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FOURIER CONVERGENCE ANALYSIS FOR FOKKER-PLANCK
EQUATION OF TEMPERED FRACTIONAL
LANGEVIN-BROWNIAN MOTION AND NONLINEAR TIME
FRACTIONAL DIFFUSION EQUATION

MAOPING WANG, WEIHUA DENG*

Abstract. Fourier analysis works well for the finite difference schemes of the linear partial dif-
ferential equations. However, the presence of nonlinear terms leads to the fact that the method
cannot be applied directly to deal with nonlinear problems. In the current work, we introduce
an effective approach to enable Fourier methods to effectively deal with nonlinear problems and
elaborate on it in detail by rigorously proving that the difference scheme for two-dimensional non-
linear problem considered in this paper is strictly unconditionally stable and convergent. Further,
some numerical experiments are performed to confirm the rates of convergence and the robustness
of the numerical scheme.

Key words. Time-fractional Fokker-Planck model, L1 scheme, Nonlinearity, Fourier stability-
convergence analysis.

1. Introduction

Anomalous dynamics are ubiquitous in the nature world, especially in the com-
plex system, the applications of which have a broad range, including physics [2],
chemistry [14], and biology [32], etc. Unlike the classic mathematical and physi-
cal model for describing the diffusion, the anomalous diffusion processes no longer
obey Fourier’s or Fick’s law [20, 27, 28]. We usually distinguish between normal and
anomalous diffusive processes according to the mean squared displacement (MSD)
(see [34] and the references therein), the MSD of the anomalous diffusing species
(x2(t)) scales as the following nonlinear power law, i.e.,

(@(1)) ~ mpt?,

where ( is the anomalous diffusion index and x4 the diffusion coeflicient. According
to 8 the anomalous diffusions are distinguished into subdiffusion if 0 < 8 < 1,
normal diffusion if § = 1, and superdiffusion if 5 > 1. Especially, we call it
underballistic hyperdiffusion, ballistic diffusion, and hyperballistic diffusion as 1 <
B <2, 8 =2, and 8 > 2, respectively; see, e.g., [21]. Several effective methods
are restored to describe the anomalous subdiffusive transport processes, including
continuous time random walk model, fractal diffusion equation, fractional Klein-
Kramers equation, and fractional Brownian and Langevin motion [6, 8, 9, 16, 22],
etc.

In this paper, we aim to give an efficient proof idea to extend the Fourier method
to deal with the nonlinear problems with nonlinear term f(u). For this purpose,
we consider the following two-dimensional nonlinear time fractional Fokker-Planck
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equation
(1)

D u(e,y.t) =3[ oDl ° A ulw,y.t)] — (A, 4) - Vule,y,t) + f(ule,y. 1), 2.3.1),

A
B
0<z, y<L 0<t<T,

where 0 < 3 < 1, A and A are positive constants, and (4, A) is a two-dimensional
vector. The time fractional Caputo derivative operator § D! is defined by [24]

B 1 ! _z0u(s)
oCDtBu(t)—m/o(t—S) g 55 0%

and the time fractional Riemann-Liouville derivative operator thl 5 is defined as
[24]

1-8 1 0 [ 51
DI ult) = 8t/0 (t - )5 Lu(s)ds,

where ['(z) := [ s* 'e*ds (for R(z) > 0) denotes the Gamma function. Here,
the solution u(z,y,t) of model (1) represents the probability density function of
particle position (see, e.g., [6, 31]).

For the problem (1), the theoretical analysis will be challenged as the right-hand
side of the equation contains the term (¢ OD,}*’BAu). Thus, in this paper, we first
consider the case of f(u) = —ku + h(x,y,t) (k > 0) in model (1), i.e.,

A _
thBu(z,y,t) :E |: t ODtl IBA u(ﬂj‘,y,t)i| - (AvA) ! VU(ZE,:%t)

— ku(z,y,t) + h(z,y,t), 0<z, y<L 0<t<T,

(2)

with the boundary conditions
u(0,y,t) = p1(y, 1), w(L,y,t) = @2(y,t), 0
u(z,0,t) = ¥1(x,t), u(z, L, t) = (x,t), 0
and the initial condition
(4) u(z,y,0) = ¢(z,y), 0< z,y< L.

Then in Section 4, we consider the general two-dimensional nonlinear time fractional
sub-diffusion problem

where p > 0, ¢ € R.

Due to their wide applications, fractional partial differential equations (FPDEs)
have generated much interest in developing stable and accurate numerical meth-
ods as well as rigorous mathematical and numerical analysis; see [12, 15] and the
references therein. We know that although some analytical solutions of FPDEs
are expressed in terms of some special functions, these special functions are always
difficult to evaluate numerically. This has naturally led to the rapid development
of various effective numerical methods, including finite difference methods [5], fi-
nite element methods [7, 13], finite volume methods [11], spectral method [10], and
collocation methods [17], etc. Among the existing approaches, the finite difference
approximation to the fractional derivative seems to be the most studied one. And
the L1 method [18] and Griinwald Letnikov formula [29] are effective discretization
methods and are widely used in discretization of fractional differential operators.

As we all know, the Fourier stability analysis works well and is popular for the
finite difference schemes of the linear partial differential equations with constant
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coeflicients or variable coefficients independent of spatial variables; see for example,
[3, 4, 25] and the references therein. Recently, for such linear problems as mentioned
above, we have given a strict Fourier convergence proof in [30, 31] to remove the
unreasonable assumptions required by the original literatures to prove convergence.
Since the Fourier method is effective in proving the stability and convergence of
the difference scheme for linear problems, there are several works also directly
use the Fourier method to deal with nonlinear problems; one can see [1, 23, 33].
However, due to the presence of nonlinear terms, we find that Fourier method
cannot be directly extended to deal with nonlinear problems as it does to linear
cases. For example, in terms of stability analysis, in [23], for the perturbation

error equation (1 + (5 — 1 — ,ug)éi)pf = (1 + (35 + mArL + ,ulvl)ég)pffl +

Z;C:_OQ(/’(‘l)‘k—l + M2Uk—l)5gp§' +T(1 + %63) (fjl'c_l - jc}c—l) for k = 17 27 cee 7N7 J =
1,2,..., M — 1. The function p*(x) can be expanded into a Fourier series p*(z) =
S di(D)e?m®/L when it is defined by piecewise constant functions. Due to the
orthogonality of the basis function e?27*/L
results obtained by incorporating the result p? = pP(z;) = o di(l)
i2mla; /L

with respect to [, when f is linear, the
ei2mla; /L

in the entire frequency domain or the result d(l)e in one frequency domain
into the above error equation are the same. However, for nonlinear problems with
term f(u), obviously, bringing p% = 377°  __ d.(1)e’*™=i/L or dj(I)e™™*i/ into the
error equation will yield a completely different result, i.e.,
= 1 ioch —ioh
> [+ (5 — = ) = 24 M)

l=—0c0

1 ioch —ioch

- (1+(E+/~L1)\1 +pavr) (€ =2 +e ))dk,l(l)

(6) .

S (demt + pavp_r) (et — 2 + e*wh)dl(Z)}ewih

|
N

Il
=)

1 _ T
—r(l+ ) (T =) =0

is not equivalent to
1 L —i0
[1 + (55— i1 — ) (€7 = 2+ e di (1)

1 , ,

- (1 + (ﬁ + A1 + paon) (€7t — 24 eﬂah)>dk71(l)
(7) k—2 _ _ N

_ Z(NlAk—l + ‘u2vk_l)(ewh —24 eiwh)dl(l)} em]h

1=0
1 _ e

— U+ ) (=) =0,
where o = 27l/L. In other words, the stability analysis should be analyzed based
on Eq. (6) instead of Eq. (7). However, the stability analysis in [23] is based on
Eq. (7), which is incorrect. Similar issues arise in the convergence analysis.

Inspired by the issues, in this paper, we aim to provide an effective technique to

extend the Fourier analysis method to deal with nonlinear problems with f(u) by
drawing on the ideas of [31]. To this end, we provide the fully discrete finite differ-
ence schemes for problems (2)-(4) and (50), and strictly prove that the difference
schemes are unconditionally stable and convergent with new proof techniques. For
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nonlinear problem (50), the core idea of the proof is to perform a Fourier series
expansion on nonlinear terms as well, first analyzing in one frequency domain, then
continuing the analysis back to the whole frequency domain, and finally using the
discrete fractional Gronwall inequality to obtain the final desired results. To our
best knowledge, this proof technique is given for the first time; and without an extra
assumption on the truncated error function, there is no other available literatures
directly dealing with the nonlinear problems based on the idea of Fourier analysis
except [1, 23, 33], where the given theoretical analysis is not appropriate, as we
mentioned above.

The rest of this paper is organized as follows. In Section 2, we construct the ful-
ly discrete scheme for the two-dimensional time fractional Fokker-Planck problem
(2)-(4). In Section 3, we prove that the fully discrete scheme (16) is unconditionally
stable and strictly convergent. In Section 4, we construct the nonuniform numerical
scheme (54) for the general two-dimensional nonlinear time fractional sub-diffusion
problem (50) and provide a new proof technique to show that it is strictly uncon-
ditionally stable and convergent. In Section 5, several numerical examples are then
provided to validate the theoretical results and to demonstrate the efficiency of the
proposed method. Finally, we conclude the paper with a brief discussion.

