL(G2E™?, G5€™) + (¢, GsE™)
We denote
S14 52 + 853 ={2(Gan™, G2£™) + 3(Gan™, G1€™) + 3(Gan™, G2€™)
(" GIE™) + (¢, GaE™)} + {ATH(GL (™0™ — B, Gat™)
+ ALL(GLE™!, Go™) + ALH(G2(E™n™ — Ejtny), G1E™)
+ ALL(Go€™?, G1E™) + AtH(Go(E™n™ — E'ni"), Go£™)
+ ALL(GoE™?, Go™)}
(A.12) =:Q1 + Q2.
Using the projection (17), Young’s inequality and Schwartz’s inequality, we get
Q1 =2(G2n™, G2€™) + 3(Gsn™, G1§™) + 3(Gan™, G2£™)
+ (¢, G1E™) + (¢, G2E™)
(A.13) SCAth* 2 4+ CAL([l€™2|* + [lg™H|1* + [1€™]1%) + C(At)T.
About the first term of Q2, by (25)-(26), we have
AtH(G1(E™n™ — Ei'npt), G2&™)

:At/uGl (Efny — E™n™)(Ga€™), da
I
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N
+ ALY pGiUE R — E™n) 1 [GaE™]
j=1
=At / pG1(Enyt — Eftn™ + Ep'n™ — E™n™)(G2€™), dx
I
N —
+ ALY pGyU(E = Efn™ 4+ Eftn™ — E™n™) 41 [Gag™ 4
j=1

At [ WG B 7~ 0" (Ga€ ™) di + At [ pGr((B] — B (Gag™), da
I I

N -
+ At ZNGl(ElT(nZL —n"));41[G2€"]5 41
j=1

N
+ At Z,U,Gl((E;]n — Em)nm)ﬂ_% [G2€m]j+%

j=1
AL / LG (B (7™ — €7))(Gag™), dir + At / UG (B — E™n™)(Gae™), da
I I

—

N - —
+ AtZMGl(E;T(Wm —&™);j42 G284

J=1

N
+ At ZMG1(<E1T —E™)n™) ;4 1[Ga8™] 10

j=1

N —
~(-At [ 4Gy (B (Gag™) e = ALY G ERED), 4 Gt y)

Jj=1

N —~
4 [ fG BT (Ga ™)+ A G (BT, 4[Ga€ ™
I J=1

+ (At/}uGl((EZL" — E™n™)(G2£™), dx

N
F ALY G (B — E™n™), 3 [Ga€™); 1)

j=1
(A.14)
=Vi+V+Vs+V,

Now, we make the a priori assumption
(A.15) ™ — || < .

We will verify the reasonableness of this a priori assumption later. The a priori
assumption implies that ||n} |lec < C, [|[E}*||oc < Chr. To ensure the stability of the
RK-UWDG scheme, we request the time step At satisfy the following temporal-
spatial condition

At
(A.16) max{uC’M,Tﬂ}ﬁ < a,

where « < 1, the CFL number, is suitable constant independent of h and At. A
sufficient condition will be given in the next analysis process.
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Using the Young’s inequality, || E}'|| < Cam and the inverse property (18), we
get

N —
Vi = At [ WG (ERE™)(Gag™ ) do - ALY HGA(ERED), 4[Ga€™
I =

1 ~ . o .
S A GLUETE™)| + EAH|(Gat™)al|* + EAth ™ [G2E™)3,

]‘ m m m ¢m ~ m — m
SGEAHEE™ — BREm|® + @AH((Gag™)al + h G2 )

]‘ m m m ¢m ~ m — m
<AL B HEmP B 1?) + EAL(|(G2E™)a 1+ BTG )

c ~
(A.17) <%‘4At(llﬁm’lll2 €™ I7) + EAL([(G28™)al* + AT [G26™7, ).

By the Young’s inequality, || E}"||cc < Ca and the projection (17), we have

Vo=t [ WGA(E ") (Gog ™) da
I
(A.18) SCAR* 2 + EAL|[(Go™) |-
Using the Young’s inequality, ||E}'||cc < Car, the inverse property (18) and the
projection(17), we get
N

Vs =At Z pG (E;Tﬁr\n)ﬁ% [G26™];41
=1

N
(A.19) SOAth* 2 $ eAth™ ) [G2™)7, .

j=1

Similarly as the estimate of the term 754 in the semi-UWDG scheme, we have

Vi :(At/lﬂGl((EiT — E"™In™)(G2€™), dx

N
+ ALY UGB = E™)™) 4 4[Go€™41)
j=1
(4.20) SOAtT2 4 CAL(IE™ 2 + €72 + 1 Gat™ ).

