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STABILITY AND SUPERCONVERGENCE OF A SPECIAL

Q1-FINITE VOLUME ELEMENT SCHEME OVER

QUADRILATERAL MESHES

YANHUI ZHOU

Abstract. This paper studied the stability and superconvergence of a special isoparametric
bilinear finite volume element scheme for anisotropic diffusion problems over quadrilateral meshes,
where the scheme is obtained by employing the edge midpoint rule to approximate the line integrals

in classical Q1-finite volume element method. It can be checked that the scheme is identical to
the standard five-point difference scheme for a special case. By element analysis approach, we
suggest a sufficient condition to guarantee the stability of the scheme. This condition has an

analytic expression, which covers the traditional h1+γ -parallelogram and some trapezoidal meshes
with any full anisotropic diffusion tensor. Moreover, based on the h2-uniform quadrilateral mesh
assumption, we proved the superconvergence |uI − uh|1 = O(h2), where uI is the isoparametric
bilinear interpolation of exact solution u, and uh is the numerical solution. As a by product, we

obtained the optimal H1 and L2 error estimates. Finally, the theoretical results are verified by
some numerical experiments.

Key words. Q1-finite volume element scheme, stability, superconvergence, H1 and L2 error
estimates, anisotropic diffusion equation.

1. Introduction

The finite volume element (FVE) method (FVEM) is also called as generalized
difference method [1] or box method [2]. Since FVEM possesses local conservation
law and other advantages, it has been attracted many researchers attention, see
the book [3] and review papers [4, 5]. For the Poisson equation, the element stiff-
ness matrix of linear FVEM is identical to the corresponding linear finite element
method (FEM) on arbitrary triangular meshes, and the coercivity result follows
[6, 7]. Under the coercivity result, the optimal H1 error analysis can be established
by a standard technique. Further, [8, 9] proved the optimal L2 error estimate on
general triangular meshes, and [10, 11] applied linear FVEM to some more com-
plicated problems. More relevant studies of high order FVEMs are presented in
[12, 13, 14, 15, 16] and so on.

However, the development of standard isoparametric bilinear FVEM (Q1-FVEM)
over quadrilateral meshes is still lags far behind. To ensure the coercivity result,
most work require quasi-parallelogram mesh condition [17, 18, 19]. In 2020, [20]
suggested a sufficient condition to guarantee the coercivity, and this condition cov-
ers the traditional quasi-parallelogram mesh, but regrettably it not cover arbitrary
trapezoidal mesh. Once the coercivity result is established, then the optimal H1

error analysis of classical Q1-FVEM is trival. On the other hand, by approximating
the line integrals in classical Q1-FVEM at geometric center of the quadrilateral, [21]
constructed a symmetric Q1-FVE scheme, such that the global stiffness matrix is
symmetric. Recently, [22], [23] and [24] employed trapezoidal, midpoint and Simp-
son rules to approximate the line integrals respectively, and the coercivity results
of these new schemes are validated over traditional quasi-parallelogram and some
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trapezoidal meshes. Further, based on Wachspress generalized barycentric coordi-
nate, in 2023 [25] designed a polygonal FVEM to solve the anisotropic diffusion
problems and presented an optimal H1 error estimate. For more studies of FVEM
over quadrilateral meshes, we refer the readers to [26, 27, 28, 29] for incomplete
references.

Under the coercivity result and H1 error estimate, we may investigate the L2

error and superconvergence of FVEM solution. By employing the barycenters of
triangles to construct the dual mesh, [30] shown that the difference between lin-
ear FEM solution and FVEM solution over triangular mesh is of second order in
energy norm. On the other hand, by using Taylor’s expansion, [21] presented the
optimal L2 error estimate and superconvergence of a special symmetric Q1-FVE
scheme over uniform rectangular meshes. Assume that the quadrilateral mesh is
h2-uniform, and by using the geometric centers of quadrilaterals to construct the
dual mesh, [31] proved that the difference between classical Q1-FVEM solution and
the interpolation of exact solution is also of second order in energy norm. More
studies of the error analysis can be found in [32, 33, 34, 35] and so on.

In this paper, we employ the value at edge midpoint to approximate the line in-
tegrals in classical Q1-FVEM for solving anisotropic diffusion problems on general
convex quadrilateral meshes. By element analysis approach, we suggest a sufficient
condition to ensure the stability. This sufficient condition has an analytic expres-
sion, which only involves the anisotropic diffusion coefficient and the geometry of
mesh. This leads to that for any full diffusion tensor and convex quadrilateral
mesh, we can directly judge whether this sufficient condition is satisfied. More in-
teresting is that, this condition covers the traditional h1+γ-parallelogram and some
trapezoidal meshes with full anisotropic diffusion coefficient.

To study the superconvergence of the error uI−uh in energy norm, we decompose
it into two parts by using the coercivity result. The first part is the error uI − u,
then under h2-uniform quadrilateral mesh assumption and the superconvergence
of bilinear interpolation on two adjacent quadrilateral elements, this error can be
analyzed by some analysis techniques. Moreover, by Taylor’s expansion, we can
analyze the second part u−uh. Thanks to these findings, we obtain the second order
superconvergence result. As a result, we get that uh converges to u with optimal
convergence rates 1 and 2 underH1 and L2 norms, and the superconvergence results
of uh at geometric centers, interior vertices and edge midpoints which are all second
order in an average gradient norm. We mention that [17] has pointed out that, if we
use the edge midpoint rule to approximate the line integrals, then in some special
cases, the new scheme is identical to the standard five-point difference scheme.
However, its theoretical analysis has not been established. Thus, the novelty of
this paper is that, under some mesh assumptions, we presented the stability and
superconvergence for the special scheme.

The rest of this paper is organized as follows. In Section 2, we present a special
isoparametric bilinear finite volume element scheme over general convex quadrilat-
eral meshes. The stability and superconvergence results of the constructed scheme
are shown in Sections 3 and 4 respectively. Some numerical experiments are re-
ported in Section 5 to verify the theoretical results, and the conclusion is given in
Section 6. In Section 8 (Appendix A), we give some lemmas that available in the
literature. Some discussions for the assumption (A1) are presented in Section 9
(Appendix B).

Throughout the paper, C will be denote a generic constant that could change
from one occurrence to the other. To avoid repetition, we sometimes write “A . B”
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to indicate that A can be bounded by B multiplied by a constant irrelative to the
parameters which A and B may depend on. Analogously, “A & B” implies that
B can be bounded by A, while “A ∼ B” stands for the fact that we have both
“A . B” and “B . A”.

2. The Q1-FVEM-EM scheme

2.1. Models, meshes and spaces. Solve the following second order elliptic
boundary value problem

−∇ · (Λ∇u) = f, in Ω,(1)

u = 0, on ∂Ω,(2)

where Ω ⊂ R2 is an open bounded connected polygonal domain, f ∈ L2(Ω) is the
source term, Λ(x) is a 2×2 symmetric and positive definite matrix, i.e., there exist
two positive constants λ and λ such that

(3) λ∥v∥2 ≤ vTΛv ≤ λ∥v∥2, ∀v ∈ R2, ∀x = (x, y)T ∈ Ω,

and ∥v∥ denotes the Euclidean norm of vector v. For simplicity, in the follow-
ing analysis we only consider the homogeneous Dirichlet boundary condition and
suppose that the diffusion coefficient Λ is a constant matrix on Ω.

Assume that Ω is divided into a finite number of non-overlapped and strictly
convex quadrilateral elements that form the so-called primary mesh Th, namely
Ω = ∪{K : K ∈ Th} with h = maxK∈Th

hK is the mesh size and hK is diameter
of K. Further, let Th be a conform mesh, i.e., the intersection of any two different
quadrilateral elements is a common edge or a common vertex or empty. For any
K = �x1x2x3x4, assume that yi is the midpoint of edge xixi+1, i = 1, 2, 3, 4,
here and hereafter i denotes, without special mention, a periodic index with period
4. In other words, we have x5 = x1. Denote NK , EK and MK as the set of four
vertices xi, four edges xixi+1 and four midpoints yi of K, respectively. Then, we
can define

Nh =
∪

K∈Th

NK , Eh =
∪

K∈Th

EK , Mh =
∪

K∈Th

MK ,

and
N ◦

h = Nh\∂Ω, E◦
h = Eh\∂Ω, M◦

h = Mh\∂Ω
as the set of all vertices, edges, midpoints of edges and interior vertices, interior
edges, midpoints of interior edges of Th, respectively.

Suppose that K̂ = �x̂1x̂2x̂3x̂4 = [−1, 1]2 is a reference square element locates
on the (ξ, η) plane, where the coordinate of x̂i is given by

x̂1 = (−1,−1)T , x̂2 = (1,−1)T , x̂3 = (1, 1)T , x̂4 = (−1, 1)T .

