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THE NAVIER-STOKES-w/NAVIER-STOKES-w MODEL FOR
FLUID-FLUID INTERACTION USING AN UNCONDITIONALLY
STABLE FINITE ELEMENT SCHEME

QINGHUI WANG, PENGZHAN HUANG*, AND YINNIAN HE

Abstract. In this article, for solving fluid-fluid interaction problem, we consider a Navier-Stokes-
w/Navier-Stokes-w model, which includes two Navier-Stokes-w equations coupled by some nonlin-
ear interface conditions. Based on an auxiliary variable, we propose a fully discrete, decouple finite
element scheme. We adopt the backward Euler scheme and mixed finite element approximation
for temporal-spatial discretization, and explicit treatment for the interface terms and nonlinear
terms. Moreover, the proposed scheme is shown to be unconditionally stable. Then, we estab-
lish error estimate of the numerical solution. Finally, with a series of numerical experiments we
illustrate the stability and effectiveness of the proposed scheme and its ability to capture basic
phenomenological features of the fluid-fluid interaction.

Key words. Navier-Stokes-w model, fluid-fluid interaction, auxiliary variable, unconditional
stability.

1. Introduction

In many scientific fields and practical applications, numerical simulation is an
important aspect for multi-physics and multi-domain of one immiscible fluid with
another fluid, such as simulations of atmosphere-ocean interaction problem [, 2,
3, @] in environmental engineering and so on. Herein, we will consider a fluid-fluid
interaction problem with some nonlinear interface conditions, which are known as
the rigid-lid condition (e.g. approximate the atmosphere-ocean surface as flat). It
allows for the energy to transfer back and forth across the interface, while the global
energy of the system remains conserved [].

At the time of writing, numerous works are devoted to fluid-fluid interaction
models with nonlinear interface condition [B, [@]. Bernardi et al. [8, O, 00] have
studied two immiscible turbulent fluids on adjacent subdomains, but it limits the
effectiveness of calculations because of a large and decoupled system. Connors et al.
[TT] have proposed two decoupled time stepping methods based on the partitioned
time stepping methods. One of them is the geometric averaging method, whose key
benefit is the unconditional stability. This method has further developed in [I%, I3,
14, 5, 06, 7). Recently, Aggul et al. [I8] have proposed a large eddy simulation
with correction model, which used the defect correction to control efficiently the
model error.

When at least one of the flow enters the turbulent state in subdomain, we need to
choose a turbulence model. Recently, the approximate deconvolution model of tur-
bulence is considered for fluid-fluid interaction [I9]. In this paper, we will consider
the Navier-Stokes-w model, which has non-filtered velocity on the interface. In fact,
Layton et al. [20] showed that the discrete Navier-Stokes-w simulation had greater
accuracy at less cost and required significantly fewer degrees of freedom than a
comparable Navier-Stokes-a simulation. In [Z1], the authors proved existence and
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uniqueness of strong solutions of Navier-Stokes-w model and gained convergence to
a weak solution of the Navier-Stokes equations as the averaging radius decreased
to zero. Furthermore, Manica et al. [22] used van Cittert approximate deconvo-
lution to improve accuracy and Scott-Vogelius elements to provide pointwise mass
conservative solutions, and removed the dependence of the Bernoulli pressure error
on the velocity error for Navier-Stokes-w model. Recently, with help of the geo-
metric averaging approach, Aggul et al. [23] considered the Navier-Stokes-w model
for fluid-fluid interaction problem, which was showed to be unconditionally stable.
Further, based on large eddy simulation with correction, the authors designed a
second-order scheme in time [I8].

In this article, we will design a fully explicit treatment to decouple nonlinear
interface conditions and also obtain the unconditional stability. From the point of
view of numerical discretization for partial differential equations, it is natural to
hope that nonlinear terms can be treated explicitly. In the meantime, the uncondi-
tional stability will be kept. The scalar auxiliary variable has been initially applied
to the gradient flow problem in [24, 25], which can keep unconditional energy stabil-
ity. Inspired by this idea, Li et al. [26] have solved the magnetohydrodynamic by an
exponential scalar auxiliary variable method. Jiang and Yang [27] have developed
two decoupled ensemble schemes for the Stokes-Darcy system, by combining the
scalar auxiliary variable idea with the ensemble time step method. Additionally, Li
et al. [ZR] have further established an unconditionally energy stable finite element
scheme for a nonlinear fluid-fluid interaction model. A generalized scalar auxiliary
variable approach has been considered for the Navier-Stokes-w/Navier-Stokes-w e-
quations based on the grad-div stabilization [249].

In current work, we introduce an auxiliary variable in exponential function to
deal with the Navier-Stokes-w/Navier-Stokes-w model, where nonlinear terms and
nonlinear interface terms are treated explicitly. The proposed scheme enjoys the
following features: (i) it is unconditionally stable; (ii) unlike the geometric averaging
scheme, explicit treatment is considered for the interface terms. The structure of
this paper is arranged as follows: In Section 2, we will introduce some notations
and function spaces. In Section 3, the Navier-Stokes-w/Navier-Stokes-w model is
showed. Moreover, a fully discrete finite element scheme based on an auxiliary
variable is designed, and unconditional stability is obtained. Section 4 develops
the theory for the scheme, showing analysis of convergence. In Section 5, we use
several numerical experiments to test the stability and convergence of the proposed
scheme, and to show its ability to capture basic phenomenological features of the
fluid-fluid interaction. We close with some concluding remarks in Section 6.

2. Preliminary

This section summarizes some necessary notations and inequalities.

Consider the spatial domain 2 C R? (d = 2,3) that consists of two subdomains
2, and £2; coupled across their shared interface I & 962. Next, |||, and (-,-) are
represented as L? (£2;) (i = 1,2) norm and its inner product. Additionally, ||,
and ||-||jym.» are expressed as the Lebesgue space L? (£2;) norms and the Sobolev
space W™P (£2;) norms for m € NT, 1 < p < co. Besides, for X; being a normed
function space in §2;, L? (0,T, X;) is the space of all functions defined on [0, T] x £2;
and it’s norm represents

T v
Hu”Lp(oﬁT,x,i) = </0 ||U|§(idt> , p€l,00).
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Moreover, we introduce the velocity and pressure spaces
Xz' = {Vz’ S W1’2 (Ql)d, Vi|6_Qi\I = 0; vV, -n; = 0 on I} s
M; = {q; € L* (£2); (g:,1) =0}.

