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WEAK GALERKIN FINITE ELEMENT METHOD BASED ON

POD FOR NONLINEAR PARABOLIC EQUATIONS

JIANGHONG ZHANG AND FUZHENG GAO∗ AND JINTAO CUI∗

Abstract. In this paper, we establish a novel reduced-order weak Galerkin (ROWG) finite
element method for solving parabolic equation with nonlinear compression coefficient. We first

present the classical weak Galerkin finite element discretization scheme and derive the optimal
error estimates. Then we apply a proper orthogonal decomposition (POD) technique to develop
the ROWG method, which can effectively reduce degrees of freedom and CPU time. The optimal
order error estimates are also derived, and the algorithm flow is provided. Finally, some numerical

experiments illustrate the performance of the ROWG method. The numerical results show that
the proposed ROWG method is efficient for solving nonlinear parabolic equations.

Key words. Weak Galerkin finite element method, nonlinear parabolic equations, proper or-
thogonal decomposition.

1. Introduction

In this paper, we consider the following parabolic equations with nonlinear com-
pression coefficient:

g(u)ut −∇ · (D∇u) = f, (x, t) ∈ Ω× J,(1a)

u = u0, (x, t) ∈ Ω× {t = 0},(1b)

u = ϕ, (x, t) ∈ ∂Ω× J,(1c)

where Ω is a polygonal region in R2 with Lipschitz continuous boundary. Here D
is a symmetric positive definite matrix, g(u) is a sufficiently smooth function with
bounded derivatives up to the second-order, and there exist two constants g∗, g

∗

such that

0 ≤ g∗ ≤ g(u) ≤ g∗, ∥u∥∞ <∞.

And the assumptions that the solution of (1) satisfies can be found in the literature
[4].

The weak formulation of (1) is to find u ∈ H1(Ω) such that

(2) (g(u)ut, v) + (D∇u,∇v) = (f, v), ∀v ∈ H1
0 (Ω).

The weak Galerkin (WG) finite element method is first proposed in [14, 15, 12].
It can be viewed as an extension of the standard finite element method. The
key to WG method is the introduction of weak functions and weak gradients. In
comparison with conventional finite element method (FEM), the WG method has
higher robustness in boundary processing and is more suitable for grids with hang-
ing points. In recent years, the WG method has been widely used to solve the
Darcy-Stokes equation [3, 8], quasi-linear elliptic problems [18, 2], etc.

The proper orthogonal decomposition (POD) technique has been combined with
the finite element method since 2001 and successfully applied to solve parabolic e-
quations [7]. This method uses several layers of images to perform a low-dimensional
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approximation of the piecewise polynomial function space. In this way, a new finite
element function space is constructed. Within the allowed error range, POD can
effectively transform the original high-dimensional model into a low-dimensional
one, which significantly improves the computational efficiency. In recent years, re-
searchers have been actively exploring the combination of POD and different types
of numerical methods, including the finite difference method, the finite volume
method, and the hybrid finite element method [1, 5, 6, 9], etc. Very recently, Zhang
el at. in [16] considers the formulation and theoretical analysis of a reduced-order
numerical method constructed by POD for nonlocal diffusion problems. Zhao et al.
[17] first linked POD with weak Galerkin finite element method, but only gave the
algorithm flow without the corresponding theoretical analysis.

In this paper, we apply the POD technique to develop a novel reduced-order
weak Galerkin (ROWG) finite element method [17, 10, 13] for solving the nonlinear
parabolic problem (1). We construct a new correlation matrix and provide conver-
gence analysis under the L2 and the discrete H1 norms. The rest of the paper is
organized as follows: In Section 2, we first introduce the concepts of discrete weak
functions and weak derivatives for WG method. Then we establish the fully discrete
WG scheme for problem (1), and derive the optimal error estimates. In Section 3,
we construct the POD basis and build the fully discrete ROWG scheme. The opti-
mal error estimates for the ROWG scheme are presented, and the algorithm process
is shown. In Section 4, we give some numerical examples and compare the CPU
time of the ROWG scheme and the WG scheme for all examples. Conclusions are
given in Section 5.

2. Classical WG method

In this section, we consider the following discrete weak Galerkin finite element
space WG(Pr, Pr−1;P

2
r−1). Let Th be a partition of Ω that satisfies the conditions

in [11]. We denote

(3) Vh =
{
v = {v0, vb} : v0|K ∈ Pr(K), vb|e ∈ Pr−1(e), e ⊂ ∂K,K ∈ Th

}
,

and its subspace V 0
h as

(4) V 0
h =

{
v ∈ Vh : vb|∂Ω = 0

}
.

