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NUMERICAL ANALYSIS OF THE FINITE DIFFERENCE TIME
DOMAIN METHODS WITH HIGH ACCURACY IN TIME FOR
MAXWELL EQUATIONS

LIPING GAO, XIAOSONG ZHANG, AND RENGANG SHI*

Abstract. In this paper, we give a rigorous analysis of the finite difference time domain (FDTD)
method with high accuracy in time (HAIT) (named HAIT-FDTD(M)) for the three dimensional
Maxwell equations, where the time discretization is based on the Taylor expansion of the form:
Ur=C° +C At + -+ + ﬁCﬂy(At)M to approximate the fields in time. It is proven that
the solutions of the schemes and the vectors representing the coefficients are divergence free. By
using the energy method, the numerical energy identities of HAIT-FDTD(M) with 3 < M < 8 are
derived. It is then proved that these schemes are numerically and monotonically energy conserved
as the polynomial degree M becomes large. With the help of the energy identities, stability
conditions for the six schemes are derived, and how to select M and At in practice is given. By
deriving error equations, we prove that the six schemes have convergence of the Mth order in time
and the second order in space. Numerical experiments are provided and confirm the analysis on
free divergence, approximate energy conservation, stability, and convergence.

Key words. Maxwell equations, finite difference time domain method, stability, energy conser-
vation, convergence, Taylor expansion.

1. Introduction

The finite difference time domain (FDTD) method is one of the methods for
numerical solutions of time dependent Maxwell equations, and causes many peo-
ple’s interests and much good research work. For example, the Yee scheme ([31]),
proposed by Yee in 1966, is a very popular and efficient method (see Taflove [26]).
Monk and Siili [15] proved that the Yee scheme over non-uniform grids is of super
convergence of second order in L? norm. For the Yee scheme in metamaterials,
Li and Shields [12] proved that this scheme is also super convergent in L? norm.
The stability and second order convergence of the Yee scheme under H' norm were
proved in [7]. Recently, convergence analysis of the Yee schemes in linear dispersive
media was given by Sakkaplankul and Bokil in [20]. The other FDTD method-
s, including the alternating direction implicit FDTD (ADI-FDTD) methods, the
energy-conserved splitting FDTD methods, symplectic FDTD method, locally-one-
dimensional (LOD) FDTD method, etc. and their analysis are seen in [33, 17, 6],
[1, 2], [8, 10, 24, 25],[32], [9], [23], [3], [11], [4], [14, 29], [21], [30], [19, 27], [18] and
the references therein.

Time discretization is important for accuracy, efficiency, stability, and conver-
gence. There are many good time-stepping methods in numerical solutions of
Maxwell equations [26, 16, 13]. For example, leap-frog method in [31, 18], Runge-
Kutta method in [9, 21], ADI method in [33, 17], splitting methods in [11, 5], energy
splitting conserving methods in [1, 2, 14, 30], symplectic method in [10, 25, 24],
fourth order method based on the relation between time derivatives and spatial
derivatives [29, 32|, time-domain moment method based on weighted Laguerre
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polynomials in [3], Newmark time-stepping method in [4], LOD method in [23],
Crank-Nicolson method in [28] and explicit-implicit hybrid time-stepping method
in [19, 27] and the others in the references.

Different from the above FDTD methods, a new explicit FDTD method with
high accuracy in time (HAIT)(called HAIT-FDTD(M)) was proposed in [22] by
using Taylor expansion of the form: U™ = C) + CAAt + -+ + LCA(ADM to ap-
proximate the fields in time, which transforms the Maxwell equations into a system
of time-independent differential equations in the coefficients C*(k = 0,1,..., M),
and using the central difference methods to approximate the spatial derivatives of
Ck. Numerical experiments demonstrate that HAIT-FDTD(M) has the following
features: easy implementation, divergence free, numerical energy conservation, and
good stability and convergence. However, the rigorous analysis of HAIT-FDTD(M)
on stability, error estimate, and convergence by the energy method is not available,
since the form of the scheme is very different from traditional ones, which makes
the usual analysis methods on stability and convergence (see [15, 1, 7], etc.) do not
work on HAIT-FDTD(M). In addition, how to select the polynomial degree M and
time step sizes is not clear. Therefore, it is significant to give a rigorous analysis of
HAIT-FDTD(M) on these issues.

In this paper, we analyze the HAIT-FDTD(M) schemes for the 3D Maxwell equa-
tions with perfectly electric conducting (PEC) boundary conditions. The research
methods and results are as follows:

(i) It is proved that the solutions of the HAIT-FDTD(M) schemes and the rep-
resenting coefficients retain the free divergence property.

(ii) By using the energy method, numerical energy identities of the HAIT-
FDTD(M) schemes with 3 < M < 8 are derived, and it is then proved that these
schemes are approximately energy conserved. With the help of the energy identi-
ties, the stability conditions of the six schemes (which are weaker than the CFL
(Courant-Friedrichs-Lewy) condition and can be used to select time step sizes and
degree M) are derived, and the stability in L? norm is then proved.

(iii) It is proved that the HAIT-FDTD(M) schemes with 3 < M < 8 are of
convergence of M-th order in time and second order in space by using different
error analysis from the traditional ones.

(iv) Numerical experiments are carried out and confirm the theoretical analysis

of the schemes on free divergence, numerical energy conservation, good stability,
and convergence.

2. Maxwell equations and some properties.

2.1. Maxwell equations and properties of the solution. Consider the 3D
Maxwell equations in a domain of Q x (0, 7T7]:

Q) OB _OH. 0H, oH, 9E, OE.
ot oy 0z Mo T ez T oy

- _ OB, _0H., OH. 0H, 0E. OE,
ot 9z ox’  MTar T o T oz

) _OE. _0H, 0H, OH. _OE, OE,

ot oxr oy’ Par T oy T ox

where  is filled with homogeneous and isotropic medium, so the electric permit-
tivity e and the magnetic permeability p are constants, and for p = (x,y,z) € Q,
U=1T,y,z2

Eu = Eu(p7t)7 HU = Hu(pzt)7 (Ex:Ey:Ez) = E: (HJJ,HvaZ) = H
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are respectively the electric and magnetic fields. Suppose that the solution is
subject to the PEC boundary conditions:

(4) vxE(p,t)=0, v H(p,t)=0, ¥ (pt)€dx[0,T],
and the initial conditions:
(5) E(p7 0) = (Ewo,Ey()7Ezo) = }*j:o7 H(p, 0) = (Hw07 Hyo,HZ()) = H07

where v is the unit normal vector of the boundary of Q. In this paper, we assume
that Q = [0, 1] and that E¢ and Hy are divergence free. It is easy to see that the Maxwell
system has the following energy conservation and free divergence.