Notation: Throughout this paper, C' is a generic positive constant independent
of h, hy, hy, and N.

2. Derivation of the numerical scheme

In this section, we will provide a fully discrete finite difference scheme for the
two-dimensional time fractional Fokker-Planck problem (2)-(4), where we assume
that u(z,y,t) € Cyar ([0, L] x [0, L] x [0,T]).

z,y,t
We adopt a unifogm grid of mesh points (2, Ym, t,) with z; = jhe,j =0,1,--- , My,
Ym = mhy, m=0,1,--- My, and t,, =n7,n=0,1,--- , N, where My, My, and N
are given positive integers, h, = Miﬂ hy = MLQ, and 7 = % are the uniform spatial
and temporal mesh sizes, respectively. The exact and numerical solutions at the

mesh point (z;, Ym,tn) are denoted by uj,, and U}, , respectively.

Next we use the following difference operators to discretize the first- and second-
order spatial derivatives, respectively, namely,

() “?H,m%:?l,m _ 8U(2;Uy,t) e oh2),
0 et QUEAD| 0w,
(10) Uy — 212;:,1 U 62uéa;,2y,t) Lo ).
(11) Ujm1 ~ 21;;? t Uimo1 a2u(ag;,2y, t) it O(h?).
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For the term of time fractional Caputo derivative operator g Df u(t), it is ap-
proximated by the standard L1 scheme [35]

(12) t .
1 " Ou(s
C B — -8B
Dy u(t = —— tn — d
Soiu)|, = g [t =9 T as
1 - /t’“ ou(s)
== tn —8) P ——2ds
]'—‘(]‘ - ﬂ) ; tkfl( " ) 68
1 n /tk uk — k-1
== (tn — ) P——ds+ Ry
F(l - ﬂ) ; tk—1 T
TP i N0 0-8) (1-8),,0
71_‘(2—6)[010 U 7;( n—k—1 " n—k) nlu:|+R1’
where the coefficients a; =M = (k+1)"P kP kE=0,1,--- ,n — 1; and the
truncation error |Ri| = O(727#) being r1g0r0usly proved in [19] under the as-

sumption that u(t) € C2[0,T)]. For the time fractional Riemann-Liouville operator
oD} Pu(t), we adopt the Griinwald-Letnikov approximation given in [18]

(13) ODlB ) _Tﬁ 1291 ﬂ)nk O()
where g,(C -9, % (—1)]“(1;5) are the normalized Grinwald weights.

In addition, the coefficients gl(C e

_ _ 2-8 _
9((J1 = L, gfil 7= <1 - ) 91(61—1[3)~

satisfy the recursive relationship as follows

k
Denote
0 UG RN S VNG S A L0-9),0
Rj,m = F(2 — 5) |:a’0 _7 m Z(an—k—l —Q,_k )U‘j,m Q1 uj,mi|
k=1
2, n—k
¢ 512(15) IJer(syu?,m + ru”
(14) n R R
v
] — un’ um —um”
A( ]+1,m j—1,m J,m+1 J,m— 1) hn
+ 2h., + 2h, Jme
j: 1327"'>M1 - 17 m = 1a27' . '7M2 _17 n = 172a' "7N7
Where 53 ;Cm = u? 1,m 2 _I;m + u?—&-lm a'nd 65 ;€m = uécm 1 2 ;fm +u§€m+1
According to (9)-(13), one can easily obtain that there is a positive constant C' such
that
) IRy | S Clr 12+ 12),

j:1,2’~..7M1*1, m:1,27...7M271, n:1727...7N'
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Collecting the above approximations (8)-(13), one can get the finite difference
scheme of problem (2)-(4) with the truncation error (15), i.e

— n—1
.

n 1— 1— : 1—
(2 6) [ - )U Z(aifkﬁf)l - angkﬁ))Uj]‘im - agb—lﬁ)UjO,m
k=1
- n 27—k 2rrn—k
=Gl (S )
5 Pt H .
Un _ U ur - U?r
16 j+1lm j—l,m 7,m+1 j,m—1 n n
(16) —A( o + o )—KU +
j=172,---,M1—1,m:1,27~-~,M2—1,n:1,27~-~,N,
Upm = 1Ums>tn), UL = 02Um,tn), m=0,1,..., My, n=1,2,..., N,
U;’:LO = wl(xjatn)a U;?L = ¢2($j7tn)7 .7: 0717"'7M1a n= 1527"' aNa
U‘;)ngb(jhmumhy)vj:0717"'7M1amzoala”'aMQa
where 6§anm = .;Lfl,m - 2an:m + jn+1,m7 65 j,m = jﬁ;mfl - ZUn + U m+1

3. Stability and convergence analysis

In this section, we will combine the ideas of Fourier analysis to present an
efficient technique that enables the Fourier analysis method to handle the case
fu) = —ku+ h(z,y,t), and rigorously prove that the finite difference scheme (16)
is unconditionally stable and strictly convergent. Before carrying out the stability
analysis of the difference scheme (16), we first give the following lemma for the
subsequent theoretical analysis.

Lemma 3.1 ([18)). Let the coefficients a,(cliﬁ) = (k+1)'P—k*P (k=0,1,---,n

1) cmdg(1 A (—1)"’(1;5) (k=0,1,---,n) be given in (12) and (13), respectively.

Then
(1)1= élfﬁ) >a§175) > >all™ = 0asn— oo

@ 3 (@52 -a ) + e =1
B 6 =1, 60 =51, 0 <0 (k=120
1— 1—
DI ST S
k=0 k=1

3.1. Stability analysis. In this subsection, we will rigorously prove that the dif-
ference scheme (16) is unconditionally stable. Let U, be the approximate solutions
of the difference scheme (16) and denote the error

Pim = Uj —un

M J,m J,m?

j=1,2,--- M -1, m=1,2,---My—1, n=0,1,---, N.
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Then we obtain the error equation

-5 n—1
T 1— n 1— 1 1
(2 — ) |:(1(() )pj,m - Z(aifkﬁf)l ( kB))p],7TL - af’l 1B)p9,7rL:|
52 n—k

200y P

(1— zHj,

[tnfﬂ 1§ 9 ﬁ)( SR )]
z y

(pj-I—l,m _pj—l,m + pj7m+1 —,O?,m_1>
2h, oh,
ji=12-- M -1, m=1,2,--- ,My—1, n=1,2,--- N,

\D>\

(17)

B

n
— KPjm>

where 5wp] m p?—i—l,m 2p] m + p] 1,m and 6yp] m p?,m-&-l - 2p§€,m + Ioim—l' To
facilitate discussion and underbtandmg, we briefly review some knowledge about
Fourier analysis. For n =0,1,..., N, we define the grid function

whenm»—hi<m<a:»+—x Y —@<y <y —l—@
72 R IR ) o

G=12,-- My —1, m=1,2,-- My —1),

0, When0<x<h1 orth—I<:E<L,

0r0<y< orL——”<y<L

n
pj,m?

pt(z,y) =

Then p™(z,y) can be expanded by Fourier series, namely,

oo oo
Z Z A (Iy, 1p)e2™ e/ Ltlay/L) p — 0 1 ... N,
li=—o00 la=—00
where
dn(l1,l2) = 2 / / (z,y)e _27”(5190/L+12y/L)dxdy
Letting
" v n U n n n T
p= |:p1’1’p1’27 a .7p1’M2_1’ o .’le—l,l’pI\/h—LQ’ t '7pM1—1,M2—1:| )

and applying the Parseval equality
/ / |p™ (x,y)[Pdxdy = L? Z Z n(l1,12)]%,
l1:—OCl2:—OO

and

My—1 My—1

(18) 10”2 = Z > el = / / ", ) Pdedy,

we obtain

(19) ||pn||2 L2 Z Z 11,12 s :O,]_?...’N.

11—700 l2—7OO
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Based on the above knowledge, we next prove the numerical stability. Putting
P Ym) = D p oo Yo oo (I, Ip) €™ 1dhe/ Ltlomhy /1) into the error equa-

tion (17) and using Euler’s formula lead to
(20)

n—1
Z Z { [ 0 dn(ln,l2) - Z(ag__lf_)l - ag__f))dk(lhlz)
li=—o00 la=— Pt
anl:lﬁ)dO (ll, lg)} }ezﬂ'l(lljhm/L-l-lzmhy/L)

Z Z { {t B 12 (1- ﬁ)(4smh(2ﬂlh )+4sin2h(;;“)>dnk(ll7[2)}

ZIZ—OOlQ — 00 r
B iA(Sln(};HM) n Sln(;2hy))dn(llyl2) _ Kdn(lhl2)}e2wi(lljhm/L+l2mhy/L)’
x Y

j:1727"'7M1_17 m:1a27"'aM2_1a 7’?,21,2,"' N

9 9

Further, we obtain

(21)

> Y (s [
11:—()Ol2 — o0

n—1

=3 @52 =l 1) — al =P do (1, 1)
k=1

h2 h?