For any v ∈ Vh, its weak gradient ∇ωv satisfes that

(5) (∇ωv, ϕ)K = −(v0,∇ · ϕ)K + ⟨vb, ϕ · n⟩∂K ∀ϕ ∈ P 2
r−1(K),

Let tn = n∆t (n = 1, 2, · · · , N), ∆t = T/N , and denote un = u(tn). The fully
discrete WG finite element scheme for (1) is to find Un = {Un0 , Unb } ∈ Vh such that

(6)

(
g(Un−1)

Un − Un−1

∆t
, v

)
+ as(U

n, v) = (fn, v), ∀v = {v0, vb} ∈ V 0
h ,

with the initial value U0 = Qhu
0. Here the bilinear form

as(u, v) =
∑
K∈Th

(D∇ωu,∇ωv)K + h−1
K ⟨Qbu0 − ub, Qbv0 − vb⟩∂K .

We define |||v||| =
√
as(v, v) and ∥v∥h =

(∑
K∈Th

∥∇v0∥2T + h−1
T ∥Qbv0 − vb∥2∂K

) 1
2

on Vh, and |||·||| is equivalent to ∥ · ∥h (cf. [12]).
We give the estimate of the errors between WG solution and the analytical

solution. Denote θnh = Ehu
n − Un, ηnh = un − Qhu

n, τnh = Qhu
n − Ehu

n, where
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local L2 projection operator Qh = {Q0, Qb} and elliptic projection operator Eh are
defined as follows:

(7)

(u, ϕ)K = (Q0u, ϕ)K , ∀ϕ ∈ Pr(K),

⟨u, φ⟩e,= ⟨Qbu, φ⟩e, ∀φ ∈ Pr−1(e),

as(Ehu, v) = (−∇ · (D∇u), v), ∀v ∈ V 0
h .

From [14], we have the following estimates of ηnh and τnh .

Lemma 2.1. Suppose that Th satisfies the conditions in [11]. If u(t) ∈ Hr+1(Ω),
we have

(8)
ΣK∈Th

∥ηnh∥2 +ΣK∈Th
h2K∥∇ηnh∥2 ≤ Ch2(r+1)∥un∥2r+1,

ΣK∈Th
∥τnh ∥2 +ΣK∈Th

h2K∥∇τnh ∥2 ≤ Ch2(r+1)∥un∥2r+1.

Lemma 2.2. [11] Assume that Th satisfies some shape regularity, we have

(9) ∥v∥ ≤ C|||v|||, ∀ v ∈ Vh.

Lemma 2.3. Take U0 = Qhu
0. Let um and Um (m = 1, 2, · · · , N) be the analytical

solution of (1) and the numerical solution of (6), respectively. Let ∆t and h satisfy
∆t ≤ Ch. Then there exists a constant C independent of h and ∆t such that

(10) ∥θmh ∥2 ≤ C
(
(∆t)

2
+ h2r+2∥u∥2L∞(J;Hr+1(Ω)) + h2r+2∥ut∥2L2(J;Hr+1(Ω))

)
.

Proof. First, we make the induction hypothesis

(11) ∥Un∥∞ ≤ C, n = 0, 1, · · · , N.

By Lemma 2.1 and the inverse inequality, we have

(12) ∥U0∥∞ ≤ ∥u0∥∞ + ∥u0 −Qhu
0∥∞ ≤ ∥u0∥∞ + Ch−1 · hr+1 ≤ C,

and (11) hold for n = 0. Subtracting (6) from (2), observing (7) and choosing test
function v = θnh , we have

(13)

(
g
(
Un−1

)
∂tθ

n
h , θ

n
h

)
+ as (θ

n
h , θ

n
h)

= − (g (un) (unt − ∂tu
n) , θnh)−

((
g (un)− g

(
un−1

))
∂tu

n, θnh
)

−
((
g
(
un−1

)
− g

(
Un−1

))
∂tu

n, θnh
)
−
(
g
(
Un−1

)
∂t(η

n
h + τnh ), θ

n
h

)
,

where ∂tu
n = un−un−1

∆t . Using the equality a (a− b) = (a−b)2
2 + a2−b2

2 , we have

(14)

