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A CLASS OF RUNGE-KUTTA METHODS FOR BACKWARD
STOCHASTIC DIFFERENTIAL EQUATIONS

XIAO TANGH* AND JIE XIONG?

Abstract. In this paper, we introduce a class of Runge-Kutta (RK) methods for backward
stochastic differential equations (BSDEs). The convergence rate is studied and the corresponding
order conditions are obtained. For the conditional expectations involved in the methods, we design
an approximation algorithm by combining the characteristics of the methods and replacing the
increments of Brownian motion with appropriate discrete random variables. An important feature
of our approximation algorithm is that interpolation operations can be avoided. The numerical
results of four examples are presented to show that our RK methods provide a good approach for
solving the BSDEs.
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1. Introduction

Consider the backward stochastic differential equation (BSDE) of the integral
form

T T
(1) Mﬂ=ﬂW@D+[J@w@&@%k—ZZ®dW@JGW$L

where f : R x R4 x R¥>™ — R is a Lipschitz-continuous function, W(t) =
(W), W2(t), --- ,W™(t)) is an m-dimensional Wiener process supported by a
filtered probability space (Q, F,P, {F}o<i<7), and the function ¢ : R™ — R? has
continuous and bounded first derivatives.

The existence and uniqueness of the solution of (1) was first proved in [12].
Moreover, by [13] and [14], we know that the solution of (1) can be rewritten as

(2) y(t) = u(t, W(t)), 2(t) = Vu(t, W(t)), t € [0,T],
where Vu is the gradient of u(t, z) with respect to the variable z, and u(t, z) is the
solution of the terminal value Cauchy problem

ou 1= d%u

—+ = — t,u,Vu) =0, t € [0,T), x € R™,
3) at+2;ax§+f(“ v) 0.7), =
W(T,z) = p(x), © € R™.
The smoothness of the solution u depends on the smoothness of the functions f and
© (see, e.g., [6, 24]). Specifically, if f € C{f’%’%, pE CZ]HE, keZt, ee(0,1),
then we have u € C’f ’Zk, where C’: 228 Jenotes the set of continuously differentiable
functions ¢(t,y, z) with uniformly bounded partial derivatives 3%08?51 0% ¢ for 21y +
lh + 1 < 2k, Cf’% denotes the set of functions ¢(¢,x) with uniformly bounded
partial derivatives 9°0% ¢ for 2lp + 11 < 2k, and CZ¥*¢ denotes the set of functions
#(z) such that 8L¢, | < 2k are uniformly bounded and 92*¢ is Hélder continuous
with index e.
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As is well known, it is very difficult to find the analytic solution to most BSDEs.
Therefore, developing numerical methods for solving BSDEs is becoming highly
desired in practical applications. Up to now, many works on numerical methods of
the BSDEs or their extensions forward-backward stochastic differential equations
(FBSDEs) have been done. The methods in [5, 8, 9, 10, 11] are developed based
on the relation between the BSDEs and the corresponding Cauchy problem. The
methods in [3, 15, 16, 19, 20] are developed directly based on the BSDEs.

In recent years, there has been much interest in developing numerical methods
based directly on the BSDEs. In particular, the linear multistep methods for solving
ordinary differential equations (ODEs) have been successfully extended to solving
BSDEs (see, e.g., [1, 17, 18, 21, 23, 25]). However, Runge-Kutta (RK) methods,
as another type of important numerical methods for the ODEs, are rarely used to
solve the BSDEs. As far as we know, there are currently only two references that
have studied RK methods for the BSDEs [2, 4]. The authors of [4] studied a specific
second-order RK method. The authors of [2] introduced a class of RK methods and
provided rigorous convergence analysis results.

In the present paper, we will introduce a class of RK methods for the BSDEs (1).
The order conditions up to third order are obtained for our RK methods. Based
on the order conditions, we give two specific explicit RK methods. Combining the
characteristics of our RK methods and replacing the increments of Brownian mo-
tion with some appropriate discrete random variables, we design an approximation
algorithm for the conditional expectations involved in the RK methods. Our RK
methods is different from the RK methods proposed in [2]. The main difference lies
in the calculation of the internal stages about variable z (see method (7)), which is
more conducive to design the approximation algorithm for the conditional expecta-
tions (see Remark 1). In addition, no interpolation operations are required for our
approximation algorithm of the conditional expectations. What’s more, the ideal
of our approximate algorithm can be applied to many other methods for solving
the BSDEs (see below).

This paper is organized as follows. In section 2, we introduce our RK methods.
We study the convergence rate and obtain the corresponding order conditions in
section 3. In section 4, the approximation algorithm for the conditional expectations
is presented. Finally, we present some numerical results to verify our theoretical
results.

2. RK methods for the BSDEs

Under the uniform time stepsize h = %, t, =nh, n=0,1,2,--- /N (N is a
given positive integer), we have

. Y(tn) = Y(tn) + / " f(s0(s), 2(s)) ds - / " A(s) dW(s), n< N,
4 tn tn
y(tn) = o(W(T)).

Inspired by [19, 20], for equation (4), we can establish the following two ordinary
differential reference equations

5) o) = B [ultasn) + [ Fs,0(0)2(5)) ds].

n
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(6)
0=RE,, y(th)Ath(h)—i—/t " F(s,9(s),2(5)) AW, (s —ty) ds—/t " 2(s) ds},

n n

where Ei[-] = E[ - | ;] and AWL(0) = W(t+0) —W(t), 0<0<T —t.
Learning from the idea of RK methods for the ODEs, we introduce our RK
methods for the BSDE (1), which take the form

q+1
Yn = ]Etn |: Yn+1 + hzbzf(tn,z; Yn,ia Znﬂ) i|a n= 07 17 t 7N - 17

i=1

q
zp = By, [ Ynt1Hp g1 + hZBif(tnm Yo,y Zn,i)Hng41, },
=1
Yn,l = Yn+1, Zn,l = Zn+1, Yn,q+1 = Yn, Zn,q+1 = Zn,

Yo=K, , [ Ynt1 + hzaijf(tn,ja Yo, Zn;) }, 2<1<g,
j=1

i—1
Zni =By, ; [ It + 0> ity Yags Zng)Hnij }
j=1
where ¢ is a given positive integer, and ¢, ; = tp41 —ch with 0 =¢; <y <+ <

cq+1 = 1. The coefficients b;, 3;, a;j, a;; € R and satisfy

ﬂi:Oa ifci:L

Oéij = O7 ’Lf C; S Cj,

i 1—1
Zaij ZZ%]‘ =c¢, 2<1<q.
i=1 =1

The random variable H,, ; ; satisfies

1

0, else.