Here and hereafter, we will not distinguish between a point and its position vector,
they share the same symbol. Let

ϕ̂1 =
(1− ξ)(1− η)

4
, ϕ̂2 =

(1 + ξ)(1− η)

4
, ϕ̂3 =

(1 + ξ)(1 + η)

4
, ϕ̂4 =

(1− ξ)(1 + η)

4

be the four bilinear nodal basis functions which defined on K̂. Obviously, we have

ϕ̂i(x̂j) = δij , where δij denotes the Kronecker delta, namely δij = 1 if i = j,
δij = 0 if i ̸= j. For any strictly convex quadrilateral K, there exists a unique

invertible bilinear mapping JK which maps K̂ onto K, and satisfying JK(x̂i) = xi,
i = 1, 2, 3, 4. In particular, JK has the following expression

(4) JK(ξ, η) = xK +
1

2
(m1ξ +m2η +mKξη),
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Figure 1. Some notations used in the bilinear mapping JK .
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Figure 2. The primary mesh Th (solid lines) and its associated
dual mesh T ∗

h (dotted lines).

where xK is the geometric center of K, the vectors m1 and m2 (resp. mK) are
related to the midpoints of opposite edges (resp. diagonals) of K, see Figure 1,

given by xK =
∑4

i=1 xi/4 and

m1 =
1

2
(x2+x3−x1−x4), m2 =

1

2
(x3+x4−x1−x2), mK =

1

2
(x1+x3−x2−x4).

Further, we denote Ch as the set of all geometric centers of Th.
On Th, the trial function space Uh is defined by

Uh =
{
uh ∈ C(Ω) : uh|K = ûh ◦ J−1

K , ûh|K̂ is bilinear function, ∀K ∈ Th, uh|∂Ω = 0
}
.

In each K, by connecting the geometric center xK with its four edge midpoints
yi, we partition K into four quadrilateral sub-elements Di,K := �xKyi−1xiyi.
Then the whole control volume surrounding xi is given by Di = ∪K∋xi

Di,K , and
the dual mesh T ∗

h consists of all control volumes T ∗
h = {Di : xi ∈ Nh}. That is,

all sub-elements sharing a common vertex of the primary mesh form a polygonal
element of the dual mesh, see Figure 2 for an example.

On T ∗
h , the test function space Vh is defined as

Vh = Span {ψi : xi ∈ N ◦
h} ,
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where ψi is the characteristic function satisfying ψi(x) = 1 if x ∈ Di, ψi(x) = 0 if
x ∈ Ω\Di. It can be checked that dimUh = dimVh.

2.2. The classical Q1-FVEM. It follows from (1) and Green’s formula that

(5) −
∫
∂Di

(Λ∇u) · n∗
i ds =

∫
Di

fdxdy, ∀xi ∈ N ◦
h ,

where n∗
i denotes the unit outward normal vector along the boundary of Di. A

direct calculation yields that (5) can be rewritten as

(6) ah (u, vh) = (f, vh) , ∀ vh ∈ Vh,

with

ah (u, vh) =
∑

xi∈N◦
h

vi

∫
∂Di

(−Λ∇u) · n∗
i ds, (f, vh) =

∑
xi∈N◦

h

vi

∫
Di

f dxdy

and vi = vh(xi). In (6), replacing u by uh, which gives the classical Q1-FVEM to
solve (1) and (2), namely find uh ∈ Uh satisfying

ah (uh, vh) = (f, vh) , ∀ vh ∈ Vh.

2.3. The Q1-FVEM-EM scheme. Noticing vi = 0 if xi ∈ ∂Ω, then by rewriting
the bilinear form of ah(·, ·), we have

ah (uh, vh) =
∑

K∈Th

aK,h (uh, vh) ,

where

(7) aK,h (uh, vh) =
4∑

i=1

(vi+1 − vi)

∫
xKyi

(−Λ∇uh) · n∗
K,i ds,

and

n∗
K,i =

1

∥yi − xK∥
R (yi − xK) , R =

(
0 1
−1 0

)
.

By employing the edge midpoint rule to approximate the line integrals in (7)

(8)

∫
xKyi

(−Λ∇uh) · n∗
K,i ds ≈ (xK − yi)

TRTΛ∇uh(yi),

then from (8), we obtain the so-called Q1-FVEM-EM scheme, given by

(9) ãh (uh, vh) = (f, vh) , ∀ vh ∈ Vh,

where

(10) ãh (uh, vh) =
∑

K∈Th

ãK,h (uh, vh) ,

with

(11) ãK,h (uh, vh) =
4∑

i=1

(vi+1 − vi)(xK − yi)
TRTΛ∇uh(yi).

Remark 1. For the quadrilateral mesh Th, let ϕi be the isoparametric bilinear
nodal basis function at vertex xi. Then, we have uh =

∑nv
j=1 ujϕj, where nv is the

number of interior vertices. As a result, (9) can be written as the following linear
algebraic system

Au = b,

where
A = (aij)nv×nv, u = (ui)nv×1, b = (bi)nv×1,
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and

aij = ãh (ϕj , ψi) , bi = (f, ψi)Di
=

∫
Di

f dxdy.

We mention that if Λ is the identity matrix, Th is square mesh, and the double inte-
gral (f, ψi)Di

is computed by approximating at vertex xi, then by a straightforward
calculation, the Q1-FVEM-EM scheme (9) is identical to the standard five-point
difference scheme.

3. Stability

3.1. Preliminary. We call Th is regular (c.f. [36]) provided that there exists a
constant Cr independent of K and h, such that

(12)
hK
ρK

≤ Cr, ∀K ∈ Th,

where ρK = min1≤i≤4{diameter of circle inscribed in △xi−1xixi+1}. Let Π∗
h be a

linear mapping which maps uh ∈ Uh to u∗h := Π∗
huh ∈ Vh satisfying

u∗h(x) = uh(x), ∀x ∈ N ◦
h .

For the mapping JK appeared in (4), we reach its Jacobian matrix as below

JK(ξ, η) =


∂x

∂ξ

∂y

∂ξ

∂x

∂η

∂y

∂η

 =
1

2
(m1 +mKη, m2 +mKξ)

T
,

where (x, y)T = x = JK(ξ, η). Moreover, the determinant of the Jacobian matrix
JK is given by

detJK(ξ, η) =
1

4
(m1 +mKη) · (Rm2 +RmKξ) =

1

4
|K|

(
1 + βKξ + γKη

)
,

where

(13) βK =
m1 · (RmK)

|K|
=
S123 − S412

|K|
, γK =

mK · (Rm2)

|K|
=
S341 − S412

|K|
,

Si−1,i,i+1 denotes the area of △xi−1xixi+1 (here S012 = S412 and S345 = S341),
and we have used the fact m1 · (Rm2) = |K|. Further
(14)

J−1
K (ξ, η) =


∂ξ

∂x

∂η

∂x

∂ξ

∂y

∂η

∂y

 =
2

|K|
(
1 + βKξ + γKη

)R(m2+ ξmK , −m1−ηmK).

Since

∇̂ϕ̂1 =
1

4

(
η − 1

ξ − 1

)
, ∇̂ϕ̂2 = −1

4

(
η − 1

ξ + 1

)
,

∇̂ϕ̂3 =
1

4

(
η + 1

ξ + 1

)
, ∇̂ϕ̂4 = −1

4

(
η + 1

ξ − 1

)
,

where ∇̂ = (∂/∂ξ, ∂/∂η)T , thus

J−1
K (ξ, η)∇̂ϕ̂i = φi−1 − φi, i = 1, 2, 3, 4,
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with

(15)

φ1(ξ, η) =
1

4
J−1
K (ξ, η)

(
1− η

0

)
, φ2(ξ, η) =

1

4
J−1
K (ξ, η)

(
0

1 + ξ

)
,

φ3(ξ, η) = −1

4
J−1
K (ξ, η)

(
1 + η

0

)
, φ4(ξ, η) =

1

4
J−1
K (ξ, η)

(
0

ξ − 1

)
.

As a result, for any uh ∈ Uh, in each K

∇uh = J−1
K

4∑
i=1

ui∇̂ϕ̂i =
4∑

i=1

ui(φi−1 − φi) =
4∑

i=1

(ui+1 − ui)φi,

and it follows from (11) that
(16)

ãK,h (uh, u
∗
h) =

4∑
i=1

4∑
j=1

(ui+1−ui)(uj+1−uj)(xK−yi)
TRTΛφj(ŷi) = δUT

KAKδUK ,

where ŷi = J−1
K (yi), δUK = (u2 − u1, u3 − u2, u4 − u3, u1 − u4)

T and

(17) AK = (aK,ij)4×4, aK,ij = (xK − yi)
TRTΛφj(ŷi).

3.2. A coercivity result. To present the coercivity result, in each K, we first
introduce the following notations

(18) mij =
1

4|K|
(Rmi)

T
Λ (Rmj) , µ1 =

2m11

1− β
2

K

, µ2 =
2m22

1− γ2K
, i, j = 1, 2

and

(19) ζ1 = m22 −
1

8
µ1γ

2
K , ζ2 = m11 −

1

8
µ2β

2

K .

