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A DIFFUSE DOMAIN APPROXIMATION WITH
TRANSMISSION-TYPE BOUNDARY CONDITIONS II:
GAMMA-CONVERGENCE

TOAI LUONG*, TADELE MENGESHA, STEVEN M. WISE, AND MING HEI WONG

Abstract. Diffuse domain methods (DDMs) have gained significant attention for solving partial
differential equations (PDEs) on complex geometries. These methods approximate the domain
by replacing sharp boundaries with a diffuse layer of thickness ¢, which scales with the minimum
grid size. This reformulation extends the problem to a regular domain, incorporating bound-
ary conditions via singular source terms. In this work, we analyze the convergence of a DDM
approximation problem with transmission-type Neumann boundary conditions. We prove that
the energy functional of the diffuse domain problem I'-converges to the energy functional of the
original problem as € — 0. Additionally, we show that the solution of the diffuse domain problem
strongly converges in H! (2), up to a subsequence, to the solution of the original problem, as
e —0.

Key words. Partial differential equations, phase-field approximation, diffuse domain method,
diffuse interface approximation, transmission boundary conditions, gamma-convergence, reaction-
diffusion equation.

1. Introduction

This work is a follow-up to [16] in which we applied formal asymptotics to analyze
the approximation of solutions of partial differential equations (PDEs) posed in a
domain with complex geometries using a diffuse domain approach. This paper
focuses on the rigorous variational analysis of the approximation process, where in
addition to model approximation, we prove convergence of corresponding solutions.

PDEs posed in domains with complex geometries arise in various applications,
including materials science, fluid dynamics, and biology. In many practical prob-
lems, these domains may have intricate boundaries, evolving interfaces, or irregular
shapes that complicate numerical discretization and analysis. Traditional numerical
approaches often require conformal meshes that accurately capture domain bound-
aries. Constructing such meshes can be computationally expensive and challenging,
especially in scenarios where the domain evolves over time or has small-scale geo-
metric features.

To circumvent these difficulties, diffuse domain methods (DDMs) have emerged
as versatile approaches. These methods (i) embed the original complex domain into
a larger, simpler computational domain, like a square or a cube, and (ii) introduce a
phase field function to smoothly approximate the characteristic function of the orig-
inal domain. The governing PDEs are then modified with additional penalization
terms that enforce consistency between the diffuse domain approximation and the
original sharp-interface formulation. By avoiding the need for complex meshing and
allowing for efficient numerical implementation, DDMs have become a widely used
technique in various applications, such as phase-field modeling, where they support

Received by the editors on December 9, 2024 and, accepted on April 13, 2025.
2000 Mathematics Subject Classification. 35A15, 35J20, 35J25, 49J45.
*Corresponding author.

728



GAMMA-CONVERGENCE OF A DIFFUSE DOMAIN APPROXIMATION 729

simulations of complex phenomena in fields like biology (e.g., [9, 14, 13, 11, 17, 3]),
fluid dynamics (e.g., [4, 20, 5, 2, 8, 19]), and materials science (e.g., [21, 17, 18, 10]).

In [16] we have studied the asymptotic convergence of the diffuse domain approxi-
mation problem in one-dimensional space. In addition, we have provided numerical
simulations and discussed their outcomes in relation to our analytical result. In
this paper, we prove the I'-convergence of the energy functional associated with the
diffuse domain approximation and the convergence of corresponding solutions in
the strong H'(Q2)-topology, in any dimension. For motivation and background on
diffuse domain problems, as well as asymptotic convergence analysis and numerical
experiments, we refer the readers to [16] and the references therein.

To be precise, we study the following two-sided boundary value problem in an
open cuboidal domain : Find a function ug : 2 — R defined as

ui(x), ifxeQy CQ,
o (z) = | _
ug(z), fzeQy=0\0,

where w1 : Q1 — R and us : Q9 — R satisfy
—Au; +yu; =gq, in Q,
—alAus + fus = h, in Qo,
(1) uy = uz, on 08,
—V(u; —aug) -ny = Kku; +g, on 9,
aVus -ng =0, on 0.
Here, we assume the following:

(1) Q; is a bounded open subset of R™ with a compact C3-boundary 9§
satisfying Q; € Q and 9Q; NN = &, and Qs := 2\ Q; (see Figure 1);

(2) m; denotes the outward-pointing unit normal vector on 982, and ny denotes
the outward-pointing unit normal vector on 0f2.

(3) h,q € L?(2) and g € H*(Q) are given functions;

(4) «, B, are given positive constants, and & is a given nonnegative constant.

— T2

Qo

FIGURE 1. A domain Q1 is covered by a larger cuboidal domain €, with Q2 := Q\ Q3.

