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FOURIER CONVERGENCE ANALYSIS FOR FOKKER-PLANCK

EQUATION OF TEMPERED FRACTIONAL

LANGEVIN-BROWNIAN MOTION AND NONLINEAR TIME

FRACTIONAL DIFFUSION EQUATION

MAOPING WANG, WEIHUA DENG∗

Abstract. Fourier analysis works well for the finite difference schemes of the linear partial dif-
ferential equations. However, the presence of nonlinear terms leads to the fact that the method

cannot be applied directly to deal with nonlinear problems. In the current work, we introduce
an effective approach to enable Fourier methods to effectively deal with nonlinear problems and
elaborate on it in detail by rigorously proving that the difference scheme for two-dimensional non-
linear problem considered in this paper is strictly unconditionally stable and convergent. Further,

some numerical experiments are performed to confirm the rates of convergence and the robustness
of the numerical scheme.

Key words. Time-fractional Fokker-Planck model, L1 scheme, Nonlinearity, Fourier stability-

convergence analysis.

1. Introduction

Anomalous dynamics are ubiquitous in the nature world, especially in the com-
plex system, the applications of which have a broad range, including physics [2],
chemistry [14], and biology [32], etc. Unlike the classic mathematical and physi-
cal model for describing the diffusion, the anomalous diffusion processes no longer
obey Fourier’s or Fick’s law [20, 27, 28]. We usually distinguish between normal and
anomalous diffusive processes according to the mean squared displacement (MSD)
(see [34] and the references therein), the MSD of the anomalous diffusing species
⟨x2(t)⟩ scales as the following nonlinear power law, i.e.,

⟨x2(t)⟩ ∼ κβt
β ,

where β is the anomalous diffusion index and κβ the diffusion coefficient. According
to β the anomalous diffusions are distinguished into subdiffusion if 0 < β < 1,
normal diffusion if β = 1, and superdiffusion if β > 1. Especially, we call it
underballistic hyperdiffusion, ballistic diffusion, and hyperballistic diffusion as 1 <
β < 2, β = 2, and β > 2, respectively; see, e.g., [21]. Several effective methods
are restored to describe the anomalous subdiffusive transport processes, including
continuous time random walk model, fractal diffusion equation, fractional Klein-
Kramers equation, and fractional Brownian and Langevin motion [6, 8, 9, 16, 22],
etc.

In this paper, we aim to give an efficient proof idea to extend the Fourier method
to deal with the nonlinear problems with nonlinear term f(u). For this purpose,
we consider the following two-dimensional nonlinear time fractional Fokker-Planck
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equation
(1)

C
0 D

β
t u(x, y, t) =

A

β

[
t 0D

1−β
t △ u(x, y, t)

]
− (A,A) · ∇u(x, y, t) + f(u(x, y, t), x, y, t),

0 ≤ x, y ≤ L, 0 ≤ t ≤ T,

where 0 < β < 1, A and A are positive constants, and (A,A) is a two-dimensional

vector. The time fractional Caputo derivative operator C
0 D

β
t is defined by [24]

C
0 D

β
t u(t) =

1

Γ(1− β)

∫ t

0

(t− s)−β ∂u(s)

∂s
ds,

and the time fractional Riemann-Liouville derivative operator 0D
1−β
t is defined as

[24]

0D
1−β
t u(t) =

1

Γ(β)

∂

∂t

∫ t

0

(t− s)β−1u(s)ds,

where Γ(z) :=
∫∞
0
sz−1e−sds (for ℜ(z) > 0) denotes the Gamma function. Here,

the solution u(x, y, t) of model (1) represents the probability density function of
particle position (see, e.g., [6, 31]).

For the problem (1), the theoretical analysis will be challenged as the right-hand

side of the equation contains the term (t 0D
1−β
t △u). Thus, in this paper, we first

consider the case of f(u) = −κu+ h(x, y, t) (κ > 0) in model (1), i.e.,

(2)
C
0 D

β
t u(x, y, t) =

A

β

[
t 0D

1−β
t △ u(x, y, t)

]
− (A,A) · ∇u(x, y, t)

− κu(x, y, t) + h(x, y, t), 0 ≤ x, y ≤ L, 0 ≤ t ≤ T,

with the boundary conditions

(3)
u(0, y, t) = φ1(y, t), u(L, y, t) = φ2(y, t), 0 ≤ y ≤ L, 0 ≤ t ≤ T,

u(x, 0, t) = ψ1(x, t), u(x, L, t) = ψ2(x, t), 0 ≤ x ≤ L, 0 ≤ t ≤ T,

and the initial condition

(4) u(x, y, 0) = ϕ(x, y), 0 ≤ x, y ≤ L.

Then in Section 4, we consider the general two-dimensional nonlinear time fractional
sub-diffusion problem

(5) C
0 D

β
t u = p△u+ (q, q) · ∇u+ f(u, x, y, t),

where p > 0, q ∈ R.
Due to their wide applications, fractional partial differential equations (FPDEs)

have generated much interest in developing stable and accurate numerical meth-
ods as well as rigorous mathematical and numerical analysis; see [12, 15] and the
references therein. We know that although some analytical solutions of FPDEs
are expressed in terms of some special functions, these special functions are always
difficult to evaluate numerically. This has naturally led to the rapid development
of various effective numerical methods, including finite difference methods [5], fi-
nite element methods [7, 13], finite volume methods [11], spectral method [10], and
collocation methods [17], etc. Among the existing approaches, the finite difference
approximation to the fractional derivative seems to be the most studied one. And
the L1 method [18] and Grünwald Letnikov formula [29] are effective discretization
methods and are widely used in discretization of fractional differential operators.

As we all know, the Fourier stability analysis works well and is popular for the
finite difference schemes of the linear partial differential equations with constant
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coefficients or variable coefficients independent of spatial variables; see for example,
[3, 4, 25] and the references therein. Recently, for such linear problems as mentioned
above, we have given a strict Fourier convergence proof in [30, 31] to remove the
unreasonable assumptions required by the original literatures to prove convergence.
Since the Fourier method is effective in proving the stability and convergence of
the difference scheme for linear problems, there are several works also directly
use the Fourier method to deal with nonlinear problems; one can see [1, 23, 33].
However, due to the presence of nonlinear terms, we find that Fourier method
cannot be directly extended to deal with nonlinear problems as it does to linear
cases. For example, in terms of stability analysis, in [23], for the perturbation

error equation
(
1 + ( 1

12 − µ1 − µ2)δ
2
x

)
ρkj =

(
1 + ( 1

12 + µ1λ1 + µ1υ1)δ
2
x

)
ρk−1
j +∑k−2

l=0 (µ1λk−l + µ2υk−l)δ
2
xρ

l
j + τ

(
1+ 1

12δ
2
x

)(
fk−1
j − f̃k−1

j

)
for k = 1, 2, . . . , N, j =

1, 2, . . . ,M − 1. The function ρk(x) can be expanded into a Fourier series ρk(x) =∑∞
l=−∞ dk(l)e

i2πlx/L when it is defined by piecewise constant functions. Due to the

orthogonality of the basis function ei2πlx/L with respect to l, when f is linear, the
results obtained by incorporating the result ρkj = ρk(xj) =

∑∞
l=−∞ dk(l)e

i2πlxj/L

in the entire frequency domain or the result dk(l)e
i2πlxj/L in one frequency domain

into the above error equation are the same. However, for nonlinear problems with
term f(u), obviously, bringing ρkj =

∑∞
l=−∞ dk(l)e

i2πlxj/L or dk(l)e
i2πlxj/L into the

error equation will yield a completely different result, i.e.,

(6)

∞∑
l=−∞

[
1 + (

1

12
− µ1 − µ2)(e

iσh − 2 + e−iσh)dk(l)

−
(
1 + (

1

12
+ µ1λ1 + µ1υ1)(e

iσh − 2 + e−iσh)
)
dk−1(l)

−
k−2∑
l=0

(µ1λk−l + µ2υk−l)(e
iσh − 2 + e−iσh)dl(l)

]
eiσjh

− τ(1 +
1

12
δ2x)

(
fk−1
j − f̃k−1

j

)
= 0

is not equivalent to

(7)

[
1 + (

1

12
− µ1 − µ2)(e

iσh − 2 + e−iσh)dk(l)

−
(
1 + (

1

12
+ µ1λ1 + µ1υ1)(e

iσh − 2 + e−iσh)
)
dk−1(l)

−
k−2∑
l=0

(µ1λk−l + µ2υk−l)(e
iσh − 2 + e−iσh)dl(l)

]
eiσjh

− τ(1 +
1

12
δ2x)

(
fk−1
j − f̃k−1

j

)
= 0,

where σ = 2πl/L. In other words, the stability analysis should be analyzed based
on Eq. (6) instead of Eq. (7). However, the stability analysis in [23] is based on
Eq. (7), which is incorrect. Similar issues arise in the convergence analysis.

Inspired by the issues, in this paper, we aim to provide an effective technique to
extend the Fourier analysis method to deal with nonlinear problems with f(u) by
drawing on the ideas of [31]. To this end, we provide the fully discrete finite differ-
ence schemes for problems (2)-(4) and (50), and strictly prove that the difference
schemes are unconditionally stable and convergent with new proof techniques. For
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nonlinear problem (50), the core idea of the proof is to perform a Fourier series
expansion on nonlinear terms as well, first analyzing in one frequency domain, then
continuing the analysis back to the whole frequency domain, and finally using the
discrete fractional Grönwall inequality to obtain the final desired results. To our
best knowledge, this proof technique is given for the first time; and without an extra
assumption on the truncated error function, there is no other available literatures
directly dealing with the nonlinear problems based on the idea of Fourier analysis
except [1, 23, 33], where the given theoretical analysis is not appropriate, as we
mentioned above.

The rest of this paper is organized as follows. In Section 2, we construct the ful-
ly discrete scheme for the two-dimensional time fractional Fokker-Planck problem
(2)-(4). In Section 3, we prove that the fully discrete scheme (16) is unconditionally
stable and strictly convergent. In Section 4, we construct the nonuniform numerical
scheme (54) for the general two-dimensional nonlinear time fractional sub-diffusion
problem (50) and provide a new proof technique to show that it is strictly uncon-
ditionally stable and convergent. In Section 5, several numerical examples are then
provided to validate the theoretical results and to demonstrate the efficiency of the
proposed method. Finally, we conclude the paper with a brief discussion.

Notation: Throughout this paper, C is a generic positive constant independent
of h, hx, hy, and N .

2. Derivation of the numerical scheme

In this section, we will provide a fully discrete finite difference scheme for the
two-dimensional time fractional Fokker-Planck problem (2)-(4), where we assume

that u(x, y, t) ∈ C4,4,2
x,y,t ([0, L]× [0, L]× [0, T ]).