3. Convergence analysis of the RK methods for the BSDEs

Although RK method (7) appears to be more complex than the classical RK
methods for solving ODE, we can still draw on the analytical approach of the
classical RK methods when exploring the convergence of RK method (7). Similar
to the classical RK methods, we study the convergence of RK method (7) for the
BSDEs by analyzing (mean-square) zero stability and consistency.

3.1. Stability. We first analyze the stability of the method (7). For convenience
of description, we rewrite the method (7) as the form

( ) Yn = IE:tn |: Yn+1 + hcb(tn+17yn+1azn+lvh7H) :|7 n= 01 ]-7' o 1N - 17
8
zn = By, [ Ynt1Hng+1,1 + W (Lot Ynt1,s Zng1s hy H) },
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where H can be seen as a vector containing all the random variables H,, ; j, 1 <
j <i<q+1, and the functions ®, ¥ satisfy

qt+1
(I)(tn+17yn+1azn+1yh7H be n,is nu nz)

\I/(tn+17yn+1azn+1vhaH Zﬂz ni; Yn,iv Zn,i)Hn,q+1,i7
(9) Yn 1= Yn+1, Zn 1= Zn+1; Yn ,q+1 = Yn, Zn,q+1 = Zn,

Ynz*Etn7{yn+1+hZa”f n,js ,J? Zn,j)}a 2§i§qa

Zn,i = Et,, |: Zn4+1 + hzamf n,7 ,ja Zn,j)Hn,i,j :|

To investigate the stability, we introduce a perturbed method
gn - Etn |: :Z]'I'H»l + hq)(tn+17gn+172n+l7ha H) i| +§r§:7 n= 07 17 T 7N - 17

(10)
Zn =E, [ In1Hn g1, + Y (Eng1s Unt1s Znsr, by H) } + &7,

where the terminal values 7y, Zx belong to L?(Fr) and the perturbation variables
¢Y ¢Z belong to L?(F;,) (L*(F;) denotes the set of all the F;-measurable and
square integrable random variables). Next, we will prove the following result of
stability.

Theorem 3.1. Let 0y, = Yn — Un, 02n = 2n — Zpn. If the function f is Lipschitz-
continuous and h is small enough, then we have

ol [0y ] +hZ | 020 7]
(11)
sc(EU(syN|2]+hE[\6zN|2]+ZE[E|§Z|2+h\£5|2]),
n=0

where | - | is the Euclidean norm, and C' is a positive constant that does not depend
on h.

Proof. The proof approach of this theorem is similar to the proof of zero stability for
the classical RK methods. But the specific proof process will be more complicated
in the mean square sense.

We first prove that

2
Ei, [®(tnt1; Ynt1s Znt1, by H) = @(tng1, Gy 1s Zngs by H)H

(12)

< O (3 Ba+ B [ yna P+ | 620 P 14165 P 41657,

B B 2

(13) ‘]Et \IJ t7z+17 Yn+1, Zn+1, h’7H) - \I/(tn+17yn+1a Zn+1, h7 H)]‘
C

< (2B B [ 6gun P+ |G 214161 P 41641

when h is small enough, where B, = E; [ | 6yna1 |? }— | Eq, [§yn+1] |2 and Cy, Cy
are positive constants that do not depend on h.
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Based on the definition of H, ; ;, the Lipshcitz condition and (9), it is not difficult
to show that

(14) Ee,[| Hnij ] < K = max L 1<j<i<qg+1,

ci>c; C;p — Cj

5 1
h )

2
Et, [®(tns1,Yns1, 2041 by H) = @(tny1, Gng1, Zng1, by H) ‘
q+1 _ _
(15) S (q + 1) Z | bz |2 Etn[ ‘ f(tn,i; Yn,ia Zn,l) - f(tn,i7 }/n,i; Zn,i) |2 ]
i=1
q+1
<2q+ D)LY | bi PEe, [ | 6Yni 1P+ |62 I° ],
i=1
(16)
2
’Etn (O (tng1, Ynt1, 21, hy H) = O(tnit, Gns1, Zngr, by H) ‘
2

q
S QZ ‘ Bi ‘2 ‘Etn [(f(tn,u Yn,iy Zn,i) - f(tn,ia Yn,i7 Zn,i))Hn,q-i-l,i]
=1

q
< qz | Bi |2 Etn[ | f(tnyis Yoy Zng) — f(tnis Yo, Znyg) |? ]Etn[ | Hyp g1, ? ]

i=1
2K L2 <
<= Z|ﬁz PEe, [| 0Yni >+ 1620 ? ],
i=1

where fﬁm, Znyi are defined as Y,, ;, Z,; by replacing yn41, 2nt1 With §p41, Znta,
0Yni=Yni—Yni, 02y = Zn;— Zni, and L is the Lipshcitz constant. Note that

Etn [ | 5Yn,1 \2 } = Etn[ | 5yn+1 |2 ],
Etn[ ‘ 6Zn71 ‘2 } = Etn [ | 6Zn+1 |2 ])

and

Etn[ | 5Yn,q+1 |2 ]
= | dyn |2
<3(Eu, [ | yns1 2]
+ B2 |Ee, [@(tng1, Yn1s Zng1s by H) = @(tng1, ot Zngrs by H)| ’2
+1er 1)
<3(E0, [ 0y ]
a+1

+2(q+ DERRE Y [bi [P B, [| 6% 2+ 6200 P ]+ €1 2),

i=1
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and
Etn[ | 0Zn,q+1 |2 ]
=|dz, |2
33( | B, [0ynt1Hngs1.1] |
+ h’ZUEtn [\Il(thrlv Yn+152n+1; h7 H) - \IJ(tn+17 gn+1, 2n+1, h, H)] ’2
+1eZ 1)
:3( | Et, [(6ynt1 — Ei, [0ynt1]) Hng1a] |2
+ h2|Et" [\Il<tn+17 Yn+15 2n+1, h, H) - \Il(tn+1a gn+17 2n+1a h, H)] ’2
+1eZ 1)
K q
<3(5-Bu+20KL*0 Y | B [P Br, [ | Y [ + 1020 [P ]+ 1 €217,
i=1
and

Etn[ | 5Yn,1 |2 ]

§2<Etn[ | Synsr 7]+ 2L202 Y | aij P Eo, [ | 6Yny I + | 620,y |2 ]),
j=1

Etn[ | 6Zn,z |2 ]

<2(Ey, [ | 82ns1 ]
i—1
+2(i = DKLRY | aig P Ee, [ | 6y [P+ 1870 1)

j=1
for 2 <i < q. Take
M = HZI%XH bz |a | 57, |7 | Qi |7 | Qg |}7

then it is not difficult to show that

(17)

q+1

> B, [0V P+ 620 ]