The boundary conditions across the interface 02; are called transmission-type
boundary conditions, ensuring continuity of function values across the interface
while allowing a jump in flux due to underlying physical mechanisms. A solution
ug of the two-sided problem (1) corresponds to a minimizer of the associated energy
functional &y, defined by

2) &l :/Q E(DO|Vu|2 + cou?) — fou} da:+/a <;mﬁ +gu) ds,

Q
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for u € H*(Q), where

(3) DO(‘T) = Xﬂl(‘r) +O‘X92($)7
(4) co(z) = vxa, (%) + Bxa. (2),
(5) fo(@) = q(z)xq, (z) + h(z)X0, ().

Since & is coercive and strictly convex, it admits a unique minimizer, ensuring that
the two-sided problem (1) has a unique solution ug € H'(Q).

For each € € (0, 1), the diffuse domain approximation of the problem (1) is given
by: Find a function u. : Q — R that satisfies

-V (Davua) + ccue + (K/UE + g)lv@s‘ =fe, inQ,

(6) D.Vu, -no, =0, on 99,
where

(7) D (z) == a+ (1 — a)¢(z) = Do(x),

(8) ce(w) == B+ (v — B)g=(x) = co(z),

(9) fe(2) = W) + [g(z) — h(z)]e(2) = fo(x).

Here, ¢.(z) is a phase-field function that approximates the characteristic function
Xq, (z) of Q1. A common choice for ¢.(z) is

(10) bule) = 5 |14 v (")) = o ),

where 7(z) is the signed distance function from = € R™ to 9y, which is assumed
to be positive within 2; and negative outside Q;. With this choice of ¢.(x), we
note that |V¢.(x)| approximates the surface delta function dgg, of 9.

For each € € (0, 1), a solution u. of the problem (6) corresponds to a minimizer
of the associated energy functional &, defined by

an ed= [ [1<Dew2 o) — feut (%u? +gu) |v¢5|] dr,
ol2 2

for u € H'(2). Since &. is coercive and strictly convex, it admits a unique minimiz-
er, ensuring that the diffuse domain problem (6) has a unique solution u. € H(Q).

2. Main Results

2.1. I'-convergence of the Energy Functional for the Neumann Boundary
Condition case. In this work, we investigate the sharp interface limit of the energy
functional & as € — 0, using the framework of I'-convergence. Specifically, for the
Neumann boundary condition case, that is, K = 0, we show that the I'-limit of
the energy £ as ¢ — 0 with respect to the L?(2)—topology is precisely & in any
dimension. In one dimension, the same result holds true for any x > 0.

To proceed, we extend the definition of & from (11), for k = 0, to all u € L*(Q)
by defining:

1
/ {2(Da|vu|2 + CEUQ) — feu+ gulVoc|| dr, ue H'(Q),
Q

0, ue L3(Q)\ H (),

Felu] =
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where ¢., D., c. and f. are defined by (10), (7), (8) and (9), respectively. Similarly,
we extend the definition of & from (2), for k = 0, to all u € L?(Q2) by defining:

1
/ {2(D0|Vu|2 + cou?) — fou} dz +/ gudS, ue HY(Q),
Q o
00, we LX)\ H'(),

]:0 [u] =

where Dy, ¢o and fy are defined by (3), (4) and (5), respectively.

Theorem 2.1 (I'-convergence of F.). As e — 0, F. I'—converges to Fy under the
strong L?(Q2)~topology.

2.2. Strong H'(Q)—convergence of the Approximation Solution for the
Neumann Boundary Condition case. We will demonstrate below via a com-
pactness result that the sequence {F.} is equicoercive. As a consequence, in the
Neumann boundary condition case (k = 0), since ug is the unique minimizer of Fy,
ue is the unique minimizer of F., for each €, and F. I'-converges to Fy as € — 0,
it follows from the Fundamental Theorem of I'-convergence (see, e.g., [7], Theo-
rem 2.1) that u. converges strongly to ug in L?(Q) as ¢ — 0. While this establishes
the convergence of the solution of diffuse domain problem to that of the two-sided
problem in L?(€2), techniques similar to those used in [1] can further show that u.
converges strongly to ug in H'(Q2), up to a subsequence.

Theorem 2.2 (Strong convergence of u. in H'(Q)). Let ug and u. be the solutions
of the two-sided problem (1) and the diffuse domain approximation problem (6),
respectively, for k = 0. Then, there exists a subsequence of {u.} that converges
strongly to ug in H*(2) as e — 0.

Remark 2.3. The results of Theorem 2.1 and Theorem 2.2 remain valid for general
uniformly elliptic quadratic energy functionals. Namely, consider two symmetric,
uniformly elliptic and bounded matrices of coefficients, A(x) and B(x). Consider
also two functions B(x) and v(x) that are bounded from below and above by positive
constants. Define

De(z) := A(x) + (B(z) — A(@))¢=(2), co(x) = B(x) + (v(z) — B(x))de ().