We adopt a uniform grid of mesh points (xj , ym, tn) with xj = jhx, j = 0, 1, · · · ,M1,
ym = mhy, m = 0, 1, · · · ,M2, and tn = nτ , n = 0, 1, · · · , N , where M1, M2, and N

are given positive integers, hx = L
M1

, hy = L
M2

, and τ = T
N are the uniform spatial

and temporal mesh sizes, respectively. The exact and numerical solutions at the
mesh point (xj , ym, tn) are denoted by unj,m and Un

j,m, respectively.
Next we use the following difference operators to discretize the first- and second-

order spatial derivatives, respectively, namely,

(8)
unj+1,m − unj−1,m

2hx
=
∂u(x, y, t)

∂x

∣∣∣
(xj ,ym,tn)

+O(h2x),

(9)
unj,m+1 − unj,m−1

2hy
=
∂u(x, y, t)

∂y

∣∣∣
(xj ,ym,tn)

+O(h2y),

(10)
unj+1,m − 2unj,m + unj−1,m

h2x
=
∂2u(x, y, t)

∂x2

∣∣∣
(xj ,ym,tn)

+O(h2x),

(11)
unj,m+1 − 2unj,m + unj,m−1

h2y
=
∂2u(x, y, t)

∂y2

∣∣∣
(xj ,ym,tn)

+O(h2y).
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For the term of time fractional Caputo derivative operator C
0 D

β
t u(t), it is ap-

proximated by the standard L1 scheme [35]
(12)

C
0 D

β
t u(t)

∣∣∣
tn

=
1

Γ(1− β)

∫ tn

0

(tn − s)−β ∂u(s)

∂s
ds

=
1

Γ(1− β)

n∑
k=1

∫ tk

tk−1

(tn − s)−β ∂u(s)

∂s
ds

=
1

Γ(1− β)

n∑
k=1

∫ tk

tk−1

(tn − s)−β u
k − uk−1

τ
ds+R1

=
τ−β

Γ(2− β)

[
a
(1−β)
0 un −

n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )uk − a

(1−β)
n−1 u0

]
+R1,

where the coefficients a
(1−β)
k := (k + 1)1−β − k1−β , k = 0, 1, · · · , n − 1; and the

truncation error |R1| = O(τ2−β) being rigorously proved in [19] under the as-
sumption that u(t) ∈ C2[0, T ]. For the time fractional Riemann-Liouville operator

0D
1−β
t u(t), we adopt the Grünwald-Letnikov approximation given in [18]

(13) 0D
1−β
t u(t)

∣∣∣
tn

= τβ−1
n∑

k=0

g
(1−β)
k un−k +O(τ),

where g
(1−β)
k := Γ(k+β−1)

Γ(β−1)Γ(k+1) = (−1)k
(
1−β
k

)
are the normalized Grünwald weights.

In addition, the coefficients g
(1−β)
k satisfy the recursive relationship as follows

g
(1−β)
0 = 1, g

(1−β)
k =

(
1− 2− β

k

)
g
(1−β)
k−1 .

Denote

(14)

Rn
j,m =

τ−β

Γ(2− β)

[
a
(1−β)
0 unj,m −

n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )ukj,m − a

(1−β)
n−1 u0j,m

]
− A

β

[
tn τ

β−1
n∑

k=0

g
(1−β)
k

(δ2xun−k
j,m

h2x
+
δ2yu

n−k
j,m

h2y

)]
+ κunj,m

+A
(unj+1,m − unj−1,m

2hx
+
unj,m+1 − unj,m−1

2hy

)
− hnj,m,

j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1, n = 1, 2, · · ·, N,

where δ2xu
k
j,m = ukj−1,m − 2ukj,m + ukj+1,m and δ2yu

k
j,m = ukj,m−1 − 2ukj,m + ukj,m+1.

According to (9)-(13), one can easily obtain that there is a positive constant C such
that

(15)
|Rn

j,m| ≤ C(τ + h2x + h2y),

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N.
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Collecting the above approximations (8)-(13), one can get the finite difference
scheme of problem (2)-(4) with the truncation error (15), i.e.,

(16)

τ−β

Γ(2− β)

[
a
(1−β)
0 Un

j,m −
n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )Uk

j,m − a
(1−β)
n−1 U0

j,m

]
=
A

β

[
tn τ

β−1
n∑

k=0

g
(1−β)
k

(δ2xUn−k
j,m

h2x
+
δ2yU

n−k
j,m

h2y

)]
−A

(Un
j+1,m − Un

j−1,m

2hx
+
Un
j,m+1 − Un

j,m−1

2hy

)
− κUn

j,m + hnj,m,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N,
Un
0,m = φ1(ym, tn), U

n
L,m = φ2(ym, tn), m = 0, 1, . . . ,M2, n = 1, 2, . . . , N,

Un
j,0 = ψ1(xj , tn), U

n
j,L = ψ2(xj , tn), j = 0, 1, . . . ,M1, n = 1, 2, . . . , N,

U0
j,m = ϕ(jhx,mhy), j = 0, 1, . . . ,M1, m = 0, 1, . . . ,M2,

where δ2xU
n
j,m = Un

j−1,m − 2Un
j,m + Un

j+1,m, δ2yU
n
j,m = Un

j,m−1 − 2Un
j,m + Un

j,m+1.

3. Stability and convergence analysis

In this section, we will combine the ideas of Fourier analysis to present an
efficient technique that enables the Fourier analysis method to handle the case
f(u) = −κu+ h(x, y, t), and rigorously prove that the finite difference scheme (16)
is unconditionally stable and strictly convergent. Before carrying out the stability
analysis of the difference scheme (16), we first give the following lemma for the
subsequent theoretical analysis.

Lemma 3.1 ([18]). Let the coefficients a
(1−β)
k = (k+1)1−β−k1−β (k = 0, 1, · · · , n−

1) and g
(1−β)
k = (−1)k

(
1−β
k

)
(k = 0, 1, · · · , n) be given in (12) and (13), respectively.

Then

(1) 1 = a
(1−β)
0 > a

(1−β)
1 > · · · > a(1−β)

n → 0 as n→ ∞;

(2)

n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k ) + a

(1−β)
n−1 = 1;

(3) g
(1−β)
0 = 1, g

(1−β)
1 = β − 1, g

(1−β)
k < 0 (k = 1, 2, · · · );

(4)

∞∑
k=0

g
(1−β)
k = 0, −

n∑
k=1

g
(1−β)
k < 1.

3.1. Stability analysis. In this subsection, we will rigorously prove that the dif-

ference scheme (16) is unconditionally stable. Let Ũn
j,m be the approximate solutions

of the difference scheme (16) and denote the error

ρnj,m = Un
j,m − Ũn

j,m,

j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1, n = 0, 1, · · ·, N.



274 M. WANG AND W. DENG

Then we obtain the error equation

(17)

τ−β

Γ(2− β)

[
a
(1−β)
0 ρnj,m −

n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )ρkj,m − a

(1−β)
n−1 ρ0j,m

]
=
A

β

[
tn τ

β−1
n∑

k=0

g
(1−β)
k

(δ2xρn−k
j,m

h2x
+
δ2yρ

n−k
j,m

h2y

)]
−A

(ρnj+1,m − ρnj−1,m

2hx
+
ρnj,m+1 − ρnj,m−1

2hy

)
− κρnj,m,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N,

where δ2xρ
k
j,m = ρkj+1,m − 2ρkj,m + ρkj−1,m and δ2yρ

k
j,m = ρkj,m+1 − 2ρkj,m + ρkj,m−1. To

facilitate discussion and understanding, we briefly review some knowledge about
Fourier analysis. For n = 0, 1, . . . , N , we define the grid function

ρn(x, y) =


ρnj,m, when xj −

hx
2
< x ≤ xj +

hx
2
, ym − hy

2
< y ≤ ym +

hy
2
,

(j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1),

0, when 0 ≤ x ≤ hx

2 or L− hx

2 < x ≤ L,

or 0 ≤ y ≤ hy

2 or L− hy

2 < y ≤ L.

Then ρn(x, y) can be expanded by Fourier series, namely,

ρn(x, y) =

∞∑
l1=−∞

∞∑
l2=−∞

dn(l1, l2)e
2πi(l1x/L+l2y/L), n = 0, 1, · · ·, N,

where

dn(l1, l2) =
1

L2

∫ L

0

∫ L

0

ρn(x, y)e−2πi(l1x/L+l2y/L)dxdy,

Letting

ρn =
[
ρn1,1, ρ

n
1,2, · · ·, ρn1,M2−1, · · ·, ρnM1−1,1, ρ

n
M1−1,2, · · ·, ρnM1−1,M2−1

]T
,

and applying the Parseval equality∫ L

0

∫ L

0

|ρn(x, y)|2dxdy = L2
∞∑

l1=−∞

∞∑
l2=−∞

|dn(l1, l2)|2,

and

(18) ∥ρn∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|ρnj,m|2 =

∫ L

0

∫ L

0

|ρn(x, y)|2dxdy,

we obtain

(19) ∥ρn∥22 = L2
∞∑

l1=−∞

∞∑
l2=−∞

|dn(l1, l2)|2, n = 0, 1, · · ·, N.
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Based on the above knowledge, we next prove the numerical stability. Putting
ρn(xj , ym) =

∑∞
l1=−∞

∑∞
l2=−∞ dn(l1, l2)e

2πi(l1jhx/L+l2mhy/L) into the error equa-
tion (17) and using Euler’s formula lead to
(20)

∞∑
l1=−∞

∞∑
l2=−∞

{ τ−β

Γ(2− β)

[
a
(1−β)
0 dn(l1, l2)−

n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )dk(l1, l2)

− a
(1−β)
n−1 d0(l1, l2)

]}
e2πi(l1jhx/L+l2mhy/L)

= −
∞∑

l1=−∞

∞∑
l2=−∞

{A
β

[
tn τ

β−1
n∑

k=0

g
(1−β)
k

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
dn−k(l1, l2)

]
− iA

( sin(σ1hx)
hx

+
sin(σ2hy)

hy

)
dn(l1, l2)− κdn(l1, l2)

}
e2πi(l1jhx/L+l2mhy/L),

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N,

Further, we obtain
(21)

∞∑
l1=−∞

∞∑
l2=−∞

{ τ−β

Γ(2− β)

[
a
(1−β)
0 dn(l1, l2)

−
n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )dk(l1, l2)− a

(1−β)
n−1 d0(l1, l2)

]
+
A

β

[
tn τ

β−1
n∑

k=0

g
(1−β)
k

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
dn−k(l1, l2)

]
+ iA

( sin(σ1hx)
hx

+
sin(σ2hy)

hy

)
dn(l1, l2) + κdn(l1, l2)

}
e2πi(l1jhx/L+l2mhy/L) = 0,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N.

Due to the orthogonality of {e2πi(l1jhx/L+l2mhy/L)} with respect to l1 and l2, it
further follows from Eq. (21) that
(22)

τ−β

Γ(2− β)

[
a
(1−β)
0 dn(l1, l2)−

n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )dk(l1, l2)− a

(1−β)
n−1 d0(l1, l2)

]
+
A

β

[
tn τ

β−1
n∑

k=0

g
(1−β)
k

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
dn−k(l1, l2)

+ iA
( sin(σ1hx)

hx
+

sin(σ2hy)

hy

)
dn(l1, l2) + κdn(l1, l2)

}
= 0,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N.

