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FORCE CONVERGENCE FOR THE
DE GENNES-CAHN-HILLIARD ENERGY

SHIBIN DAT*, ABBA RAMADAN AND JOSEPH RENZI

Abstract. The degenerate de Gennes-Cahn-Hilliard (dAGCH) equation is a recent phase field
model that may more accurately approximate surface diffusion. After establishing the Gamma
convergence of the dGCH energy in [[T], in this paper, we study the convergence of boundary force.
This is done by carefully crafting a nonlinear transformation that transforms the dGCH energy
into a Cahn-Hilliard-type energy with a non-smooth potential. We carry out explicit computations
and analysis to this new system, which in turn enables us to establish the convergence of boundary
force for the dGCH energy.
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1. Introduction

In material science applications, especially in solid-state dewetting, motion by
surface diffusion is governed by the surface Laplacian of mean curvature [24]. In
general, diffuse interface approximations based on fourth-order nonlinear Cahn-
Hilliard equations are widely used, and they formally converge to sharp interface
models as the interface thickness approaches zero, see the classical paper [20] and
later developments in various settings [0, B, @, B, I3, I8, 23, 25, 24, 28]. While
it was formally shown that the Cahn-Hilliard equation with a degenerate mobility
may converge to surface diffusion for the case of a double barrier potential or the
case of a logarithmic potential with the temperature also approaching zero [3], it
is not so in the case of a polynomial potential. In fact, there are unintended bulk
diffusions if the degeneracy in the mobility is not strong enough [@, 8§, I5, 06, 26].
See also related theoretical and numerical results [B, [].

The diffuse interface model for surface diffusion proposed in [Z1], known as the
doubly degenerate Cahn-Hilliard (DDCH) equation, introduces an additional de-
generacy similar to approaches used in classical phase-field models for solidification
[[4], improving the accuracy of surface diffusion approximations without altering
the asymptotic limit [2, 27]. However, this model is non-variational, lacking a known
free energy dissipation, which complicates the analysis of solution properties, nu-
merical stability, and its extension to complex multi-physics applications [Z1]. In
[23], the variational model was proposed together with the free energy E5qcq. This
model has also recently attracted attention, in particular about questions related
to its Gamma convergence [I0] and the characterization of the minimizers [d]. In
this work, we are concerned with force convergence of Ejqcy-
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The degenerate de Gennes-Cahn-Hilliard (dGCH) equation

(1) Bw=1V (Mp(uw)Vp),

Vu 1 g (u) (e 5 1
2 ,uev-()+ W' (u) — —|Vul*+ -W(u
) o) "™ g VM
is a variational diffuse interface model that may more accurately approximate sur-
face diffusion [23]. It can formally be interpreted as a weighted H ! gradient flow

for the dGCH energy

1
€ ——
(3) Eicen(u) : /Q 9(u)
Here u is the relative concentration of the two phases, and p = 6, Ejqcy is the
chemical potential, defined by the variational derivative of Ej. g with respect to
u. The double well potential W is taken to be smooth with two equal minima at
u*, corresponding to the two “pure” phases. In this paper we concentrate on the

following smooth quartic potential
(4) W(u) = (u—u™)?(u—u")>
The parameter € > 0 is proportional to the thickness of the transition region be-

tween the two phases. The mobility My(u) is degenerate at u™.
This energy functional included a singularity due to the de Gennes coefficient %,

1
(;|Vu|2 + 6W(u)) dz, for alluc H'Y(Q).

where g is a function that is degenerate at u® (see, e.g., [T, [9]). A natural choice
is the form
(5) g(u) = [(u—u")(u—u")P, p>0.

Intuitively, the singularities at u* may help to keep solutions confined in [u™,u™].
But the validity of this argument remains open.

To theoretically explore the systemic properties of the dGCH model, as a first
step, we have studied the sharp interface limit of the dGCH energy as the thickness
of the transition region goes to zero, by establishing its Gamma limit under the
strong L'(Q) topology [I0]. To be more precise, by extending the definition of
ESqop to all u € LY(Q) by defining

©) B oo () i Jo gty GIVUl? + 2W(w) d, if u e H'(Q),
00 otherwise,

we proved that for 0 < p <1, Eqcp I'-converges to

o(p)Per(A) ifu=u"+ (vt —u")xa € BV(Q),
(7) Ec(i)GCH(u) = )
0 otherwise

as € — 0. Here x4 is the characteristic function of a set A of finite perimeter,
Per(A) is the perimeter of A, and

o) = V2 [ (s = u)(s ) s

In other words, the I'-limit of K,y is a multiple of the perimeter of the set A on
which u takes the value u™.