We introduce the sequence of quadratic energy functionals

/ [;(stu -Vu+ cou?) — fsu+guv¢s|} de, ue HY(Q),
Q
00, ue L2(Q)\ HY(Q).

F.lu] =

Then, F. T'-converges to Fy under the strong L?(2)~topology, as € — 0, where

1
/ [Z(DOVU - Vu + cou?) — fou] dr + / gudS, we H'(Q),
Q 1%}

951
00, ue L2(Q)\ HY(Q).

F()[’LL] =

Here, Do(x) and co(x) are given by
Do(z) := A(z)x0,(x) + B(z)xa, (2), colz) := B(z)xe,(x) +v(z)xa, (2).

Moreover, the sequence of minimizers u. of F. converges strongly in H'(Q) to the
unique minimizer ug of Fy as € — 0, up to a subsequence.
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3. Proof of Theorem 2.1: I'-convergence of F_

In this section, we prove Theorem 2.1. To identify the I'-limit of a sequence of
functionals, we require three essential components (see, e.g., [6, 15]):

(i) A compactness result, which characterizes the limiting functional;
(ii) A liminf inequality, which provides a lower bound for the limiting function-
al;
(iii) A recovery sequence satisfying a limsup inequality, ensuring that the lower
bound can be achieved.

3.1. Preliminary Lemmas. For each ¢ € (0,1) and each w € H'(2), we define
the weighted norms:

1/2 1/2
luollo. = [/Q bo((Vol +w?)dz] |w||55:=(/ﬂ w2|V¢s|dx) .

The following Lemmas 3.1, 3.2 and 3.3 are results established in [1], corresponding
to Theorem 2.3, Lemma 3.5 and Lemma 3.6 in [1], respectively.

Lemma 3.1. Assume that {w.} C H(Q) satisfies
lwell3, + [lwell3, < C,

for some constant C > 0 independent of €. Then, there exist a subsequence of {we}
(not relabeled) and a function w € H' () such that welg, — w weakly in H' ()
as e — 0, and

lim/ fw€|V¢E|dx:/ fw dS,
e—0 Q a0,

for any function f € H'(Q).

Lemma 3.2. There exists a constant Cy > 0 depending only on ,Q; and the
dimension, n, such that, for any € € (0,1) and any w € H'(Q), we have
[wlls. < Collwl i (q)-

Lemma 3.3. For any w € WH1(Q), we have
lim [ w|V¢.| dx = / w dSs.
e—=0 Jo a0

We also prove the following elementary result, demonstrated in Lemma 3.4. We
recall the definitions of D, ¢. and f. given in (7)—(9), as well as Dy, ¢g and fy given

in (3)—-(5).

Lemma 3.4. For any w € L*(Q), we have

(12) lim D w d:t—/Dow dz,
e—0

(13) lim [ cow dx—/cow dzx,
e—=0 Jo

(14) lim fsw dx—/fow dz.
e—0

Proof. Let us prove (12) first. The proof for (13) is similar. Since D.w? — Dow?
a.e. in Qase — 0, |D.w?| < max{a, 1}w?, and w € L?(Q), applying the Dominated
Convergence Theorem, we obtain (12).
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Now we proceed to prove (14). Since |g(¢-—xq,)|? = 0a.e. in Q, |g(d-—xq,)|* <
¢?, and q € L?(2), applying the Dominated Convergence Theorem, we get

Hﬂ@—xmﬂﬁmn=lﬂﬂ%—xmwdx+&

as € — 0. Similarly, we also obtain that [[h((1 — ¢-) — X, )|lL2() — 0 as € — 0.
Therefore,

Ilfe = follz2) < NR((1 = @) — xa )2 () + lla(de — xa,)llL2) — 0,

as € — 0, which implies that f. — fy strongly in L?(2) as € — 0. This convergence
of f. and the fact that w € L?(Q) together imply (14). O

Remark 3.5. We record that f. — fo strongly in L*(Q2) as e — 0, and

[ fellz2@) < Ihllz2@) + llallz2@), for any e > 0.
In similar fashion, cc. — ¢y and D. — Dy strongly in LP(Q) as € — 0, for any
p € [1,00).
3.2. Compactness. First, we prove the compactness result for F..

Theorem 3.6 (Compactness). Let {ex} C (0,1) be a sequence of numbers such
that e \( 0 as k — oo. Let {ux} C L*(Q) be a sequence of functions such that,
forany k =1,2,..., F., [ux] < M < oo, for some M > 0 independent of k. Then,
there exist a subsequence {ug,} of {ur} and a function u € H*(Q) such that

ug, — u strongly in L*(Q),
uy, — u weakly in H' (),
ug;, — u a.e. in S,

as j — oo.