T Yy

Z B n B 4 SiHQ(Lhm) 4 Sin2(0’2hy )
+E[tn B lkzzog,(g ﬁ)< 2 /. 2 )dnfk(ll,b)}

Sin(0'1hg;> Sin(Uth) )dn(lla 12) + szn(ll7 l2)}eQTri(hjhx/L-‘rlzmhy/L) — O7
ha hy

j:172a"'7M1_17 m:1727"'7M2_15 n:1727"'

+iA(

N.

)

Due to the orthogonality of {e27i(l1ihe/L+lamhy /L)Y with respect to I and I, it
further follows from Eq. (21) that

(2)
y n—1

. _ _

7[ & () = Y (@8 = al T D) di(l, 1) — ol do (1, 1)
['(2-p) =1
Z n B 4Sin2(o'1ha:) 4Sin2<w)
A B—1 (1-8) 2 2

+ ﬁ |: tn T I;)gk ( h?v —+ h% )dn—k(llal2)

. (sin(o1hy)  sin(oghy) B
+zA< et )dn(ll,lg)Jrndn(ll,lg)}fO,

j:172,---7M1—1, m:172’...7M2_1, n:172’...7N_

In fact, we can only analyze them directly in one frequency domain (I, l3), namely,
we check the evolution of one particular frequency (l1,l2) of the solution p™ of
Eq. (17), ie., inserting p?, = dn(ly,lp)el(71hatozmhy) with o) = 271y /L and
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o2 1= 2mly /L into the error equation (17) and using Euler’s formula lead to
(23)

dn(ll7 ZQ) +

F(Q B B)Z tn7_2671 <4S11’l2<%) 4Sin2(0'22hy>

B h2 h2

)dn(zl,zz)

sin(o1hy)  sin(oghy)
I Iy

Ll — ﬁ)Arﬁ( )dn(ll, Io) + kT2 — B)rBd,(Ih, 12)

T(2— B)A t, 7281 X (g r4sin®(The)  4sin?(Zh)
- . Yoo (o
k=1

z Y

) (,12)

1
+ 3@ = )i, ) + al TP do (1, 12)

3
|

k=1
(2 —B)A tur gy ™" (481112(7”1;") 4sin2(”22h”))d (s 1)
ﬂ h% hZQI 0\¢1, 62
j:1727--.7M1—1,m:172)...7M2_1’n:l,Q,...7N.

Obviously, Eq. (22) and Eq. (23) are the same. So here and later we always consider
the evolution on a single frequency domain (l1,15). For the sake of simplicity, we
reformulate Eq. (23) by introducing the following notations

(24)
o 4T (2 — B)A t,728 sm2(olTh”). O AD(2 — B)A t, 7> SIHQ(UQT%),
1n -— ﬂh% ) 2n — ﬁhg 3
_ B g — B si
Bl (2 ﬁ)A;; bln(olhw); 52 (2 ﬂ)A;l' 51n(02hy); b3 = KT(2 — B)7P.
T Yy

Thus Eq. (23) can be rewritten as

/N

1+ G+ Can + by + (b + b)) (1, )

Z Vw11, 12) = (Cup + Can) Zg“ D,y (11, 1)

(25) —

=1
( (1 ﬂ) n+Co n) )>d0(l1 l2)

:Jr?

Lemma 3.2. Assume that dy,(l1,l2) (n =1,2,--+,N) are the solutions of Eq. (25).
Then we have

\dn (11, 12)? < |do(l1,15)]?, n=1,2,---,N.
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Proof. Notice that 0 < 8 < 1, Cy, > 0, and Cs,, > 0. By virtue of Lemma 3.1,
from Eq. (25), we have

(26)
n—1
|dn(l1,12)] < |14 Chp + Copn + bg +i(by + b2)| ™ { L = ay ) di (1))
k=1
n—1
= (C1n+ C2p) Z 92175)|dn—k(l1, l2)]
k=1
+ (CLS —(Cin +Con)gy, (- m)\do(lhlz”]
=1+ C1p+ O + b +i(by + b2)| 7! {Z( 1=8) _ 40810, (11, 1)|
k=1
n—1
— (Crn+ Con) > gD, 1)
k=1
+ (a5 = (Cra + )l =" ) ldo(l, o)1
n=12, ,N.
For Simplicity of presentation, we denote wy,j; := as kﬁ)l — (17 — (Cyn +
Con)g P for k=1,2,...,n—1, and wy o = a!' P = (Cy. +02n) =2 Obvi-
ously, the coefficients w, (k: =0,1,...,n—1) above are all positive according to

the definition of wy, ; and Lemma 3.1. Then Eq. (26) can be treated as follows
|dn(I1,12)| < |14 Chp + Cop + bz +i(by + ba)| !

(27) n—1
(D wakldi (i, 1) + wnoldo (1))

k=1
Multiplying |d,,(l1,12)| on both sides of the inequality (27) yields

|dn (11, 12) > <|1+ Cy oy + Co + b3 +i(by + b2)| !

(28) n—1
(D wakld (i, 1)l (b1, 12)| + waoldo (1, 12) (11, 12)] ).
k=1
For the two terms on the right hand side of (28), it follows from the Cauchy in-
equality with ¢ that

1
(29) i (11, 1) ldn (1, 12)] < eldn (b, 2)[* + i, 1) ?
and
1
(30) |do(ly, 12) |dn (11, 12)] < elda (b, L2)|* + 2 do(l1, l2)|*.
Bringing (29) and (30) into (28) yields
(Z:ill W,k + Wy 0) 2
dn(ly,1 dn(lq,1
|dn (11, 12) [ |1+Cln+c2n+b3+z(bl+b2)|‘ (1, 12)|
1
(31) T LT+ o + G+ by + i(br + D))
n—1

(D2 kit 12) + waoldo(ln, 1) ).

k=1
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By virtue of Lemma 3.1, a straightforward calculation shows

n—1
k=1 Wn,k + Wn 0

1+ Ci .+ Cop + bz +i(b1 + bo))|
Z;ll (asll:kﬂll - aglljkﬂ) - (Cl,n + OQ,n)g,ELl:kB)) + agll:lﬁ) — (Cl,n + 02,1'7,)97(7.176)
1+ Chq+ Cop + b+ i(b1 + bo)|
1= (Crn+ o) g 905?
1+ Cip+ Cap + b3+ (b1 + b2)|
1 + Cl,n + CQ,n
|1 + C17n + CQ’n|
<1.

Taking € = 1/2, according to the above result, we deduce from (31) that

|dp(11,12)|* <|1+ Cy 4 O + b3 +i(by + bz + ba)| ™
n—1

0 (52 = 0l = (G + Con)al D i, )P
k=1

+ (a5~ (o + Con)gl= ) doln, 1) P

<1+ Cip+ Cop) [Z (asll:kﬂjl - agzljkﬂ)
k=1

~ (Cu+ Con)al 50 )il 1)

+ (4l = (Crn + Con)gt ol 1) 7).

Next, we will prove |d,(I1,12)|* < |do(l1,12)|? using the mathematical induction.
When n = 1, applying Lemma 3.1, one has

(1-8)
1 —
|d1(ll, 12)|2 < 91 (0171 + 02,1)

do(l1,12)> < |do(l1,12)]?.
ST i+ O |do(l1,12)|" < [do(l1,2)]

Suppose that

|dk<l17l2>|2 < |d0<l17l2>|2v fO’I" k= 1,2, ,n—1
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Then for k = n, applying Lemma 3.1, from Eq. (32), one has

—1

[dulr,12)[2 <(1+ Cr + Co) ! | 0 (a0 — als?

(C1n+02n)gn k >|dk(11,l2)\

+( U — (Crn + Can)gld B))\do(ll l2)] }

n
k=1

n—1
<(1+ Cip+Cop) ! [Z ( U —all T — (Cr + Con)gl kﬁ))
k=1

+ (a5 = (Crn+ Co n) (- ﬁ>)] \do (i, 15)
+ (Cl,n + C2,n) |
1+ Cl,n + C2,n
<|do(l1,12) [,

7 ‘
. |do(l1,12)[?

i.e.,
| (11, 12)[* < |do(lr, 12) .

The proof is then completed. ([l

From Lemma 3.2, we immediately obtain the following stability result.

Theorem 3.3. The finite difference scheme (16) is unconditionally stable.