In this paper, we will introduce a nonlinear transformation to build a connection
between the dGCH energy and a Cahn-Hilliard energy with a non-smooth double
well potential, and state and prove I'-convergence and force convergence of the new
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energy. Then, through the inverse transformation and an approximation argument,
we establish the force convergence for the dGCH energy. In Section 2 we will
describe the transformation and state the main results. In Section 3 we will prove
the main results. We hope these convergence results will help us understand the
relation between the dGCH equation and its sharp-interface limit and shed light on
the relation between phase-field models and surface diffusion.

2. A nonlinear transformation and the main results

To overcome the technical difficulties and cumbersomeness caused by the de
Gennes factor, we introduce the following nonlinear transformation

8) h(t) ==

t

! d
—=Aas.
u,—;—u+ A /g(s)

Since g equals 0 at u®, h(t) takes the form of a singular integral. As such, there
may be issues regarding the existence of h(t). If p > 2, then h(t) blows up at
t = u* but for 0 < p < 2, h(t) is a continuous and strictly increasing function for
all t € R. Hence, h is invertible, and its inverse h~1(+) is continuous and strictly
increasing. For explicit formulas and more properties of h(t), see the third author’s
dissertation [22]. A version of this transformation was used to prove the properties
of the minimizers for the dGCH energy for p = 1 under strong anchoring conditions

).

Lemma 1. Suppose 0 < p < 2. There exist positive constants C1, Cy, Cs, Cy such
that for all t € R we have

(%) |h(t)] < Chlt| +Ce  forallt € R,
(10) |h=Y(t)| > Cs|t| — Cy  for allt € R,

Proof. Notice there exist positive constants T and C' such that 1(t < C for all
g

3

[t| > T and fTT 1(t) dt < co. Then
g

dt for |t| < T,

(o) s/_w%

T
1
[h(@®)| < C(t| - T) +/ —=dt for [t| > T.
—7 /g(t)
This gives (8). Eq. () is a consequence of (H). O
Let w(x) = h(u(z)). Then for all u € C*(2) we have
Vw = vu for all & such that u(zx) # u™.
g(u)

Hence formally the dGCH energy Escp(u) can be written as a new energy func-
tional Fj5qqpy(w) defined by

(11) Ficon(w) :== /Q <;|Vw|2 + W) -

To clean the integrand, let

(12) W(t) = — s = [ () =t PP () — a7
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then

(13) Feaon(w) ;:/Q <;|Vw|2 + W(“’)> dz.

g

Since W is non-negative, Fjqqy is well defined for all w € H'().

A couple of remarks should be made. First, F5soy(w) has the same form as
the classical Cahn-Hilliard equation, and the potential function W has two equal
global minimizers at w® = h(u®), but is not C? at w*. The other thing is that

under the change of variables w = h(u), if the chain rule holds, then Vw = \/VgFT)

and Figop(h(u)) = Ejaen(u). However, since h is not Lipschitz, we cannot claim
h(u) is H*(2) and do not expect the chain rule holds for all u € H*(£2).

2.1. I'-Convergence for F5;oy (0 < p < 3/2). Since the proper topological
setting for the I'-convergence of Cahn-Hilliard type energies is L'(£2), we need to
extend the definition of F5yqy(w) to L1(Q) :

_ Jo (£1VW? + W (w)) do, if w e HY(Q),
(14) Fiaen(w) = : <2 ) .
00 otherwise.

Theorem 2. Suppose 0 < p < 3/2. The I'-limit of Fiqoy s ¢ multiple of the
perimeter of the set A on which w takes the value wt. To be precise, the I'-limit of
FSocp under the strong L'(2) topology is

o(p)Per(A) ifw=w"+ (w" —w”)xa € BV(Q),
(15) Fc(i)GCH(w) = )
00 otherwise.