Lemma 2.1. The solution of the problem (1)-(5) satisfies that
1 1 1 1
(6) 2B, O + ln?H(- )|* = ||le2Eol|* + ||n? Ho|%,
(7) V- (eE)(p,t) = V- (uH)(p,1) = 0,
where p € Q, t > 0, and for a vector-valued function ¥ = (F,, F,, F.), V-F =

OF,/0x + OF, /0y + OF./0z, and ||F||® is square of the standard L? norm.

Lemma 2.2. Let E = (E;,Ey,E.) and H = (H,, Hy, H.) be the solution of (1)-
(5) and have the continuous M-th derivatives and third derivatives with respect to time
and space respectively, i.e. E,;H € CM([0,7],C?*(Q)). Then, the following boundary
conditions hold.

o™ 0E, 0H, 0H, 0°H, 0°E, 0°E, 0°H, 0°H,
(8) W(Hx’Ey’EZ’ ox "’ Bxy’ ox ' 0z’ 6x2y’ ox2’ 8m3y’ Ox3 ) o 0,
() ﬁ(E y p. OHe 0B, 0H. 0°E, 9°Hy, 0°E. 0°H, 83Hz) _0
Gtm T Y (2 ay 9 8y 9 8y ’ (9y2 bl 6y2 I (9y2 bl 8y3 ) 8y3 y’ )
o™ 0H, 0H, OE. O*E, 0°E, 0°H, 0°H, 0°H
1 v . B Yllz Yy z T Yy z ,l y —
(10) otm (B, By, H, 0z ' 0z 0z 0227 022 0227 023 023 )z’ 0,

where 7', y" and 2’ are numbers in the set {0,1}, and F|,» denotes the value of F at the
boundary points, and 0 < m < M. For example, F|,, = F(2',y,2,t), ' = 0 or 1, and
ye[0,1], z €[0,1], t > 0.

Lemma 2.2 is proved by using the boundary conditions (4), Maxwell equations (1)-(3)
and the free-divergence property (7). Some of the proof is seen in [14].

2.2. Notations of grids, norms, inner products and operators. We use the Yee’s
staggered gridding technique (see [31]) to partition Q as eight grids of points, QI and
Q,};u (U =,Y, %, 0)

h I-1,J-1,K—1 h I-1,J-1,K-1
Qe, = {(mi-k%’yf’zk)‘i:o, j=1,k=1 }7 Qp, = {(zi’yj-ké’zk-&-%)’i:l, §=0,k=0 }’

h I-1,J-1,K—1 h I-1,J-1,K—1
Qep = {(Ii7yj7zk)|i:1, j=1,k=1 1> Q, = {(xi+%7yj+%7zk+%)|i:o, j=0,k=0 J°
and the other grids: ng = {($i>yj+1/2a Zlc)}» ng = {(Iiyyj72k+1/2)}7 sz = {(%‘-&-1/27
Yis2kt1y2)} and Q. = {(xiy1/2,Yj+1/2, 2k)} are similarly defined, where

. 1 . 1
T =1AT, @1 =T+ gAw, Yi =JAY, Y1 =Yt iAy,
1
2z = kAz, zk+%:zk+§Az, zr=1, yr=1, z2x=1,

where Au(u = x,y, z) are the mesh sizes along the z, y and z directions, I, J and K are
positive integers. Time domain [0,77] is divided into: 0 = t° < t* < --- < t¥ = T, where
t" = nAt.

For a function F(z,y, z,t), let Fy5 . denote the approximations to the correct value:
F(za,ys, zy,t™), wherea =dori+1/2, B =jor j+1/2, v = k or k+1/2. The (discrete)



846 L. GAO, X. ZHANG, AND R. SHI

L? norms of F7'; _ over the different grids are defined as follows.

a,B,y

2 2 2
IE™E, =2, Flage) dv = > (Fiy ) Ao,
* i=0 j=1 k=1
I-1J-1K-1
IE™ 5, =S (FF A = 3TN (FY )*A
he = 2y \Fijtletd) 8V = bt k+d) 20
i=1 j=0 k=0
I-1J-1K-1
F*|2 = F*.0)°A = m)PA
IF™ e *ZE (Fijk) Av = (F7jk) " Av,
0 i=1 j=1 k=1

where Av = AzAyAz. The other norms ||[F™|c, , [|[F™||n, and |F"|Z, and the other
summation notations: » 5 , > 4 ~and Y, over the grids Qe ,Qp, and Qp with
u =y, z are similarly defined.

For any vector-valued functions F" = (Fg,Fy,F7) and G™ = (G3,Gy,G?) over
Qf}f ><Qh XQ?Z and QF Xth XQh , define the inner-products (-, *)e,, , (+, )h, (v = ,y, 2),
(*s*)es (s *)n, and the norms ||F"||c, ||G™||n as follows.

(F",G"e = (F2,Gh)e, + (F}, G))e, + (F2,GI)..
- (ZE.’EFI’:+%’]"’C g0k +Z 1J+1k.Gyi,j+%=k
LD DA PRTC I 1. 7 = (.
(F",G™ = (F2.Gn, + (5, G, + (FL, G2,

( Fac 1 1 :E. 1 Jr GZI 1 . 1
Hy it g5.ktg i k+2 1+2 71‘+2 i+5,0kt3

2

+ HZFZ Lk 'GZH%YH%,R)AU’ HG Ik = (G",G").

i+5.0+%,

For a grid function Fy, 5, witha=iori+1/2,8=j orj+1/2, y=Fkork+1/2,
denote the central difference operators by d., d, and 6.

n n n n
5. F" _ Fa+275w Fa*%,ﬁwf 5" _ Fa,ﬁ+%,w - Fa,ﬁ*%f/
zla,By = Az ) Yyt a,B8,y Ay )
6.F% 5, is similarly defined by adjusting 7. Let V" = (64,68,,0:) be the vector of

operators. Define the discrete divergence and curl of F" = (Fy,Fy,F7) by
V" F" = 6,FL +0,F) + 8.F7,
V" x F* = (6,F7 — 6.F}, 0.FF — 8,F2, 6, Fy — §,F2).

For simplicity in notation, let 1 =i +1/2, j =5+ 1/2, k = k4 1/2, and

(A2, 1 1 1 (A \ iy
pe ((AwP @y? " (Az)2>’ Aayz = (Az)" + (Ay)" + (A2)"

Ocp1 =

3. HAIT-FDTD(M) and analysis on divergence and stability

In this section we analyze the HAIT-FDTD(M) schemes on divergence of the solution
fields and stability by the energy method.