In fact, we can only analyze them directly in one frequency domain (l1, l2), namely,
we check the evolution of one particular frequency (l1, l2) of the solution ρn of
Eq. (17), i.e., inserting ρnj,m = dn(l1, l2)e

i(σ1jhx+σ2mhy) with σ1 := 2πl1/L and
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σ2 := 2πl2/L into the error equation (17) and using Euler’s formula lead to
(23)

dn(l1, l2) +
Γ(2− β)A tnτ

2β−1

β

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
dn(l1, l2)

+ iΓ(2− β)Aτβ
( sin(σ1hx)

hx
+

sin(σ2hy)

hy

)
dn(l1, l2) + κΓ(2− β)τβdn(l1, l2)

= −Γ(2− β)A tnτ
2β−1

β

n−1∑
k=1

g
(1−β)
k

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
dn−k(l1, l2)

+
n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )dk(l1, l2) + a

(1−β)
n−1 d0(l1, l2)

− Γ(2− β)A tnτ
2β−1g

(1−β)
n

β

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
d0(l1, l2)

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N.

Obviously, Eq. (22) and Eq. (23) are the same. So here and later we always consider
the evolution on a single frequency domain (l1, l2). For the sake of simplicity, we
reformulate Eq. (23) by introducing the following notations
(24)

C1.n :=
4Γ(2− β)A tnτ

2β−1 sin2(σ1hx

2 )

βh2x
; C2,n :=

4Γ(2− β)A tnτ
2β−1 sin2(

σ2hy

2 )

βh2y
;

b1 :=
Γ(2− β)Aτβ sin(σ1hx)

hx
; b2 :=

Γ(2− β)Aτβ sin(σ2hy)

hy
; b3 := κΓ(2− β)τβ .

Thus Eq. (23) can be rewritten as

(25)

(
1 + C1,n + C2,n + b3 + i(b1 + b2)

)
dn(l1, l2)

=
n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )dk(l1, l2)− (C1,n + C2,n)

n−1∑
k=1

g
(1−β)
k dn−k(l1, l2)

+
(
a
(1−β)
n−1 − (C1,n + C2,n)g

(1−β)
n

)
d0(l1, l2)

n = 1, 2, · · ·, N.

Lemma 3.2. Assume that dn(l1, l2) (n = 1, 2, · · ·, N) are the solutions of Eq. (25).
Then we have

|dn(l1, l2)|2 ≤ |d0(l1, l2)|2, n = 1, 2, · · ·, N.
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Proof. Notice that 0 < β < 1, C1,n > 0, and C2,n > 0. By virtue of Lemma 3.1,
from Eq. (25), we have
(26)

|dn(l1, l2)| ≤ |1 + C1,n + C2,n + b3 + i(b1 + b2)|−1
[ n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )|dk(l1, l2)|

− (C1,n + C2,n)
n−1∑
k=1

g
(1−β)
k |dn−k(l1, l2)|

+
(
a
(1−β)
n−1 − (C1,n + C2,n)g

(1−β)
n

)
|d0(l1, l2)|

]
= |1 + C1,n + C2,n + b3 + i(b1 + b2)|−1

[ n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )|dk(l1, l2)|

− (C1,n + C2,n)
n−1∑
k=1

g
(1−β)
n−k |dk(l1, l2)|

+
(
a
(1−β)
n−1 − (C1,n + C2,n)g

(1−β)
n

)
|d0(l1, l2)|

]
,

n = 1, 2, · · · , N.

For simplicity of presentation, we denote wn,k := a
(1−β)
n−k−1 − a

(1−β)
n−k − (C1,n +

C2,n)g
(1−β)
n−k for k = 1, 2, . . . , n− 1, and wn,0 = a

(1−β)
n−1 − (C1,n +C2,n)g

(1−β)
n . Obvi-

ously, the coefficients wn,k (k = 0, 1, . . . , n− 1) above are all positive according to
the definition of wn,k and Lemma 3.1. Then Eq. (26) can be treated as follows

(27)

|dn(l1, l2)| ≤ |1 + C1,n + C2,n + b3 + i(b1 + b2)|−1

·
( n−1∑

k=1

wn,k|dk(l1, l2)|+ wn,0|d0(l1, l2)|
)
.

Multiplying |dn(l1, l2)| on both sides of the inequality (27) yields

(28)

|dn(l1, l2)|2 ≤|1 + C1,n + C2,n + b3 + i(b1 + b2)|−1

·
( n−1∑

k=1

wn,k|dk(l1, l2)||dn(l1, l2)|+ wn,0|d0(l1, l2)||dn(l1, l2)|
)
.

For the two terms on the right hand side of (28), it follows from the Cauchy in-
equality with ε that

(29) |dk(l1, l2)||dn(l1, l2)| ≤ ε|dn(l1, l2)|2 +
1

4ε
|dk(l1, l2)|2

and

(30) |d0(l1, l2)||dn(l1, l2)| ≤ ε|dn(l1, l2)|2 +
1

4ε
|d0(l1, l2)|2.

Bringing (29) and (30) into (28) yields

(31)

|dn(l1, l2)|2 ≤
ε(
∑n−1

k=1 wn,k + wn,0)

|1 + C1,n + C2,n + b3 + i(b1 + b2)|
|dn(l1, l2)|2

+
1

4ε|1 + C1,n + C2,n + b3 + i(b1 + b2)|

·
( n−1∑

k=1

wn,k|dk(l1, l2)|2 + wn,0|d0(l1, l2)|2
)
.
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By virtue of Lemma 3.1, a straightforward calculation shows

∑n−1
k=1 wn,k + wn,0

|1 + C1,n + C2,n + b3 + i(b1 + b2)|

=

∑n−1
k=1

(
a
(1−β)
n−k−1 − a

(1−β)
n−k − (C1,n + C2,n)g

(1−β)
n−k

)
+ a

(1−β)
n−1 − (C1,n + C2,n)g

(1−β)
n

|1 + C1,n + C2,n + b3 + i(b1 + b2)|

=
1− (C1,n + C2,n)

∑n−1
k=0 g

(1−β)
n−k

|1 + C1,n + C2,n + b3 + i(b1 + b2)|

<
1 + C1,n + C2,n

|1 + C1,n + C2,n|
<1.

Taking ε = 1/2, according to the above result, we deduce from (31) that

(32)

|dn(l1, l2)|2 ≤|1 + C1,n + C2,n + b3 + i(b1 + b3 + b2)|−1

·
[ n−1∑
k=1

(
a
(1−β)
n−k−1 − a

(1−β)
n−k − (C1,n + C2,n)g

(1−β)
n−k

)
|dk(l1, l2)|2

+
(
a
(1−β)
n−1 − (C1,n + C2,n)g

(1−β)
n

)
|d0(l1, l2)|2

]
≤(1 + C1,n + C2,n)

−1
[ n−1∑
k=1

(
a
(1−β)
n−k−1 − a

(1−β)
n−k

− (C1,n + C2,n)g
(1−β)
n−k

)
|dk(l1, l2)|2

+
(
a
(1−β)
n−1 − (C1,n + C2,n)g

(1−β)
n

)
|d0(l1, l2)|2

]
.

Next, we will prove |dn(l1, l2)|2 ≤ |d0(l1, l2)|2 using the mathematical induction.
When n = 1, applying Lemma 3.1, one has

|d1(l1, l2)|2 ≤1− g
(1−β)
1 (C1,1 + C2,1)

1 + C1,1 + C2,1
|d0(l1, l2)|2 ≤ |d0(l1, l2)|2.

Suppose that

|dk(l1, l2)|2 ≤ |d0(l1, l2)|2, for k = 1, 2, · · · , n− 1.
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Then for k = n, applying Lemma 3.1, from Eq. (32), one has

|dn(l1, l2)|2 ≤(1 + C1,n + C2,n)
−1

[ n−1∑
k=1

(
a
(1−β)
n−k−1 − a

(1−β)
n−k

− (C1,n + C2,n)g
(1−β)
n−k

)
|dk(l1, l2)|2

+
(
a
(1−β)
n−1 − (C1,n + C2,n)g

(1−β)
n

)
|d0(l1, l2)|2

]
≤(1 + C1,n + C2,n)

−1
[ n−1∑
k=1

(
a
(1−β)
n−k−1 − a

(1−β)
n−k − (C1,n + C2,n)g

(1−β)
n−k

)
+
(
a
(1−β)
n−1 − (C1,n + C2,n)g

(1−β)
n

)]
|d0(l1, l2)|2

=
1 + (C1,n + C2,n)

∑n−1
k=0 |g

(1−β)
n−k |

1 + C1,n + C2,n
|d0(l1, l2)|2

≤|d0(l1, l2)|2,

i.e.,

|dn(l1, l2)|2 ≤ |d0(l1, l2)|2.

The proof is then completed. �

From Lemma 3.2, we immediately obtain the following stability result.

Theorem 3.3. The finite difference scheme (16) is unconditionally stable.

Proof. From Lemma 3.2 and (19), one has

∥ρn∥22 = L2
∞∑

l1=−∞

∞∑
l2=−∞

|dn(l1, l2)|2 ≤ L2
∞∑

l1=−∞

∞∑
l2=−∞

|d0(l1, l2)|2 = ∥ρ0∥22.

This proof is then completed. �

3.2. Convergence analysis. In this subsection, similar to the trick of stability
analysis, without extra assumptions on the truncated error function, we will present
the strict Fourier convergence proof for the finite difference scheme (16).

According to Eq. (14), one has

(33)

τ−β

Γ(2− β)

[
a
(1−β)
0 unj,m −

n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )ukj,m − a

(1−β)
n−1 u0j,m

]
=
A

β

[
tn τ

β−1
n∑

k=0

g
(1−β)
k

(δ2xun−k
j,m

h2x
+
δ2yu

n−k
j,m

h2y

)]
−A

(unj+1,m − unj−1,m

2hx
+
unj,m+1 − unj,m−1

2hy

)
− κunj,m +Rn

j,m,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N.
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Subtracting the first equality of Eq. (16) from Eq. (33), there exists the error
equation

(34)

τ−β

Γ(2− β)

[
enj,m −

n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )ekj,m

]
=
A

β

[
tn τ

β−1
n−1∑
k=0

g
(1−β)
k

(δ2xen−k
j,m

h2x
+
δ2ye

n−k
j,m

h2y

)]
−A

(enj+1,m − enj−1,m

2hx
+
enj,m+1 − enj,m−1

2hy

)
− κenj,m +Rn

j,m,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N,

where enj,m = unj,m − Un
j,m. Notice that the error equation satisfies the boundary

conditions

en0,m = enM1,m = 0, m = 0, 1, · · · ,M2, n = 1, 2, · · · , N,
enj,0 = enj,M2

= 0, j = 0, 1, · · · ,M1, n = 1, 2, · · · , N,

and the initial condition

e0j,m = 0, j = 0, 1, · · · ,M1, m = 0, 1, · · · ,M2.