Here x4 is the characteristic function of a set A of finite perimeter, Per(A) is the
’lU+ 2 'U.+
perimeter of A, and o(p) = [ \/2W(s) ds = V2 [ [(t —u™)(t —uT)|*7P/2dL.

Proof. By (M) and (I2) we see that for 0 < p < 3/2, W(w) grows at least linearly
in w as |w| = oo. Then Fj,qy falls into the category of situations considered in
(2] (see also [I77]) and we immediately obtain the I'-limit of Fjsqpy- O

Remark 3. The I'-convergence result for Fiscy in Theorem B is stronger than
what we obtained for ESey n [I0] in the sense that the former holds for 0 < p <
3/2 while the latter holds for 0 < p < 1. We want to mention that due to technical
reasons, the approach in [I0] does not apply for p > 1.

2.2. Force Convergence for Fj.cy. Since Fj;oy a Cahn-Hilliard energy with
a non-smooth potential, it is expected that results about force convergence in [g]
can carry over. We include them for completeness and for comparison with the
force convergence results for Ej, -y that will be stated in Section EZ3.

Before going further, we first go over some terminology. The divergence of an n
dimensional tensor eld T' = (T; ;), denoted V - T or div T, is the vector eld with
components 2?21 0;T;; for i =1,2,..n. Let V : Q@ — R" be a dierentiable vector
eld with components V; (i = 1,2,--- ,n), then the gradient VV is the matrix-valued
function with the (7, j) components 0;V;. For any nxn matrices A and B, we denote
the Frobenius inner product by A : B = >""._| A; ;B; ; and the Frobenius norm

i,j=1
. 1/2
by |A| = VA: A= (zm:l Ag,j) .
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The convergence of variational forces for phase field models to the variational
forces for the corresponding sharp interface models was studies in [§]. Using the
same setting, the variational force for the phase field energy Fjcpy(w) is defined
by the negative of the variational derivative d,,Fjscp multiplied by —Vw. This
gives

A 1.-
(16) fe(w) == [—5Aw + €W’(w)] Vw, ifwe H*(Q).
From [R], defining the tensor for the free energy Fj5sop(w) as follows:
A 1.,
(17) T.(w) = E|Vw|2 + 8W(w)} I —eVw eV, ifwe HY(Q),

then f(w) can be written as the divergence of T.(w) for all w € H2(Q), i.e., f-(w) =
V- T.(w) if w e H2(Q).

For the sharp interface energy Fi.cp(A), where A is a set of finite perimeter,
let H be the mean curvature of A and v be the outer normal of A. Then its
variational force is

(18) foloA] = —(n = 1)o(p)Hv.
The corresponding sharp interface tensor is
To[0A] = o(p)(I — v @ v).

The results in [8] about force convergence for the Cahn-Hilliard energy immediately
carry over, and we have the following lemmas and theorems.

Lemma 4. For any V € C}(Q,R"),
(19) /Qfg(w) V= —/QT;(w) (VV  ifwe HX(Q),.

Assume that the boundary of A is C%. Let v be the unit normal pointing from A to
A¢. ForV e C*(Q,R"),

(20) foldA] - VdS = —a(p) / (I —v®v):VVds.
oA DA

Theorem 5. Let ¢ be a sequence of strictly decreasing positive numbers that con-

verges to 0. Assume A is a set of finite perimeter such that A C Q and that

wr € HY(Q) is a sequence that converges to w = w™ + (wF — w™)xa a.e. in

Q. In addition, assume limy_, o F3&op(wi) = Flocn(0A). Then fgk (wy) weakly

converges to fo [0A] in the following sense: for any V € CL(Q,R™),

(21) lim [ T, (wg): VV =0o(p) /6*14(] —vv): VVdS.

k—o0 O

Here 0* A is the reduced boundary of A.