For space X, its dual space is defined by X/ and the norm is denoted as

|(£i, vi)|
VVZ'HO7

where f; is an element in the dual space of X;.

For each subdomain (2; it is regular partitioned into a mesh 7! and 7" = 7l url,
which comprises of K that is triangle for d = 2 and tetrahedral element for d = 3.
We assume that h is the largest diameter of the element in 7. According, we define
the finite element spaces on 7/ by X € X; and M C M;. Suppose that the finite
element spaces X and M} satisfy the discrete LBB condition

Ifill_, = sup
vie€X;

V Vi, it
Billginlly < sup V- Vi ginll

qin € M
vin€XP ”vvi,hHO , ’ v

where 8; > 0 is only dependent on {2;. In this paper, we apply the MINI element
for the velocity and pressure.
We introduce the following trilinear form on u;, v;, w; € X; by

bw (ui,vi,wi) = ((V X ul-) X Vi,Wi) .

This rotation version of the trilinear term satisfies some properties listed in the
following lemma.

Lemma 2.1. [20, 23] For u;,v;,w; € X;, i = 1,2, b, (u;, v;, w;) satisfies
by, (0, vi, w;) < ||V x ui||0 ||VViHo ||VWiH07
1 1
b (Wi, vi, wi) < e llwllg [[Vugllg [[Vvillg [Vwilly
where ¢ are some positive constants and only related to (2.

In this paper we use ¢ (with or without a subscript) to denote a generic positive
constant, which is possibly different at different occurrences but always independent
of mesh size and time step.

Next, some commonly useful inequalities are introduced as follows.

Lemma 2.2. [B0] There exist some constants ¢ = ¢ (£2;) > 0, satisfying
1 1
IVill oy < ellvillg IVvillg s lIvill oy < ellVvillg -
Lemma 2.3. [81] For v, € X!, then there hold
IVvinlly < exh™ [Ivinlly -

Lemma 2.4. [37] Let ¢,k and ay,, by, d,, for integers ny < n < m, be nonnegative
numbers such that

m m—1
am + k Z b, <k Z and, + ¢, Ym = nq.
n=ni n=ni

Then, one has

n=ni n=ni

m m—1
am + k Z b, < exp (k: Z dn> c, Ym = nq.
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3. A Navier-Stokes-w/Navier-Stokes-w model

In this section, we show the Navier-Stokes-w/Navier-Stokes-w model for resolu-
tion of fluid-fluid interaction problem, then propose a fully discrete finite element
scheme for the equivalent system of the considered model, and finally prove uncon-
ditional stability of the scheme.

Firstly, for 4,7 = 1,2, ¢ # j, we recall the governing equations of the fluid-fluid
interaction problem, called the Navier-Stokes/Navier-Stokes model, as follows [I1]:

u,; —v;Au, =1f; — (v, - V)u, — Vp;, V-u; =0, in £2;,
—vn;-Vu, - T =k|w; —uj| (4, —u;) -7, u;-n; =0, on I,

(1) u; (0,x) = u; 0 (x), in (2,
u; =0, on I := 08\1,

where the vector field u; are the velocities of the fluid, and p; stand for the pressures
in £2;. The positive parameters v; represent the kinematic viscosity, and & is the
friction coefficient. Besides, f; are the given body forces. |-| is the Euclidean norm,
the vectors n; are the unit normals on 92;, and T represents any vector on I such
that 7-n; = 0.

Secondly, based on the Navier-Stokes-w model proposed and studied in [20, 21,
for i,5 = 1,2, i # j, we consider the following Navier-Stokes-w/Navier-Stokes-w
model for the fluid-fluid interaction problem

uiyt—l/iAui:fi—(Vxﬁi) xui—Vpi, V~ui:0, n Qi,

ﬁi—éfAﬁi:ui, in (2,

(2) —vn;-Vu, - T =k|u; —uj| (0, —uj)- 7, u;-n;, =0, on I,
u; (0,x) =1, (x), in £2;,

u; :0, on Fi;

where the vector fields 1; are the filtered velocities, and §; are given filtering radii.

From (B) and (@), we notice that the nonlinear term in () is convective form
while the one in (B) is rotational form. In fact, if the divergence constraint V-u; =
0 holds pointwise, then these formulations are equivalent by modifying pressure
(the pressure here is the dynamic pressure, rather than the usual pressure in (O),
although we use the same notation p;). Besides, if §; = 0, then (2) and (@) are the
same. In fact, according to [33] one has @; = u; + O(62).

Note that from [P0, 23], for v; € X;, we have the following inequalities

(3) 1illo < villo,  19¥illg < UVVillgs IV x ¥illg < V2 Vvill, -

Next, based on exponential function of ¢, we introduce an auxiliary variable
Q (t) = exp (f%) Then, we obtain equivalent equations of (B), i.e., for i,j = 1,2,
i,

t
u;: — v;Au; =f; —exp (T) Q(Vxu)xw—Vp;, V-u; =0, in (2,

ﬁz—deﬁz = u, in .Qi,

(4)

t
vin;-Vu; - T =exp | — klu, —wl(u; —u;) -7, u;-n; =0, on I,
T 7 J

u; (0,x) =1, (x), in (2,

u; =0, on [j.
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In addition, we need the following ordinary differential equation, which is equivalent
to the derivative of the auxiliary variable ) with respect to ¢.

d@
(h__Q+eXp< )Zb uuuzauz

+exp( > Z //@\ul w;| (0; — uj) - wds

i=1,i#j

(5) +exp( > 12#/ s — uy] (0 — ) - wads.