Similar to the stability analyses, for n = 0, 1, · · · , N , we also define the grid function

en(x, y) =


enj,m, when xj −

hx
2
< x ≤ xj +

hx
2
, ym − hy

2
< y ≤ ym +

hy
2
,

(j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1)

0, when 0 ≤ x ≤ hx

2 or L− hx

2 < x ≤ L,

or 0 ≤ y ≤ hy

2 or L− hy

2 < y ≤ L,

and for n = 1, 2, . . . , N , define the grid function

Rn(x, y) =


Rn

j,m, when xj −
hx
2
< x ≤ xj +

hx
2
, ym − hy

2
< y ≤ ym +

hy
2
,

(j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1)

0, when 0 ≤ x ≤ hx

2 or L− hx

2 < x ≤ L,

or 0 ≤ y ≤ hy

2 or L− hy

2 < y ≤ L.

Then, the functions en(x, y) and Rn(x, y) can also be expanded by Fourier series,
respectively, namely,

en(x, y) =
∞∑

l1=−∞

∞∑
l2=−∞

ξn(l1, l2)e
2πi(l1x/L+l2y/L), n = 0, 1, · · ·, N

and

Rn(x, y) =
∞∑

l1=−∞

∞∑
l2=−∞

ηn(l1, l2)e
2πi(l1x/L+l2y/L), n = 1, 2, · · ·, N,

where

ξn(l1, l2) =
1

L2

∫ L

0

∫ L

0

en(x, y)e−2πi(l1x/L+l2y/L)dxdy,

ηn(l1, l2) =
1

L2

∫ L

0

∫ L

0

Rn(x, y)e−2πi(l1x/L+l2y/L)dxdy.
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Letting

en =
[
en1,1, e

n
1,2, · · ·, en1,M2−1, · · ·, enM1−1,1, e

n
M1−1,2, · · ·, enM1−1,M2−1

]T
,

Rn =
[
Rn

1,1, R
n
1,2, · · ·, Rn

1,M2−1, · · ·, Rn
M1−1,1, R

n
M1−1,2, · · ·, Rn

M1−1,M2−1

]T
,

and applying the Parseval equalities∫ L

0

∫ L

0

|en(x, y)|2dxdy = L2
∞∑

l1=−∞

∞∑
l2=−∞

|ξn(l1, l2)|2, n = 0, 1, · · · , N,

∫ L

0

∫ L

0

|Rn(x, y)|2dxdy = L2
∞∑

l1=−∞

∞∑
l2=−∞

|ηn(l1, l2)|2, n = 1, 2, · · · , N,

and

∥en∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|enj,m|2 =

∫ L

0

∫ L

0

|en(x, y)|2dxdy, n = 0, 1, · · · , N,

(35)

∥Rn∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|Rn
j,m|2 =

∫ L

0

∫ L

0

|Rn(x, y)|2dxdy, n = 1, 2, · · · , N,

one can obtain

(36) ∥en∥22 = L2
∞∑

l1=−∞

∞∑
l2=−∞

|ξn(l1, l2)|2, n = 0, 1, · · · , N,

and

(37) ∥Rn∥22 = L3
∞∑

l1=−∞

∞∑
l2=−∞

|ηn(l1, l2)|2, n = 1, 2, · · · , N.

We directly consider the error in one particular frequency (l1, l2), i.e., take

(38) enj,m = ξn(l1, l2)e
i(σ1jhx+σ2mhy)

and

(39) Rn
j,m = ηn(l1, l2)e

i(σ1jhx+σ2mhy)

respectively, where σ1 := 2πl1/L and σ2 := 2πl2/L. Substituting (38) and (39) into
Eq. (34) and using Euler’s formula result in
(40)

ξn(l1, l2) +
Γ(2− β)A tn τ

2β−1

β

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
ξn(l1, l2)

+ κΓ(2− β)τβξn(l1, l2) + iΓ(2− β)Aτβ
( sin(σ1hx)

hx
+

sin(σ2hy)

hy

)
ξn(l1, l2)

= −Γ(2− β)A tn τ
2β−1

β

n−1∑
k=1

g
(1−β)
k

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
ξn−k(l1, l2)

+
n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )ξk(l1, l2) + Γ(2− β)τβηn(l1, l2),

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N.
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Using the same notations as (24), then Eq. (40) can be rewritten as follows

(41)

(
1 + C1,n + C2,n + b3 + i(b1 + b2)

)
ξn(l1, l2)

=
n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )ξk(l1, l2)− (C1,n + C2,n)

n−1∑
k=1

g
(1−β)
k ξn−k(l1, l2)

+ Γ(2− β)τβηn(l1, l2),

n = 1, 2, · · ·, N.

Next, without extra assumptions on the truncated error function, we will finish
the proof of Lemma 3.4 below.

Lemma 3.4. Assume that ξn(l1, l2) (n = 1, 2, · · ·, N) are the solutions of Eq. (41).
Then

∥en∥2 ≤ C̃
(
τ (1+β)/2 + τ (β−1)/2(h2x + h2y)

)
, n = 1, 2, · · ·, N,

where C̃ =
√
Γ(1− β)Γ(2− β)T βĈ.

Proof. Noticing that e0 = 0, we have ξ0(l1, l2) = 0. According to (15) and the first
equality (35), we have

(42)

∥Rn∥2 ≤ C
√
M1hx

√
M2hy(τ + h2x + h2y)

≤ CL(τ + h2x + h2y)

= Ĉ(τ + h2x + h2y), n = 1, 2, · · · , N,

where Ĉ = CL. Next, from Eq. (41), one has
(43)

|ξn(l1, l2)| ≤ |1 + C1,n + C2,n + b3 + i(b1 + b2)|−1
[ n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )|ξk(l1, l2)|

− (C1,n + C2,n)
n−1∑
k=1

g
(1−β)
k |ξn−k(l1, l2)|+ Γ(2− β)τβ |ηn(l1, l2)|

]
= |1 + C1,n + C2,n + b3 + i(b1 + b2)|−1

[ n−1∑
k=1

(a
(1−β)
n−k−1 − a

(1−β)
n−k )|ξk(l1, l2)|

− (C1,n + C2,n)

n−1∑
k=1

g
(1−β)
n−k |ξk(l1, l2)|+ Γ(2− β)τβ |ηn(l1, l2)|

]
,

n = 1, 2, · · · , N.

We also denote wn,k := a
(1−β)
n−k−1 − a

(1−β)
n−k − (C1,n +C2,n)g

(1−β)
n−k . Then Eq. (43) can

be simplified as

(44)

|ξn(l1, l2)| ≤|1 + C1,n + C2,n + b3 + i(b1 + b2)|−1

·
( n−1∑

k=1

wn,k|ξk(l1, l2)|+ Γ(2− β)τβ |ηn(l1, l2)|
)
.
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Multiplying |ξn(l1, l2)| on both sides of the inequality (44) yields
(45)

|ξn(l1, l2)|2 ≤
∣∣∣1 + C1,n + C2,n + b3 + i(b1 + b2)

∣∣∣−1( n−1∑
k=1

wn,k|ξk(l1, l2)||ξn(l1, l2)|

+ Γ(2− β)τβ |ηn(l1, l2)||ξn(l1, l2)|
)
.

For the two terms on the right side of (45), it follows from the Cauchy inequality
with ε that

(46) |ξk(l1, l2)||ξn(l1, l2)| ≤ ε|ξn(l1, l2)|2 +
1

4ε
|ξk(l1, l2)|2

and
(47)

Γ(2− β)τβ |ηn(l1, l2)||ξn(l1, l2)| ≤ εa
(1−β)
n−1 |ξn(l1, l2)|2 +

Γ(2− β)2τ2β

4εa
(1−β)
n−1

|ηn(l1, l2)|2.

Bringing (46) and (47) into (45) yields

(48)

|ξn(l1, l2)|2 ≤
ε(
∑n−1

k=1 wn,k + a
(1−β)
n−1 )

|1 + C1,n + C2,n + b3 + i(b1 + b2)|
|ξn(l1, l2)|2

+
1

4ε|1 + C1,n + C2,n + b3 + i(b1 + b2)|

·
( n−1∑

k=1

wn,k|ξk(l1, l2)|2 +
Γ(2− β)2τ2β

a
(1−β)
n−1

|ηn(l1, l2)|2
)
.

By virtue of Lemma 3.1, a straightforward calculation shows∑n−1
k=1 wn,k + a

(1−β)
n−1

|1 + C1,n + C2,n + b3 + i(b1 + b2)|

=

∑n−1
k=1

(
a
(1−β)
n−k−1 − a

(1−β)
n−k − (C1,n + C2,n)g

(1−β)
n−k

)
+ a

(1−β)
n−1

|1 + C1,n + C2,n + b3 + i(b1 + b2)|

=
1− (C1,n + C2,n)

∑n−1
k=1 g

(1−β)
n−k

|1 + C1,n + C2,n + b3 + i(b1 + b2)|

<
1 + C1,n + C2,n

|1 + C1,n + C2,n + i(b1 + b2)|
<1.

Taking ε = 1/2 and using the result 1

a
(1−β)
n−1

≤ nβ

1−β , according to the above result,

we deduce from (48) that

|ξn(l1, l2)|2 ≤
∣∣∣1 + C1,n + C2,n + b3 + i(b1 + b2)

∣∣∣−1( n−1∑
k=1

wn,k|ξk(l1, l2)|2

+ Γ(1− β)Γ(2− β)(nτ)βτβ |ηn(l1, l2)|2
)
.
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Further, using nτ ≤ T , we obtain

(49)

|ξn(l1, l2)|2 ≤(1 + C1,n + C2,n)
−1

[ n−1∑
k=1

(
a
(1−β)
n−k−1 − a

(1−β)
n−k

− (C1,n + C2,n)g
(1−β)
n−k

)
|ξk(l1, l2)|2

+ Γ(1− β)Γ(2− β)T βτβ |ηn(l1, l2)|2
]
.

Next, using the recursion relation (49) above, for n = 1, one has

|ξ1(l1, l2)|2 ≤ Γ(1− β)Γ(2− β)T βτβ |η1(l1, l2)|2.

For n = 2, it holds

|ξ2(l1, l2)|2 ≤ 1− a
(1−β)
1 − (C1,2 + C2,2)g

(1−β)
1

1 + C1,2 + C2,2
|ξ1(l1, l2)|2

+ Γ(1− β)Γ(2− β)T βτβ |η2(l1, l2)|2

≤ |ξ1(l1, l2)|2 + Γ(1− β)Γ(2− β)T βτβ |η2(l1, l2)|2

≤ Γ(1− β)Γ(2− β)T βτβ
(
|η1(l1, l2)|2 + |η2(l1, l2)|2

)
.