Proof. For each k =1,2,..., since F¢, [ux] < M < oo, by the definition of F,, we
have uy € H(Q) and

1

Fep luk] = /Q [2(D€k|Vuk|2 + cgkuz) — fepur + gur|Voe, || de.

Let w := min{e, 8,7,1} > 0. Since Dy, () > min{«, 1} and ¢, (z) > min{g,~},
forallz € Q and all k =1,2,..., then

1 w
(15) [ [50a1vu + )| o> Sl

For any constant b > 0, using Young’s inequality followed by Remark 3.5 we get

’/ fepurdx S/ | for | |ur|da

Q Q

(16) < [ (bl + 1) do
o 4b

1
< bl|ug | o) + % (HhH%z(Q) + ||‘1||%2(Q)) :

By Lemma 3.2, there exists a constant Cy > 0, depending only on ,€); and the
dimension n, such that, for any k = 1,2,... and any w € H'(Q), we have

[wlls., < Collwlla(a)-
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Then, by Young’s inequality, we have, for any k = 1,2,.. .,

AWMV%AMf§AmeV%JM

1
(17) < bllulls., + 5 I91I5.,

1
< G (bl oy + gl ) -

Combining (15), (16) and (17) we get

M,

T

for all k = 1,2,..., where My := 2||h]|72q) + 2llall72 oy + [9/171(q)- Choose b =
w/(4C3 + 4), we obtain

4 C2 4+ 1)M

for all k = 1,2,... Thus, using H}(Q) cC L?(Q) and the weak compactness of
H'(€2), there exist a subsequence {uy,} of {ux} and a function v € H*(Q2) such
that

w
M > Fofur) = (5 = (C3 + Db) luellins o) -

uy, — u strongly in L*(Q),
uy, — u weakly in H'(Q),
ug;, — u a.e. in {2,

as j — oo. ([

Remark 3.7. The compactness result above establishes the equicoercivity of the
sequence {F.}. Indeed, for any sequence {u.}, if sup,soFe(u:) < oo, the same
proof as above shows that {u.} is precompact in L?(£2).

3.3. Liminf Inequality. Now we prove the following Theorem 3.8, which estab-
lishes the liminf inequality for the I'-convergence result.

Theorem 3.8 (Liminf Inequality). Let {ex} C (0,1) be a sequence of numbers such
that e, \, 0 as k — oco. For any funtion u € L*() and any sequence {uy} C L?(Q)
that satisfies uj, — u strongly in L?(Q) as k — oo, we have

(19) liminf 7, [ux] > Folu].
k—o00

Proof. If liminfy_, o Fz, [ur] = oo, then (19) is trivial. Therefore, we only need to
consider the case where liminfy_ oo Fe, [ug] = L < co. Since up — u strongly in
L?(Q) as k — oo, there exists a subsquence {k;} of {k} such that u, — u a.e. in Q
and F¢, [ur,] = L as j — oo. Hence, there exists j1 > 0 such that Fe, [uy,] < L+1,
for all j > j;. Consequently, uy, € HY(Q), for all j > j;. Moreover, by the
compactness result in Theorem 3.6, there exist a further subsequence of {uy, }
(not relabeled) and a function v € H!(£2) such that

Bl
J=J1

ug; — v strongly in L*(Q),
uy,, — v weakly in H'(Q),
u; — v a.e. in §,

as j — 00. Since ug; — u a.e. in ) as j — oo, we have u = v a.e. in (2, which
implies that w € H'(Q) and uj, — u weakly in H'(Q) as j — oo. Therefore,
without loss of generality, we assume the following;:
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(A1) {ur}e, C H*(Q), which implies that
1
‘Fek [uk] = / |:2(D6k|vuk|2 + Cﬁ?kui) - fEkuk + guk|v¢5k ] dz,
Q
forall k=1,2,...
(A2) limg_oo Fep[uk] = L < 00, and F, Juxg] < L+ 1, forall k=1,2,...
(A3) u e HY(Q), which implies that
1
Folu] :/ [(D0|Vu|2 + cou?) — fou} dx +/ gu dS.
ol2 o0,

(A4) wy — u strongly in L?(Q) and a.e. in Q, and ux — u weakly in H(f2), as
k — oo.

Under Assumptions (A1)—(A4), we will prove the liminf inequality (19). Firstly,
since u? € L'(), by Lemma 3.4, we have [, c. u*dx — [, cou’dx as k — ooc.