Further, we introduce the following assumption.
(A1) There exists a positive constant ϱ, independent of K and h, such that

(20) ζ1ζ2 −m2
12 ≥ ϱ.

The meaning of (A1) on some special quadrilateral meshes will be discussed in
Section 9 (Appendix B). The main result of this subsection is presented in the
following Theorem 1.

Theorem 1. Assume that Th is regular, then under the assumption (A1), we have

(21) ãh (uh, u
∗
h) & |uh|21, ∀uh ∈ Uh,

where the hidden constant independent of K and h, and | · |1 is the standard H1

semi-norm.

The proof of above Theorem 1 is given at the end of this subsection, here we
first give some preliminary lemmas, and some lemmas available in the literature are
presented in 8 (Appendix A).

Lemma 1. For the ζi (i = 1, 2) defined by (19), we have

(22) ζ1 + ζ2 > 0.
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Proof. By (40), we have |βK | < 1 and |γK | < 1, lead to β
2

K+γ2K ≤ |βK |+|γK | < 1.
Thus, it follows from (19) and (18) that

ζ1 + ζ2 = (m11 +m22)−
1

4

(
γ2K

1− β
2

K

m11 +
β
2

K

1− γ2K
m22

)

> (m11 +m22)−
1

4
(m11 +m22) =

3

4
(m11 +m22) > 0.

�

Lemma 2. For the φi defined by (15), we have

φi(ŷi+2) = 0, i = 1, 2, 3, 4,

φ1(ŷ1) =
1

(1− γK) |K|
Rm2, φ2(ŷ2) = − 1(

1 + βK

)
|K|

Rm1,

φ3(ŷ3) = − 1

(1 + γK) |K|
Rm2, φ4(ŷ4) =

1(
1− βK

)
|K|

Rm1,

φ1(ŷ2) = −φ3(ŷ2) =
γK

2
(
1 + βK

)
|K|

Rm1 +
1

2|K|
Rm2,

φ1(ŷ4) = −φ3(ŷ4) = − γK
2
(
1− βK

)
|K|

Rm1 +
1

2|K|
Rm2,

φ2(ŷ1) = −φ4(ŷ1) = − 1

2|K|
Rm1 +

βK

2 (1− γK) |K|
Rm2,

φ2(ŷ3) = −φ4(ŷ3) = − 1

2|K|
Rm1 −

βK

2 (1 + γK) |K|
Rm2.

(23)

Proof. It follows from (14) and (15) that

φi(ŷi+2) = J−1
K (ŷi+2)0 = 0

and

φ1(ŷ1) =
1

4
J−1
K (0,−1)

(
2

0

)
=

1

(1− γK) |K|
Rm2.

Noticing (39), we can obtain the rest identities in (23) by the same arguments. �

Lemma 3. For the AK defined by (17), we have

AK =



2

1 − γK

m22
βK

1 − γK

m22 − m12 0 m12 −
βK

1 − γK

m22

−
γK

1 + βK

m11 − m12
2

1 + βK

m11
γK

1 + βK

m11 + m12 0

0 m12 +
βK

1 + γK

m22
2

1 + γK

m22 −m12 −
βK

1 + γK

m22

m12 −
γK

1 − βK

m11 0
γK

1 − βK

m11 − m12
2

1 − βK

m11


.

Proof. Note that

xK − y1 = y3 − xK =
1

2
m2, xK − y4 = y2 − xK =

1

2
m1,

then by (17), (23), (18) and some straightforward calculations, we can obtain each
entry of AK and complete the proof. �
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Assume that

(24) BK =
1

2

(
AK + AT

K

)
is the symmetric part of AK , and

(25) T = T1T2T3

with

T1 =


1 0 0 0

0 0 1 0

0 −1 0 0

0 0 0 −1

 , T3 =


1 0 −βK

4
0

0 1 0 0

0 0 1 0

0 −γK
4

0 1


,

T2 =

(
T21 O

O T22

)
, T21 =

 1
1− γK

2

−1
1 + γK

2

 , T22 =


1 + βK

2
−1

1− βK

2
1

 ,

and O is a 2× 2 matrix with all entries equal to zero.

Lemma 4. For the BK defined by (24), we have

(26) TTBKT =


2µ2 0 0 0

0 ζ1 −m12 0

0 −m12 ζ2 0

0 0 0 2µ1

 .

Consequently, BK is a positive definite matrix if and only if

(27) ζ1ζ2 −m2
12 > 0.

Proof. By the definition of T1, we deduce that

TT
1 BKT1 =

(
B11 B13

BT
13 B12

)
,

where

B11 =


2

1− γK
m22 0

0
2

1 + γK
m22

 , B12 =


2

1 + βK

m11 0

0
2

1− βK

m11

 ,

B13 =


−

γK

2
(
1 + βK

)m11 − m12 +
βK

2 (1 − γK)
m22

γK

2
(
1 − βK

)m11 − m12 +
βK

2 (1 − γK)
m22

−
γK

2
(
1 + βK

)m11 − m12 −
βK

2 (1 + γK)
m22

γK

2
(
1 − βK

)m11 − m12 −
βK

2 (1 + γK)
m22

 .

By some direct but tedious calculations, we have

TT
21B11T21 =

(
2µ2 0

0 m22

)
, TT

22B12T22 =

(
m11 0

0 2µ1

)
,

TT
21B13T22 =


1

2
βKµ2 0

−m12
1

2
γKµ1

 ,
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where µi is defined in (18). It follows that

TT
2 TT

1 BKT1T2 =



2µ2 0
1

2
βKµ2 0

0 m22 −m12
1

2
γKµ1

1

2
βKµ2 −m12 m11 0

0
1

2
γKµ1 0 2µ1


.

As a result, still by some direct calculations with T3, we obtain (26). Note that Ti

(i = 1, 2, 3) are all invertible matrices and µi > 0 (i = 1, 2), thus we find that BK

is a positive definite matrix if and only if the two roots of characteristic equation

(28) λ2 − (ζ1 + ζ2)λ+ ζ1ζ2 −m2
12 = 0

are all positive. Recalling (22), then the two roots of (28) are all positive, is
equivalent to (27). The proof is complete. �

Lemma 5. Assume that Th is regular and (A1) holds, then BK is uniformly positive
definite matrix and satisfying

(29) vTBKv ≥ 64πϱ

289λCr

∥v∥2, ∀v ∈ R4.

Proof. It follows from (26) that

vTBKv =
(
T−1v

)T (TTBKT
) (

T−1v
)
≥ λK

∥∥T−1v
∥∥2 ,

where λK = min{2µ1, 2µ2, λ
′

K} and λ
′

K is the minimum root of characteristic e-
quation (28), given by

λ
′

K =
1

2

[
ζ1 + ζ2 −

√
(ζ1 + ζ2)

2 − 4 (ζ1ζ2 −m2
12)

]
.

By (18) and (40), we have 2µ1 ≥ 4m11 and 2µ2 ≥ 4m22. Since (A1) holds, then
from (19) and (20)

λ
′

K =
2
(
ζ1ζ2 −m2

12

)
ζ1 + ζ2 +

√
(ζ1 + ζ2)

2 − 4 (ζ1ζ2 −m2
12)

>
ζ1ζ2 −m2

12

ζ1 + ζ2
≥ ζ1ζ2 −m2

12

m11 +m22
.

Since Th is regular, then (42) holds, and we obtain

λK ≥ min

{
4m11, 4m22,

ζ1ζ2 −m2
12

m11 +m22

}
=
ζ1ζ2 −m2

12

m11 +m22
>

πϱ

λCr

,

where we have used the fact

ζ1ζ2 −m2
12

m11 +m22
≤ ζ1ζ2
m11 +m22

≤ m11m22

m11 +m22
< min{m11,m22}.

Moreover, we deduce from (43) that

∥T−1v∥ ≥ 1

∥T∥
∥v∥ ≥ 8

17
∥v∥.

Therefore, the desired result (29) follows immediately. �
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The proof of Theorem 1. It follows from (10), (16), (24), (29) and (44) that

ãh (uh, u
∗
h) =

∑
K∈Th

δUT
KBKδUK ≥ 64πϱ

289λCr

∑
K∈Th

∥δUK∥2 ≥ 64πϱ

289λCrC
2 |uh|

2
1,

which leads to (21) and completes the proof of Theorem 1. �

3.3. A stability result.

Theorem 2. Let uh be the finite volume element solution of (9). Then, under the
assumptions (12) and (A1), we have

(30) |uh|1 . ∥f∥0.

Proof. It follows from (21) and (9) that

|uh|21 . ãh (uh, u
∗
h) = (f, u∗h) ≤ ∥f∥0∥u∗h∥0.