In fact, it is easy to verify that b, (0;, u;,u;) = 0 and

exp( ) Z /fi|u1—u]| u;) - wids

i=1,i#j]

+exp< )Q Z //ﬁ|u2 u;| (u; —u;) - wds = 0.

i=1,1#]

Then, the corresponding variational formulation of (H) is given as follows: find
(ui,pi,ﬁl) c L2 (O T X ) X L2 (0 T M) X L2 (0,717 Xz) fOI‘ all (Vi,Qsz') S Xz X
M; x X;, 4,5 =1,2 and i # j such that

t
(Wi e, vi) + v (Vug, Vvy) — (V- vy, pi) + exp <T> Qb,, (03,14, v;)

(6) (V uqu) + exp ( ) Q/"{ |uz - u]| ) . VidS = (fi,Vi)7
87 (Vy, Vvy) + (0, i) = (uy, V) -

Now, let At > 0 and N : ATt for N an integer, and t, = nAt with n =
0,1,...,N. Denote (u ?'}tl,p?;’;l) the fully discrete approximation to the solution
(u;(t n+1) pi(tnt1)) of the problem (M) at ¢ = ¢,. Next, involving the backward
Euler scheme, a fully discrete finite element scheme for the equivalent system (B)
of the considered model (B).

Given uy,, € X" and Q™ € R, find (ul;lrl, al h,pff,@"“) € XhxXhx MI'xR,
satisfying that for all (v; 4, Vin,qin) € X2 x X x MP with i,j = 1,2, # j,

uft -y by
h h
(Z A : ;Vi,h> +eXP( T )Q"Hb ( u;p,u zhvvi,h)

+exp< ) Q”+1/n|ul7hfu;ﬁh| (u?,h*u?,h) v pds
I

+u; (Vuzzl,vvi,h> - (V : Vz’,h,pzh ) + (V un;lrl,(h h)
= (fi(tns1), Vin)
52 (Vu7 ns VVi, h) ( 7h7‘71‘,h) = (uﬁh,v{’i7h) )
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and

2
Qn+l - Qn 1 n+1 n+1 —n n n+1
Q- _TQ + exp ; (uth,ui’h,ui’h )

2
t
(8) +exp< njfl)z:/lﬂuzh—u?’h! (uZh—u}fh) ~u?j{1ds
i=1
2tn+1 n+1 2 n n n n n
texp|(—— )@ > 5 iy, — g | (), —uiy) - ug,ds,
i=1

where we pick Q° = exp(0) = 1.
In last part of this section, the stability of the fully discrete finite element scheme
(@)-(B) is explored.

Theorem 3.1. Let u}}' and Q"' be the solution of the scheme (@)-(8). If we
assume that the initial values and body forces have the following bound ||u?’h||o +

€721 < ¢, then the fully discrete scheme (@)-(8) is unconditionally stable, and
the solution has the following bound

n+1_u

> (Il + X |

i=1

A@HWHO)

2A
+ |QN| + Z |Qn+1 Qn t Z |Qn+1|
n=0
N—-1

+2At Y exp <2t"+1) |Q"+1‘ /m!ulh u2h| ds
n=0
2

<D fulallg +1Q°F° ZAW_I Z e+, =

i=1

Proof. Choosing (Vi p,qin) = 24t (uﬁ;l,pf;l) in (@), then using the polarization
identity and finally adding up the ensuing equation from ¢ = 1 to 2, we arrive at

n+1

W H = [l flo + [[uzt" = u

2 (‘
—+ QAtGXp ( > Qn+1 Zb ( 1 o ?h’ ?Zl)
tn n n n n n n
+ 2At exp (;) Q" ; /1 K ’ui’h - j,h‘ (ui,h - uj,h) : ui’zlds

2

=2AtY (f”“ Z";l) :

=1

‘ i 21/1AtHVu"+1H )
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In (8), we remark that j =2 for ¢ = 1 and j = 1 for ¢ = 2. Next, multiply (B) by
2AtQ™ ! to get

’Qn+1‘2_|Qn|2+‘Qn+1_Qn’2 2At

2
= 2Atexp <tn;1) Q! wa (ﬁZhv u?,h’ uz;zFl)
+2ares (2 )deg;/|mh-whu W) s
2t
+ 2At exp (?1) ’Qn+1|2 ; /1 kg, = wis] (g, - ugly) - ugds.

Now, combining (A) with (I0) and utilizing the Young inequality lead to
2
> (Il
+|Qn+1‘2_‘Qn|2+}Qn+1_Qn|2 |Qn+1’
+ 2At exp (QtnTH) |Q"+1‘2/1/£ ’u?,h — ug’h| ds
2
<At
i=1

Summing () with respect to n from 0 to N — 1 and applying the assumptions on
the body forces and initial values, we arrive at the desired result. (I

ECas

(10)

n+1 11

iy~ el s

i,h

o)

2At

4. Error analysis

In this section, we mainly analyze the fully discrete error between the numerical
solution of the proposed scheme ([@)-(8) and the true solution of the original problem
(), i.e., the error coming from discretization of the Navier-Stokes-w/Navier-Stokes-
w equations (B) for approximating the fluid-fluid interaction problem ().

Here, for i = 1,2, we denote e = u;(t,) — ujy, €', = pi(tn) — p}), and
eh = Q (tn)—Q™ as the velocity, pressure and auxiliary variable errors, respectively.

Then, the velocity and pressure errors are decomposed as follows:
el =mn; + ¢, e, =0+,

where 0" = w; (t,,) — Inw;, @7 = Inw; —uy, and 07" = p; (tn) —pupis ' = prpi —pip
with the Stokes-Stokes projection [34]: find (Inu;, ppp;) € X x M} such that
vi (V (0 — Iyw) , Vvy) = (V- vy, pi = pupi) = 0, Vv; € X7,

(12) h
(V- (u; — Ihwy) ,q;) =0, Vg; € M},

whose approximation properties are listed as follows:
(13)
i = Tnwgll + B (IV (Wi = Tyw) g + |ps = pupille) < ch® ([illypze + [[pillyprz) -

Moreover, in order to obtain the error equation, setting (v;,¢;) = (Vip, i) in
(B) with ¢t = t,,4+1 and replacing the trilinear term by, (Q; (tn+1) , Wi (tns1), Vi,n) by
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b (uz (tn—o—l) u; (tn—i-l) Vi h) we get

4)
( n+1 - uz (tn)
+

,Vi,h> +v; (Vu; (tng1), VVvin) — (V- Vin, Di (tns1))

(Vi (tn1) i) + exp (t";) @ (tn1) b (W3 (brs1) 5 (Ena) , Vi)
toxp (%5 ) Qi) [ ks tnen) = () (0 (1) = 0 (1)) Vi
I