3.1. The HAIT-FDTD(M) scheme and free divergence property. Let E" = (£}, i
y” L E" E) and H" = (H" , H;L” o H;ﬁ} ) be the approximations to the ex-

I
act values E(t") = (E.(z Z,yj,zk t"), By(wi,y5, 21, t"), E:(wi,y;,25,t")) and H(t") =
(Hm(mi,yg,z,;,t"), Hy(z7,95, 25, t"), Hz(x7,95, 25, t" )) , respectively. Then, the FDTD
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method or scheme with high accuracy in time (HAIT) (called HAIT-FDTD(M), see [22]),
is: Given E™ and H", find E"*' and H"™! (n =0,1,..., N — 1) such that for u = 2,7, z,

11) EMTY = i@t)mc’" 8,7) = (3,5, k), (i, 7,k i, 7,k
( ) Ua,B,y m| Ue, By, (Ot, 7’7)_(27]7 )7(27]7 )7 or (7'7.77 )7
m=0

M
At
n+1 _
12 HT,, = Z
Dyt (u=

ua Byy,m? (047,6,"}/) = (i>j7];;)7 (Evjv ];;)7 or (5757]6)7

where C7]" and x,y, z) are determined by the following formulas:

1 m m
13 eCyt = §,D —6.D
(13) Tivl gk Y72 L Gk UYL Gk’
1
(14) eCyt = &DY ., —&DI
it dkn G+Lkn (R
1 m m
15 eCt = §.D —,D
(15) ikt Tkt YT Tk L)
1 m m
16 DI = 4.C —6,C
(16) H Tigtdktdm RS S S T S
1 m m
17 Dyt = 6&C -6.C,
(17) A TIPS R R E RS I
1 m
18 DIt = 5,00 —6.C
(18) ® Firditdkn vl itdkn Yl 4tk
where m =0,1,..., M — 1. The starting values for (13)-(18) are:
0 _m 0 _ n 0 _ n
(19) Cﬂ% Gk Eli ik’ Cyi Gaokim Eyij,k7 sz‘,j,l%,n - Ezi,jfc’
0 n 0 _ n 0 _ n
(20) D, ij.km =H; i3,k Dyz ko Hyi,j,k’ Dzi,i,k,n o HZ%,M'

The boundary conditions of C* and Dy (u = z,y, z) used in (13)-(18) are:

m _ m m m — m —
(21) Cl_‘ Gl kn CI_ i,5,k!\n Cyl Jisk,n Cyl Gk n CZ Gk 07
(22) cr =Dpr =Dy, =DI' =0,0<m<M,
Zi,5' kyn i’ 5, k,n Yi,j' k,n 13,37

where and in what follows i’ =0 or I, 5 =0 or J, ¥ =0 or K denote the indices of
the points on the boundary.
The vector form of HAIT-FDTD(M) is: To find E"*' and H"™* such that
2
En+1 — Cg + %Cl (At) 02 ot (At szw7
Hn+1:D%+%D1+(At) D2++(A1\td)| D'fz\/jy
where C;' = (O ;. ko> Oyt = o CZ,J',EW) and D7 = (D;rz,ﬁ,li,n’D;?,j,E,n’DZ,E,k,n) are

the vectors of coefficients deﬁned by
(24) eCM'=vV"x DI, uDIT'=-V"xCr, m=01,...,M—1.

(23)

The boundary conditions and starting values for (24) are:

(25) vxCl'"=0, v-D"=0, and CJ=E", D?=H"

By the discrete divergence of the fields in (11)-(18), it is easy to prove that

Theorem 3.1(free divergence). Let E™ and H" be the solutions of HAIT-FDTD(M) (M >
3), and C}} and D} be the vectors of coefficients. Then,

(26) VI eE"T =V BT =V eC =0, YO<m<M,
(27) v T =V H =V D =0, VO<n< N -1
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3.2. The L? norms and the inner-product of vector coefficients.

Lemma 3.2. Form =0,1,..., M(M > 1), let C} —(C;'%Jkn o O i )
and D] = (D"zjkn D;’;Jkn D;"J,kn) be the vectors of coefficients for E"™ and nt1

defined in (13)-(18). Then for any m >0 andn > 1, it holds that

1 m m -5 m -5 m
||520n+1“e HE 26D ”ho"’_”E 25 Dz ||Ez+||8 25D H

ey

+ e 28D + e 28, D 3, + e 25 DI%,
+ e 28D + e 28, D2, + e 25.D7 3,
4 1 1 1 1 2
28 < 7( ) D712,
1. m -1 m 1 m _1 m
w2 DR = e 20.CR 2 + e 26,CF In, + n™26-CF |1,
-1 m -1 m -1 m
28O R + S, O + e 28,
_1 m -1 m -1 m
+ Hu 253302 ||iy+HM 26UCZ ||ia‘+||u 25Zcz Hgo
4 1 1 1 1 5
29 < 7( ) sCm2.
(29) S e \Gor T Ay e ) e

Proof. First we prove (28). By the expressions of C"(u = 2, v, 2), we have
1 _m _1 m _1 m _1 m
le2CR Y2 = €726, D12, + le” 28Dy [I2, + lle” 2 8- D12,
1 1 _1
(30) +le™2 8D, + lle” 2 8D |I2, + lle™2 8, DI |12, + Ta,
where the last term Ty is

Ta=-2(3, 0,060+ e '0.Dl'6. DI+ e 6.3, D) Av.
x Yy z

By using summation by parts and the boundary conditions: (21)-(22), we get
-1 m m
Ta = -2 ¢ (6ZD;”6yD;” +6,D76. DT + 5ZD;”6yD;")Av
-1 m -1 m -1 m
le™26:D3 Iy + lle™ 26, Dy [l + lle™26-D" |Ia,,
where the following free-divergence (see Theorem 3.1) is used:

IV* - D5y = 162 D5 + 8, Dy + 6. D2 [|5, = 0.