Proof. From Lemma 3.2 and (19), one has

o3 = L* Z Z n(l,lo)? < L? Z Z |do (I, 12)[* = [|p°]13.
ll——OO lQ——OO l1——OO 12——00

This proof is then completed. (I
3.2. Convergence analysis. In this subsection, similar to the trick of stability
analysis, without extra assumptions on the truncated error function, we will present

the strict Fourier convergence proof for the finite difference scheme (16).
According to Eq. (14), one has

TP s . N 0B (B (1-8), 0
F(2fﬂ) {CLO U’j,m_Z( n—k—1" Qn_k )uj,m_an—l ’u’j,m}

1 B n B 5 unmk 62 nmk
(33) :B{t” Tﬂ 1;09'(@1 ( T2t yh% )]

u’ —u” u” —u?
j+1,m j—1,m j,m+1 j,m—1 n
_A< Sh. + oh, ) —/-eu —I—R]m,

j:1,2’~..7M1*17 m:1,27-..,M271, ’[’],:1’27...,]\7'
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Subtracting the first equality of Eq. (16) from Eq. (33), there exists the error
equation

-8 n—1
T n (1-8) (1-B)\ k
m [ej:m - Z(anfkfl - a‘nfk )ej,m:I
52— k 52en— k
B-1 z-j,m yCj,m
=gltr Zg O]
© Y
. — e” en —en
—A( Trim — &-1m Jom+1 mel) oo RO
2h, + 2h, K€jm + fm
j:172’--.7M1—1,m:1’2,...’M2_1’n:1,27...’N’

Q\N

(34)

where e, = uj, —U?,. Notice that the error equation satisfies the boundary
conditions

eg,mzeTZ\L/Il,m:(]ﬂm:()a]-a"'aMQan:1727"'aNa
6?7026?71\/12:0,]'20,1,-”,]\41,n=1,2,~-~,N,
and the initial condition

€ mZOa jzoala"'aMla mzoala"'aMQ'

Similar to the stability analyses, forn = 0,1,--- , IV, we also define the grid function
€jm> WHCL T D) T STy 9 Ym B Y=Ym 9

(j:1a2a"'7M1_17 m:1727"'7M2_1)
0, When0<x<@0rL—%<x§L,
or 0 <y < yorL— y<y§L7

e"(z,y) =

and for n =1,2,..., N, define the grid function
h h

h h
R;lm’ Whenzj7§<z§l,j+7z7 ym*?y<y§ym+7y7
Rn(‘ray): (1_1’2’."7M1_17m:1727"'7M2_1)

0, WhenOSxS%orL—%ﬁ<x§L,
h, h,
or0<y<ForL—-=<y<L.

Then, the functions e"(z,y) and R™(z,y) can also be expanded by Fourier series,
respectively, namely,

e"(r,y) = Z Z Enlly, ly)e?mithe/Ltley/L) p — 0 1,... N

l1:—00l2:—oo
and
R" ((E y Z Z N ll 12) 271'z(l13L/L-‘rl2y/L)7 n=1,2---N,
l1——(>0l27—oo
where
1 L L
5 lhlg L2 e l’ y —27Tl(l1w/L+lzy/L)dxdy
0 0
1

L L
nn(lla lz) _ / R (l‘, y)672ﬂ'i(l1z/LJrlzy/L)dxdy.
0 0

L2
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Letting
T
n __ n n n n n n
e = {61,1761,2»‘ eI Ma—10" T 5 CM—1,15 €M —1,2) 7 '76M171,M271} )

T
n __ n n n n n n
R" = { 1,141,207 7 '7R1,M2717' ! '7RM171,17 M;—1,25"" '7RM171,M271} )
and applying the Parseval equalities

// "(z,y)|*drdy = L? Z Z 160 (I, 12)%, n=0,1,--- N,

ll — 00 lg — 00

li=—00 la=—00

//|R"my|dmdy—L2 Z Z i (l, 122 n=1,2,++ N,
and

My—1Mz—1

||e”\\§f2 32 hatnlell = // "o y)Pdedy, n=0.1, N,

(35)
My—1Ms—1

L L
HR”H%Z Z Z thlesz:/ / |R"(m,y)|2dxdy, n=1,2,---,N,
j=1 m=1 0 J0

one can obtain

(36) le'l3 =22 3" > fen(ln.)>, n=0,1,--- N,
li=—00 la=—0c0

and

(37) IBM3=L% > > Il l), n=1,2,---,N.
llzfoolngoo

We directly consider the error in one particular frequency (l1,[2), i.e., take

(38) e?,m = é'n(ll712)ei(0'1jhm+o-2mhy)
and
(39) R}, = (1, lQ)ei(Uljhz+o-2mhy)

respectively, where o1 := 2wly /L and o9 := 2wly/L. Substituting (38) and (39) into
Eq. (34) and using Euler’s formula result in
(40)

En(ly,l2) +

D(2— B)A t, 771 cdsin’(Df=)  dsin®(T)
h2 B2

)&, 1)

@ y

+ K02 = B)TPEn(lh, 1s) + (2 — B)AT? (Si“(zlhw) + Si“(}‘j?hy) )gn(zl, ls)
@ y

I'(2-B)At, 126-1 ' 4sin?(The)  45in?(Z)

- B Zg ( h% + hi )gn—k(l17l2)
n—1

+ (anl:kﬁ—l - ailjkﬁ))gk(llv lo) +T'(2 - ﬁ)Tﬁnn(lh ls),
k=1

j:1,2’~..7M1*17 m:1,27...,M271, n:1727...’N'
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Using the same notations as (24), then Eq. (40) can be rewritten as follows

(1 +Cip+Cop +bs+i(b1 + bz))fn(ll,lz)

n—1 n—1
= 2@ —alT e ) = (Cua+ Con) Yo g Vil )
k=1 k=1
+T(2 - B)Pn, (11, 1),
n=1,2,---N.

Next, without extra assumptions on the truncated error function, we will finish
the proof of Lemma 3.4 below.

Lemma 3.4. Assume that &,(l1,12) (n =1,2,---,N) are the solutions of Eq. (41).
Then

el < 5(7(1+,6’)/2 + 7(671)/2(;%26 + h§)>7 n=1,2,--- N,

where C = \/T(1 — B)T(2 — B)TAC.

Proof. Noticing that €® = 0, we have y(l1,l2) = 0. According to (15) and the first
equality (35), we have

|R™|2 < C\/Mihg/Mahy( + h2 + h2)
(42) < CL(+ h2 + 1)
:é(T"’hi—‘rh?}), n:1727... 7]\f7

where C' = CL. Next, from Eq. (41), one has
(43)

3
|
—

[€n(ls)| < 1+ Cun + Con + b+ ilbr + o)l [ D (0l = als) ek, 2)

k=1
n—1
= (Cun+ Con) Y 06l 1) + T2 = A7 (1, o)
k=1

n—1

= [ Can o Con 4 b+ 01+ )| D (0l = aln )6k, 2)

>
Il
-

n—1

— (Crn+ Can) 3 050 600, o) [ + T2 = B)7 I (b, 1) ]
k=1

n=12,---,N.

We also denote wy, i, := anljlffl — aS:kB) —(Cyn+ Cg,n)gflljkﬁ). Then Eq. (43) can
be simplified as
€011, 12)| |1+ Ctp + Co 4 bs 4 i(by + bo)|

44 n—1
() ~(an,k|ﬁk(ll,12)| +r(2f5)7ﬁ|nn(zl,12)|).
k=1
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Multiplying [£,(l1,2)| on both sides of the inequality (44) yields
(45)

_1 n—1
€l )2 <[1+ Crn + Con by + b1+ b2)| (D wnslénll o) n(ln, 12)]

+ T2 = B)7 (1, 1) [ (1, 12)] )

For the two terms on the right side of (45), it follows from the Cauchy inequality
with ¢ that

(46) [k (11, 1) [€n (11, 12)| < €lén (D, 12)* + 4%\&@(11,12)\2
and

(47)
_ (2 - p)%r?
(2 = B)7° [na(l, )€ (11, 12)] < 2all= {716 (11, 1) + (4 CARE AT
Eanfl

Bringing (46) and (47) into (45) yields

(X0t wn g+ all )
T N1+ Crp 4 Cop + b+ i(b1 + b2)
1
4E|1+Cln+02n+b3+i(bl+b2)|

2,28
(Zwmek (1.1 + 1, )

n—1

€11, 12)|? <

| 1€n (11, 12)?

(48) +

By virtue of Lemma 3.1, a straightforward calculation shows

n—1 (1-5)
k= 1wnk+a7L 1

1+ Chp+ Cap + b3+ i(b1 + b2)|
Z;ll (ail__kﬁ_)l - aSLl__kB) —(Cin+ CZ,n)QS—}@) + av(zl:lﬁ)
1+ Cin+Cop + 03+ i(bl + bg)|
1—(Cypn+Cap) 2;11 QS:;CB)
1+ Crp+ Cop + g+ i(by + b))
1+Cin+Cop

<
|1 + Cl,n =+ Cgm + ’L(b1 + b2)|
<1.

Taking ¢ = 1/2 and using the result (1 5 < o2 according to the above result,

-3
we deduce from (48) that

€ (11,12)]* <|14 Crn + Con + b3 + (b1 + ba) ‘ (ank|§k (h,lo)?

+ (1= AL = B)(n7) 77 (. 1) )
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Further, using nT < T, we obtain

n—1
‘gn(lh ZQ)‘Q S(l + Ol,n + 02,71)71 [Z (agll:kﬂ,1 - anl:kﬂ)
k=1

—(Cin+ CQ,n)g'le:kB)) (1, l2) |

+ 01— A2 = AT (b1, )]

(49)

Next, using the recursion relation (49) above, for n = 1, one has

161, L) < T - B2 — BT 7P Im (11, 12)]?.
For n = 2, it holds

(1-p) (1-8)
l-a —(Ci12+Cs2)g
l ,l 2 < 1 s 5 1 l ,l 2
|€2(l1,12)|" < [+ Cra+ Cas 1€1(11,12)]

+T(1 - B2 =BT P (l1, 1)
<[l )P +T (L= B)LE = AT 772l 12)
<D= AL = AT (I (i, 1) + nalln,1o)?).