=1

3K

< TBn+(2q+2)Etn[|6yn+l 1> + | 62041 |2] +3(| & P48 |2)

q+1

+(2q(q + 2)K + (24> + 8¢+ ) M?L*h Y By, [ | 6% [P + | 620 | ].
=1

The estimates (12) and (13) follow from the estimates (15)-(17) if & is small enough.
Note that

(18) (a+b)? < (1+>\1h)a2+(1+ﬁ)b2,
1
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where A; could be any given positive constant. Then, by using the estimates (12)
and (13), we have
(19)
2
| dyn |2§ (1+ )\1h)|Etn [5yn+1} ’
1 ~ -
+(1+ ﬂ)(hmtn (@ (tns1s Ynt1s Znt1s B H) = @(tns1, Gns1s Zngts by H)J |
1
v o\2
+1€0 1)

<(1+ Alh)|]Et,,, [5yn+1] |2

) )\lh hB"L + ]Etn[ | 6yn+1 |2 + | 6Zn+1 |2 ]
G | P IEl?),

1 /1
+201h2(1+—)(

+(1 +

(20)

| 0z |2< 3( | Et,, [0yn+1Hn,g+1.1] |2

~ ~ 2
+h2|Etn I:\Il(tn"rla Yn+1,2n+1, h/a H) - \I/(tn-i-lv Yn+15 Znt1, h7 H)] ‘ + | 55 |2 )
1 2 2
< 302]7‘((% + Cth)Bn + E¢, [ | 0Yn+1 | + | 0znt1 | ]
1

Y |2 Z |2
e P g 1601,

Combining (19), (20) and the definition of B,, leads to

| 5yn |2 +A2h | 0zn ‘2

IN

((1 +A1h) =201 (35 + h) — 3Xa(K + OQh)) IE:, [6ynsi ]|’

+(201(711 + bt R ) 4 3o (K + Cah + OghQ))IEtn [ 6ynia 2]
(21)

+(201(§1h FR2) + 3)\202h2)]Etn [ 62ns1 |2 ]
+ (205 + DL+ C1k?) + 82aCah?) | € 2

+<201h(%1 +h) +3X2h(1 + Czh)) &P

1
where Ay could be any given positive constant. Let Ay = 4C1(= + 3K) and Ay =
1
+ 3K

N

, then there is a positive constant C5 such that

A A
E[|5yn|2+§h|5zn|2]+ 2

—hE[ | 6z |2 ]
(22) 2

A 1
< (1+Csh)|E[ | byt I? ‘*‘jzh | 6zng1 2] + C3E[ﬁ & P +h | &7 1]
when h is small enough.
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On the one hand, the Gronwall inequality leads to

ognmgazir(qE[ | Sy |2 ]

< 2 4 A 2
23) = o E[[oyn 2 +52h | 0z 7]

N-1
Ca(B[ | dyn P +3¢h ] oo ']+ 5 B[ |&) [P +h1 €2 ]),

IA

where Cy > 0 and independent of the stepsize h.
On the other hand, summing the inequality (22) over n, we have

2 A2
hz (1620 2] < 5 (B[ dun P+ 50 g2 2]
A
2 2 2
(24) +03T0§nmga§_1[€[ | dynt1 | +?h | 6zn41 ]
Noloo
+Cy YE[ 5 1€ P +nleZ ).
n=0
The conclusion (11) follows from (23) and (24). O

3.2. Order conditions. Consistency analysis is actually analyzing local errors.
The most commonly used technique for analyzing local errors is Taylor expansion.
Therefore, for a clearer description, we first introduce some notations about sto-
chastic Taylor expansions (For details, please refer to the Chapter 5 of [7]).
Let

(25)

M = {(jlaj27"' 7jl) .72 € {0317 ,m}a (NS {]—72a 7l}a l= 17233a}U{®}
be the set of all multi-indices. The number of components of v € M is denoted
by I(7), in particular, [() := 0. The number of zero in v is denoted by n(y). The

multi-index (j1, j2,- - ,/;) can abbreviate to (j); when j; = jo = --- = j; = j. For
v = (1. J2, -5 01), n = (k1 k2, -+ ,kp) € M, we define

YR = (jlvav”' ajlvklak27"' 7kp)7
(26)

LY = [ [(G2) . ..L(jz)7

where the differential operators LU), j =0,1,--- ,m satisfy

252’ 7=0,

(27) LW = 5
— i=1.9..
axj ) J ) ) 7m
For a given positive integer p, take
(28) Ay ={yeM|i(y)+n(y) <2p+1}.

If the function ¢(t,z) € C, ”*TP_ the multi-indices 7,7 belong to A, and differ
only in the order of the indices, then it is not difficult to show that

(29) LV¢ = L.

Now, we introduce the following result.
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Proposition 3.2. Let uy = u(t,W(t)), u] = L u(t, W(t)), if the function u €
C’b1+p’2+2p, then for a given positive integer p, we have
(30)

h? h?
E, [u(t +h, W(t+ h))] =y + huEO) + 7u§0)2 4t EUEO)p + Oy (k1)

(31)

1 h? *
EEt [’U,(t +h, W(t + h))AWtk(h)] _ ugk) + hugk,o) 4t gugk) (0)p + Ot(thrl)’

where AW[(h) = WF(t+h) — W*(t),k € {1,2,---,m}, Oy(h?*1) € F, and E[ |
O:(hPH1) | | = O(hP+1).

Proposition 3.2 can be seen as the special situation of Propositions 2.2 and 2.3
in [2] with X (¢) = W (t). Therefore the readers can refer to [2] for its proof.

Before giving the result of order conditions, we first give the definition about the
convergence order of the RK method (7).

Definition 3.3. If the estimate

N-1
2 — 2 _ 27 <« 2p
(32) o5 EL1ta) =9 ']+ 0 3D B[ | 2(t) =0 ] < O
is fulfilled when h is small enough, then we call the RK method (7) is of order p.

By using Theorem 3.1 and Proposition 3.2, we can obtain a main result, which
presents the order conditions of the RK method (7) up to third order.

Theorem 3.4. Assume f € C’:’S’S and ¢ € C’S“, then the solution u of (3) belong
to C’g’g. If the condition

q+1

(33) > bi=1

is fulfilled, then the RK method (7) is of order 1. If (83) and the addition conditions

q q
1
(34) 251‘ =1, ;bici +bgy1 = 3

are fulfilled, then the RK method (7) is of order 2. If (33), (34) and the addition
conditions

=2 =2

(35) q 7 q i—1
Z Z 1 1 Z Z 1 1
=2 j=2 biaijcj - §bq+1 - 6, =3 j=2 bio‘ijCj * ibq-H - 6

are fulfilled, then the RK method (7) is of order 3.