A direct calculation yields that

∥uh∥20,K =

∫
K̂

û2hdetJK(ξ, η) dξdη & h2K∥ûh∥20,K̂ ,

where we have used the fact detJK(ξ, η) is a linear function on K̂ and

detJK(ξ, η) ≥ min
1≤i≤4

detJK(x̂i)

=
1

4
|K|min

{
1− βK − γK , 1 + βK − γK , 1 + βK + γK , 1− βK + γK

}
=

1

2
min {S412, S123, S234, S341}

>
1

2
π
(ρK

2

)2
≥ π

8C2
r

h2K , ∀ (ξ, η) ∈ K̂.

Note that ∥ûh∥20,K̂ and
∑4

i=1 u
2
i are two equivalent norms on K̂, we obtain

∥u∗h∥20 =
∑

K∈Th

∥u∗h∥20,K ≤
∑

K∈Th

(
h2K

4∑
i=1

u2i

)
.
∑

K∈Th

(
h2K∥ûh∥20,K̂

)
.
∑

K∈Th

∥uh∥20,K = ∥uh∥20 . |uh|21,

where in the last inequality we have used the Poincaré inequality. Combining the
above results, we reach (30). �

4. Superconvergence

4.1. Preliminary. Th is called h2-uniform mesh (c.f. [37, 31]) if the inequality
(47) holds for each K ∈ Th, and for arbitrary two adjacent quadrilateral elements
K1 = �x1x2x3x4 and K2 = �x4x3x5x6 of Th (see Figure 3), there exists a
constant C > 0 such that there holds the following h2-parallelogram condition

∥(x4 − x1) + (x4 − x6)∥ ≤ Ch2.

If Th is h2-uniform, we have

(31) ∥2y3 − xK1 − xK2∥ . h2.

Suppose that uI ∈ Uh is the isoparametric bilinear interpolation of u satisfying
uI(xi) = u(xi), ∀xi ∈ Nh, where Nh denotes the set of all vertices of Th.
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x1
x2

x3
x4

x5x6

y3

xK1

xK2

K1

K2

Figure 3. Some notations used to define the h2-uniform mesh.

xj

xi

yij

xK1
xK2

K1 K2

Figure 4. Some notations used in Lemmas 6 and 7.

4.2. A superconvergence result. By (21)

(32) |uI − uh|21 . ãh (uI − uh, (uI − uh)
∗) = E1 + E2,

where

E1 = ãh (uI − u, (uI − uh)
∗) , E2 = ãh (u− uh, (uI − uh)

∗) .

In the following discussions, we will estimate E1 and E2 respectively.

Lemma 6. Assume that u ∈ H1
0 (Ω)∩W 3,∞(Ω) is the exact solution of (1) and (2),

uh ∈ Uh is the Q1-finite volume element solution of (9). Then, if Th is h2-uniform,
we have

(33) |E1| . h2∥u∥3,∞|uI − uh|1,Ω,h,

where

|uI − uh|21,Ω,h =
∑

K∈Th

|uI − uh|21,K,h.

Proof. For arbitrary two adjacent quadrilateral elements K1,K2 ∈ Th, we denote
its common edge as xixj ∈ E◦

h, see Figure 4, and assume that the midpoint of xixj

is yij . Since Th is h2-uniform, then by (31)

(34) ∥2yij − xK1 − xK2∥ . h2.
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Recalling (uI − uh)
∗ = 0 on ∂Ω and the number of elements in Th is O(h−2), then

we deduce from (10), (11) and (45) that

|E1| =

∣∣∣∣∣ ∑
K∈Th

ãK,h (u− uI , (uI − uh)
∗)

∣∣∣∣∣
=

∣∣∣∣∣ ∑
xixj∈E◦

h

[(uI − uh)
∗]xK1xK2

(
(xK1 − yij)

TRTΛ∇K1(u− uI)(yij)

+ (yij − xK2)
TRTΛ∇K2(u− uI)(yij)

)∣∣∣∣∣
=

∣∣∣∣∣ ∑
xixj∈E◦

h

[(uI − uh)
∗]xK1xK2

(
2(xK1 − yij)

TRTΛ∇(u− uI)(yij)

+ (2yij − xK1 − xK2)
TRTΛ∇K2(u− uI)(yij)

)∣∣∣∣∣
.

∑
xixj∈E◦

h

|uI − uh|1,K1,h

[
h
∥∥∇(u− uI)(yij)

∥∥+ h2 ∥∇K2(u− uI)(yij)∥
]

. h3∥u∥3,∞
∑

xixj∈E◦
h

|uI − uh|1,K1,h

. h2∥u∥3,∞|uI − uh|1,Ω,h,

where ∇Ki denotes the gradient ∇ that restrict on Ki, i = 1, 2,

[(uI − uh)
∗]xK1

xK2
= (uI − uh)(xj)− (uI − uh)(xi),

and the fact

∥∇K2(u− uI)(yij)∥ . h∥u∥3,∞

is used, which can be proved by Taylor’s expansion, the proof is similar to that of
Theorem 1 in [38]. Thus, the desired result (33) is verified. �

Lemma 7. Let u ∈ H1
0 (Ω)∩W 3,∞(Ω) be the exact solution of (1) and (2), uh ∈ Uh

the Q1-finite volume element solution of (9). Moreover, we assume that Th is h2-
uniform. Then, we have

(35) |E2| . h2∥u∥3,∞|uI − uh|1,Ω,h.

Proof. It follows from (6) and (9) that

ah (u, vh) = (f, vh) = ãh (uh, vh) , ∀ vh ∈ Vh.

Then, we have

|E2| = |ãh (u, (uI − uh)
∗)− ah (u, (uI − uh)

∗)| = |E21 + E22|,
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where

|E21| =
∣∣∣ ∑
K∈Th

4∑
i=1

[(uI − uh)
∗]xKyi

( ∫
xKyi

(−Λ∇u) · n∗
K,i ds

− 1

2
(xK − yi)

TRTΛ (∇u(xK) +∇u(yi))
)∣∣∣

.
∑

K∈Th

4∑
i=1

h3K |uI − uh|1,K,h∥u∥3,∞,K . h3∥u∥3,∞
∑

K∈Th

|uI − uh|1,K,h

. h2∥u∥3,∞|uI − uh|1,Ω,h,

in the above inequality we have used the quadrature error of trapezoidal rule and
the number of elements in Th is O(h−2),

[(uI − uh)
∗]xKyi = (uI − uh)(xi+1)− (uI − uh)(xi)

and (cf. Figure 4)

|E22| =

∣∣∣∣∣ ∑
K∈Th

4∑
i=1

[(uI − uh)
∗]xKyi

1

2

(
(xK − yi)

TRTΛ (∇u(xK)−∇u(yi))
)∣∣∣∣∣

=
1

2

∣∣∣∣∣∣
∑

xixj∈E◦
h

[(uI − uh)
∗]xK1xK2

FK1,K2

∣∣∣∣∣∣ ,
with

FK1,K2
= (xK1

− yij)
TRTΛ (∇K1

u(xK1
)−∇K1

u(yij))

− (xK2 − yij)
TRTΛ (∇K2u(xK2)−∇K2u(yij)) .

By Taylor’s expansion and (34)

|FK1,K2 | =
∣∣(xK1 − yij)

TRTΛF(xK1 − yij)− (xK2 − yij)
TRTΛF(xK2 − yij)

+O(h3)∥u∥3,∞
∣∣

. h3∥u∥3,∞,
where

F =


∂2u

∂x2
(yij)

∂2u

∂x∂y
(yij)

∂2u

∂x∂y
(yij)

∂2u

∂y2
(yij)

 .

It follows that

|E22| . h3∥u∥3,∞
∑

xixj∈E◦
h

|uI − uh|1,K1,h . h2∥u∥3,∞|uI − uh|1,Ω,h.

Combining the above results, we reach (35). �
Theorem 3. Let u ∈ H1

0 (Ω) ∩ W 3,∞(Ω) be the exact solution of (1) and (2),
uh ∈ Uh the Q1-finite volume element solution of (9). Moreover, we assume that
Th is regular and h2-uniform. Then, we have

(36) |uI − uh|1 . h2∥u∥3,∞.

Proof. From (32), (33), (35) and (44), we find that

|uI − uh|21 . h2∥u∥3,∞|uI − uh|1,Ω,h . h2∥u∥3,∞|uI − uh|1.
The desired result (36) is proved. �
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4.3. Some corollaries.

Corollary 1. Under the same assumptions to Theorem 3, we have

|u− uh|1 . h∥u∥3,∞
and

(37) ∥u− uh∥0 . h2∥u∥3,∞.

Proof. By the triangle inequality, standard interpolation error estimate and (36),
we obtain

|u− uh|1 ≤ |u− uI |1 + |uI − uh|1 . h∥u∥3,∞,
and we deduce from Poincaré-Friedrichs inequality that

∥u− uh∥0 ≤ ∥u− uI∥0 + ∥uI − uh∥0 . ∥u− uI∥0 + |uI − uh|1 . h2∥u∥3,∞.
�

Remark 2. The optimal L2 error estimate (37) is a direct consequence of the
superconvergence result (36), and here we do not use the Aubin-Nitsche technique.