(
g
(
Un−1

)
∂tθ

n
h , θ

n
h

)
=

1

2∆t
(g (Un) θnh , θ

n
h)−

1

2∆t

(
g
(
Un−1

)
θn−1
h , θn−1

h

)
+

∆t

2

(
g
(
Un−1

)
∂tθ

n
h , ∂tθ

n
h

)
− 1

2∆t

((
g (Un)− g

(
Un−1

))
θnh , θ

n
h

)
.
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Multiply by 2∆t and sum over time, we can rewrite (13) as

(15)

(
g
(
Um−1

)
θmh , θ

m
h

)
+ (∆t)2

m∑
n=1

(
g
(
Un−1

)
∂tθ

n
h , ∂tθ

n
h

)
+ 2∆t

m∑
n=1

as(θ
n
h , θ

n
h)

=
(
g
(
U0
)
θ0h, θ

0
h

)
+

m∑
n=1

((
g (Un)− g

(
Un−1

))
θnh , θ

n
h

)
−

m∑
n=1

(g (un) (unt − ∂tu
n) , θnh)−

m∑
n=1

((
g (un)− g

(
un−1

))
∂tu

n, θnh
)

−
m∑
n=1

((
g
(
un−1

)
− g

(
Un−1

))
∂tu

n, θnh
)
−

m∑
n=1

(
g
(
Un−1

)
∂t(η

n
h + τnh ), θ

n
h

)
=
(
g
(
U0
)
θ0h, θ

0
h

)
+ T1 + T2 + T3 + T4 + T5,

where T1, T2, T3, T4, T5 represent the last five terms on the right-hand side of
equation (15).

Denote the left-hand side terms of (15) by Hi(i = 1, 2, 3), we have the estimate

(16)
3∑
i=1

Hi ≥ C(∥θmh ∥2 +
m∑
n=1

∥∂tθnh∥2(∆t)2 +
m∑
n=1

∥θnh∥2h∆t).

For T1, we have

(17)

|T1| = 2

∣∣∣∣∣
m∑
n=1

(∫ tn

tn−1

g′
(
t− tn−1

∆t
Un − t− tn

∆t
Un−1

)
dt · θnh , θnh

)∣∣∣∣∣
≤ 2

m∑
n=1

(∫ tn

tn−1

∣∣∣∣g′( t− tn−1

∆t
Un − t− tn

∆t
Un−1

)∣∣∣∣ dt · θnh , θnh
)

≤ C

m∑
n=1

∥θnh∥2∆t,

where g′(·) = ∂g
∂t . The term of T2 can be estimated directly as

(18)

|T2| ≤

(
m∑
n=1

∥unt − ∂tu
n∥2∆t+

m∑
n=1

∥θnh∥2∆t

)

≤

(
m∑
n=1

∥ 1

∆t

∫ tn

tn−1

(t− tn−1)uttdt∥2∆t+ C
m∑
n=1

∥θnh∥2∆t

)

≤ C

(
(∆t)

2 ∥utt∥L2(J;L2(Ω)) +
m∑
n=1

∥θnh∥2∆t

)
.

For T3 and T4, by applying Cauchy mean value theorem, we obtain

(19)

|T3| = 2

∣∣∣∣∣
m∑
n=1

(g′(ϕn)(un − un−1)ut(λ
n), θnh)∆t

∣∣∣∣∣
≤ C

m∑
n=1

|(g′(ϕn)ut(βn)ut(λn), θnh)| (∆t)2

≤ C

(
(∆t)2 +

m∑
n=1

∥θnh∥2∆t

)
,
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(20)

|T4| ≤ 2
m∑
n=1

|(g′(ξn−1)(θn−1
h + ηn−1

h + τn−1
h )ut(γ

n), θnh)|∆t

≤ C

(
m∑
n=1

∥θnh∥2∆t+ ∥ηh∥2L∞(J;L2(Ω)) + ∥τh∥2L∞(J;L2(Ω) + ∥θ0h∥2∆t

)
,

where

ϕn = wn1 u
n + (1− wn1 )u

n−1, βn = wn2 t
n + (1− wn2 )t

n−1,

λn = wn3 t
n + (1− wn3 )t

n−1, ξn = wn4 u
n + (1− wn4 )U

n,

γn = wn5 t
n + (1− wn5 )t

n−1,

and wni ∈ [0, 1](i = 1, 2, 3, 4, 5). For T5, we have

(21) |T5| ≤ C

(
∥ηh,t∥2L2(J;L2(Ω)) + ∥τh,t∥2L2(J;L2(Ω)) +

m∑
n=1

∥θn∥2∆t

)
.