Proof. The proof of this theorem mainly relies on the repeated use of Taylor or
stochastic Taylor expansion techniques. There is no essential difference between
one-dimensional and multi-dimensional BSDEs in the proof process. Therefore, we
prove only the case of d = m = 1 for simplicity of description.

Based on (2), (3) and (27), we know the fact that

(36) y(t) = us, 2(t) = ul”, F(ty(t),2(8)) = —ul”.
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Take ypi1 = Y(tnt1), 2nt1 = 2(tng1) in (7), then Y 1 = wy,,\, Zny = ug ) By

n+1"
using Proposition 3.2, the equation (29) and the fact that as; = c2, we can show

that
(37)

Zn,2 - Etng [ Zn+1 + ha?lf(thrlv Yn+1, Zn+1)Hn,2,1 i|

(1

= u; ) + c hutl ,0) + C2 h2 (1 0,0) Oézlhu(LO)

tn,2 tn,2

Qo) 02h2ut " )+O L (R?)

2
=), = ZWuf 0 + 0y, L (h).

tn,2

For Y}, o, it is not difficult to show that
(38)

Yoo =K, , [ Yn+1 + haot f(tnt1, Ynti, Znt1) ] + haga f(tn2, Yn2, Zn2)

=K, , [ Ynt1 + haa1 f(tns1s Ynt1, Znt1) } + haza f(tn2, ut, Ugl)z)

+hag (8 f1 + 0 f2)

= Ut +thu(0) + 2h2 (O 0) — a2 hut , —a21¢ 2h2ul’ ’2) azzhugg),z

+haga (8 f1 + 6 f2) + Oy, ,(h?)

2
C
?2 — GQQCQ)]'LZ’U/gSjS) + ha22(5f1 + (5f2) + Otm2 (hg),

where we use the equation as; + as2 = co and
1
5f1 = f(tn,Qv Yn,27 Zn,2) - f(tn,Q; Yn ,2 U]E )2)

5f2 = f(tn,Za Yn 2 Ugi)z) f(tn 25 utn 29 ugi)g)
Combining (37), (38) and the Lipshcitz condition can lead to
| 6/11= 01, ,(h%), | 8f2 |= O, ,(h?).

= utn,2 - (

Then
2
(39) Yoz =, , = (2 = azca)h?ul) ) + Oy, , ().

Let f/ and f7 denote the partial derivatives of f(¢,y(t),z(t)) with respect to y
and z, respectively. By a first order Taylor expansion, it is easy to obtain

62
f(t”w?? Y2, ZTL,Q) = 7u§0) (3 2 a22C2)h2 o O)ffn 2
(40)
_ (1,0,0) p»
3 hzut 2 )ftn,z + Otn,z (h’g)
Through similar and cumbersome calculations, we can obtain
(41)
c? :
0 i 2
f(tn’i7 Y?’L,ia Zn”L) = —ugn)ﬂ - (5 - jz;aijcj)h2utn 1)fui1 i
i—1

(; Za”cj)hQ (LO0fE 10, (0, =34, 4.
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Then we have

(42)

q
Zn = Etn |: yn+1Hn,q+1,1 + h Z 5if(tn,i7 Yn,ia Zn,i)Hn,qul,i :|
i=1
= u,(fl) + hu (1 0) + h2 1 0,0) — B h (1 0) 5162h2u§i’0’0) — 52hu§i’°)

~fa(1 - cz>h2u£i M = By = By (1= e 0 + Oy, ()
q q
1
=+ (1= 308l + (5 = 8= D2 B0 = ) ) h2ul ™ + Oy, ()
i=1 =2

and
(43)

q
Yn = ]Etn |: Yn+1 + hzbzf(tn,za Yn,iv Zn,z) :| + hbq+1f(tnv Yn, Zn)
i=1

q
=E, { Ynt1 + hzbif(tn,i; Yois Zn.i) }

i=1
byt f(tns e,y ul) + hbgi1(6f3 + 6 fa)
1 1 b
=, + hug) + PP+ B = b — bt — bt
ba(1 — c3)?
0 - P 000

b (1 — c)?
e bghu® b1 — g 200 L) . €0 3000 _p bl

n

—bohu” —by(1— ¢

02 C
—b2(§2 - 02262)h3u§2’0)ﬁ’ — b2—2h3u§i’o’o)ftz

02 q
*"'*bq(gquaijcj)h?’ ©0 g —b( Zaljcj)hg (1.00) g
j=2

+bgi1h(Sf3 4 3 f1) + O, (hh)
+1
:utn+(l—qzbi)hu,52)+< — by — Zb L —¢ )hQUt?O)
=1
+<1 by M) Bou00 _ Z bi(Ei - Zaijcj)h?’ugg’o) i
i—2 i=2 Jj=2

62 2
‘<6252+Zb 51 ZauCa )h3 OO fE 4 bgah(0fs + 6£2) + O, (hY),
1=3

where
6f3 = f(tn, Yns Zn) - f(tna Yn, utn ) 5f4 - f( ny Yn, Ugi)) f(tTH Uty uz(ti))
If the condition (33) is fulfilled, the equations (42) and (43) mean that

(44)

y(tn) = Etn |: y(tn+1) + hq)(tn-l-lvy(tn-i-l)’ ( n+1) h, H) :| + Otn(hz)’

z(tn) = Etn |: y(tn+1)Hn,q+1,1 + h\p(tn+1ay(tn+1)7 ( n+1) h H) :| + Otn (h)

The first conclusion follows from Theorem 3.1 and (44). By some simple calcula-
tions, we can easily verify that the second and third conclusions are also correct.
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The proof is complete. [l

Many specific RK methods can be proposed by using Theorem 3.4. We list two
specific RK methods here.

The first one is a second order explicit RK method with ¢ = 2, which takes the
form

1
n — Et |:yn+1 + h(Ef(tn+1; Yn717 Zn,l) )i|
+= hf( ns n2, Zn,Z);
Zn = ]Etn |: yn+1Hn,1 + hf(tn+1a Yn,b Zn,l)Hn,l :|a

Yn,l = Yn+1, Zn,l = Zn+1,
Yn,2 - Etn |: Yn+1 + hf(tn-i-h Yn,la Zn,l) i|a

Zn,2 = Etn [ Zn41 + hf(thrh Yn,la Zn,l)Hn,l :|7

where Hy, 1 = (W (tng1) — W(t)).