Substituting (A.17)-(A.19) and (A.20) into (A.14), by (71), we obtain
AtH(G1(E™n™ — E;'ni'), G2&™)
SCAtW 2 4 CA(|e™H)? + [l€™]1% + 1G26™1%)

N
+EAKN(GE™ P + 0 Y [Goe ™)

j=1

SCAth 2 + CAL(|€™ 1 + 1|1€™ 1 + |G2™|I)
(A21) BN, Gae™).
Similarly, we have
AtH(Go(E™n™ — El'ni), G1&™)

SCAthF2 4 CAL(|GLE™ 1 + €™ 17 + ll€™ 1> + [1€™211%)
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.
- T—;Aw(czlfm,alemx
AtH(Go(E™n™ — Ef'ni"), Go™)
SCAth* 42 4+ CAL(|G2E™ 1> + 1E™ 17 + €™ 1> + 1€™2]1%)
2 NL(GaE™, Gae™),
760

oF
AH((E™n™ — Eni™), €™) < CAth?+2 4+ CAt|e™|? — Tgmz(g’n,m,
AH((E™'n™ — B ingh), €m) < CAthF 2 4 CAt|g™ |2
2¢
— At m,1 ¢m,1
ZAuLEm e,
At/H((Em,Qnm 2 Em 2 m, 2) gm 2) < CAth2k+2 + C’AtHﬁm 2”2
(A.22)
2¢
_ fAtE m,2 ¢m,2 .
ALLEm 2, Em?)
By Lemma 5.1 and (A.22), we get
Q2 =AtH(G1(E™n™ — Ef'nit), Go&™) + AtL(G1E™, GoE™)
+ AtH(Gg(Emnm — Eh ny, ), Glfm) + Atﬁ(Gggm, Glfm)
+ AtH(G2(E™n™ — Ep'ngt), Go€™) + AtL(G2E™, G2E™)
SCAh* 2 4 CAL([|G1E™ |1 + [ G2£™ 1)

+ 2ALL(G1E™, Got™) 4 (1 — %)AtC(G2§m7 G26™))
(A.23) - Znic(cien, ciem)

Now, we estimate — 2 AtL(G1€™, G1€™) in (A.23). By (64), (18) and Lemma 5.1,
we have

N
—L(GrE™, Gre™) =To( / (G1€™): dx+22 Gre™j44 (G 157">;j+%+AZ[G15m12>

Jj=1

<7’9(/I(G1§ dx+2h [G1€™] +1+Zh (G1€™), ;,1)°

N .
+AZ[01£’”12>
<ro2 [ (Grem: a0+ H G, )

j=1

N
79(2/(5"%175“) do+ A +h) D g™t —¢m]
I =1
79(4/(53%1)2 dx+4/(g;“)2dx
I

+2(Co + 1)k 125’”1 +2(Cy+1)h
Jj=1

H'MZ
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N
<max{4,2Cy + 2}7‘9(/ (€m-H2de + / (€m™?de +ht Z[Sm’lP
I 1 Jj=1

+h Yl

(A.24) < — max{4,2C, + 2}(L(g™, &™) + L(E™, &™),
then
- ZEVAtﬁ(G &M GLE™)
0 1 sy I
(A25) < 2o max{4,2C0 + 2AULE™E™) + LEEM).
Substituting (A.25) into (A.23), we obtain
Qo SCALh*M™2 + CAL([|GLE™ > + [|G2£™|%)

T

p

+ 2AtL(G1E™, Go™) + ( g ALL(G2E™, G2E™))

-
(A.26) - 7; max{4, 2Co + 2} AL(L(E™L, €™1) 4+ L£(&™, €™)).
Summing 1 and @2, we get

S1+ Sa + S5 SCAth?M 2 4 CAL(|€™ 2|1 + |€™H)* + [|€™]1%) + C(At)T

+ 2ALL(G1E™, Got™) + (1 — g)Atﬁ(szm, G26™))

(A.27) — 72_—2 max{4,2Cy + 2}At(£(£m’1, 5”71) + L™ EM)).
Denote

Wi =2AtL(GLE™, Got™) + (1 — %)Atﬁ(sz’”, G26™))

(A.28) — 2 max{d, 200 + 2 AULE™, €™ + LE™, €M),
we have
S+ Sz + S5

(A20) <A 4 CAH(e™2| + €™ |2 + €™|2) + C(AHT + Wh.
Now we estimate Sy, which need a more analysis than the formers. We denote

Sy =(3(Gsn™, G3g™) 4 (¢, Gs™)) + AtH(G2(E™n™ — Ej'ny'), Gs&™)

+ AtL(G2E™2, G5E™)
(A.30) =:R;+ Ry + Rs.
By Schwartz’s inequality and (17), we have
Ry =3(Gan™, G3€™) + (¢™, G3™)

(A.31) SO(AthF T 4+ (A || G3¢™ .