Corollary 2. Under the same assumptions to Theorem 3, we have

(38)

(
1

#S

∑
x∈S

∥∥∇(u− uh)(x)
∥∥2) 1

2

. h2∥u∥3,∞,

where S is the set Ch or N ◦
h or M◦

h, and #S is the cardinality of S.

Proof. By (45)(
1

#S

∑
x∈S

∥∥∇(u− uI)(x)
∥∥2) 1

2

. h2∥u∥3,∞

(
1

#S

∑
x∈S

1

) 1
2

. h2∥u∥3,∞.

From the inverse inequality, the fact #S = O(h−2) and (36), we get(
1

#S

∑
x∈S

∥∥∇(uI − uh)(x)
∥∥2) 1

2

.
(

1

#S

∑
x∈S

h−2 ∥uI − uh∥21,Kx

) 1
2

.
(∑

x∈S

∥uI − uh∥21,Kx

) 1
2

. ∥uI − uh∥1 . h2∥u∥3,∞,
where Kx = ∪K′∋x{K ′} is the union of quadrilateral element K ′ that contains x.
Combining the above results, we reach (38). �
5. Numerical experiments

In this section, we present four numerical examples to validate the theoretical
findings, and employ four kinds of quadrilateral meshes. The first type (Mesh I) is
uniform rectangular mesh, see Figure 5(a), where the coordinates of vertices are as
follows

h(i− 1, j − 1)T , 1 ≤ i, j ≤ n+ 1,

with h = 1/n is the mesh size. The second one (Mesh II) is a quadrilateral mesh
constructed by disturbing the vertices of Mesh I and keeping the connections un-
changed, see Figure 5(b), where the coordinates of vertices are given by

xij = (i−1)h, yij = (j−1)h+
1

20
sin (2πh(i− 1)) sin (2πh(j − 1)) , 1 ≤ i, j ≤ n+1.
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Mesh IV is a uniform trapezoidal mesh also obtained by disturbing some vertices of
Mesh I, see Figure 5(d), where the disturbance of a vertex is h/4 along y direction.
In our numerical experiments, we set Ω = (0, 1)2 for the Meshes I, II and IV. The
third mesh (Mesh III) is a refined one where the initial region Ω0 is a quadrilateral
(see Figure 5(c)), and four coordinates of Ω0 are given as follows

(0, 0)T , (1, 0)T , (0.7, 1)T , (0, 0.8)T .

In other words, Mesh III is constructed by the standard bisection procedure (con-
necting the midpoints of opposite edges of each quadrilateral), see the thin line
segments of Figure 5(c). A direct calculation yields that Meshes I, II and III are
all h2-uniform. For simplicity of exposition, we define

EC =

(
1

#Ch

∑
x∈Ch

∥∥∇(u− uh)(x)
∥∥2) 1

2

, EV =

 1

#N ◦
h

∑
x∈N◦

h

∥∥∇(u− uh)(x)
∥∥2 1

2

and

EM =

 1

#M◦
h

∑
x∈M◦

h

∥∥∇(u− uh)(x)
∥∥2 1

2

as the errors at geometric centers, interior vertices and edge midpoints respectively.
Moreover, note that the assumption (A1) is a basis in our theoretical analysis, we
denote

ϱ = min
K∈Th

{ζ1ζ2 −m2
12}.

Example 1. Consider the problem (1) and (2), where the anisotropic diffusion
tensor and source term are given by

Λ =

(
1 2

2 5

)
, f(x, y) = −10ex+y.

This problem allows the following exact solution u(x, y) = ex+y.

In Tables 1 and 2, we present the numerical results, “Order” indicates the nu-
merical convergence order computed by log2(E2h/Eh), where E2h and Eh are the
errors of the corresponding two successive mesh size T2h and Th. We find that for
the four meshes and diffusion coefficient, (A1) is satisfied. Moreover, for the Mesh-
es I, II and III, the finite volume element solution uh converges to the interpolation
uI of u with second order under H1 norm, which validates the superconvergence
result in Theorem 3, the rest results in these two tables also confirm the theoretical
results in Corollaries 1 and 2. However, for Mesh IV, one can see from Table 2 that,
the finite volume element solution does not own the superconvergence, since Mesh
IV is not h2-uniform. Fortunately, it preserves the optimal convergence orders 1
and 2 under H1 and L2 norms.

Example 2. Solve the problem (1) and (2), where the discontinuous anisotropic
diffusion tensor is given by

Λ(x, y) =



(
1.75 0.5

0.5 1.75

)
, x ≤ 0.5,(

3 1

1 2

)
, x > 0.5.
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(a) Mesh I (b) Mesh II

(c) Mesh III (d) Mesh IV

Figure 5. Four mesh types used in the numerical examples.

The analytic solution and corresponding right-hand side function are as follows

u(x, y) =

{
2xey, x ≤ 0.5,

(0.5 + x)ey, x > 0.5,
f(x, y) =

{
−(2 + 3.5x)ey, x ≤ 0.5,

−(3 + 2x)ey, x > 0.5.

Since Λ is discontinuous across the line x = 0.5, thus in this example we use
Meshes I, II and IV. Although u /∈ W 3,∞(Ω) and has a lower regularity across the
line x = 0.5, we can observe from Table 3 that the numerical performance is similar
to the previous example, except the convergence orders of errors at the vertices and
edge midpoints on Mesh II (a little lower than 2).

Example 3. Consider a highly anisotropic diffusion problem which was investigated
in [39], where the diffusion tensor and exact solution are given by

Λ =

(
cos θ sin θ

− sin θ cos θ

)(
1 0

0 κ

)(
cos θ − sin θ

sin θ cos θ

)
and

u(x, y) =
arctan

(
0.5− (x− 0.5)2 − (y − 0.5)2

)
arctan 0.5

,
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Table 1. Numerical results for Example 1 on Meshes I and II.

Mesh #Th 8× 8 16× 16 32× 32 64× 64 128× 128 256× 256

Mesh I

ϱ 6.25e-02 6.25e-02 6.25e-02 6.25e-02 6.25e-02 6.25e-02

|uI − uh|1 3.05e-03 8.23e-04 2.13e-04 5.38e-05 1.35e-05 3.39e-06

Order / 1.89 1.95 1.98 1.99 2.00

|u− uh|1 1.63e-01 8.15e-02 4.08e-02 2.04e-02 1.02e-02 5.09e-03

Order / 1.00 1.00 1.00 1.00 1.00

∥u− uh∥0 9.21e-03 2.31e-03 5.79e-04 1.45e-04 3.62e-05 9.04e-06

Order / 1.99 2.00 2.00 2.00 2.00

EC 1.14e-02 2.86e-03 7.17e-04 1.79e-04 4.49e-05 1.12e-05

Order / 2.00 2.00 2.00 2.00 2.00

EV 1.12e-02 2.84e-03 7.15e-04 1.79e-04 4.49e-05 1.12e-05

Order / 1.98 1.99 2.00 2.00 2.00

EM 1.44e-02 3.61e-03 9.05e-04 2.26e-04 5.66e-05 1.42e-05

Order / 1.99 2.00 2.00 2.00 2.00

Mesh II

ϱ 6.23e-02 6.24e-02 6.25e-02 6.25e-02 6.25e-02 6.25e-02

|uI − uh|1 6.98e-03 2.19e-03 6.34e-04 1.70e-04 4.34e-05 1.09e-05

Order / 1.67 1.79 1.90 1.97 1.99

|u− uh|1 1.70e-01 8.52e-02 4.27e-02 2.13e-02 1.07e-02 5.33e-03

Order / 0.99 1.00 1.00 1.00 1.00

∥u− uh∥0 9.18e-03 2.31e-03 5.79e-04 1.45e-04 3.63e-05 9.06e-06

Order / 1.99 2.00 2.00 2.00 2.00

EC 1.90e-02 4.93e-03 1.27e-03 3.23e-04 8.13e-05 2.04e-05

Order / 1.95 1.95 1.98 1.99 2.00

EV 2.73e-02 6.68e-03 1.67e-03 4.18e-04 1.05e-04 2.61e-05

Order / 2.03 2.00 2.00 2.00 2.00

EM 2.19e-02 5.89e-03 1.52e-03 3.86e-04 9.70e-05 2.43e-05

Order / 1.90 1.95 1.98 1.99 2.00

respectively. As a result, the right-hand side function is as follows

f(x, y) =
2

(1 + f21 (x, y))
2
arctan 0.5

(
(κ+ 1)

(
1 + f21 (x, y)

)
+ 8(κ− 1)(x− 0.5)(y − 0.5)f1(x, y) sin θ cos θ

+ 4f1(x, y)
(
(x− 0.5)2

(
κ sin2 θ + cos2 θ

)
+ (y − 0.5)2

(
sin2 θ + κ cos2 θ

)))
,

with f1(x, y) = x+ y − x2 − y2. Here, we set κ = 103 and θ = π/4.