2.3. Force convergence for Ef;cy- Following the same setting as in [§] and
Section 273, the variational force for the phase field energy Ef;y(u) is defined by
the negative of the variational derivative 6, Ejqcy multiplied by —Vu. This gives
A 2 / /
_cAu 5|Vu\2 Wiu) g (u)Wgu)] Vu ifue HA(Q).
gu) ~ 2g(u)*>  eg(u) eg(u)

= |
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The tensor for Ejqcp(u) is

~ [elVul? | W(u)
@) L= [ 29(u) " zg(u)

Then f.(u) is the divergence of T.(u) for u € H?(2). To show this, we need
only carry out the following component wise computation. Using the summation
convention and Kronecker delta notation d;;, the ith component of V - T, (u) is

€ - 1 5ij €
9;(T:(u))i; =0, { [2 > Opudu + EW(u)] o )@@u}

Pt g(u

}I— S Vu®Vu, ifue H(Q).
g9(u)

RS 1, Oij
= ggajkuﬁku—k EW (u)ajul o (0

g9(u)
_ & eg'(u) w)?
o) 2o O o)
_ [_EAU elVul> W) g/ (W (u )} S
gu)  2g(u)?2  eg(u) eg(u)? o
This is the ith component of the force.

The sharp interface force for EgGCH is

(23) fol0A] = —=(n —1)o(p)Hv,

n 1 1 /
% Z@kuaku + 6T/V(u)] 0is9 gu) dju

8iuc'9jju

which has the same form as that for F] C?GCH, which is not surprising since for a given
set A, if welet u=u"+ (u™ —u")xa and w = h(u), then w = w™ + (W —w™)xa
and Ejgen(u) = Figen(w)-

It is natural for us to expect a weak convergence result about f.(u) to fo[0A],
in the same format as Theorem B.

Theorem 6. Let ¢i be a sequence of strictly decreasing positive numbers that con-
verges to 0. Assume A C A C Q has finite perimeter and that u, € H' () is a
sequence that converges to u = u~ + (ut —u")xa a.e. in Q. In addition, assume
limy, s 0o Effop(uk) = ESaon(w). Then f., (uy) weakly converges to fo[OA] in the
following sense: for any V € C1(Q,R"),

(24) lim [ T.,(u): VV = o(p) / (I—v®v): VVdS.

k—o0 Q * A

We will prove this theorem in Section B.

g
3. Proof of force convergence for Ej

3.1. A lemma about approximation. Since h is not Lipschitz, for any u €
H'(Q) we cannot claim w := h(u) is in H'(2) and hence cannot claim F5qqq(w) =
EScep(u). However, we can show that this is almost true. Let o be a strictly
decreasing positive sequence that converges to 0. Define

) / W
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Lemma 7. For any u € H'(Q) such that ESqog(u) < oo, define w = h(u) and
wj = hj(u). Then w; € HY(Q) and w; — w a.e. in Q and strongly in LI(SY) for
any 1 < g<2*:=2n/(n—2) ifn >3 and any 1 < ¢ < oo if n = 2. In addition,
define

(26) Qp(u):={zeQ:u>(u +uh)/2},
(27) Q_(u):={zeQ:u<(u +uh)/2},
(28) Qo(u) ={zeQ:u=(u"+u")/2}.
Then
(a) In Q4, 0 <w; <w and w; is monotonically increasing and converges to w
point wise.
(b) In Q_, w < w; <0 and w; is monotonically decreasing and converges to w
point wise.

(¢) In Qy, w; =w = 0.
(d) [o|Vw;?de — [, W(Zl) dx, fQ (w; d:r%fg (w) da.

(¢) Ficen(wj) = Eqgenlu) as j — oo.
(f) For any V € CH(;R™) we have

(29) /T(w]) Vde—>/ :VVdr  asj— oo.
Q

Proof. (a~c) are trivial. In addition, by (H),
lwj| = [h;(w)] < |h(u)| < Cilul + Cs.
So w; € L*(Q) and ||w;||r2(0) < Cillullr2) + CQ|Q\1/2. Since |h}| < a%, we see

that w; is weakly differentiable and Vw; = W Then

(30) /Qij|2dx:/Q(|v)u|2 /|V ul* dx < oo.

Hence w; € H'(Q) and is bounded in H!($2). By the Compact Embedding Theo-
rem, for any 1 < ¢ < 2*:=2n/(n—2)if n >3 and any 1 < ¢ < oo if n = 2, there
exists a subsequence wj, that strongly converges to a function @ in L?(2). But
since w; — w a.e., we have W = w a.e. and hence the whole sequence w; strongly
converges to w in L(€2).