The second one is a third order explicit RK method with ¢ = 3, which takes the
form
(46)

Yn = Etn [ Yn+1 + h(éf(tn+17 Yn,l, Zn,l) + %f(tn-i-%v Yn,Zv Zn,2) )}
+= hf( ne Y3, Zng3),
0= Eu | YnstHog +0f (b ys Yz, Zn2)Hns |,
Yn,l = Yn+1, Zn,1 = Zn+1,
Yoo = Etw% [ Ynt1 + %hf(tn—&-l; Yo1s Zn,1) },

1
Znz=Ee | snv1+ 5hf sty Yo, Zoa)Hus |,

nt
n 3 — Et |: Yn4+1 — hf(tn+1a Yn,la Zn,l) + th(tn+%v Yn,2a Zn,2) :|7

=Ei, | znt1 = hf(tns1, Yo, Zna)Hua +20f(tys, Yoo, Zn2)Hno }7

where H,1 = +(W(tps1) — W(tn)), Hno = %(W(tn+%) - W(ty)) and Hy,3 =
%(W(tn+1) - W(thr%))

4. Approximation of conditional expectation

To implement the method (7), we first need to compute the conditional expecta-
tions involved. In this section, we will introduce our algorithm to approximate the
needed conditional expectations. In our approximate algorithm, the increments of
Brownian motion will be replaced by some appropriate discrete distributed random
variables. An important advantage of our algorithm is that it can avoid the inter-
polation operations. High-order interpolation polynomials are not only prone to
instability, but also costly for high-dimensional problems. Therefore, it is meaning-
ful to avoid interpolation. In addition, the ideal of our approximate algorithm can
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be applied to many other methods for solving the BSDEs,such as the #-methods
(see, e.g., [20, 22]) and the multistep methods (see, e.g., [17, 18, 21]).
We first introduce the following useful result.

Theorem 4.1. Assume the function u € C’;+p’2+2p. If&,8&, - -+, & are the inde-
pendent and identically distributed random variables and satisfy
0, ¢g=1,3,--- ,2p+1,
@7 E[(Vh&)T] =4 (a—DUNR%, g=24,.2p, i=1,2-.-.m
O(h?), > (2p+2),
for a positive integer p. Then, for the given t € R,x € R™, we have
E[u(t + h, + AW, (h))] = E[u(t + h, @ + VhE)] + O(RP),
Efu(t + h,x + AW, (h)) AWy(h)] = E[u(t + h, = + VhE)VRE] + O(hPHY),
where & = (§1,82,+ ,&m)-
Proof. Take

t+h
(49) X(t+h):m+AWt(h):x+/ o dW (s),

where the stochastic integral is the Stratonovich stochastic integral. Define

0
53 J:Oa
(50) LW = t
i e 1 2 ceem
ax‘]7 j - ) ) b )
and let
LY =LUOL02) LUy = (i Ga, e G1) €M,

(51) t+h s 2 _ . ‘
Iy ttrh = / / .. / o dW7i(sy) o dW'2(s3) -0 dWi(s),
t t t

where o dW9(s) = ds. The multiple integral J, ;i will be abbreviated as .J,
hereinafter.
Using Stratonovich-Taylor expansion formula [7], we have

(52) ult+h, X(t+h) =Y alJ,+ Ry,
yEA,

where 4] = LYu(t,z), E[R,] = O(h?*!) and A, is defined by (28).
Let Ajjpeiis J1sd2, -+ 501 € {0,1,---,m} denote the set generated by all the

permutations of the indices j1, jo, - - - ,j;. For example,
(53)
Aj ={0}

Aj1j2 = {(jlij)v (j27j1)}7
Aj gy = {1, 925 J3)s (41, J35 J2)s (J25 515 33)s (G2 43, 1), (U3 41, d2), (U3, d2, 41) }-

From [7], we know that
(54)
J(j17j27"' 7jl)J(jl+1) = J(jl+17j17j21"' gt J(j17j1+17j27"' gy Tt J(j11j27"' i)
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where j1,j2, - ,ji+1 € {0,1,2,--- ,m}. Repeatedly applying the formula (54), we
have
(55)
Yo h=day > A=dundun DL == dandun o don-
YEA 1 iy V€N jajg-iy V€A ziq--y
Similar to (29), we can easily verify that
(56) ul =a), v,n €A

when v, n differ only in the order of the indices.
Based on (55) and (56), Stratonovich-Taylor expansion (52) can be rewritten as

(57) ut+h, X(t+h) =Y alJ,+ Ry,
yEA,

where
1

Ty = Jigacan = a0 JG) - Jan-
Using Taylor expansion of the multivariate function, we have

YEA,

with E[R,] = O(hPT!) and

= = h
Jy = J(jl»jzw“ J1) T Tfﬁsz <&
where §; = 1if j = 0.
If the condition (47) is fulfilled, then it is not difficult to show that
(59) i
E[J,] =E[}], 7€ A,

L+n(y)
2

. E[VhJ,€], U(y) +n(y) < 2p,
ELL (W(t+h) — W(D)] = i
E[VhJ,E] +OmPHY), 1(y) +n(y) =2p + 1.
The conclusion (48) follows from (57)-(59).
The proof is complete. O

Remark 1. If the function u € C;“”?’Hp, based on Theorem 4.1, we have
(60)
E[u™ (t + h,z + AW, (h))] = E[uM) (t + h,2 + VhE)] + O(RPTY),

CE[u(t + oo+ AW(R) AW(0)] = E[ult + .z + VAOVRE] + ()
Note that
(61) y(t) = ult, W (1), =(t) = 'V (t, W (1)),
then combining (60) and (61), it can be seen that the accuracy of the approximation
of E; [ Zn+1] is higher than that of %]Etn [ ynHAWt(h)] when AW, (h) is replaced

by £. This is why our RK method (7) uses E;, [ zn+1] instead of E; [ ynHHMJ]
when calculating the internal stages Z,, ;, 2 <7 <gq.

Based on the condition (47), we list some discrete random variables in Table 1. Tt
is not difficult to show that the random variable 73 satisfies the condition (47) with
p = 1, n3, 15 satisfy the condition (47) with p = 2 and 7y, satisfies the condition (47)
with p = 3. For a given positive integer p, the discrete random variable satisfying
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TABLE 1. Some discrete random variables.

three-point

1 2
P(ns = i\/g) =& P(ns =0) = 3
1 9
five-point P(ns = £V2) = P(ns = £2v2) = 96 P(ns = 0) = 16
3 25 3 13
Py = £4/2) = =2 P(py = 424/ 2) = ——
(7 5) = 105 FU 5) = 510’

seven-point

3 1 79
(e 3\[2) T6o0 T =9 =155

condition (47) is not unique. The purpose of selecting 73, 13, 175 and 77 is to avoid
interpolation operations when calculating the conditional expectations (see below).