(31)

Combining of (30) with (31) gives the equality in (28). Similarly, we obtain the equality
n (29). Next we prove the inequality in (28). By using the inequality 2fg < f? + ¢* and
the boundary conditions: (22), we see that

_1 m 4 1 _1 m 4 1
(32) le™2 6, D3 |7, < w”a 2D n,, lle”28,DF|I2, < WHE 2D 5,

_1 m 4 1 _1 m 4 S .
(33) le"26. D72, < WHE 2D, e 26Dy |2, < w”f D I,

Similar to (32)-(33), the estimates of 6, Dy" and 6, D7'(u = x,y, z) are obtained. Sub-
stituting (32)-(33), etc., into the equality in (28), we obtain the inequality in (28). Sym-
metrically, the inequality in (29) is proved. |

Lemma 3.3. Let C7 and D™ be the vectors of coefficients for E"T and H™ ! in the
HAIT-FDTD(M) schemes with M > 3. Then, if M = 3, it holds that

(34) (eCh, Cr)e + (uD}, D) =0, (eCh, C})e + (uDy, D3)n =0,
(35) (eCn, Ch)e + (uDy, D7)n =0,  (eC, Ch)e + (uD7, D3)n =0,
(36) (€C5,C2). + (uD%, D2) = — e 2 Ch |12 — |2 DA1Z,

(37) (6Ch, C3)e + (DL, D)y = — e C2|2 — |2 D23
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In general, if M > 4 and p,q € {0,1,..., M} with p < q, then the inner products of the
vectors of coefficients in HAIT-FDTD(M) with M > 4 are:

(38) (Ch,V" x D). = (V" x CL, DL,
if p—|—q 18 odd
(-1)"=" (HSQC

39 EC?L,C% e+ DnguD% =
(39)  ( Je + (1 )n { ||2+||M2D || ), others.

Proof. We only derive (38) and the first equation in (34) since all the other equations
n (34)-(37) and (39) can be proved similarly by using (38) and the definitions of C¥% and
DY in (24) or (13)-(18). By summation by parts, we have

p oh ay _ a P P q P P
(C, V" x DY), = ZHtz((sycz —8.CH)Av + ZHyDy(szcz — 6,CP)Av
+ ZHZDZ((SZC;’ — 6,CE)Av = (V" x CE,D2),,,
where the boundary conditions in (25) are used.
Next we consider the first relation in (34). By using (38), we see that
(¢Ch, Cr)e + (D5, D) = (Cp, V* X D). + (D, =V" x Co)n
= (V"x C?, DY), — (D%, V" x C2), =0.

”

Similarly, the other relations in (34)-(39) are derived, where the sign is changed
into "+ if the number of summation by parts used is even; otherwise, the sign is negative.
This proves Lemma 3.3. O

3.3. Numerical energy identities and stability analysis. By the virtue of Lemmas
3.2 and 3.3, we obtain the following theorem.

Theorem 3.4. Let E™™ and H™! be the solution of HAIT-FDTD(M) (M > 3), and
let C' and D) be the vectors of coefficients. Then the energy of the fields satisfies that

(40) I 2B E 4 T H R = (2 B2 + | H R + P,
where PT (3 < M < 8) are the perturbation terms, defined by

At At
prs = - Qb+ dp2iR) + S (13 Gl + 1t DiR),
At 3 1 At
P = (72) (H“Cii|5+||u2Di||i)+((4 (I CLIE + u* DA JR);
PT; = (‘|€2C3H +||,LL2D3H )
360
1 At)10
- G (Iheti + 1) + e (1 iz + A DRI,
1
Ple = 2880( e3ChIL +lu? A7)
At 10 1 1 A
- (2162)0 (”5202H3+HM2D§H%)+((6; (H&?CGH + |2 DS )
At Af)10
pr. = SO (honputp ) + S0 (1 2 + i Dl )
At)'? 1 1 Ap)l4
— e (1 €z + 1t DAIR) + {50 (1 Tz + I DIIR):
—(AD)O 1 150 (At)! 1 oes P
PT = 501 enn 2 2D 7 P} 2D
8 501600 (He Clle +ln nl\h)+ 1451520(“5 Co12 + || th)
Ap 1 1 At
- M(”“CZ”*”W’)Z“@*(<s§ (IR + ¥ D3R,
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Proof. We only derive (40) with M = 3, since the other identities are similarly obtained.
By the definitions of || * ||¢, || * ||n, E™™' and H"!, we have

(1=

3 1 l l
1 (At 1 (At 1 (At 1
£ 3 (1 B otz B p et G Dl
=0

1 (At)!
i+t B )

1
JeF B 4 b E e = (20 s

3
!
1=0
(At)’
I

2
Il I DL, )

(At)? (At)* (Ar)* (At)°
(41) *2(TT01+ 2! 3! TR R TR R TET

where the terms Tin(I,m =0,1,2,3, ] < m) are

At (At)?

To2+ Tos+ TQB) s

To1 = (¢Cy, Ch)e + (uDy, DY),  To2 = (¢CY, Ch)e + (uDY, D7),
T03 = (ECEL?C?L)C + (MDg)L?D?L)h’ T12 = (EC':ll‘L7 Ci)c + (NDivDi)ha
Tis = (eCy,, Ci)e + (uD},, D})n,  Tas = (C2, C)e + (uD7, D))y,

By using Lemma 3.3 and simplifying the expressions in (41), we get (40) with M = 3.
This completes the proof of Theorem 3.4. ]
Remark 3.5. From Theorem 3.4 we see that HAIT-FDTD(M) is numerically energy
conserved when M 1is so large that the perturbation terms are less than the machine error.

Theorem 3.6. The solutions of HAIT-FDTD(M) with 3 < M < 8 are bounded by
(42) e B2 4 u B R < On (B2 + [l HOURR),
where O3 = Os = O7 = Og = 1 and Os = Og = exp(rT) (r is a small positive number),
if the step sizes At and Au(u = z,y,z) satisfy that

1 1 1
G @t @) S

where rar with 3 < M < 8 are constants, defined by

(43) Ocpi = (ct)?(

1 4
Z, r4 =2, 75 =min ;,3§5TA7§}

r6:min{6,14/%rAt}, 7“7:%, 7'8:%

Proof. First we prove (42) with M = 3. By using Lemma 3.2, we obtain

r3 =

1 _m 1_m 1 m 1 - m
(44)  (A)* (Il Y2 + 12 DR HR) < 40cq(ln2 DIJ5 + €2 CrY|12).

Combining (44) with m = 2 and the identity (40) with M = 3, we have
1_n 1__n 1..n i
2B Y2+ ln2H R < [le2E"(2 + lu2H"|;
At) 1 1 4
(45) - B (i 4 i DR (1- Soun).
12 3
From (45) we see that if (43) holds, then the inequality (42) is obtained by using (45)
repeatedly. Similarly, (42) and (43) with M = 4,7, 8 are proved.
Next, we prove (42) and (43) with M = 5,6. By (40) with M = 5, we see that
(Ar)°®

360

4 1 1
(1= 7 0ep)(lle? CollZ2 + Iz Dy 7).