Similarly, for n > 3, there exists

n—1
6l l2)? < (1 Cun + Co) ™ D (a5 = 0l 50 = (Crn + Con)g )
k=1

[l )2 + (1 = A2 = AT 7 (1, 12) 2]

(- Br2-AT = ap (-p) (1-8)
< 1+ Cl,n + C2,n é (an—k—l Qg (Cl,n + 02,71)9”71@ )
n—1
> il )P+ T = B)0Q2 = B)TP 7P n, (1, 1)
j=1
(L= A2 = AT (1= al ) + (Crn + Con))
<
o 1+ Cl,n + C2,n
n—1
> il )P+ T = B)DQ2 = B)TP P 0, (1, 1)
j=1
n—1
<T(1-pre-p1rir’ Z 011, 1) |?
j=1

+T(1 = B2 - T8 0, (11, 1))
=T(1 -T2 - BT |n; (. 1),
j=1

ie.,

[6n(ls 1) * <T(L =BT =BT 77> |nj (1, 1)

Jj=1
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Summing the above inequality for [; from —oo to co and I3 from —oo to oo, respec-
tively, and exchanging the order of summation yield

oD 6P <TA=T@=BT 7Y > > i L)

li=—00 lg=— j=1llij=—occly=—00

This, together with (36), (37), and (42), leads to

le[l3 <T(1 = B)r@ =BT Y 7|3

j=1
<T(1- B2 - BT nrPC?(r + h2 + h2)2.

Therefore, we have

"]z < \/F(l — )02 = BYTAC(nrP)3 (v + B2 + h2)
< L= AP BTAC (s G012 4 p2)

- 5(7-(1+[5)/2 FrBD22 hi)),

where C' = VT(1 = B)L(2 — B)TAC. The proof is then completed. O

Obviously, according to Lemma 3.4 above, we naturally obtain the following
convergence result.

Theorem 3.5. The finite difference scheme (16) is convergent with the order
O(T(1+ﬁ)/2 4 T(ﬁfl)/2(hi + hi))

Remark 3.6. For the problem (2), the presence of the term (t oD} " Au) causes
the convergence analysis to be difficult. Thus, in the above proof of Lemma 3.4, our
analysis only yields the convergence order (7# +r (h2+h2)) assuming that the
solution is sufficiently smooth. However, based on the idea of Lemma 3.4 above, we
will present an effective technique to enable the Fourier method to effectively handle
such nonlinear problems ngu = pAu+ qVu+ f(u) and can obtain the optimal

convergence order, as shown in the next section.
4. Application of the methodology to general nonlinear problem (5)

In this section, we apply the analysis method described in the previous section
to enable the Fourier method to handle nonlinear problems with the term f(u)
under the help of the discrete fractional Gronwall inequality. For this purpose, we
consider the general time fractional nonlinear equation (5), i.e.,

CDPu=pAu+(¢,q) - Vu+ f(u,z,y,t), 0<a, y<L, 0<t<T,
u(0,y,t) = ¢3(y,1), u(L,y,t) =a(y,t), 0< y< L, 0< t<T,
u(z,0,t) = ¥s(x,t), u(x,L,t) =y(x,t), 0< < L, 0< t<T,
w(@,y,0) = do(z,y), 0< z,y< L.

(50)

In addition, we assume that the nonlinear source term f(u,x,y,t) has the first
order continuous partial derivative W

with respect to u, that is,

(51) ‘f(aamzyvt)_f(avxayat” §L|ﬂ—ﬂ|7 va7aa

, and satisfies the Lipschitz condition

where L is a Lipschitz constant.
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4.1. The discrete problem. In this subsection, we adopt L1 scheme on graded
meshes to discrete ngg. Let N be a positive integer and r > 1. We set ¢, =
T(%)",n=0,1,...,N, and 7, = t, — t,_1. The nonuniform L1 approximation of
the Caputo derivative OCDtﬂ g is given by [26]

n

tr
SDP g ~ Z/ wi—g(tn, — s)V, 9" /Tids

k=1"tk-1
(52) n n—1
= Zann_)vagk = a(()n)gn - Z(ain—)k—l - a’gz@k)gk - aﬁfi)lgo,
k=1 k=1

where wg(t) = t;};;, the difference operator V,g" :=¢g" — g

(n) /tk wi—p(tn —5) , _ (tn = tr—1)) — (tn — t)17P)
k
th—1

n—1

, and

s — L 1<k<n.
Tk @2 - p)m

Using the mean value theorem one can easily prove that

af{l_)kﬂ <wi_g(tn —trh—1) < agl"_)k, 1<k<n.

Since f(u,z,y,t) has the first order continuous derivative W, it follows that

(53) f(u(x_ﬂ y7n7 tn)a xj? y’ma tn) = f(u(m_]v y’ma tn—1)7 .'Ej, ynu tn—l) + O(T)
Applying (8)-(11), (52) and (53), one can get the following nonuniform finite differ-

ence scheme for (50) with the truncation error \}?;Lm = O(N—min{Lrf} 4 p2 4 h2),
ie.,

. s2un, 82U
(n) k x~ j,m y-jm
ZanfvaUj,m _p( h2 + h2 )
k=1 T Yy
Utim —Uitim 4 Ulig1 — Uﬁm_l) 4 et
2h,; 2h,, Jym
j:]_,2,~..’]\4-1—1,’I/)’L:]_,2’~..7]\4-2—]_7'[’Z,:]_’2’...7]\[7
U = 01Umstn)s ULy = 02(ym,tn), m=0,1,--+ My, n=1,2,..., N,
Ufo = ¥1(xj,tn), Ul'p = Ya(xj,tn), j=0,1,--- My, n=1,2,..., N,

Ujo,m :¢(Jhr7mhy)a .7:0717 ,Mlv m:(),]-v"' 7M27

+ q(
(54)

where f;f»;zl = f(U;f;Lla Tj, Ym, tn—l)'
Before carrying out the theoretical analyses of the difference scheme (54), we

first give the following lemmas that will be used later.

Lemma 4.1 ([26]). If0 < a,(cn) < a,(;i)l, for 1 <k <n < N, the discrete Caputo
formula (52) satisfies
() 1q~ )
Un(; ann,kvrvk) > 3 ];annkVTkaF) for 1<n<N.

Lemma 4.2 ([26]). Assume that the discrete convolution kernels agi)k hold the
following three properties:
Al. The discrete kernel is monotone, that is,

0<a§c@1§ai(g7i)2 2<k<n<N.
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A2. There exists a constant w4 > 0, holding that

1 [t wl,ﬁ(tn—s)d
TA Jtp_1 Tk

s, 1<k<n<N.

Tk

A38. There exists a positive constant p such that the step size ratios py = "

satisfy

pe<p, 1<k<N-L.

Let (n™)N_; and (N)] " be given non-negative sequence. Assume that there exists

a constant A (independent of the step sizes) such that A > Zl o Y\, and that

the maximum step size satisfies T < ——L1 ____ For any non-negative sequence
§/2mAT(2—B)A

(VF)N_ such that

Zafj)kv <Z/\n k( +(n ”)2 for 1<n<N.
Then it holds that, for1<n< N,

o™ < 2F5(2max {1, p}raAthd) (UO + \/ﬂ'AF(l - ﬁ)lggiXN{tf/an}),

where Eg(z) := Y 1o, 1*(%15) is the Mittag-Leffler function.

4.2. Stability analysis. In this subsection, we will rigorously prove that the dif-
ference scheme (54) is unconditionally stable, which is different from the previous
works [1, 23, 33].

Let U T, be the approximate solutions of the difference scheme (54) and denote
the error
=U}, U]”m,

j:1,27~.-’M1—1’ m:172’-..,M2_1’ n:0717...’N.

Then we obtain the error equation

n
pj,m

55
) ) 2P 0P} Piitm = Pi—tm . Plms1 = Pfm—1
n k _ xl”j,m yrg,m J T J—im J,m J,m—
> T () =p (S 4 ) (PRI R D)
+ it = T

j=12,--- My -1, m=1,2,--- ,My—1, n=1,2,--- , N,

Where 5xp] m p]+1 m 2p] m + p] 1,m > 5ypj m pj m—+1 2p§,m + p?,mfl’ a‘nd
it = PO} 2 s tna)-
Similar to subsection 3.1, for n =0,1,..., N, we define the grid function

Whenxj—%<z§mj+§, ym—%<y§ym+%,
(G=1,2,--- My —1, m=1,2---, My — 1),

0, When0<x<h—zorL—h<:v<L,

or 0 <y < yorL—h—<y<L

and for n =1,2,..., N, define the grid function

n
pj,nu

pn(x’y) =

ha; x hy h’y
whenxj—7<x§xj+?7 Ym =5 <YSYmt 5

(j:1327"'7M1_17 m:1727"';M2_1)a
Owhen0<x< zorL T <z<L,
or 0 <y < ’*orL——”<y<L

n—1
9jm
n

9" Hx,y) =
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where g;f:nl = fﬁ;l — f]";ll Then p"(x,y) and ¢" !(x,y) can be expanded by
Fourier series, respectively, namely,