Hence,
‘/cEku%—/cou2 dx
Q Q

/ e, (Ui — u?) dx
Q

< +

/csku27/00u2 dx
Q Q

< max{f,7v} ‘/(ui —u?) dz| + / ceu® — / cou’® dz| — 0,
Q Q Q
as k — oo, which implies that
(20) klim e ui dr = / cou? dx.
—0 JO Q

Secondly, by Lemma 3.2, there exists a constant Cy > 0, depending only on
Q,Q; and the dimension n, such that, for any k = 1,2, ... and any w € H'(Q), we
have

(21) [wlls., < Collwlla(a)-
Since F¢, [ux] < L+ 1 for any k = 1,2,..., we can apply a similar argument as in
the proof of Theorem 3.6 for (18) to obtain

4 (C3 +1)M;

for any k =1,2,..., where w = min{«, 5,7,1} and M; = 2Hh||2L2(Q) + 2\|q|\%2(9) +
||g||§{1(9). Combining (21) with (22), and using the fact that 0 < ¢., < 1, we
obtain

lurll3., + llurls., < @+ CH)luellz o)

)

2
<t (py1y G
Ow w

for any k = 1,2,... Hence, by Lemma 3.1, there exist a subsequence of {u} (not
relabeled) and a function @ € H'(Q;) such that uy|, — @ weakly in H'(Q;) as
k — oo, and

lim /guk\V¢5|dx:/ gu dS.
k— o0 Q EIoN
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Since up — u weakly in H'(Q) as k — oo, we have u|g = @ a.e. in €y, which
implies that

(23) lim /guk\v¢sk| dx :/ gu dS.
k— o0 O 891
Thirdly, using (22), we have

D, |Vuy|* da < max{a, 1}ux]|31 o

Q
4 24+ 1M
< max{a,1}— (L +1+ (CO—’—)I> ,
w w
for any k = 1,2,... Hence, there exist a subsequence of {uy}?2; (not relabeled)
and a function ¥ € L?(Q; R™) such that
(24) V/De, Vuy, — VU weakly in L?(;R™) as k — oc.

On the other hand, since
2
WDTk— \/170\ < 2(D., + Do) < 4max{a, 1},

forany £ =1,2,..., and |\/D5k — \/Do|2 — 0 a.e. in 2 as k — oo, by the Bounded
Convergence Theorem, we have

lim / ‘\/Dsk f\/DO‘Q dz = 0,
Q

k—oc0

which implies that /D, — v/Dg strongly in L?(2) as k — oo. And since Vuy —
Vu weakly in L?(;R") as k — oo, we get

(25) V/De, Vur — /DoVu weakly in L' (;R") as k — oc.

Combining (24) and (25), we have ¥ = \/DoVu a.e. in 2, which implies that
V/De, Vuy — v/ DoVu weakly in L*(Q;R") as k — co.

Hence, by the lower semicontinuity of norms, we have

(26) / Do|Vul|? dx < liminf/ D.,|Vuy|* d.
Q k—oc0 Q

Finally, applying Remark 3.5, since f., — fo and u., — u strongly in L?*(Q) as
k — oo, we obtain

(27) lim / fepup doe = / fou dx.
k—oo Jq Q
Combining (20), (23), (26) and (27), we obtain

lim inf F, [u]
k—oo

1

= lim inf [Q(Dsk \Vaug|? + cepui) — fopup + guk|v¢5k|} dx

— 00 Q

1 1

> liminf/ —D., |Vuy|? dx +/ —cou? dz — | foudzx +/ gu dS

k—oo  Jq 2 Q 2 Q o

1 1

> / —Do|Vu|? dz +/ —cou® dzx —/ Jou dz —I—/ gu dS

Q 2 Q 2 Q 00
> Folul.

Theorem 3.8 is established. O
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3.4. Limsup Inequality and Recovery Sequence. In this section, we prove
the following Theorem 3.9, which establishes the existence of a recovery sequence.

Theorem 3.9 (Limsup Inequality). Let {ex} C (0,1) be a sequence of numbers
such that e, \, 0 as k — oo. For any funtion u € L*(Q), there erists a sequence
{ur} € L3(Q) such that uy — u strongly in L?(2) as k — oo, and

lim sup F¢, [ux] < Folul.

k—o0

Proof. In the case u € L?(Q) with Fy[u] = oo, any sequence {u,} C L?(Q) that
converges strongly to u in L%() can serve as a recovery sequence. For simplicity,
we choose up, = u, for all k = 1,2,..., and it is trivial to get limsup,_, . Fe, [ux] <
Folu]. Now, assume that u € L?(Q) and Fo[u] < oo, then u € H'(Q2) and