The numerical results are presented in Tables 4 and 5, and the performance is
similar to Example 1, i.e., the convergence rates of errors validate the theoretical
results in Theorem 3, Corollaries 1 and 2. Note that for the Mesh IV, the values of
ϱ is negative. In other words, there exists a unique finite volume element solution
that converges to exact solution with the desired convergence rates under H1 and
L2 norms, even though the assumption (A1) not satisfied. This example shows
that (A1) is just a sufficient condition to guarantee the coercivity.

Example 4. Solve the problem (1) and (2) with κ = 1, which allows the following
exact solution

u(x, y) = x(1− x)y(1− y)r−
3
2 ,
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Table 2. Numerical results for Example 1 on Meshes III and IV.

Mesh #Th 8× 8 16× 16 32× 32 64× 64 128× 128 256× 256

Mesh III

ϱ 6.23e-02 6.24e-02 6.25e-02 6.25e-02 6.25e-02 6.25e-02

|uI − uh|1 1.39e-03 3.73e-04 9.57e-05 2.42e-05 6.07e-06 1.52e-06

Order / 1.90 1.96 1.98 1.99 2.00

|u− uh|1 1.05e-01 5.25e-02 2.62e-02 1.31e-02 6.56e-03 3.28e-03

Order / 1.00 1.00 1.00 1.00 1.00

∥u− uh∥0 4.85e-03 1.22e-03 3.04e-04 7.61e-05 1.90e-05 4.76e-06

Order / 2.00 2.00 2.00 2.00 2.00

EC 5.36e-03 1.35e-03 3.37e-04 8.44e-05 2.11e-05 5.28e-06

Order / 1.99 2.00 2.00 2.00 2.00

EV 7.54e-03 1.90e-03 4.78e-04 1.20e-04 3.00e-05 7.50e-06

Order / 1.99 1.99 2.00 2.00 2.00

EM 7.81e-03 1.96e-03 4.91e-04 1.23e-04 3.07e-05 7.68e-06

Order / 1.99 2.00 2.00 2.00 2.00

Mesh IV

ϱ 6.15e-02 6.15e-02 6.15e-02 6.15e-02 6.15e-02 6.15e-02

|uI − uh|1 6.34e-03 2.17e-03 7.78e-04 3.27e-04 1.55e-04 7.62e-05

Order / 1.55 1.48 1.25 1.08 1.02

|u− uh|1 1.86e-01 9.42e-02 4.74e-02 2.38e-02 1.19e-02 5.95e-03

Order / 0.98 0.99 1.00 1.00 1.00

∥u− uh∥0 1.02e-02 2.60e-03 6.57e-04 1.65e-04 4.14e-05 1.04e-05

Order / 1.97 1.99 1.99 2.00 2.00

EC 7.15e-02 3.55e-02 1.77e-02 8.84e-03 4.42e-03 2.21e-03

Order / 1.01 1.00 1.00 1.00 1.00

EV 1.55e-01 7.62e-02 3.78e-02 1.88e-02 9.38e-03 4.68e-03

Order / 1.02 1.01 1.01 1.00 1.00

EM 6.93e-02 3.50e-02 1.76e-02 8.81e-03 4.41e-03 2.21e-03

Order / 0.99 0.99 1.00 1.00 1.00

where r = (x2+y2)1/2. The source term f is obtained by u and κ accordingly. One
can find that u ∈ H3/2−ε(Ω), where ε > 0 is sufficiently small.

The numerical results are reported in Tables 6 and 7, one can see that the H1

(resp. L2) error order is 0.5 (resp. 1.5) for all four meshes. The reason is that, the
exact solution has a lower regularity.

6. Conclusion

This work investigated the scheme that is obtained by using edge midpoint in-
tegral rule to approximate the line integrals in classical Q1-FVEM. Under (A1)
and by element analysis technique, we proved the stability of the scheme. Spe-
cially, we find that (A1) covers h1+γ-parallelogram and some trapezoidal meshes
with any full anisotropic diffusion tensor. Based on the coercivity result and sup-
pose that the quadrilateral mesh is h2-uniform, we proved the superconvergence
|uI − uh|1 = O(h2), which leads to |u− uh|1 = O(h) and ∥u− uh∥0 = O(h2). Fur-
ther, the superconvergence results of uh at geometric centers, interior vertices and
edge midpoints are also obtained in an average gradient norm. Thus, we improved
the theoretical results in [17].

We mention that the numerical results in Example 3 indicate that, there exists
a unique finite volume element solution that converges to exact solution with the
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Table 3. Numerical results for Example 2.

Mesh #Th 8× 8 16× 16 32× 32 64× 64 128× 128 256× 256

Mesh I

ϱ 1.76e-01 1.76e-01 1.76e-01 1.76e-01 1.76e-01 1.76e-01

|uI − uh|1 1.81e-03 4.67e-04 1.18e-04 2.95e-05 7.39e-06 1.85e-06

Order / 1.95 1.99 2.00 2.00 2.00

|u− uh|1 6.33e-02 3.16e-02 1.58e-02 7.89e-03 3.95e-03 1.97e-03

Order / 1.00 1.00 1.00 1.00 1.00

∥u− uh∥0 2.76e-03 6.93e-04 1.73e-04 4.34e-05 1.08e-05 2.71e-06

Order / 1.99 2.00 2.00 2.00 2.00

EC 6.19e-03 1.56e-03 3.90e-04 9.75e-05 2.44e-05 6.09e-06

Order / 1.99 2.00 2.00 2.00 2.00

EV 4.59e-03 1.16e-03 2.90e-04 7.27e-05 1.82e-05 4.55e-06

Order / 1.99 1.99 2.00 2.00 2.00

EM 5.43e-03 1.37e-03 3.43e-04 8.59e-05 2.15e-05 5.38e-06

Order / 1.99 2.00 2.00 2.00 2.00

Mesh II

ϱ 1.75e-01 1.76e-01 1.76e-01 1.76e-01 1.76e-01 1.76e-01

|uI − uh|1 6.72e-03 2.03e-03 5.35e-04 1.36e-04 3.40e-05 8.51e-06

Order / 1.73 1.92 1.98 1.99 2.00

|u− uh|1 7.25e-02 3.63e-02 1.82e-02 9.09e-03 4.54e-03 2.27e-03

Order / 1.00 1.00 1.00 1.00 1.00

∥u− uh∥0 3.50e-03 9.06e-04 2.29e-04 5.73e-05 1.43e-05 3.59e-06

Order / 1.95 1.99 2.00 2.00 2.00

EC 1.63e-02 4.41e-03 1.13e-03 2.84e-04 7.10e-05 1.78e-05

Order / 1.88 1.97 1.99 2.00 2.00

EV 2.89e-02 7.60e-03 2.04e-03 5.75e-04 1.72e-04 5.48e-05

Order / 1.93 1.90 1.83 1.74 1.65

EM 2.12e-02 6.07e-03 1.65e-03 4.56e-04 1.33e-04 4.09e-05

Order / 1.80 1.88 1.85 1.78 1.70

Mesh IV

ϱ 1.73e-01 1.73e-01 1.73e-01 1.73e-01 1.73e-01 1.73e-01

|uI − uh|1 7.61e-03 4.03e-03 2.10e-03 1.07e-03 5.44e-04 2.74e-04

Order / 0.92 0.94 0.97 0.98 0.99

|u− uh|1 9.88e-02 4.94e-02 2.47e-02 1.24e-02 6.18e-03 3.09e-03

Order / 1.00 1.00 1.00 1.00 1.00

∥u− uh∥0 4.05e-03 1.04e-03 2.63e-04 6.62e-05 1.66e-05 4.15e-06

Order / 1.96 1.98 1.99 2.00 2.00

EC 5.32e-02 2.66e-02 1.33e-02 6.67e-03 3.34e-03 1.67e-03

Order / 1.00 1.00 1.00 1.00 1.00

EV 1.35e-01 6.57e-02 3.24e-02 1.61e-02 8.02e-03 4.00e-03

Order / 1.04 1.02 1.01 1.00 1.00

EM 6.18e-02 3.12e-02 1.57e-02 7.84e-03 3.92e-03 1.96e-03

Order / 0.99 1.00 1.00 1.00 1.00

desired convergence orders under H1 and L2 norms, even though (A1) is violated.
Therefore, a more general assumption weaker than (A1), is worth to be considered
in future work. Moreover, extending the relevant theoretical results to hexahedral
mesh is also a valuable work. To this end, similar to the notations (18) and (19) in
2D, we also need to suggest some special symbols to express the element stiffness
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Table 4. Numerical results for Example 3 on Meshes I and II.