1l - 1lon 1o 1
e E™FHIE + [ln2 H" I < [leER (2 + w2 H" |7 + lezCall2
(At)6 1_.3 .2 (At)s

46 ——||u2Dy||n —
(46) + gz - €0




NUMERICAL ANALYSIS OF HAIT-FDTD(M) FOR MAXWELL EQUATIONS 851

Then, if Ocs < 15/4, applying (44) with m = 2,1, 0 into (46) repeatedly leads

1 1in 8(Ocs1)? n %
(1) e b < (1 SOy a2 ).

Thus, if 8(0cs1)?/45 < rAt, or Op < V/5.625rAt (where r is a positive number such
that exp(rT) is not large), then (47) becomes

1, 1on 1, 1.,
2B+ p2H ™ h < (L4 rAf (e E" |12 + |2 H7)

(48) < eT(IE B+t HOR),
which is (42) for M = 5. Similarly, (42) and (43) with M = 6 are derived. This completes
the proof. O

Remark 3.7. (1) The stability conditions shown in Theorem 3.6 are sufficient but
not necessary, and the stability conditions of the four schemes with M = 3,4,7 and 8 are
weaker than the CFL stability condition: Ocp < 1/3.

(2) The HAIT-FDTD(M) schemes with M = 3,4,7,8 are energy decreased, while
HAIT-FDTD(M=5, 6) are energy-increased. For example, by applying Lemma 3.2 to
the negative term of PTas in (40) with M = 5, we see that

1 1 1 .
||65En+1||§ + HHEH"HHZ > ||5§En||g+||u§H"||i
(A0)° _3 1032 139
360 (1 Qchl) (le2Chlle + lle2 Dy lln)-
Therefore, if Ocpi < r5 = min{2/3, /45 rAt/8}, HAIT-FDTD(M=5) is then energy-

increased and stable. Similarly, it is proved that if O.p < r§ = min{45/24, /45 rAt/4},
HAIT-FDTD(M=6) is also energy-increased and stable.

+

4. Error estimate and convergence analysis.

In this section we investigate the error of HAIT-FDTD(M) and estimate the magnitude
of the error of the solutions to the schemes.

4.1. Derivation of error equations and truncation errors. For the solution of the
problem (1) — (5), Eu(p,t) and Hu(p,t) (u = z,vy, z), the m-th(0 < m < M) derivatives
of Ey(p,t) and Hy(p,t) with respect to time at (p,t") are denoted by C';"(p, t™) and
DL" (p,t™), respectively. For u = z,y, z, by using the Taylor Theorem, we see that

~ M mo o~
Eu(p, t"*1) = Cp,t") + S LBBECm(p,t") + (AH)MHISE

(49) i T
Hu(p, t"+Y) = DO(p, ") + > EO™ Pre(p,t7) + (Ap)MHLSy |

m=1

where S¢ =:(S¢,, Se,,Se.) and Sj, =:(Sp,_, Shy» S}, ) are the remainders, defined by

€y

1 oM+1p, " ” 1 oM+,
(M +1)! otM+1 (p.t1u), Sk, =

50 Se, = iy
( ) ey u (M+1)' OtM+1 (pv 2u)7
in which t7, and t3, (u = z,v, 2) are the numbers between t" and t" 1!,
Differentiating both sides of (1)-(3) m-times with respect to time, we obtain the rela-
tions between {C7, DT} and {C7", D7} (u = z,y,2, 0 <m < M —1):

- aD™ 8D - oD 9D™

1 m+1 — z Yy m+1 — z z
(51) eCe Ay 0z l(p,tmy’ €0y 0z or lp,m)’

- oD aD™ - acm  acm

52 Cm+1 — y x Dm+1 — Yy z
(52) = ox dy lpamy HTF 0z Ay lpny’

- acr  acm - acm  acy
53 Dm+1 _ z T Dm+1 — T Yy )
(53) oy Ox 0z |,y Hs Oy 0z l(p,tn)
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Let " = (&;,&,&7) and H™ = (Hy, Hyy, HZ) be the error fields, let C3' = (C",Cy", C")
and Dy = (Dy", D", D;") be the coefficient vectors for the error fields. For example,

1. :Ez(xiJrlvijzk?tn)_En

it5.d.k 2 Fitdgk’
Cc =C™(z,, 1,5, 2k, t")—C .
IH»%,]‘,k,n T ( z+§7y]7 ks ) zH»%,j,k,n

Subtracting the equations in (11)-(12) from the equations in (49) over QF and Q) (u=
x,y, z), respectively, we obtain

M m
CYV I S o

U, B,y m! ua,ﬁ,%n
m=0

—

(At)M+1Sn lagys w=2,9,2

where (o, 8,7) = (1,4, k), (i,,k) and (i, 4, k) respectively, and

k

M

) Hirh = S BTpn AN s, w=
m=0 :

where (o, 8,7)=(i,7, k), (,7,k) and (3, j, k) respectively.
Similarly, subtracting the equations in (13)-(18) from the discretized equations in (51)-

(53) over Q! and Q! (u = z,y, 2), respectively, we obtain
1
(56) ecyt! = 6D | -8.D) | +RI
1+— j.k,n itg.d.kn Yitg5.d.kn Titg.d.kn
1
(57) eyt = &DY . =&DI . +RL
Yijtd kn it kn it g kn Yij+5.kn
1
(58) eCcrt = &Dy , —-6,DF | 4RI |,
7, k+2 n i gkt 5.m i, k+g5.n i4,k+5.n
1 m m
59 Dyt = 4.C -5,C Ry
(59)  m TigtLktdom Yiir ki Y zi,j+%,k+%,n+ doi L ki’
1 m m m
60 Dyt = &C -4.C +R
(60)  p Yird jktdm B N T ird jrtlon’
+1 m m m
61 D = 4,C — 0,C R
61)  n Fivditdem R N e yi+%,1+%,km+ deipdgrdokn’

where 0 <m < M — 1, R’ and R (u = z,y,z) are the remainders:

3 /m
m _ (ay)? BSD’” ny _ (Az)? 9°Dy n
R%Hr? Gkm 24 (p; +1 .51, ko t") 24 928 (pi+%,j,k1’t )
m _ (Az)2 83D’" Y (Ax)2 83 D™ n
(62) Vijtdiken (p; ij+ 5 k2 t") 24 0zx3 (pilvﬂ”f%v’“’t ),
m _ (Ax)? asD;}L( tn) _ (Ay)? 83D;n( tn)
i jhida 24 0@ Diyjk+d> 24 oy Pigok+lst )
3om 2 53 Am
m _ (a2 97°Cy ny _ (Ay)* 9°C7 n
Rdmiﬁ%’“%m =51 o8 Pigidnert") = 21 g (Pige o t"),

m (Ax)? 3G (Az)2 936™M "
(63) Ra, 1 = % g3 (ngglwl ") = 5 5 (Pig 1 kg 1)
i+diktdn 2
=, 3 Am
(Ay)2 &3C™ n (Az)2 0°Cy n
24 o8 (pi+%,]’4,k’t ) — S ot (pz‘4,j+%,k’t )