1
Folu] = / [2(D0|Vu2 + cou?) — fou] dz —|—/ gu dS.
Q o

Choose uy = u, for all k =1,2,..., then u, € H'(Q), which implies that

1
Falil = [ [3DalVal + o) = e+ guilVon|

forall k =1,2,... By Lemma 3.4, we have
lim / D.,|Vug|* dz = lim / D.,|Vu|? dz = / Dy|Vul? dz,
k— oo Q k— oo Q Q

lim [ c,uidr= lim [ c,u’de= [ cou’dz,

lim ferug doe = lim feudr = fou dzx.
k—o0 Q k—o0 Q Q

Moreover, since gu € WH(£2), by Lemma 3.3, we have

lim /guk|V¢E,€|d$= lim /gu|V¢€k|da:=/ gu dS.
k— oo Q k—oo Q an

Thus, we obtain

k—o0 k—oo Jo

. . 1
lim F., [ux] = lim {2(D5kVuk|2 +co, ui) — fe up + guk|V¢5k|} dx

1
/ [(DOWU2 + cou?) — fou] dx +/ gu dS
ol? o0
= .7:0 [u],
which implies that {uy} is a recovery sequence for u. O
4. Proof of Theorem 2.2: Strong convergence of u. in H!(Q)

In this section, we prove Theorem 2.2. To do that, we let k = 0 and take an
arbitrary sequence of numbers {e;} C (0,1) such that e \, 0 as k — oco. For each
k=1,2,..., let us, € H'() be the solution to the diffuse domain problem

_v.(‘DEkquk)—'—cEkuEk +g|v¢€)€|:f€ka in Qv
D, Vue, -ny =0, on 0.

Hence, u., satisfies the weak formulation

(28) /(DEkVugk -V 4 e tie, v + g|Voe, |v) de = / fepv dz,
Q Q
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for any v € H'(Q2). Moreover, u., is the unique minimizer of F;,, that is,
Feolue,] = min{F., [u] : u € L*(Q)} < 0.
Let ug be the solution to the two-sided problem (1) for x = 0, that is
if Q
e = () <
where u; : 27 — R and us : 29 — R satisfy
—Auy +yuy =q, in €y,
—alAus + fus = h, in Qg
u1 = ug, on 08,
—V(u; —aug)-ny =g, on 9y,
aVus -ny =0, on 0.
Then, ug is the unique minimizer of Fy, that is,
Foluo] = min{Fo[u] : u € L*(Q)} < cc.

Since F. I'-converges to Fy as € — 0, the Fundamental Theorem of I'-convergence
(see, e.g., [7], Theorem 2.1) implies that

ue, — ug strongly in L?(Q) as k — oo,
and

(29) lir{.lo Ferltie,] = Foluo)-

k—

By (29), there exists a number k; > 0 such that F;, [u., ] < Foluo] +1 < oo, for any
k > ki, which implies that {u, }32, is bounded in H'(£2). By the compactness
result in Theorem 3.6, there exist a subsequence of {u,, }l?;kl’ which is relabeled
as {ue, }32,, and a function @ € H'(£2), such that

ue, — @ strongly in L*(9),
ue, — @ weakly in H*(Q),
Us, — U a.e. in
as k — oo. Hence, by the uniqueness of limits, 4 = ug a.e. in €2, which implies that
Ue, — up weakly in H'(Q) as k — oo.

For each k = 1,2,..., since u, — up is an admissible test function for (28), we
have

/ (DEkvuﬁk : (vufk - VUO) + Cej, U, (u€k - uO) + g|v¢)5k|(u5k - U‘O)) dx
Q

= / fak(uak _UO) d(E,
Q

which implies that

/(D5k|vu5k - vu0|2 + cEk|u5k - u0|2) dz
Q

(30) = / (For — 9/ Ve, ) (tiey — uo) daz + / D, (IVuof> — Ve, - Vug) dx
Q Q

+/ cgk(ug — Ug, Ug) di.
Q
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For the first term on the right hand side of (30), since ug,g € H'(Q), applying
Lemmas 3.3 and 3.4, we get

/(fsk — g|Vée, Nuo dz — / foug dx — / qug dS,
Q Q a0,

as k — 0o0. On the other hand, by applying arguments analogous to those used for
(23) and (27) in the proof of Theorem 3.6, we obtain

/(fEk _glv¢€k|)u€k dr — / fOuO dx _/ guo dS,
Q Q o0,

as k — oo. Therefore,

(31) /Q(fak — Ve, |)(ue, —up) dz — 0 as k — oco.