According to Theorem 3.1, we know that if the method (8) is of order p then the
method

( ) yn:IAEt,,L|:yn+1+h©(tn+l7yn+lazn+17haH)i|7 n:0717"' 7N_17
62 )
Zp = Etn |: yn+1Hn,q+1,1 + h\II(thrh Yn+1sZn+1, h, H) :|

is also of order p when the conditions

(63)
Etn [ ynJrl} - [ yn+1] + O(hp+1)
Et, [®(tn41,Yn+1, 2ns1, b H)| = E,, [®(tnt1s Ynt1s Znt1, by H)] + O(hP),
Etn [ yn+1Hn q+1, 1] = ]Etn [ yn+1Hn,q+1,1] + O(hp)7
[

E, [¥(tns1s Ynsts 2nsts b H)| = By, [O(tns1, Ynst, Zns1, by H)| + O(RPT)

are fulfilled, where K, [-] is a approximation of E;, [ -]. We can observe form (63)
that different parts have different requirements for the approximation accuracy of
the conditional expectations. It is these differences that make us more flexible in
choosing the random variables to approximate the Brownian motion increments.

To remove the conditional expectations, we need spatial discretization. For ease
of description, we assume m = 1 and let

(64) D, ={x; | &; =iV3h, i=0,£1,--- ,+n}, n=0,1,--- N

be a partition of spatial variable = at ¢ = ¢,,. Based on Theorem 4.1 and Table 1,
for xz; € D,,, we have

E[u(tn+1u Z; + Ath (h)):l = E[u(tn+1, xX; -|— \/E’]?3):| —|— O(h?’)’
1 2
(65) = éu(tn-i-hxi—l) + gu(t"-‘rlv :ZJ7)
1
+6u(tn+l7$i+l> +O(h®),
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(66)
Elu(tps1, z; + AWy, () AW, ()] = E[u(tysr, 2 + \/5773)\/5773] +O0(1?)
= —@u(th’,l’xifl) + @u(thrlaxiJrl)
+0(R?).

Take y\ = @(x;), 2 = Ve(;), and let y! 1, 21, f(tns1s Yhiqs 2h4q) de-
note the approximations of w(t, 11, 7;), uM (t,41,2;), —ul® (t,41,;), respectively.
Combining formulas (63) and (65), we can remove the conditional expectations in
the RK method (45) and obtain the following second order explicit method
(67)

Yrﬁ,2 = (yn+ I + hf( n+1, yn+11+J7 Z;:—ll—i_j) )Pj’ n=01,---,N—1,
=

2
) 1 1 14 )
Zvlz,2 = Z ( ’:L+1+J + f( n+1; y;-&-l—i_j? Z;+1+J)wj)Pja S {O’ 1, ,:|:TL},

o

7=0
2
y;z = (yn+ I + hf( n+1, y;+11+ja :7,+11+J))P + hf( ny n 2, Z,:I 2)
j=0
4 j1 2 o
Z;Lz = E Z (yn+ 7 + hf( n+1, y;:plﬁﬂ, Z:Ljrll+J)>ijj,
j=0
where
1 2
(68) PO:P2:67P1:§7wo:*\/37h,w1:0,w2:\/37h,

Similarly, for the third order RK method (46), we can replace W (tp4+1) — W (t,)
with v/hn;, and replace Wi(tny1) = Wi(tn), W(tns1) — W(t, 4 1) with \/gng,. Let

ﬁn:{xi|xi:i\/§h i=0,%1,--,+3n}, n=0,1,--- ,N,
et =D J{£( 3n+1\/ h}, n=0,1,--- N -

(69)

be the partitions of spatial variable x at t = ¢,, and t = ¢,, + %, respectively. Then
we can remove the conditional expectations in the RK method (46) and obtain the
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method
(70)
YvﬁQ = Z (yiJriJr] + hf( n+1, str}Jrj? zi;iJrj) )Pj7 n= 07 ]-a e 7N - ]-7
§=0

2
ZS,Q = Z (Z ;1+] + f( n+1, y§+}+j7 Z§+}+])’UJ‘7+2) 7 k S {07:l:]-7 e 7:|:(3n+ 1)}7

' 3+j =347 _i—344y | £
Yvi,:s = (y:erl T —hf(tny, yn+1 7 Z;H 7) )Pj
§=0
2
20 fltory, Yao'™, 2,5)P;,
j=0
6
; i—3+j 3 i—345 ~ ) B
Zyns= Z (Z;Jrfrj — f(tnt1, y;+1ﬂa Z:z+1+])wj)Pj
§=0
2
4D flturss Yao' ™ Zy o )Py,
§=0
6
) ) 1 ) N .
-3 3 -3
Yy, = Z (y;+1+J + Ehf(thrlv yn+1+ja Z;+1+J)>Pj
§=0
2
2h Yz 1+J Zz 1475 P
+§ Zf n+ v In,2 n,2 ) J

j=0
1
+6hf( n n37 Zrlz 3)

6
2:1 3+]A )
n+1 J
h:o
2

+2 f(thr%’ erb 21+j Z:zj2l+j)wj+2pjv i € {Oa 1, 73&3n}7
§=0

where

R . 1 N A 13 . A 25 . 79
P():Pﬁ:ﬁ,ftﬁ:%: Pr=P=—, P3y=—

mu:ﬂ/? 1€{0,1,2,...,6}.

To illustrate that the ideal of our approximate algorithm can be applied to other
methods of solving the BSDEs, we will take the two-step and three-step explicit
Adams methods as examples.

For the BSDE (1), the two-step second order explicit Adams method can be
written as

(71)

3 1
Yn = Ky, [ Ynt1 + h(5F(tns1s Yna1s Zng1) — = f(tng2, Unt2s Znt2) )},

1
= B, [ Uns1AW,, (B) + hf(tng1, Yns1s 2Zng1) AW, (R) }
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If the conditions

Et, [ Yns1] = Er, [ yni1] + O(B?),
Er, [ Y1 AWy, ()] = Be, [ 4o AW, ()] + O(h%),

(73)  Eu, [ ftntis Ynsis 2n40)] = Eop [ fltntis Yntir 2na)] + O(R?), i =1,2,
Ee, [ f(tnt1s Ynt1r 2ngp1) AW, (h)]