Similarly, for n ≥ 3, there exists

|ξn(l1, l2)|2 ≤ (1 + C1,n + C2,n)
−1

[ n−1∑
k=1

(
a
(1−β)
n−k−1 − a

(1−β)
n−k − (C1,n + C2,n)g

(1−β)
n−k

)
· |ξk(l1, l2)|2 + Γ(1− β)Γ(2− β)T βτβ |ηn(l1, l2)|2

]
≤ Γ(1− β)Γ(2− β)T βτβ

1 + C1,n + C2,n

n−1∑
k=1

(
a
(1−β)
n−k−1 − a

(1−β)
n−k − (C1,n + C2,n)g

(1−β)
n−k

)
·
n−1∑
j=1

|ηj(l1, l2)|2 + Γ(1− β)Γ(2− β)T βτβ |ηn(l1, l2)|2

≤
Γ(1− β)Γ(2− β)T βτβ

(
1− a

(1−β)
n−1 + (C1,n + C2,n)

)
1 + C1,n + C2,n

·
n−1∑
j=1

|ηj(l1, l2)|2 + Γ(1− β)Γ(2− β)T βτβ |ηn(l1, l2)|2

≤ Γ(1− β)Γ(2− β)T βτβ
n−1∑
j=1

|ηj(l1, l2)|2

+ Γ(1− β)Γ(2− β)T βτβ |ηn(l1, l2)|2

= Γ(1− β)Γ(2− β)T βτβ
n∑

j=1

|ηj(l1, l2)|2,

i.e.,

|ξn(l1, l2)|2 ≤ Γ(1− β)Γ(2− β)T βτβ
n∑

j=1

|ηj(l1, l2)|2.
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Summing the above inequality for l1 from −∞ to ∞ and l2 from −∞ to ∞, respec-
tively, and exchanging the order of summation yield

∞∑
l1=−∞

∞∑
l2=−∞

|ξn(l1, l2)|2 ≤ Γ(1− β)Γ(2− β)T βτβ
n∑

j=1

∞∑
l1=−∞

∞∑
l2=−∞

|ηj(l1, l2)|2.

This, together with (36), (37), and (42), leads to

∥en∥22 ≤ Γ(1− β)Γ(2− β)T βτβ
n∑

j=1

∥Rj∥22

≤ Γ(1− β)Γ(2− β)T βnτβĈ2(τ + h2x + h2y)
2.

Therefore, we have

∥en∥2 ≤
√

Γ(1− β)Γ(2− β)T βĈ(nτβ)
1
2 (τ + h2x + h2y)

≤
√

Γ(1− β)Γ(2− β)T βĈ
(
τ (1+β)/2 + τ (β−1)/2(h2x + h2y)

)
= C̃

(
τ (1+β)/2 + τ (β−1)/2(h2x + h2y)

)
,

where C̃ =
√
Γ(1− β)Γ(2− β)T βĈ. The proof is then completed. �

Obviously, according to Lemma 3.4 above, we naturally obtain the following
convergence result.

Theorem 3.5. The finite difference scheme (16) is convergent with the order
O(τ (1+β)/2 + τ (β−1)/2(h2x + h2y)).

Remark 3.6. For the problem (2), the presence of the term (t 0D
1−β
t △u) causes

the convergence analysis to be difficult. Thus, in the above proof of Lemma 3.4, our

analysis only yields the convergence order (τ
1+β
2 +τ

β−1
2 (h2x+h

2
y)) assuming that the

solution is sufficiently smooth. However, based on the idea of Lemma 3.4 above, we
will present an effective technique to enable the Fourier method to effectively handle

such nonlinear problems C
0 D

β
t u = p△u + q∇u + f(u) and can obtain the optimal

convergence order, as shown in the next section.

4. Application of the methodology to general nonlinear problem (5)

In this section, we apply the analysis method described in the previous section
to enable the Fourier method to handle nonlinear problems with the term f(u)
under the help of the discrete fractional Grönwall inequality. For this purpose, we
consider the general time fractional nonlinear equation (5), i.e.,

(50)

C
0 D

β
t u = p△u+ (q, q) · ∇u+ f(u, x, y, t), 0 ≤ x, y ≤ L, 0 ≤ t ≤ T,

u(0, y, t) = φ3(y, t), u(L, y, t) = φ4(y, t), 0 ≤ y ≤ L, 0 ≤ t ≤ T,

u(x, 0, t) = ψ3(x, t), u(x, L, t) = ψ4(x, t), 0 ≤ x ≤ L, 0 ≤ t ≤ T,

u(x, y, 0) = ϕ0(x, y), 0 ≤ x, y ≤ L.

In addition, we assume that the nonlinear source term f(u, x, y, t) has the first

order continuous partial derivative ∂f(u,x,y,t)
∂t , and satisfies the Lipschitz condition

with respect to u, that is,

(51) |f(ū, x, y, t)− f(ũ, x, y, t)| ≤ L|ū− ũ|, ∀ ū, ũ,

where L is a Lipschitz constant.
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4.1. The discrete problem. In this subsection, we adopt L1 scheme on graded

meshes to discrete C
0 D

β
t g. Let N be a positive integer and r ≥ 1. We set tn =

T ( n
N )r, n = 0, 1, . . . , N , and τn = tn − tn−1. The nonuniform L1 approximation of

the Caputo derivative C
0 D

β
t g is given by [26]

(52)

C
0 D

β
t g

n ≈
n∑

k=1

∫ tk

tk−1

w1−β(tn − s)∇τg
n/τkds

=
n∑

k=1

a
(n)
n−k∇τg

k = a
(n)
0 gn −

n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)g

k − a
(n)
n−1g

0,

where wβ(t) :=
tβ−1

Γ(β) , the difference operator ∇τg
n := gn − gn−1, and

a
(n)
n−k :=

∫ tk

tk−1

w1−β(tn − s)

τk
ds =

(tn − tk−1)
(1−β) − (tn − tk)

(1−β)

Γ(2− β)τk
, 1 ≤ k ≤ n.

Using the mean value theorem one can easily prove that

a
(n)
n−k+1 < w1−β(tn − tk−1) < a

(n)
n−k, 1 ≤ k ≤ n.

Since f(u, x, y, t) has the first order continuous derivative ∂f(u,x,y,t)
∂t , it follows that

(53) f(u(xj , ym, tn), xj , ym, tn) = f(u(xj , ym, tn−1), xj , ym, tn−1) +O(τ).

Applying (8)-(11), (52) and (53), one can get the following nonuniform finite differ-

ence scheme for (50) with the truncation error |R̃n
j,m| = O(N−min {1,rβ}+h2x+h

2
y),

i.e.,

(54)

n∑
k=1

a
(n)
n−k∇τU

k
j,m = p

(δ2xUn
j,m

h2x
+
δ2yU

n
j,m

h2y

)
+ q

(Un
j+1,m − Un

j−1,m

2hx
+
Un
j,m+1 − Un

j,m−1

2hy

)
+ fn−1

j,m ,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N,
Un
0,m = φ1(ym, tn), U

n
L,m = φ2(ym, tn), m = 0, 1, · · · ,M2, n = 1, 2, . . . , N,

Un
j,0 = ψ1(xj , tn), U

n
j,L = ψ2(xj , tn), j = 0, 1, · · · ,M1, n = 1, 2, . . . , N,

U0
j,m = ϕ(jhx,mhy), j = 0, 1, · · · ,M1, m = 0, 1, · · · ,M2,

where fn−1
j,m = f(Un−1

j,m , xj , ym, tn−1).

Before carrying out the theoretical analyses of the difference scheme (54), we
first give the following lemmas that will be used later.

Lemma 4.1 ([26]). If 0 < a
(n)
k ≤ a

(n)
k−1, for 1 ≤ k ≤ n ≤ N , the discrete Caputo

formula (52) satisfies

vn(
n∑

k=1

a
(n)
n−k∇τv

k) ≥ 1

2

n∑
k=1

a
(n)
n−k∇τ

(
|vk|2

)
for 1 ≤ n ≤ N.

Lemma 4.2 ([26]). Assume that the discrete convolution kernels a
(n)
n−k hold the

following three properties:
A1. The discrete kernel is monotone, that is,

0 < a
(n)
k−1 ≤ a

(n)
k−2 2 ≤ k ≤ n ≤ N.
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A2. There exists a constant πA > 0, holding that

a
(n)
n−k ≥ 1

πA

∫ tk

tk−1

w1−β(tn − s)

τk
ds, 1 ≤ k ≤ n ≤ N.

A3. There exists a positive constant ρ such that the step size ratios ρk := τk
τk+1

satisfy
ρk ≤ ρ, 1 ≤ k ≤ N − 1.

Let (ηn)Nn=1 and (λl)
N−1
l=0 be given non-negative sequence. Assume that there exists

a constant Λ (independent of the step sizes) such that Λ ≥
∑N−1

l=0 λl, and that
the maximum step size satisfies τ ≤ 1

β
√

2πAΓ(2−β)Λ
. For any non-negative sequence

(vk)Nk=0 such that
n∑

k=1

a
(n)
n−k∇τ (v

k)2 ≤
n∑

k=1

λn−k(v
k)2 + (ηn)2 for 1 ≤ n ≤ N.

Then it holds that, for 1 ≤ n ≤ N ,

vn ≤ 2Eβ(2max {1, ρ}πAΛtβn)
(
v0 +

√
πAΓ(1− β) max

1≤k≤N
{tβ/2k ηk}

)
,

where Eβ(z) :=
∑∞

k=0
zk

Γ(1+kβ) is the Mittag-Leffler function.

4.2. Stability analysis. In this subsection, we will rigorously prove that the dif-
ference scheme (54) is unconditionally stable, which is different from the previous
works [1, 23, 33].

Let Ũn
j,m be the approximate solutions of the difference scheme (54) and denote

the error
ρnj,m = Un

j,m − Ũn
j,m,

j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1, n = 0, 1, · · ·, N.
Then we obtain the error equation
(55)
n∑

k=1

a
(n)
n−k∇τ (ρ

k
j,m) =p

(δ2xρnj,m
h2x

+
δ2yρ

n
j,m

h2y

)
+ q

(ρnj+1,m − ρnj−1,m

2hx
+
ρnj,m+1 − ρnj,m−1

2hy

)
+ fn−1

j,m − f̃n−1
j,m ,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N,

where δ2xρ
k
j,m = ρkj+1,m − 2ρkj,m + ρkj−1,m , δ2yρ

k
j,m = ρkj,m+1 − 2ρkj,m + ρkj,m−1, and

f̃n−1
j,m = f(Ũn−1

j,m , xj , ym, tn−1).
Similar to subsection 3.1, for n = 0, 1, . . . , N , we define the grid function

ρn(x, y) =


ρnj,m, when xj −

hx
2
< x ≤ xj +

hx
2
, ym − hy

2
< y ≤ ym +

hy
2
,

(j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1),

0, when 0 ≤ x ≤ hx

2 or L− hx

2 < x ≤ L,

or 0 ≤ y ≤ hy

2 or L− hy

2 < y ≤ L,

and for n = 1, 2, . . . , N , define the grid function

gn−1(x, y) =


gn−1
j,m , when xj −

hx
2
< x ≤ xj +

hx
2
, ym − hy

2
< y ≤ ym +

hy
2
,

(j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1),

0, when 0 ≤ x ≤ hx

2 or L− hx

2 < x ≤ L,

or 0 ≤ y ≤ hy

2 or L− hy

2 < y ≤ L,
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where gn−1
j,m := fn−1

j,m − f̃n−1
j,m . Then ρn(x, y) and gn−1(x, y) can be expanded by

Fourier series, respectively, namely,

ρn(x, y) =
∞∑

l1=−∞

∞∑
l2=−∞

dn(l1, l2)e
2πi(l1x/L+l2y/L), n = 0, 1, · · ·, N,

and

gn−1(x, y) =

∞∑
l1=−∞

∞∑
l2=−∞

αn−1(l1, l2)e
2πi(l1x/L+l2y/L), n = 1, · · ·, N,

where

dn(l1, l2) =
1

L2

∫ L

0

∫ L

0

ρn(x, y)e−2πi(l1x/L+l2y/L)dxdy,

αn−1(l1, l2) =
1

L2

∫ L

0

∫ L

0

gn−1(x, y)e−2πi(l1x/L+l2y/L)dxdy.