The combination of (15)–(21) leads to

(22)

∥θmh ∥2 + (∆t)2
m∑
n=1

∥∂tθnh∥2 +∆t
m∑
n=1

∥θnh∥2h

≤C

(
∥θ0h∥2 + (∆t)

2 ∥utt∥L2(J;L2(Ω)) +
m∑
n=1

∥θnh∥2∆t

+∥ηh∥2L∞(J;L2(Ω)) + ∥τh∥2L∞(J;L2(Ω))

+∥ηh,t∥2L2(J;L2(Ω)) + ∥τh,t∥2L2(J;L2(Ω))

)
.

It follows from Lemma 2.1 and the discrete Gronwall’s inequality that

(23) ∥θmh ∥2 ≤ C
(
(∆t)

2
+ h2r+2∥u∥2L∞(J;Hr+1(Ω)) + h2r+2∥ut∥2L2(J;Hr+1(Ω))

)
.

When ∆t = O(h), r ≥ 0, we have

(24) ∥Um∥∞ ≤ ∥um∥∞ + Ch−1((∆t) + hr+1) ≤ C.

This complete the proof of the induction hypothesis. �

Theorem 2.4. Take U0 = Qhu
0. Let um and Um (m = 1, 2, · · · , N) be the ana-

lytical solution of (1) and the numerical solution of (6), respectively. Let ∆t and
h satisfy ∆t ≤ Ch. Then there exists a constant C independent of h and ∆t such
that

(25) ∥um − Um∥2 ≤ C
(
(∆t)

2
+ h2r+2

)
.

Proof. By triangle inequality, Lemma 2.1 and Lemma 2.3, (25) is easy to obtain.
�

Lemma 2.5. Take U0 = Qhu
0. Let um and Um (m = 1, 2, · · · , N) be the analytical

solution of (1) and the numerical solution of (6), respectively. Let ∆t and h satisfy
∆t ≤ Ch. Then there exists a constant C independent of h and ∆t such that

(26)
∥θmh ∥2h ≤C

(
h2r∥u∥2L∞(J;Hr+1(Ω)) + (∆t)2 ∥utt∥2L2(J;L2(Ω))

+h2r+2∥u∥2L∞(J;Hr+1(Ω)) + h2r+2∥ut∥2L2(J;Hr+1(Ω))

)
.
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Proof. Subtracting (6) from (2), observing (7) and choosing the test function
v = ∂tθ

n
h , we have

(27)

2∆t
m∑
n=1

(
g
(
Un−1

)
∂tθ

n
h , ∂tθ

n
h

)
+ as (θ

m
h , θ

m
h ) + (∆t)2

m∑
n=1

as (∂tθ
n
h , ∂tθ

n
h)

=as
(
θ0h, θ

0
h

)
− 2

m∑
n=1

(g (un) (unt − ∂tu
n) , θnh)∆t

− 2

m∑
n=1

((
g (un)− g

(
un−1

))
∂tu

n, ∂tθ
n
h

)
∆t

− 2
m∑
n=1

((
g
(
un−1

)
− g

(
Un−1

))
∂tu

n, ∂tθ
n
h

)
∆t

− 2
m∑
n=1

(
g
(
Un−1

)
∂t(η

n
h + τnh ), ∂tθ

n
h

)
∆t

=as
(
θ0h, θ

0
h

)
+ T1 + T2 + T3 + T4,

where T1, T2, T3, T4 represent the last four terms on the right-hand side of equation
(27).

Denote the left-hand side terms of (27) by Hi (i = 1, 2, 3), we have the estimate

(28)
3∑
i=1

Hi ≥ C(∥θmh ∥2h +
m∑
n=1

∥∂tθnh∥2∆t+
m∑
n=1

∥∂tθnh∥2h(∆t)2).

By using (18) and the ε-Cauchy inequality, we have

(29) |T1| ≤ C (∆t)
2 ∥utt∥L2(J;L2(Ω)) + ε

m∑
n=1

∥∂tθnh∥2∆t.

Applying Cauchy mean value theorem and the ε-Cauchy inequality, we have

(30) |T2| ≤ C(∆t)2 + ε

m∑
n=1

∥∂tθnh∥2∆t.