7+2 J+1 k,n

Ry

where pa,g,y = (Ta,Ys, 2y), and for 1 <1 <4, x5, € (Ti—1/2,Tit1/2)s Y € (Yi—1/2,Yj+1/2)
and zx, € (2x—1/2, Zx+1/2) are all constants.
The starting values for C;;* and D' (u = z,y, z) in (56)-(61) are:

0 __on 0 __eon 0 __eon
(64) Ct]kn gff'k’ Cyl]kn gyij,k’ Cl]kn_é‘zi,jfc7

0 0 _ n 0 _ n
(65) Dzz‘j,fc,n - H i,7,k’ Dyl ik Hyi,j,é’ ,DZ’ Jokon HZZ} E°

And the boundary conditions for C;' and Dy'(u = z,y,2, 0 < m < M) are:

m _ m _ »m m _ m _

(66) Czi,j’,k,n - Oz{,j,k’,n - Cyi'j, n Cy i,5,k"\n sz/ AR 0,
m _ m _ m . m _

(67) sz‘,j/,é,n - D%' ERRD Dyi,j’,fc,n DZ' joklm 0,

where i’ =0 or I, 5 =0o0r J, ¥ =0 or K, denoting the indices on the boundary.
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Let C7' = (C;",Cy",C"), Dy = (D', Dy, D), R = (R, R, RY) and Ry =
(Rq,, Ra,, Rq.). Then, the vector form of (54)-(61) is:

M m M m
g=3%" (RO m 1 (At)M+isz, = > BT+ (a5,
— m! — m!

68) eCrtl =V"xDI'+R, DI =-V"xCr+RY.

4.2. Estimate of the remainders and the coefficients of error fields. From the
remainders (62), (63) and (50) and Lemma 2.2, it can be proved that

Lemma 4.1. For0 < n < N and 0 < m < M, let S7, Sj, R and R7' be the
remainders defined in (50), (62) and (63) respectively. Then,

(69) vx8S'=0, vxR.'=0, v-S;"=0, v-R7 =0,

(70) le™3RZNZ + 1 REI < Owen (A2)' + (Ap)' + (22)"),

(71) le™ 2V <R YR + [l 2 V" R < Osen (A)* +(Ay)*+(A2)1),
(72) |2 ST 12+ 1112 SRR < Osen, 1™ 29" x ST+l 2V" xS} 2 < Osen,

where O1en, O2en, Osen and Ouen are constants, dependent of the norms of the derivatives
of the exact solution (Eg, Ey, E.) and (Hg, Hy, H).

Lemma 4.2. Let C;' and Dy with 0 < m < M be the vectors of coefficients defined
in (56)-(67). Then, for any m =0,1,...,M — 1, and n > 1, it holds that

I3 2 + 2 DI < (Oren + Ozen) (A2)* + (Ay)* + (A2)*)
4 (1 1 1 1

= T\t @ Ty T e

)t ez + I D).

By the method of proving Lemma 3.2, (73) is derived.

Lemma 4.3. Let C7 and DI be the vectors of coefficients of the error fields "1
and H"! for HAIT-FDTD(M) with M = 3. Then,

(74) (€0, Ch)e+(uDY, Dh)n = (€5, RY)e + (DY, RY);

(eCn,Ch)e + (D5, Di)n = (Co, R)e + (D5, Ra)n + (Cr, RY)e
(75) + (Dh, Rk — (€1, Cr)e — (D), Dy )i

(eC5,Ch)e + (uD5, Di)n = (Cp, R2)e + (D, RD)n — (€, Re)e
(76) — (D, Ra)n + (€1 RY)e + (D, R
(77) (eCr,Ch)e + (D, Do) = (Cry R)e + (Di, R

(€1, Co)e + (uDy, Di)n = (Cp, RY)e + (D, RO 1 + (Ch, Re)e
(78) + (D5, Ra)n — (¢C1,Ch)e — (uDi, Di)n;
(79) (€3, C)e + (UD3, Do)i = (Ch, RY)e + (D, R

The proof of Lemma 4.3 is similar to that of Lemma 3.3, here omitted for shortness. The
inner products of the vectors of coefficients for the other HAIT-FDTD(M) schemes with
M > 4 are similarly derived.

4.3. Convergence analysis of HAIT-FDTD (M)

Theorem 4.4. Let £" and H™' be the error fields for HAIT-FDTD(M) with
3 < M <8. Then, it holds that

(80) It € E+ R < Oen (A0 4 (A0)" + (Ag)" + (82)"),
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where Oep, is a constant dependent of Oern (I = 1,2,3,4), if the following convergence con-
ditions for HAIT-FDTD(M) (3 < M < 8), denoted by CCnr=«, are respectively satisfied.

3 Ap)? At)?
CCm=3: Ocpi < 1 4,u) , CCm=a: Ocpt <2~ %7
(15 (Ap)? ?/M (At)?
_r e < - ’ - ’
COm=s5: Ocs1 < mm{ 4 4ue 8 dpe }
. (At)? i;/457 (Ap)?
_a el < - ’ e - ’
CCm=6 : Ocp; < min {6 T 1 At e }
5 (an? 9 _ (&
=7 el < g — ’ =8 1S p ’
CCm=7: O 1< 3 Lue CCm=s: O fl 5 4ue

where 7 > 0 is small number.
Proof. First we consider the case: M = 3. By the expressions of £ and HI ! (u =
z,y, 2) in (54)-(55), we see that

3
1. 1. 1 m 1 (At m
e 2 + e E = S (et OO e + jlut C0 D )

m=0
At (At)? (At)? (At)? (At)* (At)®
+2( Fo1 + T Loz + 3l Loz + o1 Iz + 3 s+ TRY P23)
3 3
4 (At)m m o Qn (At)m m oqn
+2(At) ((emz::() - cn,se)eJr(,ucmzzj0 ~-D.S}),)
1.n 1n
(8) -+ (@0 (IS + ISR,

where the terms I'yq(p < ¢, p,q € {0,1,2,3}) are

To1 = (eCo,Ch)e + (uDY, Dr)n, Loz = (eC2,C2)e + (uDo, Do),
loz = (8027Ci)e + (M'D?L,'Di)h, T2 = (€Ciaci)e + (M'D:H'Di)h,
I3 = (€€, Co)e + (WD, Di)n, Tas = (eC5,Co)e + (uDi, Do)