Mesh #Th 8× 8 16× 16 32× 32 64× 64 128× 128 256× 256

Mesh I

ϱ 6.25e+01 6.25e+01 6.25e+01 6.25e+01 6.25e+01 6.25e+01

|uI − uh|1 3.70e-03 1.29e-03 3.86e-04 1.09e-04 2.94e-05 7.72e-06

Order / 1.52 1.74 1.83 1.89 1.93

|u− uh|1 2.14e-01 1.07e-01 5.36e-02 2.68e-02 1.34e-02 6.69e-03

Order / 1.00 1.00 1.00 1.00 1.00

∥u− uh∥0 1.15e-02 2.87e-03 7.15e-04 1.79e-04 4.46e-05 1.12e-05

Order / 2.01 2.00 2.00 2.00 2.00

EC 5.92e-03 1.82e-03 5.10e-04 1.37e-04 3.62e-05 9.35e-06

Order / 1.70 1.84 1.89 1.93 1.95

EV 1.09e-02 2.93e-03 7.63e-04 1.97e-04 5.04e-05 1.28e-05

Order / 1.90 1.94 1.95 1.97 1.98

EM 9.35e-03 2.62e-03 6.98e-04 1.82e-04 4.69e-05 1.19e-05

Order / 1.83 1.91 1.94 1.96 1.97

Mesh II

ϱ 2.34e+01 4.91e+01 5.89e+01 6.16e+01 6.23e+01 6.24e+01

|uI − uh|1 3.88e-02 1.62e-02 5.25e-03 1.53e-03 4.11e-04 1.06e-04

Order / 1.26 1.62 1.78 1.89 1.96

|u− uh|1 2.24e-01 1.12e-01 5.57e-02 2.78e-02 1.39e-02 6.94e-03

Order / 1.00 1.01 1.00 1.00 1.00

∥u− uh∥0 1.30e-02 3.57e-03 9.48e-04 2.44e-04 6.19e-05 1.56e-05

Order / 1.86 1.91 1.96 1.98 1.99

EC 4.55e-02 1.77e-02 5.55e-03 1.58e-03 4.23e-04 1.08e-04

Order / 1.36 1.67 1.81 1.91 1.96

EV 4.94e-02 1.85e-02 5.69e-03 1.61e-03 4.27e-04 1.09e-04

Order / 1.42 1.70 1.82 1.91 1.97

EM 4.62e-02 1.80e-02 5.62e-03 1.60e-03 4.26e-04 1.09e-04

Order / 1.36 1.68 1.82 1.91 1.97

matrix in 3D. In summary, more detailed analysis is required to analyze the positive
definiteness of the element matrix on hexahedral mesh.
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8. Appendix A: Some lemmas available in the literature.

This section presents some lemmas that almost available in the literature.

Lemma 8. For the βK and γK defined by (13), we have

(39) mK = γKm1 + βKm2,

and

(40)
∣∣βK

∣∣+ |γK | < 1,
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Table 5. Numerical results for Example 3 on Meshes III and IV.

Mesh #Th 8× 8 16× 16 32× 32 64× 64 128× 128 256× 256

Mesh III

ϱ 5.76e+01 6.12e+01 6.22e+01 6.24e+01 6.25e+01 6.25e+01

|uI − uh|1 3.78e-03 1.21e-03 3.34e-04 8.73e-05 2.23e-05 5.65e-06

Order / 1.64 1.86 1.94 1.97 1.98

|u− uh|1 1.68e-01 8.40e-02 4.20e-02 2.10e-02 1.05e-02 5.25e-03

Order / 1.00 1.00 1.00 1.00 1.00

∥u− uh∥0 8.02e-03 2.00e-03 5.00e-04 1.25e-04 3.13e-05 7.82e-06

Order / 2.00 2.00 2.00 2.00 2.00

EC 8.97e-03 2.44e-03 6.34e-04 1.61e-04 4.07e-05 1.02e-05

Order / 1.88 1.95 1.98 1.99 1.99

EV 9.50e-03 2.56e-03 6.60e-04 1.68e-04 4.22e-05 1.06e-05

Order / 1.89 1.95 1.98 1.99 1.99

EM 9.86e-03 2.70e-03 7.00e-04 1.78e-04 4.49e-05 1.13e-05

Order / 1.87 1.94 1.98 1.99 1.99

Mesh IV

ϱ -1.82e+02 -1.82e+02 -1.82e+02 -1.82e+02 -1.82e+02 -1.82e+02

|uI − uh|1 1.45e-02 7.39e-03 3.73e-03 1.88e-03 9.45e-04 4.74e-04

Order / 0.97 0.99 0.99 0.99 1.00

|u− uh|1 2.29e-01 1.15e-01 5.73e-02 2.87e-02 1.43e-02 7.17e-03

Order / 1.00 1.00 1.00 1.00 1.00

∥u− uh∥0 1.31e-02 3.25e-03 8.11e-04 2.02e-04 5.06e-05 1.26e-05

Order / 2.01 2.00 2.00 2.00 2.00

EC 6.55e-02 3.28e-02 1.64e-02 8.21e-03 4.11e-03 2.05e-03

Order / 1.00 1.00 1.00 1.00 1.00

EV 6.71e-02 3.34e-02 1.67e-02 8.34e-03 4.17e-03 2.09e-03

Order / 1.01 1.00 1.00 1.00 1.00

EM 1.63e-02 7.01e-03 3.28e-03 1.61e-03 7.98e-04 3.99e-04

Order / 1.22 1.10 1.03 1.01 1.00

Further, for the mij appeared in (18)

(41) mii > 0, m12 = m21, m11m22 −m2
12 =

1

16
det(Λ),

and under the assumption (12)

(42) mii <
λCr

2π
, i = 1, 2.

Proof. The proof of (39), (40) and (41) can be found in Lemmas 3.1 and 3.2 of
[24]. By (3) and (12), we have

mii ≤
λ∥mi∥2

4|K|
<

λh2K

8π
(
ρK

2

)2 ≤ λCr

2π
, i = 1, 2,

which leads to (42). The proof is complete. �

Lemma 9 (Lemma 5 of [22]). For the matrix T defined by (25), we have

(43) ∥T∥ < 17

8
,

where ∥T∥ is the spectral norm of T.
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Table 6. Numerical results for Example 4 on Meshes I and II.

Mesh #Th 8× 8 16× 16 32× 32 64× 64 128× 128 256× 256

Mesh I

ϱ 6.25e-02 6.25e-02 6.25e-02 6.25e-02 6.25e-02 6.25e-02

|uI − uh|1 1.88e-02 1.21e-02 8.18e-03 5.65e-03 3.95e-03 2.78e-03

Order / 0.63 0.57 0.53 0.52 0.51

|u− uh|1 2.51e-01 1.85e-01 1.33e-01 9.52e-02 6.77e-02 4.80e-02

Order / 0.44 0.47 0.48 0.49 0.50

∥u− uh∥0 9.59e-03 3.53e-03 1.27e-03 4.53e-04 1.61e-04 5.70e-05

Order / 1.44 1.47 1.49 1.49 1.50

EC 6.75e-02 4.94e-02 3.58e-02 2.56e-02 1.83e-02 1.30e-02

Order / 0.45 0.47 0.48 0.49 0.49

EV 8.76e-02 5.97e-02 4.15e-02 2.91e-02 2.05e-02 1.45e-02

Order / 0.55 0.52 0.51 0.51 0.50

EM 8.95e-02 6.36e-02 4.53e-02 3.22e-02 2.28e-02 1.61e-02

Order / 0.49 0.49 0.49 0.50 0.50

Mesh II

ϱ 6.23e-02 6.24e-02 6.25e-02 6.25e-02 6.25e-02 6.25e-02

|uI − uh|1 1.63e-02 1.11e-02 7.67e-03 5.42e-03 3.86e-03 2.74e-03

Order / 0.56 0.53 0.50 0.49 0.49

|u− uh|1 2.60e-01 1.89e-01 1.35e-01 9.60e-02 6.80e-02 4.82e-02

Order / 0.46 0.48 0.49 0.50 0.50

∥u− uh∥0 1.06e-02 3.75e-03 1.31e-03 4.59e-04 1.62e-04 5.72e-05

Order / 1.49 1.52 1.51 1.50 1.50

EC 6.93e-02 4.77e-02 3.45e-02 2.51e-02 1.80e-02 1.29e-02

Order / 0.54 0.46 0.46 0.48 0.49

EV 8.41e-02 5.68e-02 4.01e-02 2.85e-02 2.03e-02 1.44e-02

Order / 0.57 0.50 0.49 0.49 0.49

EM 8.40e-02 5.98e-02 4.35e-02 3.15e-02 2.25e-02 1.61e-02

Order / 0.49 0.46 0.47 0.48 0.49

Lemma 10 (Proposition 1 of [18]). Assume that Th is regular, then there exist two
positive constants C and C such that

(44) C|uh|1,K,h ≤ |uh|1,K ≤ C|uh|1,K,h, ∀uh ∈ Uh, ∀K ∈ Th,

where |uh|1,K,h = ∥δUK∥.

Lemma 11. Assume that Th is h2-uniform, then we have

(45)
∥∥∇(u− uI)(x)

∥∥ . h2∥u∥3,∞, ∀u ∈W 3,∞(Ω),

where ∇ is the arithmetic average of the gradient over all neighbouring quadrilateral
elements for x, while x is any geometric center in Ch, or any interior vertex in N ◦

h ,
or any interior midpoint in M◦

h.