Now we examine the second term on the right hand side of (30). Since Vug €
L?(2), applying Lemma 3.4, we get

(32) / D., |Vug|* dz — / Dy|Vugl? dz as k — oo.
Q Q

Furthermore, since |D., Vug — DoVug|?> — 0 a.e. in Q, |D., Vug — DoVug|? <
(2 max{a, 1}|Vuo|)?, and Vug € L*(Q), applying the Dominated Convergence The-
orem, we obtain

|1De, Vug — DoVug||72(q) = / | D¢, Vug — DoVug|? dz — 0,
Q

as k — oo, which implies that D., Vug — DoVug strongly in L?(Q) as k — oo.
This convergence of D., Vug and the weak convergence Vu., — Vug in L?(£2)
together imply that

/ D., Vus, -Vugdx = | Vue, - Ds, Vug dx

(33) Q Q

— / Vug - DgVuyg dr = / DQ|VU0|2 ddf,
Q Q

as k — co. Combining (32) and (33), we get
(34) / D., (|Vuo|* — Vu, - Vug) dz — 0 as k — co.
Q

Applying a similar argument for the third term on the right hand side of (30), we
also obtain

(35) / Cep (U —uc ug) de — 0 as k — oo.
Q

Using (31), (34) and (35), taking limits on both sides of (30) as k¥ — oo, and
recalling that w = min{«, 8,7,1} > 0, we have

1
|lue, — uoH%{l(Q) < ” /Q(ng|Vu€k — Vug|? + ¢y Jue, —uol?) dz — 0 as k — oo,
which implies that u., converges strongly to ug in H'(Q) as k — oo. Note that

this sequence is merely a subsequence of the original sequence {u,, } chosen at the
beginning of this section.
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Remark 4.1. If we impose the Robin boundary condition
7V(U1 — OLUQ) ‘M = KU1 +9, on an,

with k > 0, then establishing the liminf inequality poses a significant challenge due
to the presence of the term

1
/ §I£U§|V¢E|dx,
Q

which must be shown to converge, up to a subsequence, to

1
/ —ku?dS,
a0, 2

as € — 0. It is not clear how to show this convergence in general. However,
leveraging the Sobolev Embedding Theorem in 1D, we will demonstrate in Section 5
that, this convergence does hold in 1D. This, in turn, implies that the I'-convergence
and strong H'(2)-convergence results hold for the Robin boundary condition case
in 1D.

5. I'-convergence and Strong H'({))—convergence in 1D

In this section, we consider the two-sided problem with transmission-type Robin
boundary conditions in 1D. We consider the two-sided problem (1) over the follow-
ing domains in 1D:

Q= (aab)r Ql = (alvbl)v QQ = (a’v al) U (blab)v

where a < a; < by < b. Additionally, we extend the definitions of & and &, from
(2) and (11), respectively, to all u € L?(Q), by defining:

) &ou], we HY(Q),
(36) J:O[u]_{oo, ue LX)\ H'(Q),

and

(37) Fofu] = {EE[uL ue HY(Q),

00, ue L2(Q)\ H(Q).

We will show that, in 1D, the I'-convergence result (similar to that in Theorems 2.1)
and the strong H'({))-convergence result (similar to that in Theorems 2.2) hold
for any x > 0.

5.1. '-convergence of the Energy Functional in 1D. We will show that
Theorems 3.6, 3.8 and 3.9 hold in 1D, for any « > 0. We only demonstrate the
estimates and convergences related to the term fQ %Hu§|v¢5\dx. The rest of the
proofs will be similar to those in Section 3.

For the compactness result, using the same argument as in Section 3.2, com-
bining with [, 35u?|V¢.,|dz > 0, we obtain the same compactness result as in
Theorem 3.6.

For the limsup inequality and recovery sequence, with the choice uy = u, for all
k=1,2,..., applying Lemma 3.3 for u> € WhH(Q), we get

1 1 1
lim / —kup|Vee, | dr = lim / —ku?|Vo., | dr = / —ku? dS.
k—oo Jq 2 k—oo Jq 2 o0 2

Then, using the same argument as in Section 3.4, {ux} is a recovery sequence for
U.
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Now we handle the liminf inequality. Let {ex} C (0, 1) be a sequence of numbers
such that e, \, 0 as kK — oco. Making assumptions similar to (A1)—(A4) in Sec-
tion 3.3, but with Fy and F. defined by (36) and (37), respectively, we only need
to show that

1 1
lim [ ~kui|Vo.,|dr = / —ku? dS,
k—o0 Q 2 ’ o 2

up to a subsequence. The rest of the argument is similar to that in the proof of
Theorem 3.8.

By Sobolev Embedding Theorem for n = 1 (see, e.g., [12], Section 5.6.3, The-
orem 6), there exists a constant K > 0, depending only on €2, such that, for any
w e HY(Q),

[wllcorrz@y < Kllwllgie)-
Combining the above estimate with (22), we have u; € C%'/2(Q) and

A [ o

2

4K
g(L+1+ = Mo,

(C§ +1)M,
w w
for any kK = 1,2,.... This implies that, for each £k =1,2,...,

llurl| Lo ) < v/ Ma,

and

lug () — up(y)| < v/ Ma|r — y|1/2, for any z,y € Q.