Letting

ρn =
[
ρn1,1, ρ

n
1,2, · · ·, ρn1,M2−1, · · ·, ρnM1−1,1, ρ

n
M1−1,2, · · ·, ρnM1−1,M2−1

]T
,

gn−1 =
[
gn−1
1,1 , gn−1

1,2 , · · ·, gn−1
1,M2−1, · · ·, g

n−1
M1−1,1, ρ

n−1
M1−1,2, · · ·, g

n−1
M1−1,M2−1

]T
,

and applying the Parseval equality∫ L

0

∫ L

0

|ρn(x, y)|2dxdy = L2
∞∑

l1=−∞

∞∑
l2=−∞

|dn(l1, l2)|2,

∫ L

0

∫ L

0

|gn−1(x, y)|2dxdy = L2
∞∑

l1=−∞

∞∑
l2=−∞

|αn−1(l1, l2)|2,

and

(56) ∥ρn∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|ρnj,m|2 =

∫ L

0

∫ L

0

|ρn(x, y)|2dxdy,

(57) ∥gn−1∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|gn−1
j,m |2 =

∫ L

0

∫ L

0

|gn−1(x, y)|2dxdy,

we obtain

(58) ∥ρn∥22 = L2
∞∑

l1=−∞

∞∑
l2=−∞

|dn(l1, l2)|2, n = 0, 1, · · ·, N,

and

(59) ∥gn−1∥22 = L2
∞∑

l1=−∞

∞∑
l2=−∞

|αn−1(l1, l2)|2, n = 1, 2, · · ·, N.

Since the nonlinear term gn−1 is also expanded into Fourier series, we can analyze
them directly in one frequency domain (l1, l2), namely, we check the evolution of
one particular frequency (l1, l2) of the solution ρ

n of Eq. (55), i.e., inserting ρnj,m =
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dn(l1, l2)e
i(σ1jhx+σ2mhy) and gn−1

j,m = αn−1(l1, l2)e
i(σ1jhx+σ2mhy) with σ1 := 2πl1/L

and σ2 := 2πl2/L into the error equation (55) and using Euler’s formula lead to

(60)

n∑
k=1

a
(n)
n−k∇τ

(
dk(l1, l2)

)
=− p

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
dn(l1, l2)

+ iq
( sin(σ1hx)

hx
+

sin(σ2hy)

hy

)
dn(l1, l2) + αn−1(l1, l2),

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N.
For the sake of simplicity, we denote
(61)

λ1 :=
4p sin2(σ1hx

2 )

h2x
, λ2 :=

4p sin2(
σ2hy

2 )

h2y
, λ3 :=

q sin(σ1hx)

hx
, λ4 :=

q sin(σ2hy)

hy
.

Thus Eq. (60) can be rewritten as

(62)

a
(n)
0 dn(l1, l2)−

n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)dk(l1, l2)− a

(n)
n−1d0(l1, l2)

= −(λ1 + λ2)dn(l1, l2) + i(λ3 + λ4)dn(l1, l2) + αn−1(l1, l2),

n = 1, 2, · · ·, N.
Remark 4.3. Obviously, when the nonlinear term is also expanded by Fourier
series, Eq. (60) can be easily obtained from Eq. (55), being different from the
works in [1, 23, 33], which do not treat the nonlinear term. Next, we will complete
the proof of Lemma 4.4 below by applying the discrete fractional Grönwall inequality.

Lemma 4.4. Assume that dn(l1, l2) (n = 1, 2, · · ·, N) are the solutions of Eq. (62).
Then we have

∥ρn∥2 ≤ 2Eβ(2max{1, ρ}Λtβn)∥ρ0∥2,
where Λ = 1 + L2.

Proof. Notice that 0 < β < 1, a
(n)
0 =

τ−β
n

Γ(2−β) > 0, and λi > 0 (i = 1, 2, 3, 4). From

Eq. (62), we have(
1 +Qn(λ1 + λ2)− iQn(λ3 + λ4)

)
dn(l1, l2) =Qn

( n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)dk(l1, l2)

+ a
(n)
n−1d0(l1, l2) + αn−1(l1, l2)

)
,

n = 1, 2, · · · , N,

where Qn = 1

a
(n)
0

. Further, there exists

|dn(l1, l2)| =
Qn

|1 +Qn(λ1 + λ2)− iQn(λ3 + λ4)|

( n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)|dk(l1, l2)|

+ a
(n)
n−1|d0(l1, l2)|+ |αn−1(l1, l2)|

)
,

≤ Qn

( n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)|dk(l1, l2)|+ a

(n)
n−1|d0(l1, l2)|+ |αn−1(l1, l2)|

)
,

n = 1, 2, · · · , N.
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Then, one has

a
(n)
0 |dn(l1, l2)| −

n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)|dk(l1, l2)| − a

(n)
n−1|d0(l1, l2)|

≤ |αn−1(l1, l2)|,
n = 1, 2, · · ·, N,

i.e.,

(63)

n∑
k=1

a
(n)
n−k∇τ

(
|dk(l1, l2)|

)
≤ αn−1(l1, l2)|, n = 1, 2, · · ·, N.

Multiplying |dn(l1, l2)| on both sides of the inequality (63) yields

(64) |dn(l1, l2)|
( n∑

k=1

a
(n)
n−k∇τ

(
|dk(l1, l2)|

))
≤ αn−1(l1, l2)||dn(l1, l2)|.

From Lemma 4.1 and with the help of the Cauchy inequality, it follows that

n∑
k=1

a
(n)
n−k∇τ

(
|dk(l1, l2)|2

)
≤ |dn(l1, l2)|2 + |αn−1(l1, l2)|2.

Summing the above inequality for l1 from −∞ to ∞ and l2 from −∞ to ∞, respec-
tively, and exchanging the order of summation yield

n∑
k=1

a
(n)
n−k∇τ

( ∞∑
l1=−∞

∞∑
l2=−∞

|dk(l1, l2)|2
)

≤
∞∑

l1=−∞

∞∑
l2=−∞

|dn(l1, l2)|2 +
∞∑

l1=−∞

∞∑
l2=−∞

|αn−1(l1, l2)|2.

According to (58) and (59), we have

(65)

n∑
k=1

a
(n)
n−k∇τ

(
∥ρk∥22

)
≤ ∥ρn∥22 + ∥gn−1∥22.

By (51), gn−1
j,m := fn−1

j,m − f̃n−1
j,m , and the first equality of (56) and (57), we obtain

∥gn−1∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|gn−1
j,m |2 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|fn−1
j,m − f̃n−1

j,m |2 (by (57))

≤ L2
M1−1∑
j=1

M2−1∑
m=1

hxhy|Un−1
j,m − Ũn−1

j,m |2 (by (51))

= L2
M1−1∑
j=1

M2−1∑
m=1

hxhy|ρn−1
j,m |2 (by (56))

= L2∥ρn−1∥22.

Thus, from (65) we can get

n∑
k=1

a
(n)
n−k∇τ (∥ρk∥22) ≤ ∥ρn∥22 + L2∥ρn−1∥22.
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Applying the discrete fractional Grönwall inequality Lemma 4.2 with the substitu-
tions

vk := ∥ρk∥2, ηn := 0 (1 ≤ n ≤ N), λ0 := 1, λ1 := L2, λl := 0 (l ≥ 2)

to the above inequality, one has

∥ρn∥2 ≤ 2Eβ(2max{1, ρ}Λtβn)∥ρ0∥2,

where Λ = 1 + L2. The proof is then completed. �

As a direct consequence of Lemma 4.4, we immediately obtain the following
stability result.

Theorem 4.5. The finite difference scheme (54) is unconditionally stable.

4.3. Convergence analysis. In this subsection, similar to stability analysis, with-
out extra assumptions on the truncated error function, we will present the strict
Fourier convergence proof of the finite difference scheme (54).

According to Eq. (54), one has
(66)
n∑

k=1

a
(n)
n−k∇τu

k
j,m = p

(δ2xunj,m
h2x

+
δ2yu

n
j,m

h2y

)
+ q

(unj+1,m − unj−1,m

2hx
+
unj,m+1 − unj,m−1

2hy

)
+ f(un−1

j,m , xj , ym, tn−1) + R̃n
j,m,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N.

Subtracting the first equality of Eq. (54) from Eq. (66), there exists the error
equation
(67)

n∑
k=1

a
(n)
n−k∇τe

k
j,m = p

(δ2xenj,m
h2x

+
δ2ye

n
j,m

h2y

)
+ q

(enj+1,m − enj−1,m

2hx
+
enj,m+1 − enj,m−1

2hy

)
+ f(un−1

j,m , xj , ym, tn−1)− fn−1
j,m + R̃n

j,m,

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N,

where enj,m = unj,m − Un
j,m. Notice that the error equation satisfies the boundary

conditions

en0,m = enM1,m = 0, m = 0, 1, · · · ,M2, n = 1, 2, · · · , N,
enj,0 = enj,M2

= 0, j = 0, 1, · · · ,M1, n = 1, 2, · · · , N,

and the initial condition

e0j,m = 0, j = 0, 1, · · · ,M1, m = 0, 1, · · · ,M2.

Denote g̃n−1
j,m := f(un−1

j,m , xj , ym, tn−1)− fn−1
j,m . Similar to the stability analyses, for

n = 0, 1, . . . , N , we also define the grid function

en(x, y) =


enj,m, when xj −

hx
2
< x ≤ xj +

hx
2
, ym − hy

2
< y ≤ ym +

hy
2
,

(j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1)

0, when 0 ≤ x ≤ hx

2 or L− hx

2 < x ≤ L,

or 0 ≤ y ≤ hy

2 or L− hy

2 < y ≤ L,
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and for n = 1, 2, · · · , N , define the grid functions

R̃n(x, y) =


R̃n

j,m, when xj −
hx
2
< x ≤ xj +

hx
2
, ym − hy

2
< y ≤ ym +

hy
2
,

(j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1)

0, when 0 ≤ x ≤ hx

2 or L− hx

2 < x ≤ L,

or 0 ≤ y ≤ hy

2 or L− hy

2 < y ≤ L,

and

g̃n−1(x, y) =


g̃n−1
j,m , when xj −

hx
2
< x ≤ xj +

hx
2
, ym − hy

2
< y ≤ ym +

hy
2
,

(j = 1, 2, · · ·,M1 − 1, m = 1, 2, · · ·,M2 − 1)

0, when 0 ≤ x ≤ hx

2 or L− hx

2 < x ≤ L,

or 0 ≤ y ≤ hy

2 or L− hy

2 < y ≤ L,

respectively. Then, the functions en(x, y), Rn(x, y), and g̃n−1(x, y) can also be
expanded by Fourier series, respectively, namely,

en(x, y) =
∞∑

l1=−∞

∞∑
l2=−∞

ξn(l1, l2)e
2πi(l1x/L+l2y/L), n = 0, 1, · · ·, N,

R̃n(x, y) =
∞∑

l1=−∞

∞∑
l2=−∞

η̃n(l1, l2)e
2πi(l1x/L+l2y/L), n = 1, 2, · · ·, N,

and

g̃n−1(x, y) =

∞∑
l1=−∞

∞∑
l2=−∞

βn−1(l1, l2)e
2πi(l1x/L+l2y/L), n = 1, 2, · · ·, N,

where

ξn(l1, l2) =
1

L2

∫ L

0

∫ L

0

en(x, y)e−2πi(l1x/L+l2y/L)dxdy,

η̃n(l1, l2) =
1

L2

∫ L

0

∫ L

0

Rn(x, y)e−2πi(l1x/L+l2y/L)dxdy,

and

βn−1(l1, l2) =
1

L2

∫ L

0

∫ L

0

g̃n−1(x, y)e−2πi(l1x/L+l2y/L)dxdy.