= (fin+1avi,h) + <u, (tn+1)A_ i (fn) — Ui (tn+1) 7Vi,h> .
t
Note that the pressure in the proposed scheme () is the dynamic pressure, rather
than the usual pressure in the original problem (M). Hence, in order to gain the
reasonable error equation, we modify the usual pressure in the original problem ()
as the dynamic pressure by rewriting the nonlinearity in the rotational form, and
obtain () as the continuous equation.
Next, subtracting (@) from (Id), we give the error equation

(15)

e;H_l B ezn n+1
T, Vi.h +v; (Vel y VVZ'J—L)

tn
+ exp < ;1> Q (tn+1) by (Wi (tng1) s 5 (tng1) 5 Vi)

t
— €xXp < n;l) Qn+1b u; hv i hvvi,h) (V Vih, € n+1) + (V s ) 4, h)
tny1
Foxp (“50) Q) [ K tnin) = ()] (1) = 05 (6r)) Vi
t
— exp < ”zfl> Q”+1 KZ |ul p— | (= uly) cvinds = (TP vin)
where

w; (tp+1) — u; (L) 1 [te
i Y Wi (tna1) = t ( W 4

Now, we derive the main error estimate result in following theorem.

Theorem 4.1. Under the assumptions of Theorem &3, if At, h and §; satisfy the
following bound
(16)

Cs (1/.71 (]_ + /{2) —|—C4I<§2) C3 exXp (TNl) (At+ h+512) (At% ( 2 + I/ %) +Cl)

{ V; l/_] }
< mln
6 6

where N1 is defined in (@) and c3 = c3 (v1,V2,k,¢2,T), ¢4 = (V;l +V;1) co and
¢ = ¢5(c2), and the true solution of (III) is smooth, then we have

i”ui(t]\/) zh” +AtZZ’4 (uz _— _u%rl)H

+]Q(tn) — QY| + i % 1Q (tnr1) — Q™' * < c (A8 + 1% +61).

n=0

-
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Proof. Selecting (v, n,q; n) = 2At ((b’-”'l, C;H'l) in (I3), we get

K2

et 12— N2+ [t = 12+ 2 (it = mt i)
+24tb,, ( i (tn1) i (tngn) ¢n+1) + 2Aty; Hv¢n+1H0

tn-i—l n n n n n n
S e ( T ) ? JrlAﬁ/ll’6 [ui — J‘vh‘ (ufy —uj,) - Tds
+ 2At/“ Wi (tns1) = W5 (tnrn)| (Wi (Fagr) = w5 (Enn) - 977 ds
I

(17) - 2€Xp (tTL;jrl) Qn-‘rlAtb ( z pa 7, h7 ¢n+1) =2At (T?Jrla ¢?+1) .

Then, set [u (t,41)] = Wi (fpp1)—0; (tny1), [upth] = u:';:l u"Jrl and [Ipu (tn41)]
= Inu; (tp41) — Ipuj (tn41). The interface terms in () are rewrltten as follows:

intenface term = 24¢ | ([ (trea)] [ (ts0)] = [ (6] [ (62)) - 71l

I

(18) + 2At/l/-e(|[u (t)]] [u (tn)] — [[u]| [uf]) - 7 ds

3
tn
r2are (220 ) ot [l w67t as = Y A
1 k=1

Using the Holder inequality, Young inequality and Lemma P2, we arrive at

A1+ A
<eridt Ve
e WA oy, ey (IV 0 GG + 1V [ (1))
e w2 ALY G (I [ @I + 19 i)

ot (v v ) At (19 b () 1lG + 19 U (8)15)

+ v At gl IV (2] IV (2115

+ o At ||V¢?u”2 + esv; At HV(ﬁZUHO

(19)

Moreover, we rewrite the nonlinear terms in (IC2).
(20)

nonlinear term
= 2Atby, (W (tny1) Wi (tng1) — i (), 7 HY)
+ 248y, (W (tagr) s 07 + @, dF ) 4+ 2480, (Wi (tngr) — Wi (tn) ,uly, @7 )
+ 2Ath,, (Wi (tn) — Qi (tn) , uly, @7T1) + 2Atb, (u~ (tp) — 0}y, uly, d7 )

lnt1 n+1 u” n+1
+2Atexp< T > b ( ’Lh’ lh’ ZBk
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Then, based on Lemma Pl and the Cauchy-Schwarz inequality, the Young inequal-
ity, each B} except Bg is estimated
(21)
2 _
B1 <€4V1'At Hv(ﬁ?—i-lHO —+ cv; 1At2 ||vuivt||iz(tn,tn+1,wl'2(9i)d) HVul (tn+1)||g s
2 _
By <esvi At ||V ||+ ceri At V7 [Ig + cvy At Va5 Vi (i) [l
_ 4 2
+ v AtV (tas)llo 107 Mlo »
2
Bs <equiAt||V i ™| + esvi At |V}
- 2 2
+ cy,; 1At2 ||vuivt|‘L2(t 1, W2( _(2) ) ||VIhu, ( 71)”0
+ v At (IIVas (ta) g + 190 811 ) 16715
2 _ _
By <equi At |V || + cvi L Ato} |V Aw; (£,)][5 ||V
2 _ 2
Bs <ejov; At ||V¢?+1HO +env At ||V¢:L||(2) + ey YAt HV??Z’II(Q) ||Vu?,hH0
_ 4 2 - 2
+ v PAL VI (8) g 197 lo + vy P At @7 o IV 7o V7 o

where for B, we have noticed the fact that u;(t,) — @;(t,) = —62Au;(t,) from (2).
Next, applying the Young inequality for the remaining terms of (IC2) yields
2 (it —n 9P Th) <enpniAt ||V¢n+1||o +ev |, t”L?(tn,tHhX’)

(22)
2At (TP, @) < i At |V |2+ ev P A ||, tt||L2(

tn ytn+1 7X7/,) !