By using Lemma 4.3 and simplifying the right hand side of (81), we have
le2 €2 4+ I3 H R = R e )? + i DY3
- OO ez 4 1t paR) + S (jed ez + it o3
(82) + W1+ Wy + Wy + W+ (A (usfs:ue + 1t SR,
where the terms Vi (k = 1,2,3,4) are:

Uy = 2A¢t((Cp, Via)e + (D, T1p)n),

= (At)*((Cny Y2a)e + (Dry Tab)n),
Vs = (A; i (€2, ¥sa)e + (D2, Usp)n),
Uy = (A; 7 (€5, 80)e + (D3, SP)n),
=R+ SR B R ¢ (anies,
@, =R+ 2R (AD" g2 4 (At sy

6
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2
Wy, = RO + %“Ri + @RE + 2(At)%eS?,
2A¢ At)? n
W = RS+ 220 R + BRE oAt
2
V3, = R + AtR; + @RZ + 3(At)%eS?,

(At)®
2

Uy, = R + AtRY + R34 3(At)*uSy.

By Lemmas 4.1 and 4.2, and summation by parts, we have

(83) U1 < At(e2 €2 + 12 DRI + Ocn(Bayz + (A1),
At)? /1 1
(8 0y < B (202 4 2 DUE + Oun(Buys + (20,
\IJB S Atoeh (Azyz + (At)ﬁ)
(At)s 3 1502 1802
(85) + (G +@0°0n) (I R+ 1 DLIR),
(At)3 (At)Z 2 1L 02 1 0,2
i< S (B +40e) (I CRlE + It DRIR)
(86) + AtOep (Auy: + (A1)°),
where O, be a generic constant which is dependent of O, with I = 1,...,4 and different

from each other in different places. Next, we consider the terms with (At)* and (At)® in
(82). By Lemma 4.2, we have

At* 1 1 AtS 1 1
— 2L (lr e + 1 DA + S (2 €22 + 1A DAIR) < (A0)°Ounray
At4 4 (At)Q 1 9.2 1 22
— T1a 1 — S\ _ c 2 nlle 2’Dn .
(87) 13 (175 (s +0)) (I3 LI+ WA DRI

If Oyt < 3/4 — (At)?/(4pe), substituting (83), (84), (85), (86) and (87) into (82), and
using (72), we have

le2 €2 4 2 H R < (L4 BiA) (2 €72 + In A" |3)
(88) + Oan At((Az)* + (Ay)* + (A2)* + (AD)°),
where f3; is a constant defined by
(Ar)*

2
+4chz) + (At)*Ocq1 + e

B At (At)? r(Ab)?
fr=1+ 5t g (

UE
By using (88) repeatedly, we obtain
le & 2+ B < €T (RN + lud IR
+ 0 ((A0° + (A2)* + (Ap)* + (A2)*).
Thus, the error estimate (80) with M = 3 is obtained. Similarly, the other estimates (80)
with 4 < m < 8 are proved. This completes the proof of Theorem 4.4. O
5. Numerical experiments

In this section free-divergence property, stability, approximate energy conservation and
error estimate of the solutions to the HAIT-FDTD schemes are tested by using a model
problem with a known exact solution.
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5.1. The model problem. We consider to solve the problem (1)-(5) with e=p=1 and
Q = [0,1]3, the exact solution: E(t) = (E,, E,, E.) and H(t) = (H,, H,, H.) as follows:

E; = uo(t) cos(mzx) sin(my) sin(nz), Ey = —2uo(t) sin(mwz) cos(my) sin(nz),
E. = uo(t) sin(rz) sin(wy) cos(nz), Hy = —V/3 vo(t) sin(mz) cos(my) cos(nz),
H, =0, H, = V3 v(t) cos(mz) cos(my) sin(nz), uo = cos(v/3xt), vo = sin(v/3rt),

and the initial conditions are obtained by setting ¢ = 0 in the solution expressions.
It is easy to check that the L? norm of the exact solution, denoted by EnLs, is a
constant, EnLa(t) = (|[¢"/2E(t)||* + |u*/>H(1)||?) " = V3/2, Vi >0.
5.2. Test on free divergence. We compute error of divergence of fields by using the
formulas:
DIvE" =: max{e(6: By + 8, By + 6. B2 )ijnlizi [ 105}
DivH" =: max{u(6.H; + 6, H, +0.H) Iz

i,j,kli=11j=1

Table 1 gives the maximum values of |[V" - ¢éE"| and |V" - uH"| computed by the
HAIT-FDTD(M) schemes with 3 < M <14 and Az = Ay = Az = At =0.02, nAt =1
for the model problem. From the data in the table we see that the errors of the

TABLE 1. Maximum of [V*¢E"| and |V"uH"| over the grid points
with nAt =1 for HAIT-FDTD(M): 3 < M < 14.

M =3 M=41 M =5 M =6 M=T7 M=28

DivE"™ | 1.85e+8 6.64e-4  2.26e-13 2.54e-13  2.40e-13 2.48e-13
DivH"™ | 1.34e+8 7.32e-4  2.34e-13 2.71e-13 2.91e-13 2.89e-13
M=9 M=10 M=11 M=12 M=13 M=14
DivE"™ | 3.18e-13 2.90e-13 3.18e-13 3.07e-13 3.37e-13 2.81e-13
DivH" | 3.33e-13  3.48e-13 4.10e-13 3.39e-13  3.32e-13  3.44e-13

divergences for HAIT-FDTD(M > 5) are very close to zero, showing the consistence with
Theorem 3.1. However, the values for the two cases: M = 3 and M = 4 are far away from
zero. This inconsistence is caused by that the CFL number in the experiment, denoted
by Cepi: (Cep1)? = Ocpi = 3, breaking the stability conditions for HAIT-FDTD(M) with
M = 3(rs = 3/4) and M = 4(ry = 2) (see Theorem 3.6).

If we select At = h/2 = 0.01, niAt = 1 for HAIT-FDTD(M=3), and At = 0.8h =
0.016, ne At = 1 for HAIT-FDTD(M=4) (O.f; = 3/4, both satisfy the stability conditions
in Theorem 3.6), then, we have

HAIT-FDTD(3) : DivE™ = 2.66e — 13, DivH"! = 2.83¢ — 13,
HAIT-FDTD(4) : DivE™ = 2.24e — 13, DivH"? = 2.72e — 13,

which is in accordance with free-divergence in Theorem 3.1.