P (,y) = Z Z Iy, 1) 2™/ LH20/D) = 0,1, N,

11:—00l2:—00
and
gn (l’ y Z Z Qe 1 ll l2) 27rz(l1w/L+lzy/L)’ n=1,- N,
llffoolszoo
where
d ll,lg L2 / / x y —2wv(llr/L+l2y/L)dxdy
Qn—1 ll7l2 L2/ / IIZ y 72ﬂl(l1x/L+l2y/L)dxdy
Letting
T
p = [P’f,hp?,za' : ’vp?,Mrh' : ‘7P7X/1171,1vp7z\14171,2»‘ : '7P7K4171,M271} )
T
-1 -1 n-1 -1 -1 -1 -1
g = [9?,1 »9?,2 )t '79?,1\42717 o 'agxflq,p/’anfl,za' ) '79}7\1/1171,M271} )

and applying the Parseval equality

/ / (z,9)| dedy*L2 Z Z 11,12 )

llzfoo lg:*OO

// ”1xy|dxdy—L22 Z|O‘n111712|7

ll 700[2 — 00
and
Mi—1 Msy—1

(56) o3 = Z > hahlnl” = / / (2, y) [2dady,

My—1 My—1 oL
60 = Y D kel P [ [l ) Py,
j=1 m=1 0 0

we obtain
(58) lp"5 = L* Z Z W(l,12)]?, n=10,1,-- -, N,
llffoolgffoo
and
oo oo
(59) lg" M3 =2 3 Y el ) n=1,2,--N.
l1:—ool2:—oc

Since the nonlinear term g™~ ! is also expanded into Fourier series, we can analyze

them directly in one frequency domain (I1,l3), namely, we check the evolution of
one particular frequency (I1,13) of the solution p™ of Eq. (55), i.e., inserting P =
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d (11, Ip)e'@1ihatozmhy) and g b = a,_y(Iy, Ip)e'(1ihato2mh) with oy := 2l /L
and o9 := 27ly/L into the error equation (55) and using Euler’s formula lead to

5 a9, (a1 1)
k=1

4sin2(%) 4sin2(022hy)
(60) - p( h2 n2 )d"al’ l2)
_ (sin(o1hg) | sin(oghy)
+1q + dn(l1,12) + an—1(l1,12),
(5 )

j:1,2,---’M1—1, ’1'2’7,2172’...7]\42_17 n:172’...7N_

For the sake of simplicity, we denote
(61)

4psin®(Ze) 4psin® (7 S gsin(o1hy) A e gsin(ozhy)
e T, oM T,

Thus Eq. (60) can be rewritten as

oohy )

)\11 7)\2:

alMdy(1y,1) — Z al™ = a™ (i, 1) — o™ do (1, 1)

(62) k=1
= —(A1 + X2)dn(l1,1l2) +i( A3 + Aa)dn(l1,l2) + an—1(l1,12),

n=12--- N.
Remark 4.3. Obviously, when the nonlinear term is also expanded by Fourier
series, Eq. (60) can be easily obtained from Eq. (55), being different from the
works in [1, 23, 33], which do not treat the nonlinear term. Next, we will complete
the proof of Lemma 4.4 below by applying the discrete fractional Gronwall inequality.

Lemma 4.4. Assume that dy(l1,1l2) (n =1,2,---,N) are the solutions of Eq. (62).
Then we have
lp"ll2 < 2E5(2max{1, p}At)][ 0|2,

where A = 1 4+ L2.

Proof. Notice that 0 < 5 < 1, a(") = (ijﬁ) >0,and \; >0 (i = 1,2,3,4). From

Eq. (62), we have

n—1

(14 Qulr +22) = iQu (X + A1) ) du(l1, 12) =Qn ( > (ayy = ag)di(ln, 1)

k=1
( ) 1do(l1, 1) + o 1(11,12)>
n:172a"'7N7

where Q,, = % Further, there exists
g

Qn =, ™ (n)
(11, 15)| = , S (0, = a™ )ldi(l, 1
n (. )| |1+Qn(A1+A2)—an(A3+A4)I(k_1(a" -1~ Anmldu{ln, )

+ ag"_)1|d0(l1, )| + \an—1(11,52)\)7

(]

Dl )]+l o (1, )| + an-1 (. 12)]),

HM\
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Then, one has

n—1
a”|dn(11,12)| = >l ) — al? )1, 12)| = all? | do (1, 12))|
k=1
< an—1(l1,12)],
n = 1a2a"'7N7
ie.,
n
(63) >l Ve (lde(tr, 2)l) < coa ()], n=1,2,-+, .

k=1

Multiplying |dy,(l1,12)| on both sides of the inequality (63) yields

64) () (D0 0l Ve (11, 12)]) ) < anoa (b, l2) lda(ln, o))

k=1

From Lemma 4.1 and with the help of the Cauchy inequality, it follows that

>l Ve (le(tr, 1)) < ldn(ln o) 2 + a1 (1, 12) 2

k=1

Summing the above inequality for I; from —oo to co and ls from —oo to oo, respec-
tively, and exchanging the order of summation yield

iafﬁkm( i i (11, 12)2)

llzfoo lg:*OO

Z Z (L 1o) 2 + Z Z lan—1 (11, 12)|2.

llz—OOlg——OO 11:—00 lg——OO

According to (58) and (59), we have

(65) Zai"lkvf(np’fn%) < o113 + llg™ 13-
k=1
n—1._ rmn—1 _ .
By (51), g7, = fi'n T m > and the first equality of (56) and (57), we obtain
My —1 Mp—1 My—1 Mo—1 )
lg" M B =D D hahylginl P =D D halylfft = TP (by (57)
j=1 m=1 j=1 m=1
Mi—1 Msy—1

<123 N hah JUR TN (by (51))

M;—1Mzy—1

=L Z Z hahy |0} 2 (by (56))
- 8

Thus, from (65) we can get

> a L (16813) < (17113 + L2 0" 3.
k=1
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Applying the discrete fractional Grénwall inequality Lemma 4.2 with the substitu-
tions

P = pl2, 7" =0(1<n<N), N:=1, A\ :=L% XN:=0(1>2)
to the above inequality, one has
lp"ll2 < 2E5(2max{1, p}At;)) || p°|l2,

where A = 1 4+ L2. The proof is then completed. O

As a direct consequence of Lemma 4.4, we immediately obtain the following
stability result.

Theorem 4.5. The finite difference scheme (54) is unconditionally stable.

4.3. Convergence analysis. In this subsection, similar to stability analysis, with-
out extra assumptions on the truncated error function, we will present the strict
Fourier convergence proof of the finite difference scheme (54).

According to Eq. (54), one has

(66)

ia(") ook - p<5§u§’,m N 65u§-ﬁm) N q(U?’+1,m — U tm | Yhm1 — U?,m—l)
nk Vm 02 02 2h, 2h

k=1 r Y Y

+f(u;:n17$jaymatn—1)+ézm,
j:l,z’-n 7]\41—17 m:1,27... 7]\42_17 n:1727... ,N_

Subtracting the first equality of Eq. (54) from Eq. (66), there exists the error
equation

(67)
zn:a(") Vel = p(éﬁe;m + 556?:7”) T q<e?+1,m — & 1m " € my1 — eﬁmfl)
—k T " -
= . h3 hZ 2h,, 2h,
+ W g Yme b)) = [l + R
j:1,27~.. ,lel, m:1,2,... 7M2717 ’n,:]_’z,... ’N’
where el m = ui,, — U, . Notice that the error equation satisfies the boundary
conditions

n n
€ m =€rym =0, m=0,1,--- My, n=1,2,.-- N,

6?’026?’]\/[2 :Oa j20317 7M17 n = 1727"' aNa
and the initial condition

e?mzoa J=0,1,--+- My, m=0,1,---, M.

s

Denote g;f;} = f(u?,;}, Zj Ymytn_1) — ]”;Ll Similar to the stability analyses, for

n=0,1,...,N, we also define the grid function

Jms wh he oy <y vl My < g+ 2
k whenz;, — — <z <2+ —, Ym — — < Ym + =,
am> IT T SEEE T Ym Ty S Y ST
(j:]-??a"'le_]-vm:1727"'7M2_]—)
O,When0§w§%orL7h71<z§L,
orOgyg%”orL—%”<y§L,

€

en<x7y) =
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and forn =1,2,--- , N, define the grid functions

Hn h:r T h h
. Rj',m’Whenxj_7<x§xj+77ym_%<y§ym+7ya
Rn(xay): (]:1327"'7M1;17 m:}l727"'aM271)

0, When0<x<—“orL—7m<x§L,

or 0 <y < yorL y<y§L,

and
h h h
~n—1 T T
Gym » When z; — == <@ <+ ym—%<y§ym+7y,
§n71($,y): (]*1327"'7M17]—7m:1727"';M2*]-)