Now, picking €1 +e4+e5+e7+e9+e190+€12+E13 = % and eo+eg+eg+e11 = %,

we get

(23)

o e =0ty + g |vort;
+ Atul (Ve — IVt l) + Aa + By

NS €3VjAt ”Vd)J

,uHo +CV;1At(5;1 IV AG; (¢ ||0 HVu HO +cv; 1 Hn””ﬁ(tn,th,X;)

- ev A il a1, 00 ) T Vi AR IV 1, 1wz

% (V8 s ) 1§ + 19200, ()11 ) + v A [V 5 (11 (fag)
+[[Vupally) + ev w2 At 19 2l (19 () lIE + 19 [3]15)

v R2AR il w2y (I [0 s )]G + 197 (21
ot (v v 2 At gl (19 [ el + 19 na (6)11)

+ v w2 Ao IV [l IV (82115 + v " At 67 IV o V71
v At (29, ()16 + VT (8) 5+ 1V (8 5) 167115

Setting e3 = % and adding up (23) from ¢ = 1,2, # j and n = 0,1,2,---,m
(0 <m < N —1), and then using the projection properties (I3), Theorem B, we
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arrive at
(24)
Z||<15”””“||0+ZZ||¢”+1 ¢+ Atzw VI3
=1 n=0
14
+§Atzzw|\v¢?+1y|§+ZZ(A3+B6)
i=1 n=0 i=1 n=0

2 m
<oy (A2 02+ 08) + ety S (v gl + 1t (v 4+ ) gl

i=1n=0

0 187 16 1V 97 1o 1907 115 + v 2 1]l 11V [l 1V [¢Z]H§) :

On the other hand, subtracting (B) from (B) at ¢t = ¢,,1, and then multiplying
the ensuing equation by QAteg'H, we have

2 At 2
+1 +1
g —eb| 2 ||

thy1
= 2exp ( = ) Atept! Z ( U; (tn41) 5 Wi (tog1) , Wi (tng1))

=M n n+1
- bw (ui,}w ui,}w ui,h )

5“‘ e[+ e

(25) + /[ fl[a ()] [ ()] i (Fgn) ds — /IF"' [l fui] 'u?;lds>
e () arey? Z (@t [ el upas
Q) [ el [ )] s () s ) 20057,

where

tn - tn 1 i
TZ;IZ Q( +1)At Q (tn) _Qt(t"H):At/tn (tn — 1) Qudt.

Note that the rotation version of the trilinear term holds
(26)

tn n = =n n n
zexp (550 ) el (b 0 (1) 0 ) s (1) = B )
—2exp [ ) At (b (8 (fnga) o W (tnga)  0+)
- P T Q W i \‘n+1), W \bn+1 a'rlz
+ b ( u; ( n+1) , Uy (tn+1) - u;i}m Ihui (thrl))

+ b (W (tng1) — 03,0, Inw (tng1)) + b (07, 07y, ot > =: Z Dy,.
k=1

i
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Then, based on Lemma 21, Theorem B, (B) and the Young inequality and Poincaré
inequality, we arrive at
(27)

At
Dy <e U

At
Dy < €157

2 2 2

+ cAt? IVu; (tns1) g ||V11i,t||sz(tmt"Jr17W1,2(Qi)d) [V Inu; (tnt1)llg
2 nl2 2
+ AtV (1) llo V03 o 1V Inas (Enra)llg

_ n2 4 4
+ vy A9 G IV (taa) g VI (ta) g
At

= 1664

+ ccs AtV S IV Inw; (b5 + e1rvi At | V7
- |2 4
+ecq; LA} 6 IV Inwi (tas) o -
Additionally, we consider the interface terms in (E3).
(28)

tn n
2exp ( o ) Ateyt! / ol (tn)]] [0 (Fgn)] - 03 (fn) s
I
— 2exp (t;> Atepy'! / o |[up]| [ug] - wyf s
I
123

< 2exp ( o ) Ategt! ( / | (g )] [ ()] s

I

+ / b (1 ()] — [020) [0 (b)) T (£gr) ds

n+1

2
ey

2 2 n 2
+ AL |V (tn41) g IV (E) g va +1’ i’

n+1
€Q

2
|+ ewmat VoL I;

Ds

N

2 2 2 2
€%+1‘ HVUZ}LHO + CC4At2 Hvui’t||L2(tn,tn+17W1>2(Qi)d) ||VIhul (thrl)”()

[ I )] = (R Tt (i) s+ [ ] ) ¢;z+1ds>

4
= ZEk.
k=1

Using the Cauchy-Schwarz inequality and Young inequality, we get
(29)

At

Ey + Es §€18? o

2
ey

n n||2
+ 191, At |V @ H§ + €201 Al ||v¢j Ho
n 2
+ ek ALV [u (s )l V02,
+ ALY [ 2 IV [0 (g )2 IV Inws () |2
2 2 2
+ ek AL [l 32 s, 0,0 w12(00) IV [0 )G IV Tt ()

+ert (vt v ) At IV [ (fas2)]llg IV Inws (Bns)1I5
At
3 \3204

+ccar® At |V [n"]115 1V Tnws (£0) I

2
n ni(2 i 2
eé-&-l‘ IV [Wp]lI2 + o1 At V7|12 + eaav; At [V |2

2 2
+ CC4/€2At2 H [ut]HL2(tn,tn+1,W1’2(Qi)d) ||vlhui (tn+1)|‘0

+ecqr! (v v ) At @M 11V I (frsn) -
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Besides, rewrite the last two interface terms in (E3).
(30)

zexp (22t ) dtegrt (@ [ el ] s
~Qtsn) [ Kl el )] 102 05
—2exp (”;) Q" Aret! ( [l - (u = i t)) s

; / b () (] = [ (fag)]) - W () s

+/Iﬁ(|[u5ﬂ| = [ ()1 [ (En2)] - Wi (Engr) dS)

2tn+1
-2 At
exp (251

Then, using the Young inequality and Lemma P=3, we arrive at
(31)

At
Fi+F <—
12 S 760,

2 4
e’é“’ /I/‘& [ (Lt )]l [ (Eng1)] - i (Ensa) ds = ZFk'

k=1

e || IV [aRIE + exsn At V72 + aar; At | 95
+een [QUFR2AL (I ()3 1V (i) G + 192G 19 (w31
2
+ At |u;, t”L2(t,“t”+1,wl,2(9i)d) IV [Lnu ()]l
2 2 2
AT 00 ) IV s )1 + 1107 V67 119 (9715
n 4 - — n
e |Q " Wt (v v ) At I IV [ ()]l
ni|n2 4 2 4
A "G I 1 00 i ) + IS G IV i) )