In order to see the variation of divergence error in long time computation, we compute
DivE"™ and DivH" by selecting t"=nAt =T=4, 8, 10 and 12. Table 2 shows us
the divergence error for HAIT-FDTD(M=8,10) with At=Az=Ay=Az=0.02. From these
values we see that the HAIT-FDTD(M) schemes are numerically divergence free in long
time computation. The experimental results for the other schemes are similar. However,
the degree M for long time computation should be chosen relatively large.

5.3. Test on stability and approximate energy conservation. We use the schemes
HAIT-FDTD(M) with 3 < M < 14 and Az = Ay = Az = At = h = 0.02 to solve the
model problem, and then work out the energy at ¢ = 0 and ¢ = ¢" by using the formulas:
En™ = (||veE"™||2 + ||\//]H”||,21)1/2, The values En" at t" = nAt = 1 and the difference

DEn" = En™ — En® for these schemes are shown in Table 3.
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TABLE 2. Divergence error DivE™ and DivH"at t" = nAt = T
with T'= 4,8, 10,12 for HAIT-FDTD(M)(M = 8§, 10).

HAIT-FDTD(M=8) | T =4 T=28 T=10 T=12
DivE" 6.10e-13  8.03e-13  9.24e-13  9.59e-13
DivH" 6.09e-13 8.7le-13 9.41e-13 9.68e-13

HAIT-FDTD(M=10) | T =4 T=8 T=10 T=12
DivE" 5.92e-13  9.04e-13 1.02e-12 1.12e-12
DivH" 6.59e-13  9.12e-13 1.10e-12 1.17e-12

TABLE 3. Energy values En" at t" = nAt = 1 and their difference
from En®=0.8660254 for HAIT-FDTD(M)(3 < M < 14).

M =3 M=4 M =5 M =6 M=T M =38
En"™ | 1.21e+21 3.44e+9 0.86603  0.86603 0.86603  0.86603
DEn"™ | 1.21e+21 3.44e+9 9.94e-8 1.48e-10  -2.10e-11 -2.68e-14
M=9 M=10 M=1 M=12 M=13 M=14
En™ | 0.86603 0.86603 0.86603  0.86603  0.86603  0.86603
DEn" | -6.66e-15 7.99e-15 -7.88e-15 -7.88e-15 -8.1le-15 -7.99e-15

From Table 3 we see that the energy differences become smaller and smaller as M
becomes larger; this is consistent with Theorem 3.4. The CFL number for these schemes is
/3, showing that the stability conditions overcome the CFL stability condition (C.p; < 1).
However, the values for the cases M = 3 and M = 4 are very large. This contradiction to
Theorem 3.4 is caused by that O.y; = 3 for the two schemes doesn’t satisfy the stability
conditions: Ocg; < 3/4(M = 3) and O.f < 2(M = 4).

If taking At = h/2 = 0.01, t™ = 1 and At, =0.8h = 0.016, "2 = 1 for HAIT-
FDTD(M) with M=3 and 4 respectively, then the energy differences are DEn"!* =-3.158e-
5, DEn"?=-1.621e-7. This agrees with the result in Theorem 3.4 that the squared energy
differences are O(At1)® = O(107°%) and O(At2)® = O(107®). In addition, the signs of
DEn"', DEn"?, and those appeared in Table 3 with M > 5 confirm Remark 3.6 that
HAIT-FDTD(M)(M = 3, 4, 7, 8) are energy-decreasing, while the schemes with M = 5,
6 are energy-increasing.

The behavior of energy conservation in long time computation is checked by computing
the energy difference DEn"™ with t"=nAt=T=4, 8, 10 and 12. Table 4 gives us the

TABLE 4. Energy values En™ at t" = 4,8,10,12 and their differ-
ence from En’=0.8660254 for HAIT-FDTD(M)(M = 8, 10).

HAIT-FDTD(M=8) | T =4 T=8 T=10 T=12
DEn" -1.903e-13  -2.359e-13 -2.184e-13 -3.286e-13

HAIT-FDTD(M=10) | T =4 T=8 T=10 T=12
DEn" -1.403e-13 -2.454e-14 -3.086e-14 -1.843e-14

energy difference for the schemes HAIT-FDTD(M=8,10) with At=Az=Ay=Az=0.02.
The results for the other cases are similar to those in Table 4. From these data we see
that HAIT-FDTD(M) also preserves approximately the energy in long time computation.

5.4. Test on error estimates and convergence rates. Denote the relative error under
the discrete L? norm by RErr, that is

RErr = REre(h) = (|VEE"|? + | VaH" |2)} /BnLa(t").
The convergence order is computed by Order = log, (RErr(h)/RErr(h/2)).
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TABLE 5. Relative errors and convergence orders of HAIT-
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FDTD(M): 3 < M < 8.

h M=3 M=4 M=5
RErr Order RErr Order RErr Order
0.04 | 3.5656e-3 3.5859¢-3 3.5795e-3
0.02 | 8.9417e-4 1.9954 | 8.9543e-4 2.0017 | 8.9503e-4 1.9998
0.01 | 2.2371e-4 1.9989 | 2.2379e-4 2.0004 | 2.2377e-4 1.9999
M=6 M=7 M=8
RErr Order RErr Order RErr Order
0.04 | 3.5796e-3 3.5796e-3 3.5796e-3
0.02 | 8.9503e-4 1.9998 | 8.9503e-4 1.9998 | 8.9503e-4 1.9998
0.01 | 2.2376e-4 1.9999 | 2.2377e-4 1.9999 | 2.2377e-4 1.9999

We use HAIT-FDTD(M) with 3 < M < 8 and Az = Ay = Az = At = h to solve
the model problem, and compute the relative errors and the convergence orders of the
solutions E™ and H" at t" = nAt = 1, which are displayed in Table 5. From the numbers
in this table, we see that the convergence orders are close to 2 and have more and more
significant digits as h decreases, and that the relative errors at each row change very
little as M increases. This confirms Theorem 4.4 that the error bound of the solutions,
O((At)™ + h?), is dominated by h when M is larger than 3.

6. Conclusions and remarks

In this paper, we established a rigorous analysis of the HAIT-FDTD(M) schemes on free
divergence, energy conservation, stability, and convergence. This enhances the reliability
of these schemes and tells us how to choose the time step size At when the polynomial
degree M is less than 8. The error estimate in time O((At)™) also tells us that the value of
M can also be selected by making (At)™ less than the machine error. Selection of a large
M does not bring much increase in workload and CPU time (see [22]) since the scheme is
explicit and not involved in solutions of systems of equations. The rigorous analysis here
can be extended to analyze the HAIT-FDTD(M) schemes in the other media and the new
high order HAIT-FDTD(M) schemes by combining higher order space discretization with
the Taylor expansion in time. This will be considered in future.
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