Therefore, {uy} is uniformly bounded and equicontinuous. Hence, by the Arzela-
Ascoli Theorem (see, e.g., [12], Appendix C.8), there exist a subsequence of {uy}
(not relabeled) and a function 4 € C(f2) such that u, converges uniformly to i, as
k — oco. Since up — u a.e. in Q as k — oo (by Assumption (A4)), then @ = u a.e.
in . Hence, u € L*>®(Q) and uy — u strongly in L>(Q) as k — oo.

Applying Lemma 3.3 for u? € W(Q), we get

1 1
lim / —ku?|Vo.,| dx :/ —ku? dS.
k—oo Jo 2 80, 2

Then, using [, |[Vée,|dz = 1, we obtain

1 1
’/ —kui|Voe, | dx —/ T dS‘
02 00, 2

1 1 1
/ —k(uj —u?)|Voe,| dz| + '/ ~ku?|Vo., | dx —/ —ku? dS'
02 02 09, 2

1 1 1
el =l [ [Vouldot| [ SeVonlao= [ it as)
2 Q Q2 a0, 2

IN

IN

IA

1 1 1
§n||u% — || () + ‘/ iﬁuz\ngg,J dx —/ §HU2 dS‘ —0 ask — oo,
Q a

which implies that

Q

1 1
lim [ -kui|Vo.,|dr = / —ru? dS.
k—o0 Q 2 891 2

This completes the proof of the I'-convergence result for the Robin boundary con-
dition case in 1D.
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5.2. Strong H'!({2)—convergence of the Approximation Solution in 1D.
We will show that Theorem 2.2 holds in 1D, for any « > 0. Choose an arbitrary
sequence of numbers {e;} C (0,1) such that e \, 0 as k — oo. For each k =
1,2,..., let u,, € H*() satisfy the weak formulation

(38) /Q(DEkVusk VU CepUe, U+ (Kue, + 9)|Ve, |v) de = /Qfskv dzx,

for any v € H'(Q), then u., is the unique minimizer of F.,, defined by (37). Let
up be the solution to the two-sided problem (1), then ug is the unique minimizer of
Fo, defined by (36). Using an argument similar to that in Section 4, there exists a
subsequence of {u., } (not relabeled) that is bounded in H!(Q), such that

u., — ug strongly in L*(Q),
ue, — ug weakly in H'(Q),

e — Up a.e. in €,

as k — oo. Then, an argument similar to that in Section 5.1 gives that {u.,} is
bounded in L>*(Q), that is,

lue, [ oo () < M3, forallk=1,2,...,

for some M3 > 0 independent of k, and u., — u strongly in L*°(Q) as k — oo.
Similar to the proof in Section 4, we use u., — ug as a test function for (38),
which implies that

/ [Dey Vite, - (Vtey, — Vitg) + ceyticy (e, — to)
Q
+ Kufk +g)|v¢5k‘(u5k - uo)} dz

/fgk Ue,, — Ug) diT.

The equation above is equivalent to
/(D5k|VuEk — Vugl? + Cep|Ue, — ug|?) dx
Q
39 = [ o~ 9lVouDlue, —uo) do+ [ Do ((Vuof = Vu, - Vuo) do
Q Q

+/ Cep (u% — Ug, Ug) dx Jr/ K, (Ug — Ue,, )|V e, | d.
Q Q

We only need to show that the last integral on the right-hand side of (39) approaches
0 as k — o0o. The rest of the proof is similar to that in Section 4.
Since [, V., |dz =1 and u., — u strongly in L>(Q) as k — co, we have

< ity [l zow ey l1ti0 — ey =) / Ve, | d

< KMsllug — e, ||Le ) — 0 as k — oo,

\ [ e~ e )9
Q

which implies that

lim [ Kue, (uo — ue, )| Ve, | dz = 0.
k—o0 O )

This completes the proof of the strong H!(Q)-convergence result for the Robin
boundary condition case in 1D.
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6. Discussion

In this work, we established the I'-convergence for the diffuse domain energy
functional and the strong H' (2)-convergence for the diffuse domain approximation
solution. The two-sided problem is both theoretically interesting and practically
relevant, as many physical processes exhibit different parameters on either side of
an interface.

However, as we discussed in [16], the one-sided problem is arguably more in-
triguing and serves as the primary motivation for diffuse domain methods. Some
open questions arise: Can the I'—convergence and H!()-convergence analyses be
extended to cases where a depends on m, specifically, « = ¢™, for some constant
m > 07 This change breaks the established I'-convergence result, as the associ-
ated sharp interface energy functional & over the whole cuboidal domain €, for
the one-sided problem, is still unknown. In particular, it seems, we need to use a
limiting energy in )5 that is zero. Moreover, what happens to the solution wus in
the exterior domain, {2, in this case? We refer readers to [16] for further discussion
and numerical experiments.
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