By Schwartz’s inequality, the inverse property (18), |E}||cc < Car and Ty in the
semi-UWDG scheme, we get

N —
Ry (At [ pGa (B (Ga™) o = AL D Ga(ER )44 (636" 1)

j=1
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N —~
+ A [ PGB (Gat™) s do + ALY pGa(B )3 Gt

j=1
(At [ WGa((B? = B (6o s
N
+ ALY pGa((B = E™)n™) ;4 1[Gs€™) 1)
j=1

(AT (2| Go(Bre™)| + |G (Ein™) | + b2 |G (B n™)Ir, )
+ 2| G2 ((Ef? — E™)n™ ) |)IIGs¢™ |
<(Ath™ (A Erem™2| + 2| Bpre™* || + 2| B ™| + 20| Epa™?
B+ B + 202 | B g™ I, + B2 | En™ |,
+h2 By |e,) + 4l (B — E™2)n™2), |
+2ull (Bt = E™Nn™ ) ol + 2ull (B — E™n™)x|) | Ga¢™ |
S(Car At (RFFE 4 €72 + [[€™ ] + [1€™ 1)
(A32) 4+ Cu ALRET (€2 + €™M + 1€ )1 GsE™ |-
By (A.16) and the inverse property (18), we have

R3 = — AtT&(/I (Ggfm)z(Ggfm)I d(E
N
+ ) ([G2E™)(GaE™); + [Ga€™(Go€™)7 + AG2E™][GE™]) 1)

j=1
((3+ Co)TOALh™[|G2E™ ()| G3€™ |
(A.33) (3+ Co)a]|G26™ (| G3E™ .-
Summing Ry, R, and R3, we get
Sy <(CAR* T + C(AL)* + pCrr Ath™ (BEFE 4 [[€™ 2] + l€™ | + 11€™ )
+ pCAr AR (€2 + [[€™H] + 1€ 1) + (3 + Co)al| Ga€™ ) [[|Ga€™ |
S(CAthF L + C(AD)* + (3 + Co)a|Goe™ || + pCrr Ath 1 (RFFE 4 ||€m2|
(A.34)
F €™+ €™ D) + CAL([lE™ 2] + lE™ | + €™ I Gae™ |-

Since Sy = (G3&™,G3E™) = ||G3€™]|?, we can eliminate ||G3£™| at the right side
of (A.34), then we get

IGa€™ || S(CAth™ + C(At)* + (3 + Co)al|G2™ ||
+ uCrr Ath™ (R [|€™ 2]+ [l€™ |+ [1€™])
(A.35) + CAL(|E™ 2] + €™ + 1™ )
Squaring both sides of (A.35) and using (A.16), we have
Sy <4(CAth* ! 1 C(Aat)!
+ OAL([€™ 2] + [I€™ |+ [1€™1))* + 2(3 + Co)*a®(|G2€™ ||
4RO AR (B 4 g2 4+ €2 4 em|2)
<4(CAtRFT 4 C(At)*

<
<
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+ CAL(|E™ 2]+ [I€™ M+ 1€™1))? +2(3 + Co)*a®||G2£™ |1
+ 4pCar Ata(R?F2 + [|€™ 212 + [|l™ | + 1€™1%)
SOAth?* T2 4 O(AL)® +2(3 + Cp)?a?||Goe™ ||
(A.36) +CAL([E™ )7 + [l€™HI* + 1€™]1%).
Substituting (A.29) and (A.36) into (A.8), we get
Ty SCAth* 2 4 CAL([|€™ 2|2 + [|€™ > + [|€™]*) + C(A)T + Wy
(A.37) — (1 -2(3+ Co)*a®) | Go€™ 1%
We estimate T3 similarly as ()2, by Lemma 5.3, we have
Ty =AH{H(E™n™ — E'nj?, &™) + L(E™, &™) + H(E™'n™! — Bt it ¢™h)
FL(E™L, gmly 4 H(E™ ™2 EIT,2n;ln,274£m,2) +L(E™2, 46™2))
SCAth*M 2 1 CAL(||€™ (> + €™ |1* + 1€™2]1%)
(A.38)
2€

+ (1 - ﬁ)([’(fm7€m) + E(gm,l’gm,l) + E(gm,27£m,2))

By Lemma 5.2, let € < %9, since £(£™2,¢m2) < 0 we get

T3 SCAtR?HF2 4 CAL(|[e™ 2 + (1€ 1% + [l€™ %)

\
(A.39) (L= ZAHLE™ ™) + L™ §™)
Denote
,
(A.40) Wa = (1= Z)AHLE™ E™) + LE™,€™),
we have
(A41) Ty < CAH**F2 4+ CAL(€7 | + €™ | + €721 + We.