= Etn[ f(tn+17 Yn+1, ZnJrl)Ath (h)] + O(h2)7

are fulfilled, then the method

- 3 1
Yn = Ky, [ Ynt1 + h(if(thrlv Ynt+1s Zntl) — if(tn+27 Yn+2, Znt2) )},

1

n = EIAEtn [ Yn+1AWy, (h) + hf (tnt1, Ynt1, Zne1) AW, (h) }

(74)

is also second order. Based on Theorem 4.1 and Table 1, it is not difficult to
verify that the conditions in (73) are fulfilled when AW, (h) is replaced by vAns,
AW, (2h) is replaced by v2hij3. Assume that the values of y{vfk,zf\,ik, x; €
Dy_i, k=0,1 are given (We can use the second order RK method above to obtain
these values). Then we can remove the conditional expectations in the method (72)
and obtain the method

(75)
i 1 i—145
Yn = Z (yn+ 7 + hf( n+1, y;-&-l-m’ Z:L+1+])>Pj
=0
1 1—1 i—14+7\ D
*ihz J(tns2, yn+2+J’ Zn+2+])Pj7
, =0
1 +] h —1+j i—1+j P 0.1 N —9
EZ +hf(tng1, yn+1 ) Zptl ) )w n=4u L, N =2
7=0
where
_ _ _ 1
(76) P0:P1:P2:§.

Similarly, for the three-step third order explicit Adams method

23 4
Yn = Ky, [ Ynt1 + h(ﬁf(tn-&-la Ynt1, Znt1) — gf(tn+27 Yn+2, Znt2)

5
+Ef(tn+37 Ynt3, Zn+3) )}7

1 3
Zn = E]Etn { Yn+1AW;, (h) + h(if(tn—‘rla Ynt1, Zny1) AWy, ()

1
_Zf(tn-‘rQ’ Yn+2, Zn+2)Ath (Qh)) },

we can replace AW, (h), AW, (2h), AW;, (3h) with 'hnr, v/2hns, V/3hns, respec-
tively.

Assume that the values of yf\_k,zf\,fk, x; € Dy_p, k=0,1,2 are given (We
can use the third order RK method above to obtain these values). Then we can
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—+— BSDEAdams2
BSDERK2

5 Y —— BSDEAdams3 5 -

—O— BSDERK3 I~

—+— BSDEAdams2
BSDERK2

—&— BSDEAdams3

—C— BSDERK3

795

log ,RT log ,RT

FIGURE 1. RT vs. erry (left), and RT vs. errz (right) for Exam-
ple 5.1.

remove the conditional expectations in the method (77) and obtain the method
) 1—3+7 23 1—3+7 1 3+
Yn = Z ( Yn+1 + 12hf(tn+1a Yn+1 75 Znti ))PJ

1, < i—242j _i—2+2j

thf(tn+2a Ynt2 7 Zn+t2 j)Pj

B, o g
(78) —|—th f( n+3» y:;-é’j—%v Z;;&-?_%)Pja

=0

6
1 345 93 —34+5 =345\ ~ B
= E ;+1 7+ ghf(tnﬂ, yn+1 1z j))“’jpj

1 o
sz n+2 y;+22+2]a Z:I+22+2j)w2j+1pja n= 071a" : 7N_37
Jj=
where
R P
79 Ph=P,=—, PP=P3=—, Pb,=—.
( ) 0 4 967 1 3 247 2 16

5. Numerical results

In this section, four numerical examples will be presented to illustrate our theo-
retical results. For ease of description, we denote the methods (67), (70) (75) and
(78) by BSDERK2, BSDERK3, BSDEAdams2 and BSDEAdams3, respectively.

Example 5.1. Inspired by [20], we consider the BSDE with d = m = 1:

(80)
T T
y(t) = sin(ZW(T)—i—T)+cos(2W(T)+T)+/t M ds—/t z(s) AW (s),

whose analytic solution is given by
(81)
y(t) = sin(2W (t) +1t) +cos(2W (1) +t), 2(t) = 2(608 (2W (t)+1t) —sin(2W(t) —|—t)>.

We take T' = 1 for all the examples in this section. We observe the error at time
t =0 and let erry =| y(0) —yo |, errz =| 2(0) — zo |. Take h = 274,275 ... 278
in turn, then we can obtain Table 2, where RT denotes the running time and p
denotes the numerical convergence order obtained by using the least square fitting.
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TABLE 2. The results of Example 5.1.

h=2"* h=2"% h=2°% h=2T7 hr=2% p

erry 2.89(—2) 7.59(—3) 1.93(—3) 4.87(—4) 1.22(—4) 1.97

BSDEAdams2  errz 6.07(—2) 1.56(—2) 3.91(=3) 9.80(—4) 2.46(—4) 1.99
RT 0.01 0.02 0.05 0.14 0.43

erry 1.91(=2) 5.01(=3) 1.30(=3) 3.29(—4) 8.29(—5) 1.96

BSDERK?2 errz  4.21(=2) 1.09(=2) 2.80(—3) 6.95(—4) 1.75(—4) 1.98
RT 0.01 0.02 0.05 0.15 0.45

erry  1.90(=3) 2.95(—4) 4.09(=5) 5.38(—6) 6.91(=7) 2.86

BSDEAdams3  errz 5.70(—3) 8.20(—4) 1.10(—4) 1.44(=5) 1.83(—6) 2.90
RT  0.04 0.07 0.17 0.49 1.65

erry 5.52(—4) 7.10(=5) 9.03(—6) 1.14(—6) 1.43(-7) 2.98

BSDERK3 errz  1.30(=3) 1.74(—4) 2.23(—5) 2.82(—6) 3.54(-7) 2.96
RT  0.03 0.08 0.22 0.71 2.45

We can observe from Table 2 that the methods BSDEAdams2, BSDERK2 can
achieve second order and the methods BSDEAdams3, BSDERKS3 can achieve third
order. This confirms our theoretical results. Using the data in Table 2, we can
obtain Figure 1, which can make it easier to compare the computational efficiency
of each method.

Example 5.2. We consider the BSDE with d =1, m = 2:

W)+ I W (1) 4T T 17 49
y(t) = CRGETRGTy +/t (21(s) + 22(s)) (%9(5) - ZO) ds

—/tT z1(s) dW'(s) — /tT 2(s) dW?(s),

(82)

whose analytic solution is given by

6W1(t)+%W2(t)+t €W1(t)+%W2(t)+t
t) = a(t) =
y( (W OHWIO+ ()’
1 WO +EW2 () +t

t) == .
2(t) =7 (W D+EWR+ 4 1)

) (O

The corresponding numerical results are presented in Table 3 and Figure 2.

Example 5.3. We consider the BSDE with d =1, m = 3:

y(t) = §sin(%W1(T) L WAT) + W(T) + T)

T 2y(s) — 5 (21(s) + z2(s) + 23(s))
v f () + 2(5)

—/tT 21(s) dW'(s) — /tT 25(8) dW?(s) — /tT z3(s) dW3(s),

ds

(84)
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TABLE 3. The results of Example 5.2.