It follows from Lemma 2.2 and Cauchy mean value theorem that
(31)

|T3| ≤ C

(
m∑
n=0

∥θnh∥2∆t+ ∥ηh∥2L∞(J;L2(Ω)) + ∥τh∥2L∞(J;L2(Ω))

)
+ ε

m∑
n=1

∥∂tθnh∥2∆t

≤ C

(
∥ηh∥2L∞(J;L2(Ω)) + ∥τh∥2L∞(J;L2(Ω)) +

m∑
n=0

|||θnh |||
2
∆t

)
+ ε

m∑
n=1

∥∂tθnh∥2∆t.

Moreover, it is easy to see that

(32) |T4| ≤ C(∥ηh,t∥2L2(J;L2(Ω)) + ∥τh,t∥2L2(J;L2(Ω))) + ε
m∑
n=1

∥∂tθnh∥2∆t.
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When ε is sufficiently small, the combination of (27) – (32) leads to
(33)

∥θmh ∥2h +
m∑
n=1

∥∂tθnh∥2∆t+
m∑
n=1

∥∂tθnh∥2h(∆t)2

≤ C
(
∥θ0h∥2h + (∆t)2 ∥utt∥2L2(J;L2(Ω)) + ∥ηh,t∥2L2(J;L2(Ω)) + ∥τh,t∥2L2(J;L2(Ω))

+∥ηh∥2L∞(J;L2(Ω)) + ∥τh∥2L∞(J;L2(Ω)) +
m∑
n=1

∥θnh∥2h∆t

)
.

Finally, by applying Lemma 2.1 and the discrete Gronwall’s inequality, we get
(34)

∥θmh ∥2h ≤ C(h2r∥u∥2L∞(J;Hr+1(Ω)) + (∆t)2 ∥utt∥2L2(J;L2(Ω)) +

h2r+2∥u∥2L∞(J;Hr+1(Ω)) + h2r+2∥ut∥2L2(J;Hr+1(Ω))).

�

By triangle inequality, Lemma 2.1 and Lemma 2.5, we arrive at the following
theorem.

Theorem 2.6. Take U0 = Qhu
0. Let um and Um (m = 1, 2, · · · , N) be the ana-

lytical solution of (1) and the numerical solution of (6), respectively. Let ∆t and
h satisfy ∆t ≤ Ch. Then there exists a constant C independent of h and ∆t such
that

(35) ∥Qhum − Um∥2h ≤ C
(
(∆t)2 + h2r

)
.

3. Reduced-order WG scheme based on POD

In this section, we apply the ROWG scheme (cf. [17, 10, 13]) to solve problem
(1), and give the corresponding theoretical analysis. A complete ROWG algorithm
flow is given in Algorithm 1 in Section 4.

The POD method consists in finding a set of standard orthogonal bases {ψi}di=1

that satisfies a minimization problem. With the initial L layers of the discrete WG
scheme (6) as snapshots {Un}Ln=1, for a positive integer 1 ≤ d ≤ l, we can establish
the corresponding minimization problem and the POD basis.

Definition 3.1. Define the following minimization problem

min
{ψj}d

j=1

1

L

L∑
n=1

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣Un −

d∑
j=1

as(U
n, ψj)ψj

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣(36a)

s.t. as(ψi, ψj) = δij , 1 ≤ i ≤ j ≤ d.(36b)

leq For Un (1 ≤ n ≤ L), we have Un =
∑l
i=1 as(U

n, ψi)ψi.

Definition 3.2. Define the correlation matrix A ∈ RL×L such that

(37) Aij =
1

L

∑
K∈Th

((∇ωU
i,∇ωU

j)K + h−1
K ⟨QbU i0 − U ib , QbU

j
0 − U jb ⟩∂K).

It is easy to see from definition thatA is a symmetric positive definite matrix, and
there exist positive eigenvalues and corresponding standard orthogonal eigenvectors
{λi,vi}Li=1.
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Definition 3.3. [10, 17] Assuming λ1 ≥ λ2 ≥ λ3 ≥ · · ·λL > 0, the POD basis is
formed by

(38) ψi0 =
1√
Lλi

L∑
j=1

(vi)jU
j
0 , ψib =

1√
Lλi

L∑
j=1

(vi)jU
j
b , i = 1, 2, . . . , d,

where (vi)j(1 ≤ j ≤ L) represents the j-th component of the standard orthogonal
eigenvector vi.