(d) By the Monotone Convergence Theorem (or Dominated Convergence Theo-
rem), taking limit as j — oo of the first two terms of (B0) gives

2
|Vw;|? dz — [Vl dx as j — oo.
Q ’ o 9(u)

Since A1 is a continuous and strictly monotonically increasing function, in Q, we
have h™!(w;) < h™*(w). For ¢t > u™ it is easy to see that for 0 < p < 2

W(t)
g(

=t —ut PP - wT PP = ()P (- uT) P

t)

is increasing. Let M; := max {V:(—Sf)) : “_;“Jr <t< u*} .

Since W(w]) = %m, for any = € Q)4 and any index j, either

(i) 0 <h™(w;(z)) <u' and hence 0 < W (w;) < My;or
(i) u™ < h H(w;(z)) < h~(w(z)) and hence 0 < W (w;) < W (w).
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Either way
(31) W(w;) < M, + W(w) forall j and all x € Q.
So by the Dominated Convergence Theorem, we have
W (w;) de — W(w)der asj— oco.
Qy Q.

A similar argument in 2_ gives
/ W (w;) da —>/ W(w)de as j — oo.
Q_ Q_
Summing these two limits up and using w; = w in €y, we obtain
/ W (w;) dx — / W(w)dz as j— oco.
Q Q

(e) This is an immediate consequence of (d).
(f) Since W(w) = W(u)/g(u) we have

~ 1.~

B e|Vul? W(w;)\ , eVu®Vu
N (2(g(u) +a2) T ) ! g(u) + a3

g
<6|Vu| W(w)) I eVu® Vu e, in )

29(u) € g(u)
=T:(u) a.e. in Q.

For any V € CL(€), there exists a constant My > 0 such that [VV| < My for all

x € Q. Then for z € Q;, we have
€ o 1.

Y (2( elvaP W(wj)>

gy +ad) T e

<M, <E|Vu|2 M+ Wiw)> by (BT).

€ 1.
<M |5V [? + - W (wy)

2g(u)
In addition,
eVu® Vu 2
g(u) +af

[Vl

(32) |(eVw; ® Vw;) : VV| = My < n*Mse

g(u)

So on 24 we have

5 £|Vul? W(w)  |Vul?
i) < _
T (w;) VV’M2<2g(u) M+ = = e

We can get a similar bound on Q_. Since w; = w on {)y, we can apply the

Dominated Convergence Theorem to obtain (f).

O
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3.2. Proof of Theorem B. Now we prove Theorem B. Suppose £ converges to
0, and A C A C Q has finite perimeter, and u;, € H'() converges to u = u~ +

(ut —u")xa ae. in Q, and limy_,o0 ES% o (ur) = Eqop(w). Define w := h(u).
Then h(ug) = w a.e. in Q and Fiqog(w) = Edqon(u) < oc.

For each k, by Lemma [, there exists a sequence {wy j,j = 1,2,...} in H'()
such that wy ; — h(ug) a.e. in Q as j — oo and satisfies (a)—(f) of Lemma @ for
ug. By Egorov’s theorem, there exists a subset Q C Q such that |Q] < ¢, and

wg,; — h(ug) uniformly in Q\ Q. Hence there exists wy_j, such that
(1) |wk,j, — h(ug)| < ep for all x € Q\ Q;
(i) [Figen(wran) = Eqgen ()] < ex;
(iii) ‘fQ Tep(whjy) : VVdz — [ Tey (ug) : VV dz| < e

Since h(ur) — h(u) = w a.e. in Q, from (i) we conclude that wy ;, — w a.e. in Q.
From (ii) we conclude that

klglolo Fiton(Wk,j,) = klggo Eitcn(ur) = EgGCH(u) = F((i)GCH(w)'

Then by Theorem B, we have

lim [ T, (wgj,): VVdx = a(p)/ (I-vov): VVdS.
Q oA

k—o0

However, by (iii) we have

lim T., (wg,j,) : VVdr = lim T.

(ug) : VV dx.

k

So we get

lim [ T, (ug): VVdr = o(p)/ (I-vev):VVdS
k—oo Jq 9% A

and Theorem B is proved.
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