At
I3 <eos— T

+e|Qrt R At (||v "2 1 [ ()]G 11V 0 ()15
+ At a7 (1, 400 w20 1V [ s DNG 1900 ()1
n 4 — - n
+e|@ TR (v ) A6 g IV [ ()]l V03 (Bugt) g -

Finally, to estimate the residual interaction term of (E3), we apply the Cauchy-
Schwarz inequality

2
eg“] + 26 AL | V2|2 + ear; At | V7

Atentimn+l < At g |? A2 fr1 2
(32) 28te" T Seasy |eg | Al |Que|” dt.
t

n

ot _ _1
Now, setting €14 + €15 + €18 + €25 + €28 = 1, €16 + €17 + €19 + €21 + €23 + €26 = 3,

€20 + €22 + €24 + €27 = § and combining (23) with (28)-(82), we get
(33)
n+l _ n 2 At

2
n+1
€Q egl + - €q ‘ —F,

et~ lel* +

At
<Zl<46

n+1' (IFuzally + (19w l5) + cAt (ea IVR2 I3 1V I (ts) 5
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+ Va7 o 190 () IV (ts) 1

+ V075 19w ()1 19 2w (6

+ APVl Za(, 00w V8 e )G IV I00s (tn)

+ e At (I1V [ ()] [V [lo = 19 B3 19 0t DG 9 20 (1) 1)
e AL [, 00w 2oty (I [0 s )]G + e2) 9200 ()

o eea [ QP k24t (I (3 1V () I3 + 19073 19 [

+ees |QU P K2 AL |y |2 (tmtnsniz) |V Unu )2

+ ces At? ||Vﬁi,tI|iz(tmtn+1,wl,z(gi)d) IV Tnw; (tns1) G + Da+ Ea

+e|Q T R2AL Y "G IV [ (tas )]G Vs (tag) G

n 2
QP AR N[l 1, 00wty (1Y 0 (g )IIE + 0) 19705 ()

tn 1
+CC4n2At|\V[nn]||g IV Inu; (tn+1)|§)> +cAt2/ |Qtt| dt
t

n

2
reary (v 1971 () IV sl
+ C4V71 ||¢nH0 [V Inu; ( n+1)||0
1t 7 o) NG I Tt (tas ) (e + I (tas )11

n 4 — — n
+ Ci }Q +1| H4 (Vi ! + l/j 1) (AtQ ||[¢ ]”g ||ui7t||é[142(tn,tn+1,W1=2(Q,;)d)
+ ™15 17 )l (14 19 [ (o)1) + 205 19 [Ihuun)mé))

2 2 1 1 2
+ ALY ( Q™" K2 9710 995 10 IV (971116 + 54 IV 16 + 5 kuo).

i=1

Summing (B3) from n = 0,1,--- ,n*, applying the projection properties (I3) and
Theorem B, and noticing that

i=1 n=0

1

eyt | (Il + Ivugally)) < 5 fei [

where we assume that ”Q +1‘ is the maximum among all |e% }2, we discover that
(34)
) 2 At 2
n*+1 n+1 n n+1
*eQ ‘“LZ —€Q +Z?€Q’
n=0

<cAtZZ< YY) ller s 4+ st (vt vt (1) eIl

i=1 n=0

+ et (7 40 (A2 1PN+ 107 1IE + 16 1E) ) +co (02 + a¢)
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2 n*
+ALY Y (ccw? 167110 199 1l0 [V [6" 1116 + g IV llg + 5 1V 85 ||0)
i=1 n=0

+ Z Z(D4 + Ey).

Combine (4) with m = n* and (B2) to get
(35)

2 n*+1 2 2 & n+1 n||2 4AL n+1
Z\@ H0+zz||@ —¢r e+ ZZ Iver|2

i=1 n=0
2 A 2
n+1 n+1 n n+1
’*Z e +Z?€Q ‘
n=0

2 n* 2 n*
<A Y Mgy + A0SO NG (IVL G+ [IVay]l7) + s (n2 + A% + 67,
i=1 n=0 i=1 n=0
where
(36)
lec(ui_?’Jrl/i_lJrcil/ +0204( +1/ ))

2
+ ext Z v+ 4 (7 ) (L4 6 (6 (A% +1) + 1)),
i=1,ij

and
Ny = c(v; '+ cacar?) 97110 IV 7 g + cx”vy  [[[nlllo IV (@3], -

Next, we will derive |e

g H‘ <c (h + At + 512) . To do that, we need to prove the
following bound by applying the inductive method

Z )

n +1H +ZZH¢n+1 ¢n||0+AtZZVZ |v¢n+1H0
i=1 n=0 1=1 n=0
n *+1 n+1 n At n+1
’ +Z —€Q +27 €Q ‘
n=0

< czexp <At Z N1> (At2 +h?+ 6;1) .

n=0

(37)

First, when n* = 0 in (B3), we get

Z @+ Z o} =0l + AtZ% 963 + 5 lebl”

i=1

+ el — e[ +7‘6Q’ < es (A 417 +67).
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Second, we assume that (82) holds at the case of k < n* — 1

Z @+ 1l + Z Z lor = arlly + Atz Z il [V,

i=1 n=0 i=1 n=0
(39) k-‘rl n+1 n ﬂ n+1
+Z —€Q +Z T %@
n=0
< cgexp (At Z N1> (At2 +h%+ 5;1) ,
n=0

which, combines ([H) to gain
(40)
NER = (o + cncar?) o [V, + oot 01, I ),

<es (7t (1 2) + ear®) (@8 + @5, ) (I9ek 1l + 9 es L)
< cs (I/i (1 + K ) + C4/€2) czexp (T'Ny)
(At +h+ 62) (Aﬁ (1/2-_% +z/j‘%) +c1)

min {Vl VJ}
6’ 6

c3 =c3(vi,ve,K,c2,T), ¢4 = (Vfl + 1/]1) cz and ¢5 = ¢5 (c2).
Hence, when n = n*, the following inequality holds with help of (BH) and (EO)

N

> o )

n +1H +ZZH¢n+1 ¢n||O+AtZZVZHV¢n+1HO

i=1 n=0 i=1n=0
41 n+1 n+1 n At n4+1
(41) > !+Z e +Z?6Q\
n=0
2 n*
S ALY D Ny |@7 g + s (At + 2457 .
i=1 n=0

Applying Lemma P4 to (E1), we complete the induction.