Summing T, and T5 together, we get
Ty + T SCAth?**2 4 C(AD)T 4+ CAL([|€™ % + [|€™ ) + [|€™2]|12) + Wy + Wa
(A42) = (1—2(3+ Co)*a®)]|Gat™ |
Now, we estimate Wy + Wa. By (A.28) and (A.40), we have
iz
Wi+ Wy =AL2L(GHE™, GaE™) + (1= —2)L(Gag™, Gat™)

(A4 (= 2504 max{4, 200 + 2)(E(E™,€™) + LIE™, €M),

where € is a very small constant. We denote

2
(A.44) c2=1- %(1 + max{4, 2Cy + 2}).
T

By Lemma 5.2 and linearity of the operator, we have

4e

Wi+ Wa =AH2L(GHE™, Go€™) + (1 = —)L(G2E™, Gaf™) + CZ(L(g™!,¢m™")
FLEmEM)
=AHRL(E™! — €7, Go™) + (L= SIL(GHE™, Gog™) + CHL(E™ ™)
LEr )
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= AHOL(E™, GoE™) — L(E™, Go™) + (1 — o) L(Got™, Got™)
+ C?(E(gm,l’gm,l) 4 c(gnz’gm)))
—AHL(CE™ + 2-Gat™, CE™ + 2 Gt™)

1 1
+ L(CL™ — 66‘25’”, Ct™ — EGgf’”)

(A.45) +(1— e 2 —5)L(G2E™, GoE™)).

70 (C?

€

Since € is small enough to approach 0, C? is close to 1, then 1 — ﬁ — %
Lemma 5.2, we get '

4z I
Wi+ Wy <(1— = CQ)Aw(Ggg , Go™)
4z
(A.46) <= (5 c 5 o~ DAKL(GE™, Gag™).

By (64) and the inverse property (18), we have
— AtL(GRE™, G2E™)

< 0. By

:Awe(/(Gng) dx+2z Gat™)j11(G2€™), 1 +)\Z G2£™]?)

j=1

C N
:AtTﬁ(/ (G26™)? dx+2z Ga€™)j11(G2€™), 1 fZGgm

Jj=1 Jj=1

(AAT) <(3+ Co)TOALh™2||Got™||2.
By (A.16), we have

2 4€
Wi+ We (55 + —5 — D3+ Co)r0Ath~ Gat™|?
2 4€ m|2
<Gz + =5~ DB+ Co)alGat™ .

€

(A.48)

Then we get

Tp + Ty SCAHH2 1 O(A)T + CA(IE™ I + 112 + 172
2 4e
(A.49) (= (g + 75~ DB+ Co)a =263+ Co)a)|Gat™

Substituting (A.6) and (A.49) into (A.5), we obtain

BIE™H? — BllE™ P SCALPET2 4+ CAL(|€™ 2 + |€™H[* + €™ (1*) + C(A)T

2 4?

(A.50) —(1- (C2

Since o? < a, it yields that

—1)(3+ Co)a — 2(3 + Cp)?a?) || Go™ |2,

BlEmTHZ = Bl P SCALHT2 4+ CAt(ll€™ 2] + €™ + €™ 1) + C(at)”

(A.51) —(1- ((32 42

+ — —1)(34 Co)a? —2(3 + Cp)%a?)||Goe™ 2.
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Taking o, such that ((& + 25 — 1)(3 + Co) + 2(3 + Cp)?)a? < 1, we have

(A.52)
e = 3JIE™1* < CAPFT2 + CAL(|IE™ | + 11€™|1* + [1€™1%) + C(Ab)T.

Similar argument as the result of (A.52), we get

(A.53) €412 < Cl€™|]? + CAth* 2 4 C(AL)7, 1=1,2,3.

Combining (A.52) and (A.53), using the discrete Gronwall’s inequality, we obtain
(A.54) 1€ < 1€ + CREFE + O(At).

To complete the proof, let us verify the a-priori assumption (A.15). For m = 0,
we choose n) as the projection of n°, so obviously, the assumption (A.15) holds. If
(A.15) holds for m =1,..., M — 1, then for m = M, we can get (A.54), i.e., (A.15)
holds also for m = M.
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