Letting

en =
[
en1,1, e

n
1,2, · · ·, en1,M2−1, · · ·, enM1−1,1, e

n
M1−1,2, · · ·, enM1−1,M2−1

]T
,

R̃n =
[
R̃n

1,1, R̃
n
1,2, · · ·, R̃n

1,M2−1, · · ·, R̃n
M1−1,1, R̃

n
M1−1,2, · · ·, R̃n

M1−1,M2−1

]T
,

g̃n−1 =
[
g̃n−1
1,1 , g̃n−1

1,2 , · · ·, g̃n−1
1,M2−1, · · ·, g̃

n−1
M1−1,1, g̃

n−1
M1−1,2, · · ·, g̃

n−1
M1−1,M2−1

]T
,

and applying the Parseval equalities∫ L

0

∫ L

0

|en(x, y)|2dxdy = L2
∞∑

l1=−∞

∞∑
l2=−∞

|ξn(l1, l2)|2, n = 0, 1, · · · , N,

∫ L

0

∫ L

0

|R̃n(x, y)|2dxdy = L2
∞∑

l1=−∞

∞∑
l2=−∞

|η̃n(l1, l2)|2, n = 1, 2, · · · , N,

∫ L

0

∫ L

0

|g̃n−1(x, y)|2dxdy = L2
∞∑

l1=−∞

∞∑
l2=−∞

|βn−1(l1, l2)|2, n = 1, 2, · · · , N,
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and

(68) ∥en∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|enj,m|2 =

∫ L

0

∫ L

0

|en(x, y)|2dxdy, n = 0, 1, · · · , N,

(69)

∥R̃n∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|R̃n
j,m|2 =

∫ L

0

∫ L

0

|R̃n(x, y)|2dxdy, n = 1, 2, · · · , N,

(70)

∥g̃n−1∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|g̃n−1
j,m |2 =

∫ L

0

∫ L

0

|g̃n−1(x, y)|2dxdy, n = 1, 2, · · · , N,

one can obtain

(71) ∥en∥22 = L2
∞∑

l1=−∞

∞∑
l2=−∞

|ξn(l1, l2)|2, n = 0, 1, · · · , N,

(72) ∥R̃n∥22 = L2
∞∑

l1=−∞

∞∑
l2=−∞

|η̃n(l1, l2)|2, n = 1, 2, · · · , N,

and

(73) ∥g̃n−1∥22 = L2
∞∑

l1=−∞

∞∑
l2=−∞

|βn−1(l1, l2)|2, n = 1, 2, · · · , N.

Due to the fact that the nonlinear term g̃n−1 is expanded in Fourier series, we
directly consider the error in one particular frequency (l1, l2), i.e., take

(74) enj,m = ξn(l1, l2)e
i(σ1jhx+σ2mhy)

(75) R̃n
j,m = η̃n(l1, l2)e

i(σ1jhx+σ2mhy)

and

(76) g̃n−1
j,m = βn−1(l1, l2)e

i(σ1jhx+σ2mhy),

respectively, where σ1 := 2πl1/L and σ2 := 2πl2/L. Substituting (74), (75), and
(76) into Eq. (67) and using Euler’s formula result in

(77)

n∑
k=1

a
(n)
n−k∇τ

(
ξk(l1, l2)

)
=− p

(4 sin2(σ1hx

2 )

h2x
+

4 sin2(
σ2hy

2 )

h2y

)
ξn(l1, l2)

+ iq
( sin(σ1hx)

hx
+

sin(σ2hy)

hy

)
ξn(l1, l2) + βn−1(l1, l2) + η̃n(l1, l2),

j = 1, 2, · · · ,M1 − 1, m = 1, 2, · · · ,M2 − 1, n = 1, 2, · · · , N.
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Using the same notations as (61), then Eq. (77) can be rewritten as

(78)

a
(n)
0 ξn(l1, l2)−

n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)ξk(l1, l2)− a

(n)
n−1ξ0(l1, l2)

= −(λ1 + λ2)ξn(l1, l2) + i(λ3 + λ4)ξn(l1, l2) + βn−1(l1, l2) + η̃n(l1, l2),

n = 1, 2, · · ·, N.
Next, without extra assumption on the truncated error function, we apply a

similar proof technique to Lemma 4.4 to finish the proof of Lemma 4.6 below.

Lemma 4.6. Assume that ξn(l1, l2) (n = 1, 2, · · ·, N) are the solutions of Eq. (78).
Then we have

∥en∥2 ≤2Eβ(2max{1, ρ}Λtβn)
√
Γ(1− β)tβ/2n Ĉ

· (N−min{1,rβ} + h2x + h2y), n = 1, 2, · · ·, N,

where Λ = 2 + L2 and Ĉ = CL.

Proof. Noticing that e0 = 0, we have ξ0(l1, l2) = 0. According to |R̃n
j,m| ≤

C(N−min{1,rβ} + h2x + h2y) and the first equality (69), we have

(79)

∥R̃n∥2 ≤ C
√
M1hx

√
M2hy(N

−min{2−β,rβ} + h2x + h2y)

≤ CL(N−min{1,rβ} + h2x + h2y)

= Ĉ(N−min{1,rβ} + h2x + h2y), n = 1, 2, · · · , N,

where Ĉ = CL. From Eq. (78) and denoting Qn := 1

a
(n)
0

, there exists

(
1 +Qn(λ1 + λ2)− iQn(λ3 + λ4)

)
ξn(l1, l2) =Qn

( n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)ξk(l1, l2)

+ βn−1(l1, l2) + η̃n(l1, l2)
)
,

n = 1, 2, · · · , N.
Further, one has

|ξn(l1, l2)| =
Qn

|1 +Qn(λ1 + λ2)− iQn(λ3 + λ4)|

( n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)|ξk(l1, l2)|

+ |βn−1(l1, l2)|+ |η̃n(l1, l2)|
)
,

≤ Qn

( n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)|ξk(l1, l2)|+ |βn−1(l1, l2)|+ |η̃n(l1, l2)|

)
,

n = 1, 2, · · · , N.
Then, we obtain

a
(n)
0 |ξn(l1, l2)| −

n−1∑
k=1

(a
(n)
n−k−1 − a

(n)
n−k)|ξk(l1, l2)| ≤ |βn−1(l1, l2)|+ |η̃n(l1, l2)|,

n = 1, 2, · · ·, N,
i.e.,

(80)

n∑
k=1

a
(n)
n−k∇τ

(
|ξk(l1, l2)|

)
≤ |βn−1(l1, l2)|+ |η̃n(l1, l2)|, n = 1, 2, · · ·, N.
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Multiplying |ξn(l1, l2)| on both sides of the inequality (80) yields
(81)

|ξn(l1, l2)|
( n∑

k=1

a
(n)
n−k∇τ

(
|ξk(l1, l2)|

))
≤ |βn−1(l1, l2)||ξn(l1, l2)|+ |η̃n(l1, l2)||ξn(l1, l2)|.

For the two terms on the right hand side of (81), it follows from the Cauchy in-
equality that

|βn−1(l1, l2)||ξn(l1, l2)| ≤
1

2
|βn−1(l1, l2)|2 +

1

2
|ξn(l1, l2)|2,

|η̃n(l1, l2)||ξn(l1, l2)| ≤
1

2
|η̃n(l1, l2)|2 +

1

2
|ξn(l1, l2)|2.

With the help of Lemma 4.1, from (81) one has
n∑

k=1

a
(n)
n−k∇τ

(
|ξk(l1, l2)|2

)
≤ 2|ξn(l1, l2)|2 + |βn−1(l1, l2)|2 + |η̃n(l1, l2)|2.

Summing the above inequality for l1 from −∞ to ∞ and l2 from −∞ to ∞, respec-
tively, and exchanging the order of summation yield

n∑
k=1

a
(n)
n−k∇τ

( ∞∑
l1=−∞

∞∑
l2=−∞

|ξk(l1, l2)|2
)

≤2
∞∑

l1=−∞

∞∑
l2=−∞

|ξn(l1, l2)|2 +
∞∑

l1=−∞

∞∑
l2=−∞

|βn−1(l1, l2)|2

+
∞∑

l1=−∞

∞∑
l2=−∞

|η̃n(l1, l2)|2.

According to (71)-(73), we have

(82)

n∑
k=1

a
(n)
n−k∇τ

(
∥ek∥22

)
≤ 2∥en∥22 + ∥g̃n−1∥22 + ∥R̃n∥22.

By using (51), g̃n−1
j,m := f(un−1

j,m , xj , ym, tn−1) − fn−1
j,m , and the first equality of (68)

and (70), we obtain

∥g̃n−1∥22 =

M1−1∑
j=1

M2−1∑
m=1

hxhy|g̃n−1
j,m |2

=

M1−1∑
j=1

M2−1∑
m=1

hxhy|f(un−1
j,m , xj , ym, tn−1)− fn−1

j,m |2 (by (70))

≤ L2
M1−1∑
j=1

M2−1∑
m=1

hxhy|un−1
j,m − Un−1

j,m |2 (by (51))

= L2
M1−1∑
j=1

M2−1∑
m=1

hxhy|en−1
j,m |2 (by (68))

= L2∥en−1∥22.

Thus, from (82) we can get
n∑

k=1

a
(n)
n−k∇τ

(
∥ek∥22

)
≤ 2∥en∥22 + L2∥en−1∥22 + ∥R̃n∥22.
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Applying the discrete fractional Grönwall inequality Lemma 4.2 with the substitu-
tions

vk := ∥ek∥2, ηn := ∥R̃n∥, λ0 := 2, λ1 := L2, λl := 0 (l ≥ 2)

to the above inequality, and according to (79) one has

∥en∥2 ≤ 2Eβ(2max{1, ρ}Λtβn)
(√

Γ(1− β) max
1≤k≤n

{tβ/2k ∥R̃k∥2}
)

≤ 2Eβ(2max{1, ρ}Λtβn)
√

Γ(1− β)tβ/2n Ĉ(N−min{1,rβ} + h2x + h2y),

where Λ = 2 + L2. This proof is then completed. �
Obviously, according to Lemma 4.6 above, we naturally obtain the following

convergence result.