Besides, adding up (B3) from n = 0,1,--- , N — 1, combining (E2) with (B3) at
the case of m = N — 1 and applying Theorem BT and the projection properties and
e +1’ c(h+ At +62), we get

2 2 N-1 N—
2 4 At n 2 A n 2
S ol + 5030 S v vl o+ (e[ + > 7 ey
=1 1=1 n=0 n=0
(42) 2 N-1 ) 2 N-1 ) 9
<At Y Mg+ Ay Y Ny (el + v )
i=1 n=0 i=1 n=0

+c3 (B* + A? +67) .
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Now, we use the induction method to prove

2 N-1 At
annowtzzw [Ver s+ led | +Z et
(43) s i=1 n=0
< cgexp (At Z N1> (At2 +h%+ 5?) .
n=0

In fact, when N = 1, it follows (B8) that (£3) holds. Then we assume that (£3)
holds for the case of k < N —1:

2 k-1

A
Zkuowtzzwwanwr o +Z '

i=1 n=0

k—1
< czexp (At > N1> (A* + 1 +67) .

n=0

n+1‘

(44)

Finally, by a similar argument as (£0) we get N&¥ < mln{ & T } Applying Lem-
ma P2 to (B2) finishes the induction, and then utilizing the triangle inequality
completes the proof. O

5. Numerical experiments

In this section, several numerical experiments are showed to test the scheme
presented herein. These examples will demonstrate its stability, convergence, and
numerical performance for some benchmark problems compared with the numerical
results of the Navier-Stokes/Navier-Stokes equations.

5.1. Stability. In this subsection, we will illustrate the stability by some numer-
ical examples. We consider the problem (M) on the domain 2 = (2; U {2 with
2, =10,1] x [0,1] and 2 = [0,1] x [-1,0].

First, set f11 = f12 = cos(z)sin(y) and f2’1 = foo = cos(y)sin(z) in (O).
Then, we choose the parameters x = 100, v;y = 0.05, 5 = 0.5 and the initial
velocity uy 9 = ugo = 0. Next, we denote the energy by ||uf Ho + [[u} ||(2) Here,
we pick T =5, h = @ and N = 400, 600, 800, 1000. In addition, we set fi1 =
fi2 = fi,3 = cos(z)sin (y) cos (z), fa1 = fo2 = fo3 = sin(x)cos(y)sin( ) and
pick kK =1, v; = 0.05, v, = 0.5, T = 10, h——w1tth20 30,40. In Figure O,
we can see that the energy keeps bounded by a constant with different N.

Second, we consider numerical value of Q under different time step At. Choose
the homogeneous Dirichlet boundary conditions and set zero forcing. Besides, the
initial value is presented as follows:

u; 1 = sin (2my) sin® (72) ,u; 2 = —sin (27z) sin® (7y) ,i = 1,2.

Moreover, set ;1 = 0.05, 15 = 0.1, k =1, T =1 and h = 3% Figure @ shows
some numerical results of the auxiliary variable ) for four different time steps
At = 0.1, 0.05, 0.01 and 0.005. We find that the numerical value is approximate to
the reference value. The large time step has little effect on the current scheme.

Finally, we will test the considered scheme with the problem at smaller viscosity.
In addition, a fully coupled, monolithic approximation will be taken as “truth”.
According to [35], we plot the ratio of Taylor microscale to mesh size with different
values of the viscosity in Figure B. It is found that the result of the current scheme
is closer to the result of the coupled scheme at 1y =5.0e-2, but there is a big error
between two schemes when v; =1.0e-6.
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FIGURE 1. Stability of the presented scheme for the 2D model (a)
and 3D model (b) with different values of N.
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FIGURE 2. Numerical value of Q.
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FiGURE 3. Taylor microscale with different mesh sizes.
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5.2. Convergence. We consider a manufactured true solution in 2 = §2; U 2
with 2, =[0,1] x [0,1] and 25 = [0,1] x [-1,0].

U1,1 (t,.f, y) :'rz €Xp (_t) (Qf - 1)2 (1 - y) )

ui 2 (t,x,y) =xyexp (—t) (6:10 +y — 3zy + 222y — 4a2® — 2) ,

uz,i (ta,y) =wexp (—t) (1 — ) (ﬂf (@ =1y (s ' +1) =22y exp (£/2)
—z(z—1)+ V11/2I€_1/2 exp (t/2) + vivg tay (x — 1)) )

1

U2 (¢, 2,y) :gugllf%y (1 —2z)exp(—t) (61/2:::2/<;1/2 — brpzkt/? — 31/11/2V2 exp (t/2)
— 2V11’2y2lil/2 — 21/2x2 212 4 3V1xy/<;1/2 + 21/1xy2/£1/2
—31/1x2yf£1/2 + 2wk 1/2 4 /2V2y2 exp (t/2)) ,

p1 (L, x,y) =p2 (t,x,y) = exp (—t) cos () sin (7y) .

Additionally, we denote the errors

%
Err(u;) = <Atz IV (u; () ?)Hg) Err(p;) = <Atz i (tn) p?||(2)>

In the meantime, pick 25602 = h, v; = 0.05, 15 = 0.5 and the coupling coefficient
K = 100.

2

TABLE 1. Spatial errors and convergence rates of the velocities
and pressures with 7" = 0.01.

h=t Err(u;) Rate Err(uz) Rate err(py) Rate err(pa) Rate
4 2.72e-2 - 2.90e-2 - 6.00e-2 - 8.41le-2 -
8 1.28e-2  1.09 1.45e-2 1.00 1.50e-2 2.00 2.09e-2 2.01
16 593e-3 1.11 7.23e-3 1.00 3.70e-3 2.03 b5.14e-3 2.02
32 2.83e-3 107 3.6le-3 1.00 9.18e-4 2.01 1.30e-3 1.99
64 1.39e-3 1.02 1.80e-3 1.00 23le-4 1.99 4.04e-4 1.68

TABLE 2. Temporal errors and convergence rates of the velocities
and pressures with 7" = 1.0.