0, When0<x<@orL—%<x§L,
or0<y< yorL y<y§L,

respectively. Then, the functions e™(z,y), R"(z,y), and §g" (x,y) can also be
expanded by Fourier series, respectively, namely,

o o0 .
S Gl )R D 01N,

llzfoo l2:700
Z Z lla 12 27ri(lla:/L+l2y/L)7 n = ]-a 2; T Na
11:700 lz—foo
and
o0 oo
gn—1<x’y) = Z Z anl(lh l2)e27m(l1x/L+l2y/L)7 n = 17 2a t '7N7
ll=—OOl2=—OO
where
Enlly,le) = Iz / / (z,y)e~ 2milaz/Ltl2y/L) qudy,
i) =g [ [ R e Dy
o Jo
and
Brn-1(l1,12) = Tz / / (z,y)e~ 2/ Lrley/L) qody.
Letting
n __ n n n n n n T
€ = 1€11:€12) " €1 My—15" " CM —1,156M—1,2>" " S CMy -1, My—1]|
- ~ ~ - - - - T
R" = { ?,1& ?,23' . ’7R?,M2—17 Ty 716/11—1,17RTI\L/[1—1,27 o 'aRan—l,M2—1:| ;
~n— —1 ~n—1 ~n—1 ~n—1 ~n—1 T
9 911 012 9 Ma1o 5 I — 11’9M1 1,27 D 9IMy —1,Ma—1| >

and applying the Parseval equalities

// "(z,y)|?dedy = L? Z Z &, (11, 12)%, n=0,1,--- ,N,

1—700l2—700
/ / |Rn$y|dxdy_L2 Z Z llle 7n:1727"'7N7
llf—oolzf—oo

// P ) drdy =12 S S Bucr ()P n =12, N,

llffoo lszoo
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and

Mi—1 Ma—1
(68) [le"[2 = Z 32 habylefnl? = / / "(2,y)dady, n = 0,1, N,
(69)

My—1Ms—1

L /L
j=1 m=1 0 0

(70)
My—1My—1

L L
~n 1H2 Z Z h h |§_;Lm1|2 :/0 /0 |§n_1(.’li7y)|2d$dy, n:1727"' 7N7

one can obtain

(71) lerl3=22 3 Y [l )’ n=0,1,-- N,
llzfoolngoo

(72) 1B 3=12 3 3 [l b)) n=1,2-- N,
l1:—00l2:—(x>

and

(73) H~n 1”2 =12 Z Z |ﬁn—1(llyl2)|2, n=1,2---N.
ll=—0012=—00

Due to the fact that the nonlinear term "' is expanded in Fourier series, we

directly consider the error in one particular frequency (I1,l2), i.e., take

(74) e?,m = gn(ll, lQ)@i(Uljhm+02mhy)
(75) R;lm = 7 (11, lz)ei(aljhz+02mhy)
and

(76) g;l;l ﬁnfl(lh lZ)ei(UljhlJ'_U?mhy)’

respectively, where o1 := 27l; /L and oy := 27ly/L. Substituting (74), (75), and
(76) into Eq. (67) and using Euler’s formula result in

z":a eV (fk l1,l2))

k=1
4 sin (%) 4 sin®( 022h'y )
- _p< h2 hi )fn(lth)

1 hy s h B
iq(bm(gl ) + sin(oz y))fn(ll,lz) + Brn-1(l1,l2) + 7n(l1,12),
> I

j:1,2’~..7M1*].7 m:1,27...,M271, n:1727.."N'

(77)
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Using the same notations as (61), then Eq. (77) can be rewritten as

a6 (b1, o) — Z (@ s = a8, 1) — al ol o)

(78) k=1
—(A1+ X2)&n (Ui, 1) +i(As + A)én (Ui, l2) + Bro1(l1, 1) + T (L1, l2),

n=1,2---N.

Next, without extra assumption on the truncated error function, we apply a
similar proof technique to Lemma 4.4 to finish the proof of Lemma 4.6 below.

Lemma 4.6. Assume that £,(l1,13) (n =1,2,--+, N) are the solutions of Eq. (78).

Then we have
™|z <2E3(2max{1, p}At?)/T(1 = B)tE/*C
(NS g2 f 2y p=1,2,--, N,
where A =2+ L2 and C = CL.

Proof. Noticing that ¢ = 0, we have & (l;,l2) = 0. According to |R;lm|
C(N—min{lrB} 4 p2 4 h2) and the first equality (69), we have

1R |2 < C/Myhy/Mphy (N~ 225000 42 4 12)
(79) < CL(N—min{LrB} 4 p2 hf)
= O(N-min{Lrf} L p2 4 hi)’ n=1,2---,N,

IN

where C' = CL. From Eq. (78) and denoting @, := %, there exists

(14 Q0 +22) = iQu(Xs + M) (i, I2) = (Z (a2 s = 0l )8n(0n, I2)

k—1
+ Bn-1(l1,l2) + 7 (l1, 52))7

n=12,---,N
Further, one has
Q S, (n)
SUN n ( S 1,1
|§ ( 1 2)| |1 +Qn )\1 +)\2) _ ZQn )\3 +)\4 ]; n—k—1 an—k)|£k( 1, 2)|

+ |Buoa (b1, 12| + i (1, 12)1)

(Z (4 s = a2l (b, )] + B ()| + i (1, 12)1),

12 ,IN.

Then, we obtain
n—1
ay”l€n (1, 1) = > (@l = al )€k, 1)] < Bumi (s )] + [, 1),
k=1
n=1,2,--- N,

ie.,

80) > al Ve (I )l) < 1Ba-a(ln, )] + in(ln, 1), = 1,2+, N.
k=1
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Multiplying [£,(l1,2)| on both sides of the inequality (80) yields
(81)

(i, 12)] (Za Vi (160, 12)1) ) < 181 (121600, 2)] + 7ty L)l L)

For the two terms on the right hand side of (81), it follows from the Cauchy in-
equality that

1 1
1Br-1(l1,12)|[€n(l1, l2)] < §|5n—1(11,12)|2 + §|€n(ll712)|2a
i 1 , 1 ,
170 (1, )| (U, 12)] < 51 (ln, B2)7 + S 1En(l, 12) ]
With the help of Lemma 4.1, from (81) one has

Za(") (1660 2)P) < 2060l L2) P+ 1B (U, L)+ i (1, 12)

Summlng the above inequality for I; from —oo to oo and Iy from —oo to oo, respec-
tively, and exchanging the order of summation yield

iafzn)kvf( i i |§k(l17l2)|2)

l1:—00l2:—00
<2 Z Z 1€ (11, 12)]? + Z Z B (L1, 12) 2
li=—o0 lg=—00 li=—00 lo=—
9] [e'S)
+ Z Z |7 (11, 12) [?
li=—o0 lsa=—00

According to (71)-(73), we have

(52) Zaiﬁlkvf(ue’“n%) < 20" 3+ 13" 13 + 1271,

By using (51), g;Lml = f(u?ml,m],ym,tn 1) — f}, » and the first equality of (68)
and (70), we obtain

My—1Mz—1

g™ 3= D > hahylgl,

j=1 m=1
My—1 May—1

Z Z h h |f ]m’wj’ym7 Lo 1) ;,L';L1|2 (by (70))

j=1 m=1
Mi—1 Ms—1

<L? Z Z hohylul, b = U P (by (51))

M;—1Msy—1

=17 ) D hahylel P (by (68))
j=1 m=1

=L7le" 3.

Thus, from (82) we can get

> al, Ve (le4113) < 2”1 + L2l |3 + 1773
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Applying the discrete fractional Grénwall inequality Lemma 4.2 with the substitu-
tions
Vo= leF]a, =R Ao=2, Mi=L2 A=0(12>2)

to the above inequality, and according to (79) one has
lels < 2B (2max{1, p}at]) (VI = B) max {021 7¥]})

< 2B5(2max{1, p}Atd)\/T(1 — )i/ 2C(N—™n{trBY 4 p2 4 p2),
where A = 2 4+ L2. This proof is then completed. O

Obviously, according to Lemma 4.6 above, we naturally obtain the following
convergence result.

Theorem 4.7. The finite difference scheme (54) is convergent with the order
O(N7 min{1,r3} +h92c +h§)

5. Numerical experiments

To demonstrate the effectiveness of the numerical scheme and verify the error
estimates obtained in Theorem 3.5 and Theorem 4.7, we now present some numer-
ical simulations for the discrete problem (16) and (54) in one and two dimensional
cases. In our computations, we always take T'= 1, L = 7. The errors are measured
in the sense of Ly norm and L, norm, respectively.

5.1. Numerical results for difference scheme (16). Here, the orders of con-
vergence are calculated by the standard formulas as follows

E,(M,N

Spatial convergence rate = log, (Epp((Q-]\/-;vN)))

and
EP(M7 N) )

E,(M,2N)

where the positive integer IV is the number of time intervals and M is the number
of uniform space partition in one direction (both directions have the same number
of partitions for the two dimensional cases). The error E,(M, N) is calculated by
(e.g., in two dimensional case)

(83) EP(M7 N) = ||U(Ij7ym,tN) - U]g,vm”Pa

where p = 2 or oo.

Time convergence rate = log, (

Example 5.1. We consider the one-dimensional initial-boundary value problem of
Fokker-Planck equation with a source term:

A _g0%u(x,t) Ou(zx,t)
C b _ 1-8 ) )
gDy u(z,t) = 3 t oD, 5.7 - A p

(84) — ku+ h(z,1), (z,t) € (0,7) x (0,1],
u(0,¢) = u(m, t) =0, ¢t € (0,1],
u(z,0) =0, z € [0,7],

where the source term
2t2—F QAP

h(z,t) = ( +
@0=\16-5 " me+s)
is specially chosen such that the problem (84) admits an exact solution in the form
of u(z,t) = t?sin(x).