Theorem 4.7. The finite difference scheme (54) is convergent with the order
O(N−min{1,rβ} + h2x + h2y).

5. Numerical experiments

To demonstrate the effectiveness of the numerical scheme and verify the error
estimates obtained in Theorem 3.5 and Theorem 4.7, we now present some numer-
ical simulations for the discrete problem (16) and (54) in one and two dimensional
cases. In our computations, we always take T = 1, L = π. The errors are measured
in the sense of L2 norm and L∞ norm, respectively.

5.1. Numerical results for difference scheme (16). Here, the orders of con-
vergence are calculated by the standard formulas as follows

Spatial convergence rate = log2

( Ep(M,N)

Ep(2M,N)

)
and

Time convergence rate = log2

( Ep(M,N)

Ep(M, 2N)

)
,

where the positive integer N is the number of time intervals and M is the number
of uniform space partition in one direction (both directions have the same number
of partitions for the two dimensional cases). The error Ep(M,N) is calculated by
(e.g., in two dimensional case)

(83) Ep(M,N) := ∥u(xj , ym, tN )− UN
j,m∥p,

where p = 2 or ∞.

Example 5.1. We consider the one-dimensional initial-boundary value problem of
Fokker-Planck equation with a source term:

(84)

C
0 D

β
t u(x, t) =

A

β

[
t 0D

1−β
t

∂2u(x, t)

∂x2

]
−A

∂u(x, t)

∂x

− κu+ h(x, t), (x, t) ∈ (0, π)× (0, 1],

u(0, t) = u(π, t) = 0, t ∈ (0, 1],

u(x, 0) = 0, x ∈ [0, π],

where the source term

h(x, t) =
( 2t2−β

Γ(3− β)
+

2At1+β

βΓ(2 + β)
+ κt2

)
sin(x) +At2 cos(x)

is specially chosen such that the problem (84) admits an exact solution in the form
of u(x, t) = t2 sin(x).
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Tables 1-2 show the L2 norm errors, the L∞ norm errors, and time-space conver-
gence orders of the finite difference scheme (16) for the problem (84). To investigate
the convergence in time and eliminate the influence from spatial discretization, we
takeM = 600 large enough such that the spatial discretization does not pollute the
temporal error in Table 1. From Table 1, it is observed that the proposed scheme
has first-order convergence with respect to the time direction in the sense of two
different norms, which is consistent with the theoretical estimate. Table 2 shows
the numerical L2 norm errors, L∞ norm errors, and the order of convergence in the
spatial direction with respect to different values of β when N = M2. From Table
2, it can be clearly seen that the rate of convergence is of order 2 in space direction
with respect to both norms. From Tables 1-2, it is confirmed that the convergence
rates are strictly O(τ + h2). This suggests that the excellent agreement of the
numerical results with the theoretical predictions is experimentally supported.

Example 5.2. We consider the one-dimensional initial-boundary value problem of
Fokker-Planck equation:
(85)

C
0 D

β
t u(x, t) =

A

β

[
t 0D

1−β
t

∂2u(x, t)

∂x2

]
−A

∂u(x, t)

∂x
− κu(x, t), (x, t) ∈ (0, π)× (0, 1],

u(0, t) = u(π, t) = 0, t ∈ (0, 1],

u(x, 0) = sin(x), x ∈ [0, π].

Since the analytical solution is unknown for problem (85), the orders of the
convergence of the numerical results are computed by the two-mesh principle

rateτ = log2

( e(M,N)

e(2M, 2N)

)
,

where e(M,N) := max
1≤n≤N

∥Un/2
m/2 − Un

m∥p, p = 2,∞. With u(x, 0) = sin(x), the

solution of Example 5.2 will have a weak singularity at t = 0. Since the spatial
error O(h2) is standard, here we only investigate the temporal error on uniform
meshes. Table 3 shows maximum of the errors and convergence orders of the finite
difference scheme (16) for the problem (85), where we take M = N such that
e(M,N) ≈ e(N) to verify the convergence orders in the temporal directions. From
Table 3, the numerical data indicate that the order of temporal convergence is
about O(τβ) when the solution is not smooth.

Example 5.3. We consider the two-dimensional initial-boundary value problem of
the Fokker-Planck equation with a source term:

(86)

C
0 D

β
t u(x, y, t) =

A

β
t 0D

1−β
t

(∂2u(x, y, t)
∂x2

+
∂2u(x, y, t)

∂y2

)
−A

(∂u(x, y, t)
∂x

+
∂u(x, y, t)

∂y

)
− u(x, y, t) + h(x, y, t),

(x, y, t) ∈ (0, π)× (0, π)× (0, 1],

u(0, y, t) = u(π, y, t) = u(x, 0, t) = u(x, π, t) = 0, t ∈ (0, 1],

u(x, y, 0) = 0, (x, y) ∈ [0, π]× [0, π],

where the source term

h(x, y, t) =
( 2t2−β

Γ(3− β)
+

4At2+β

βΓ(2 + β)
+ t2

)
sin(x) sin(y)

+At2
(
cos(x) sin(y) + sin(x) cos(y)

)
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is specially chosen such that the problem (86) admits an exact solution in the form
of u(x, y, t) = t2 sin(x) sin(y).

Table 5. The L2 errors, L∞ errors, and orders of spatial conver-
gence of the scheme (16) withM1 =M2 =M , A = 2 and A = 2 for
Example 5.3.

β

N = M2

M = 8, N = 64 M = 12, N = 144 M = 18, N = 324 M = 27, N = 729

β = 0.4

L2 error 3.130e-02 1.380e-02(2.0198) 6.100e-03(2.0134) 2.700e-03(2.0101)

L∞ error 3.200e-02 1.440e-02(1.9694) 6.400e-03(2.0000) 2.900e-03(1.9523)

β = 0.6

L2 error 2.550e-02 1.120e-02(2.0292) 5.000e-03(1.9890) 2.200e-03(2.0248)

L∞ error 3.370e-02 1.520e-02(1.9637) 6.800e-03(1.9838) 3.100e-03(1.9373)

β = 0.8

L2 error 2.130e-02 9.400e-03(2.00174) 4.100e-03(2.0463) 1.800e-03(2.0303)

L∞ error 3.540e-02 1.610e-02(1.9432) 7.300e-03(1.9507) 3.300e-03(1.9581)

Table 4 displays the L2 norm errors, L∞ norm errors, and the corresponding
convergence order with respect to the time step size with M1 = M2 = 64 large
enough so that the error with respect to spatial discretization can be omitted.
From Table 4, it is observed that in the time direction the convergence is first-
order for different values of N and β. Table 5 shows the L2 norm errors, L∞ norm
errors, and the order of convergence in the spatial direction with respect to different
values of β when N =M2 =M2

1 =M2
2 , and the order of convergence is 2 in space

direction. From Tables 4-5, it can be seen that the rate of convergence is of order
O(τ + h2x + h2y).

5.2. Numerical results for nonuniform difference scheme (54).

Example 5.4. We consider the following one-dimensional nonlinear subdiffusion
problem:

(87)

C
0 D

β
t u =

∂2u

∂x2
+ q

∂u

∂x
+ u(1− u) + g1(x, t), (x, t) ∈ (0, π)× (0, 1],

u(0, t) = u(π, t) = 0, t ∈ (0, 1],

u(x, 0) = 0, x ∈ [0, π],

where g(x, t) is specially chosen such that the problem (87) admits an exact solution
in the form of u(x, t) = (t2 + tβ) sin(x).

Here, the temporal convergence order is calculated by the formula log2

(
e(M,N)

e(2M,2N)

)
,

where e(M,N) := max
1≤n≤N

∥unm−Un
m∥p, p = 2,∞. In Tables 6 and 7, we takeM = N

to verify the temporal convergence order for r = 1 and r = (2− β)/β, respectively.
One can see that the temporal convergence rates are O(N−min{1,rβ}). In addition,
as shown in Table 8, we set N =M2 to verify the order of spatial convergence, and
it is obvious that the spatial convergence order is 2. In short, the numerical results
in Tables 6-8 confirm that the convergence order is O(N−min{1,rβ} + h2).
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Table 11. The L2 errors, L∞ errors, and orders of spatial con-
vergence of the scheme (54) with M = M1 = M2 and q = 1 for
Example 5.5.

β

N = M2

M = 8, N = 64 M = 12, N = 144 M = 18, N = 324 M = 27, N = 729

β = 0.4

L2 error 1.265e-01 5.580e-02(2.0186) 2.470e-02(2.0100) 1.100e-02(1.9950)

L∞ error 7.410e-02 3.240e-02(2.0251) 1.440e-02(2.0152) 6.400e-03(2.0000)

β = 0.6

L2 error 7.250e-01 3.210e-02(2.0094) 1.420e-02(2.0116) 6.300e-03(2.0043)

L∞ error 4.220e-02 1.870e-02(2.0073) 8.300e-03(2.0033) 3.700e-03(1.9926)

β = 0.8

L2 error 4.630e-02 2.050e-02(2.0093) 9.100e-03(2.0030) 4.100e-03(1.9663)

L∞ error 2.660e-02 1.180e-02(2.0046) 5.300e-03(1.9740) 2.400e-03(1.9539)

Example 5.5. We consider the following two-dimensional nonlinear subdiffusion
problem:
(88)
C
0 D

β
t u = △u+ (q, q) · ∇u+ u(1− u) + g2(x, y, t), (x, y, t) ∈ (0, π)× (0, π)× (0, 1],

u(0, y, t) = u(π, y, t) = u(x, 0, t) = u(x, π, t) = 0, t ∈ (0, 1],

u(x, y, 0) = 0, (x, y) ∈ [0, π]× [0, π],

where g2(x, y, t) is specially chosen such that the problem (88) admits an exact
solution in the form of u(x, y, t) = (t2 + tβ) sin(x) sin(y).

In Tables 9 and 10, we take M =M1 =M2 = 64, and take different N to verify
the temporal convergence order for r = 1 and r = (2 − β)/β, respectively. One
can also see that the temporal convergence rates are O(N−min{1,rβ}). In addition,
as shown in Table 11, we set N = M2 = M2

1 = M2
2 to verify the order of spatial

convergence, and it is obvious that the spatial convergence order is 2. Therefore,
the numerical results in Tables 9-11 also verify that the convergence order of the
difference scheme (54) is O(N−min{1,rβ} + h2x + h2y), which is consistent with our
theoretical analysis.

6. Conclusion

In this paper, we mainly propose an effective proof technique that combines the
ideas of Fourier analysis, enabling the Fourier method to be extended to handle
nonlinear problems. This paper provides the finite difference schemes for two types
of two-dimensional problems. We first consider the time fractional Fokker-Planck
Eq. (2)-(4), where L1 method and Grünwald-Letnikov formula are used to discrete
the time fractional Caputo and Riemann-Liouville operators on uniform meshes,
respectively. Then we consider the general time fractional Eq. (50), where L1
method is used to discrete the time fractional Caputo operator on graded meshes.
Additionally, the strict unconditional stability and convergence of the two fully
discrete schemes are rigorously proved. Finally, a series of numerical examples in
one and two dimensional cases are provided to confirm the theoretical results and
to demonstrate the efficiency of the proposed method.
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