797

h=2"* h=2"% h=2°% h=2T7 hr=2% p
erry  9.75(—5) 3.19(—5) 8.90(—6) 2.34(—6) 6.00(—7) L1.85
BSDEAdams2  errz 6.32(—4) 1.74(—4) 4.55(—=5) 1.16(=5) 2.94(—6) 1.94
RT 0.3 0.52 3.87 30.96 259.74
erry  1.29(—4) 3.71(—5) 9.95(—6) 2.57(—6) 6.53(—7) 1.91
BSDERK?2 errz 4.31(—4) 1.17(-4) 3.03(=5) 7.72(—6) 1.95(—6) 1.95
RT 0.14 0.58 4.36 34.89 292.99
erry  1.42(—5) 1.98(—6) 2.62(—7) 3.38(—8) 4.29(-9) 2.93
BSDEAdams3  errz 5.19(=5) 7.29(—6) 9.72(—7) 1.26(~7) 1.60(—8) 2.92
RT  1.08 7.33 57.12 486.65 4394.01
erry  6.73(—6) 9.03(—7) 1.17(—7) 1.49(—8) 1.87(-9) 2.95
BSDERK3 errz 1.43(—5) 1.87(—6) 2.38(—7) 3.00(—8) 3.77(—9) 2.97
RT 134 10.56 92.97 836.14 7083.41
e e
g o TR [

-20

log erry

-25

-30

ngRT

-25

-30

-+

IongT

FIGURE 2. RT vs. erry (left), and RT vs. errz (right) for Exam-

ple 5.2.

whose analytic solution is given by

2o(t) = 23(1)

= fsin(le

2
1

2

2

(1) + W2(t) + W3(t) +t),

= Leos(Ewr ) £ wr) + W) + 1),

= Leos(Ewi) + w2t + Wi +1).

The corresponding numerical results are presented in Table 4 and Figure 3.
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TABLE 4. The results of Example 5.3.

h=1

1
h_16

1
h_24

_ 1
h_32

_ 1
h_40

BSDEAdams?2

erry
errz

RT

1.44(—2)
2.75(—3)
0.18

3.99(—3)
1.12(—3)
2.11

1.82(—3)
5.50(—4)
10.59

1.04(—3)
3.23(—4)
33.70

6.70(—4)
2.12(—4)
84.89

1.91
1.60

BSDERK2

erry
errz

RT

7.71(=3)
1.92(—3)
0.20

2.20(—3)
6.23(—4)
2.45

1.01(—3)
2.92(—4)
12.40

5.93(—4)
1.68(—4)
39.77

3.85(—4)
1.09(—4)
101.02

1.86
1.78

BSDEAdams3

erry
errz

RT

1.52(—3)
1.43(—3)
8.66

2.20(—4)
2.07(—4)
137.57

6.93(—5)
6.46(—5)
696.52

3.01(—5)
2.80(—5)
2267.53

1.57(—5)
1.46(—5)
5633.73

2.84
2.85

BSDERK3

erry
errz

RT

5.37(—4)
2.49(—4)
9.75

7.05(—5)
3.12(—5)
173.01

2.13(—5)
9.29(—6)
917.29

9.07(—6)
3.93(—6)
3022.01

4.67(—6)
2.02(—6)
7713.01

2.95
2.99

-20

—+— BSDEAdams2
BSDERK2

—— BSDEAdams3

—5— BSDERK3

5

10

IogZRT

\ogzenz
N
IS

—+— BSDEAdams2
BSDERK2

—O— BSDEAdams3

—S— BSDERK3

0 5

IungT

10 15

FIGURE 3. RT vs. erry (left), and RT vs. errz (right) for Exam-
ple 5.3.

Example 5.4. Finally, we consider the BSDE with d = 2, m = 1:
sin(IW(T)+1T)

y(t) = i
cos(EW(T) +T)
T2 2 5 -1 t
(86) +/ (ng(t) gzg(t)) o nh) g
t 1 % yg(t)
T t
_/ 2OV (),
t Zg(t)
whose analytic solution is given by
(s7) o(t) = sin(ZW(t) +t) () — Leos(EZW(t) + 1)
cos(ZW(t) + t) —Lsin(TW(t) +1)

The corresponding numerical results are presented in Table 5 and Figure 4.
Compared with the Adams multistep methods of the same order, the running
time RT of our RK methods will be a little more for the same stepsize h. But when
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TABLE 5. The results of Example 5.4.

h=2"* h=2"% h=2°% h=2T" hr=2% p

erry 8.16(—3) 2.71(—3) 7.71(—4) 2.05—4) 5.28(—5) 1.83
BSDEAdams2  errz 9.99(—3) 3.23(—3) 9.25(—4) 2.47(—4) 6.38(—5) 1.83

RT  0.02 0.03 0.06 0.21 0.75

erry 4.12(—=3) 7.75(—4) 1.58(—4) 3.54(—5) 8.43(—6) 2.23
BSDERK?2 errz 1.09(—2) 2.41(—3) 5.52(—4) 1.31(-4) 3.19(—5) 2.10

RT  0.02 0.03 0.06 0.22 0.77

erry  2.18(—3) 3.36(—4) 4.66(—5) 6.14(—6) 7.87(—7) 2.86
BSDEAdams3  errz 3.25(—3) 4.98(—4) 6.88(—5) 9.04(—6) 1.16(—6) 2.87

RT  0.03 0.08 0.23 0.79 3.06
erry 7.89(—4) 1.16(—4) 1.57(=5) 2.05(—6) 2.61(=7) 2.89
BSDERK3 errz  1.08(—3) 1.61(—4) 2.19(—5) 2.85(—6) 3.64(=7) 2.89
RT  0.04 0.09 0.35 1.24 4.79
° —+— BSDEAdams2 ® R —— BSDEAdams2
N BSDERK2 BSDERK2
—<— BSDEAdams3 —<— BSDEAdams3
-10 —S— BSDERK3 -10 —S— BSDERK3
2 £
w15 ‘;’;\. 15
-20 -20 \O
25 -25
6 -4 2 0 2 4 -6 -4 2 0 2 4
IongT IogZRT

FIGURE 4. RT vs. erry (left), and RT vs. errz (right) for Exam-
ple 5.4.

we consider both calculation time and accuracy comprehensively, we can observe
from Figures 1-4 that our RK methods (especially method BSDERK3) usually have
better precision than the Adams multistep methods of the same order under the
same running time. This means that our RK method performs better than the
Adams multistep methods in the four examples above.
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