Proof. The superconvergence of finite element method has been studied in some
references (cf. [40, 41]), and the proof of (45) can be found in Theorem 1 of [38]. �

9. Appendix B: Some discussions for (A1)

From Theorem 1, we find that the assumption (A1) is critical to the coercivity
result of Q1-FVEM-EM scheme. However, the meaning of the left-hand side in
(20) is not so straightforward. In this section, we employ some special meshes to
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Table 7. Numerical results for Example 4 on Meshes III and IV.

Mesh #Th 8× 8 16× 16 32× 32 64× 64 128× 128 256× 256

Mesh III

ϱ 6.25e-02 6.25e-02 6.25e-02 6.25e-02 6.25e-02 6.25e-02

|uI − uh|1 1.78e-02 1.16e-02 7.80e-03 5.39e-03 3.77e-03 2.65e-03

Order / 0.62 0.57 0.53 0.52 0.51

|u− uh|1 2.43e-01 1.78e-01 1.29e-01 9.19e-02 6.54e-02 4.64e-02

Order / 0.45 0.47 0.48 0.49 0.50

∥u− uh∥0 8.22e-03 3.05e-03 1.10e-03 3.94e-04 1.40e-04 4.97e-05

Order / 1.43 1.47 1.48 1.49 1.50

EC 8.85e-02 6.71e-02 4.94e-02 3.56e-02 2.55e-02 1.81e-02

Order / 0.40 0.44 0.47 0.48 0.49

EV 9.46e-02 6.45e-02 4.49e-02 3.16e-02 2.23e-02 1.57e-02

Order / 0.55 0.52 0.51 0.50 0.50

EM 9.54e-02 6.72e-02 4.76e-02 3.37e-02 2.39e-02 1.69e-02

Order / 0.51 0.50 0.50 0.50 0.50

Mesh IV

ϱ 6.15e-02 6.15e-02 6.15e-02 6.15e-02 6.15e-02 6.15e-02

|uI − uh|1 1.61e-02 1.10e-02 7.74e-03 5.51e-03 3.92e-03 2.78e-03

Order / 0.55 0.51 0.49 0.49 0.49

|u− uh|1 2.60e-01 1.91e-01 1.37e-01 9.81e-02 6.98e-02 4.95e-02

Order / 0.45 0.47 0.48 0.49 0.50

∥u− uh∥0 1.02e-02 3.75e-03 1.35e-03 4.83e-04 1.72e-04 6.09e-05

Order / 1.44 1.47 1.49 1.49 1.50

EC 8.05e-02 6.07e-02 4.46e-02 3.22e-02 2.31e-02 1.64e-02

Order / 0.41 0.44 0.47 0.48 0.49

EV 9.03e-02 6.48e-02 4.69e-02 3.38e-02 2.42e-02 1.73e-02

Order / 0.48 0.47 0.47 0.48 0.49

EM 8.54e-02 6.03e-02 4.30e-02 3.06e-02 2.18e-02 1.54e-02

Order / 0.50 0.49 0.49 0.49 0.49

explore the meaning of (A1), including the parallelogram, h1+γ-parallelogram and
trapezoidal meshes.

9.1. Parallelogram mesh.

Theorem 4. Assume that Th consists of parallelograms, then (A1) holds with

(46) ϱ = min
K∈Th

[
1

16
det(Λ)

]
≥ 1

16
λ2.

Proof. Since K ∈ Th is a parallelogram, then we have mK = 0, βK = γK = 0.
By (19), (41) and (3), we find that

ζ1ζ2 −m2
12 = m11m22 −m2

12 =
1

16
det(Λ) ≥ 1

16
λ2, ∀K ∈ Th,

which implies (46). �

9.2. h1+γ-parallelogram mesh. We call Th is an h1+γ-parallelogram mesh pro-
vided that there exists a positive constant C independent of K and h, such that

(47) ∥mK∥ ≤ Ch1+γ
K , ∀K ∈ Th,

where γ > 0 is a constant.
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Theorem 5. Assume that Th is regular and consists of h1+γ-parallelograms. Then,
when the mesh size h small enough, we have∣∣∣∣(ζ1ζ2 −m2

12

)
− 1

16
det (Λ)

∣∣∣∣ ≤ Ch2γK , ∀K ∈ Th.

As a result, (A1) holds with ϱ = C0λ
2, where 0 < C0 < 1/16 is a constant.

Proof. For simplicity, we denote

a1 = −1

8
µ2β

2

K , a2 = −1

8
µ1γ

2
K .

It follows from (19) and (41) that

ζ1ζ2 −m2
12 = (m11 + a1)(m22 + a2)−m2

12 =
1

16
det(Λ) +Res,

where

Res = a2m11 + a1m22 + a1a2.

By (13), (12) and (47)

max
{∣∣βK

∣∣ , |γK |
}
<

Ch2+γ
K

2π
(
ρK

2

)2 ≤ 2C2
rC

π
hγK ,

and when h is small enough, we have

max{µ1, µ2} < 4max{m11,m22} <
2λCr

π
.

It holds that

max
i=1,2

|ai| <
λC5

rC
2

π3
h2γK .

Consequently, there exists a positive constant C such that |Res| ≤ Ch2γK . The proof
is complete. �

9.3. Trapezoidal mesh.

Theorem 6. Assume that Th consists of trapezoids, i.e., for each K, there holds
βK = 0 or γK = 0. Then, we have the following results.

(i) If βK = 0, the assumption (A1) holds if and only if

det (Λ)− 4m2
11γ

2
K

16
≥ ϱ, ∀K ∈ Th.

(ii) If γK = 0, the assumption (A1) holds if and only if

det (Λ)− 4m2
22β

2

K

16
≥ ϱ, ∀K ∈ Th.

Proof. If βK = 0, then we deduce from (19), (18) and (41) that

(48) ζ1ζ2 −m2
12 = m11

(
m22 −

1

8
µ1γ

2
K

)
−m2

12 =
1

16
det (Λ)− 1

4
m2

11γ
2
K ,

which leads to the first part of this theorem. Similarly, if γK = 0, we have

ζ1ζ2 −m2
12 = m22

(
m11 −

1

8
µ2β

2

K

)
−m2

12 =
1

16
det (Λ)− 1

4
m2

22β
2

K ,

implies the second part of this theorem. The proof is complete. �
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x1 x2

x3x4

Lb

Lt

h̄

θ

Figure 6. A general trapezoidal element used in Corollary 3.

Corollary 3. Assume that Λ = I is the identity matrix and Th consists of trape-
zoids. For each trapezoidal element K, let Lb, Lt and ~ be its lengths of the bottom,
top and height, see Figure 6. Then, we have the following results.

(i) BK is a positive definite matrix if and only if

(49)
|Lb − Lt|

~
< 4.

(ii) If

(50)
|Lb − Lt|

~
≤ 4− τ

holds, where 0 < τ < 4 is a constant, independent of K and h, then the assumption
(A1) holds with

ϱ =
1

256
τ(8− τ).

Proof. For simplicity, we denote

τb =
Lb

~
, τt =

Lt

~
,

and assume that the coordinates of K are given by

x1 = (0, 0)T , x2 = (τb~, 0)T , x3 = (~ cot θ + τt~, ~)T , x4 = (~ cot θ, ~)T ,
where θ is the interior angle at the bottom-left corner. A direct calculation yields
that

|K| = 1

2
~2(τb + τt), βK = 0, γK =

τt − τb
τb + τt

, m11 =
1

8
(τb + τt).

It follows from (48) that

(51) ζ1ζ2 −m2
12 =

1

256

[
16− (τb − τt)

2
]
.

As a result, BK is a positive definite matrix if and only if |τb−τt| < 4, which implies
(49). Further, (50) is equivalent to |τb − τt| ≤ 4− τ . Therefore, if (50) holds, then
we deduce from (51) that

ζ1ζ2 −m2
12 ≥ 1

256

[
16− (4− τ)2

]
=

1

256
τ(8− τ).

The proof is complete. �
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x1 x2

x3x4

Lb

Lt

h̄

θ
x1 x2

x3x4

Lb

Lt

h̄

θ θ

(a) Right trapezoid (b) Isosceles trapezoid

Figure 7. Two special trapezoidal elements used in Remark 3.

Remark 3. For some special trapezoidal element, we have the following results.
(i) If K is a right trapezoid, see Figure 7(a), then (49) reduces to the following

acute angle condition

θ > arctan
1

4
≈ 14.036◦,

which is a little bigger than the 10.025◦ in [22].
(ii) If K is an isosceles trapezoid, see Figure 7(b), then (49) reduces to the

following acute angle condition

θ > arctan
1

2
≈ 26.565◦,

which is also a little bigger than the 19.471◦ in [22].
In fact, it can be checked that the assumption (A1) suggested in this paper is a

little stronger than that of [22].
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