+ nt2> sin(z) + At? cos(z)
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Tables 1-2 show the Ly norm errors, the Lo, norm errors, and time-space conver-
gence orders of the finite difference scheme (16) for the problem (84). To investigate
the convergence in time and eliminate the influence from spatial discretization, we
take M = 600 large enough such that the spatial discretization does not pollute the
temporal error in Table 1. From Table 1, it is observed that the proposed scheme
has first-order convergence with respect to the time direction in the sense of two
different norms, which is consistent with the theoretical estimate. Table 2 shows
the numerical Ly norm errors, Lo, norm errors, and the order of convergence in the
spatial direction with respect to different values of 8 when N = M?. From Table
2, it can be clearly seen that the rate of convergence is of order 2 in space direction
with respect to both norms. From Tables 1-2, it is confirmed that the convergence
rates are strictly O(7 + h?). This suggests that the excellent agreement of the
numerical results with the theoretical predictions is experimentally supported.

Example 5.2. We consider the one-dimensional initial-boundary value problem of
Fokker-Planck equation:
(85)

ngu(x’t) =

| |

_g0%u(z,t) ou(z,t)
1-8 ) N ’
toDy Ox? } A ox
u(0,t) = u(m,t) =0, t € (0,1],
u(z,0) = sin(z), z € [0,7].

- Hu(xat)v (xvt) € (0,71') X (0’ 1]7

— ®

Since the analytical solution is unknown for problem (85), the orders of the
convergence of the numerical results are computed by the two-mesh principle
rate; = logy (M)
e(2M,2N) /)’
n/2

where e(M,N) = 12111a<XNHUm/2 —Ullp, p = 2,00. With u(z,0) = sin(x), the

solution of Example 5.2 will have a weak singularity at ¢ = 0. Since the spatial
error O(h?) is standard, here we only investigate the temporal error on uniform
meshes. Table 3 shows maximum of the errors and convergence orders of the finite
difference scheme (16) for the problem (85), where we take M = N such that
e(M,N) =~ e(N) to verify the convergence orders in the temporal directions. From
Table 3, the numerical data indicate that the order of temporal convergence is
about O(7”) when the solution is not smooth.

Example 5.3. We consider the two-dimensional initial-boundary value problem of
the Fokker-Planck equation with a source term:

A _g(0%u(z,y,t)  O%u(z,y,t)
C o _ 1-8 ' Y ' Y
ODtu(xvyat)* B tODt ( o2 + 8y2 )
Ou(z,y,t) | Ou(z,y,t)
A( ox + Oy
(z,y,t) € (0,7) x (0,7) x (0,1],
u(O’ y’ t) = u(Tr’ y7 t) = u('r’ 07t) = u(x’ 7T7 t) = 07 t e (0’ 1]’
u(z,y,0) =0, (z,y) € [0,7] x [0,7],

where the source term

h,y,t) = (5

(86) ) —u(x,y,t) + h(z,y,t),

212 4AL TP
(G-5)  BATC+5
+ At? < cos(z) sin(y) + sin(z) cos(y))

] + t2) sin(z) sin(y)
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is specially chosen such that the problem (86) admits an exact solution in the form
of u(z,y,t) = t?sin(x) sin(y).

TABLE 5. The Lg errors, Lo errors, and orders of spatial conver-
gence of the scheme (16) with M; = My = M, A =2 and A = 2 for

Example 5.3.
N = M?
B
M=8N=64 M=12,N=144 M =18 N =324 M =27, N =729
Lo error 3.130e-02 1.380e-02(2.0198) 6.100e-03(2.0134)  2.700e-03(2.0101)
8 =0.4
Loo error 3.200e-02 1.440e-02(1.9694)  6.400e-03(2.0000)  2.900e-03(1.9523)
Ly error 2.550e-02 1.120e-02(2.0292)  5.000e-03(1.9890)  2.200e-03(2.0248)
B =06
Loo error 3.370e-02 1.520e-02(1.9637)  6.800e-03(1.9838)  3.100e-03(1.9373)
Ly error 2.130e-02 9.400e-03(2.00174)  4.100e-03(2.0463)  1.800e-03(2.0303)
B =038
Loo error 3.540e-02 1.610e-02(1.9432)  7.300e-03(1.9507)  3.300e-03(1.9581)

Table 4 displays the Ly norm errors, Lo, norm errors, and the corresponding
convergence order with respect to the time step size with M; = My = 64 large
enough so that the error with respect to spatial discretization can be omitted.
From Table 4, it is observed that in the time direction the convergence is first-
order for different values of N and 3. Table 5 shows the Ly norm errors, L., norm
errors, and the order of convergence in the spatial direction with respect to different
values of 3 when N = M? = M? = M2, and the order of convergence is 2 in space
direction. From Tables 4-5, it can be seen that the rate of convergence is of order
O(t + h2 + hz)

5.2. Numerical results for nonuniform difference scheme (54).

Example 5.4. We consider the following one-dimensional nonlinear subdiffusion
problem:

(87)

0%u

C B
oDiu=—

9z

0
0

u(0,t) = u(m,t) =0, t € (0,1],

u(z,0) =0, z € [0,7],

+q—z +u(l —u) +g1(z,t), (z,t) € (0,7) x (0,1],

where g(x,t) is specially chosen such that the problem (87) admits an exact solution
in the form of u(x,t) = (> + t7) sin(z).

Here, the temporal convergence order is calculated by the formula log, (
where e(M, N) :=

e(M,N)
e(2M,2N)

max |lult, —U%|lp, p = 2,00. In Tables 6 and 7, we take M = N
1<n<N

)

to verify the temporal convergence order for r =1 and r = (2 — 8)/3, respectively.
One can see that the temporal convergence rates are O(N~ mi“{l””ﬂ}). In addition,
as shown in Table 8, we set N = M? to verify the order of spatial convergence, and
it is obvious that the spatial convergence order is 2. In short, the numerical results
in Tables 6-8 confirm that the convergence order is O(N~™in{1.78} 4 p2),
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TABLE 11. The Ly errors, L, errors, and orders of spatial con-
vergence of the scheme (54) with M = M; = My and ¢ = 1 for
Example 5.5.
N = M?
B
M=8N=64 M=12,N=144 M =18 N =324 M =27, N =729
Ly error 1.265e-01 5.580e-02(2.0186) 2.470e-02(2.0100) 1.100e-02(1.9950)
B =0.4
Lo error 7.410e-02 3.240e-02(2.0251) 1.440e-02(2.0152) 6.400e-03(2.0000)
Lo error 7.250e-01 3.210e-02(2.0094)  1.420e-02(2.0116)  6.300e-03(2.0043)
8 =0.6
Loo error 4.220e-02 1.870e-02(2.0073)  8.300e-03(2.0033)  3.700e-03(1.9926)
Ly error 4.630e-02 2.050e-02(2.0093) 9.100e-03(2.0030) 4.100e-03(1.9663)
8 =0.8
L error 2.660e-02 1.180e-02(2.0046) 5.300e-03(1.9740) 2.400e-03(1.9539)

Example 5.5. We consider the following two-dimensional nonlinear subdiffusion
problem:

(88)

ngU = Au + (qa Q) -Vu + U(l - U,) +92($ay7t)a (xay7t) € (Ovﬂ') X (Oaﬂ-) X (07 1]a
u(0,y,t) = u(m, y,t) = u(z,0,t) = u(z,r,t) =0, ¢t € (0,1],

u('r7y7 0) = 07 (x7 y) e [07 7T] X [07 Tr]?

where go(x,y,t) is specially chosen such that the problem (88) admits an ezxact
solution in the form of u(x,y,t) = (1 + t7) sin(x) sin(y).

In Tables 9 and 10, we take M = M; = M> = 64, and take different N to verify
the temporal convergence order for r = 1 and r = (2 — 8)/8, respectively. One
can also see that the temporal convergence rates are O(N~ mi“{l’rﬁ}). In addition,
as shown in Table 11, we set N = M2 = M? = M2 to verify the order of spatial
convergence, and it is obvious that the spatial convergence order is 2. Therefore,
the numerical results in Tables 9-11 also verify that the convergence order of the
difference scheme (54) is O(N—™in{Lr8h 4 p2 4 h2), which is consistent with our
theoretical analysis.

6. Conclusion

In this paper, we mainly propose an effective proof technique that combines the
ideas of Fourier analysis, enabling the Fourier method to be extended to handle
nonlinear problems. This paper provides the finite difference schemes for two types
of two-dimensional problems. We first consider the time fractional Fokker-Planck
Eq. (2)-(4), where L1 method and Griinwald-Letnikov formula are used to discrete
the time fractional Caputo and Riemann-Liouville operators on uniform meshes,
respectively. Then we consider the general time fractional Eq. (50), where L1
method is used to discrete the time fractional Caputo operator on graded meshes.
Additionally, the strict unconditional stability and convergence of the two fully
discrete schemes are rigorously proved. Finally, a series of numerical examples in
one and two dimensional cases are provided to confirm the theoretical results and
to demonstrate the efficiency of the proposed method.
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