At~! Err(u;) Rate FErr(uy) Rate err(p;) Rate err(pa) Rate
4 2.57e-1 - 2.56e-1 - 1.42e-2 - 3.05e-2 -
8 9.9le-2 137 1.12e-1 1.20 3.92e-3 1.85 1.28e-2 1.25
16 4.03e-2 130 4.93e-2 1.18 1.19e-3 1.72 5.23e-3 1.29
24 2.47e-2 121 3.10e-2 1.14 6.02e-4 1.69 3.14e-3 1.26
32 1.77e-2  1.15 2.25e-2 1.11 3.76e-4 1.64 2.30e-3 1.08

On the one hand, considering the convergence order with respect to h, we choose
a small time step At = 0.001. Then pick five mesh sizes h = 7, é, 1—16, é and 6—14
In Table M, we list the convergence orders with respect to h in L? norm for the
pressure and W2 norm for the velocity, respectively. From this figure, we can see

that the current scheme works well and gain the right convergence order.
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On the other hand, considering the convergence order with respect to At, we

choose At = h = 711, %, %, 21—4 and 3—12 Numerical results are collected in Table B.

The first order temporal accuracy is obtained.

a) Result of the Navier-Stokes-w/Navier-Stokes-w model with § =
0.1

b) Result of the Navier-Stokes-w/Navier-Stokes-w model with § =
0.0

1

c) Result of the Navier-Stokes-w/Navier-Stokes-w model with § =
0.0

ey

(d) Result of the Navier-Stokes-w/Navier-Stokes-w model with § =
0.00

(e) Result of the Navier-Stokes/Navier-Stokes model

FI1GURE 4. Contour plots of the velocity magnitudes.
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5.3. Flow past a cylinder problem. In this experiment, we test the presented
scheme for the equivalent form (B) of the Navier-Stokes-w/Navier-Stokes-w equa-
tions (B) by the flow past a cylinder problem. The physical background of this
problem describes a parabolic inflow in the top fluid domain that passes a cylindri-
cal obstacle before it meets the fluid domain below.

A parabolic inflow drives the flow in the upper rectangular domain 5x 1 a circular
obstacle of radius 0.1 and centered at (1,0.5). Meanwhile, the lower domain includes
two unit square region. Next, the parabolic flow’s inlet/outlet are

7—’41,1 (Ovyvt) = ul,l (50,y7t) = 20y(1 - y)a
u12(0,y,t) = u12(5.0,y,t) = 0.

Besides, the homogeneous Dirichlet boundary conditions are enforced on the rest of
the boundaries of the upper domain. Additionally, the no-slip boundary is enforced
on the walls of the lower domain.

The problem parameters are given as follows: 14 = 0.001, vo = 1.0, kK = 0.01 and
T = 20.0. Also, At = 0.01 and the mesh of the domain 2, and 2> consists of 8930
nodes and 2912 nodes, respectively. Figure B shows contour plots of the velocity
magnitudes with different §. From this figure, we can find that decreasing § val-
ue makes the solution approach that of the Navier-Stokes/Navier-Stokes equations
step by step. It is not surprising because when é; = 0 the Navier-Stokes-w/Navier-
Stokes-w equations and Navier-Stokes/Navier-Stokes equations are equivalent. Be-
sides, for the bigger value of §, the Navier-Stokes-w/Navier-Stokes-w equations for
simulation this problem is too dissipative to yield reliable result.

5.4. Flow pass a backward-facing step. In the subsection, a flow pass a back-
ward-facing step is simulated by the current scheme for the Navier-Stokes-w/Navier-
Stokes-w model and the Navier-Stokes/Navier-Stokes model. The setup has been
proposed in the literature [T9]. Most notably, it is pointed out that the real physical
phenomenon of this setup is a description of the coast mountain, cliff and so on.

From above subsection, we can see that the Navier-Stokes-w/Navier-Stokes-w
model with decreasing ¢ value gradually makes the solution approach that of the
Navier-Stokes/Navier-Stokes equations. Hence, it is natural to point out why we
still consider here the Navier-Stokes-w/Navier-Stokes-w model. In fact, the Navier-
Stokes-w /Navier-Stokes-w model can be considered as a sequel and a complement of
the Navier-Stokes/Navier-Stokes model for the simulation of turbulence. However,
in some extreme cases, the disadvantages of the Navier-Stokes/Navier-Stokes model
emerge.

The main goal of this test is to show that when the viscosity coefficient 14
is moderate, both governing equations can capture the key features of physical
solution, but when v is small, only the Navier-Stokes-w/Navier-Stokes-w model
simulates well.

The no-slip condition is imposed on the step, the oceanic wall and the top wall
of the atmosphere. Besides, the parabolic inflow with maximum inlet 10 drives
the flow in the atmosphere, and the “do-nothing” condition is applied to the out-
flow. We consider v, = 0.05, K = 0.1, T = 15, At = 0.01 and h = 15 with
varying v1. The Figure B illustrates that both governing equations produce simi-
lar results with v; = 0.025. However, decreasing vy value results in a failure for
the Navier-Stokes/Navier-Stokes model. On the other hand, the Navier-Stokes-
w/Navier-Stokes-w model can still capture the key physical phenomenon.
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(a) Result of the Navier-Stokes-w/Navier-Stokes-w model with v =
0.025

(b) Result of the Navier-Stokes/Navier-Stokes model with v = 0.025

(c) Result of the Navier-Stokes-w/Navier-Stokes-w model with 11 =
0.00025

FIGURE 5. Velocity fields (the Navier-Stokes/Navier-Stokes model
with 1 = 0.00025 fails).

6. Conclusions

In this work, we consider the Navier-Stokes-w/Navier-Stokes-w model for the
fluid-fluid interaction problem. Based on the auxiliary variable, we design the
fully discrete and decoupled scheme, which is unconditionally energy stable, and
is explicit treatment for the nonlinear terms and interaction terms. The proved
stability and accuracy and the ability to capture basic phenomenological features
of the proposed scheme are demonstrated by a series of numerical tests.

In 9], the authors find a model that avoids filtering in the interface but keeps
the unconditional stability. Then, in this work, we design another model which also
avoids filtering in the interface and obtains the unconditional stability. Compared
with the numerical scheme in [I9], the presented scheme applies explicit treatment
for the nonlinear coupling conditions and nonlinear terms, and yields a linear system
with a constant coefficient matrix which is easy to solve.
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