Denote by Vd = Vd,0 ⊕ Vd,b, where Vd,0 = span{ψ1
0 , ψ

2
0 , · · · , ψd0},

Vd,b = span{ψ1
b , ψ

2
b , · · · , ψdb }. One can observe that Vd ⊆ Vh. The fully discrete

ROWG scheme for (1) is: Find Und = {Und0, Undb} ∈ Vd such that
(39)
(g(Un−1

d )∂tU
n
d , vd) + as(U

n
d , vd) = (fn, vd), ∀ vd ∈ V 0

d , n = L+ 1, L+ 2, · · · , N.

with ULd =
d∑
j=1

as(U
L, ψj)ψj .

Denote the L2 projection operator Qd = {Qd0, Qdb} : Vh → Vd and the elliptic
projection operator Ed : Vh → Vd such that for any vh = {v0, vb} ∈ Vh, K ∈ Th,
e ∈ ∂K, there holds

(40)

as (vh, ϕ) = as (Edvh, ϕ) ∀ϕ ∈ Vd,

(v0, ϕ)K = (Qd0v0, ϕ)K ∀ϕ ∈ Vd,

⟨vb, ϕ⟩e = ⟨Qdbvb, ϕ⟩e ∀ϕ ∈ Vd.

In fact, we can define Ehϕ = Edϕ and Qhϕ = Qdϕ when ϕ ∈ Vh.
Then, we give the estimates of the errors between the fully discrete WG scheme

(6) and the fully discrete ROWG scheme (39). Denote ηnd = Un − EdU
n, and

θnd = EdU
n − Und . In order to estimate ηnd , we need the following lemmas.

Lemma 3.4. For every n (1 ≤ n ≤ L), if r ≥ 0, ηnd satisfies

∥ηnd ∥ ≤ Ch∥ηnd ∥h,(41a)

and if r ≥ 1, ηnd satisfies

∥ηnd ∥−h ≤ Ch2∥ηnd ∥h,(42a)

where ∥u∥−h = supv∈Vh

(u0,v0)
∥v∥h

for any u ∈ Vh.

Proof. Consider the dual problem that seeks w ∈ H1
0 (Ω) satisfying

(43) −∇ · (D∇w) = ηnd .

If the dual problem has the usual Hr+2-regularity, then there exists a constant C
such that ∥w∥r+2 ≤ C∥ηnd ∥r. With the definition of the elliptic projection Eh, we
have

(44) as(Ehw, v) = (ηnd , v), ∀v ∈ V 0
h .

Taking v = ηnd , it then follows from (40) that

(45)

∥ηnd ∥2 = as(Ehw, η
n
d )

= as(Ehw −Qd(Ehw), η
n
d )

≤ C∥Ehw −Qd(Ehw)∥h∥ηnd ∥h.
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By applying the triangle inequality and Lemma 2.1, we have

(46)

∥Ehw −Qd(Ehw)∥h ≤∥Ehw −Qhw∥h + ∥Qh(w − Ehw)∥h
+ ∥Qh(Ehw)−Qd(Ehw)∥h

≤∥Ehw −Qhw∥h + C∥w − Ehw∥h
≤C(∥Ehw −Qhw∥h + ∥w −Qhw∥h)
≤Chr+1∥w∥r+2.

When r ≥ 0, in view of the regularity assumption, (41a) holds.
For any ϕ ∈ Vh, consider the dual problem that seeks w ∈ H1

0 (Ω) satisfying

(47) −∇ · (D∇w) = ϕ.

Similarly, there exists a constant C such that ∥w∥r+2 ≤ C∥ϕ∥r when it has the
usual Hr+2 - regularity. Moreover, we have

(48) as(Ehw, v) = (ϕ, v), ∀ v ∈ V 0
h .

Taking v = ηnd and applying (40), we have

(49)

(ϕ, ηnd ) = as(Ehw, η
n
d )

= as(Ehw −Qd(Ehw), η
n
d )

≤ Chr+1∥w∥r+2∥ηnd ∥h
≤ Chr+1∥ϕ∥r∥ηnd ∥h.

When r ≥ 1, we have

(50) ∥ηnd ∥−h = sup
ϕ∈Vh

(ϕ, ηnd )

∥ϕ∥h
≤ Ch2∥ϕ∥1∥ηnd ∥h

∥ϕ∥h
≤ Ch2∥ηnd ∥h,

and then (42a) holds. �

Lemma 3.5. For every d (1 ≤ d ≤ l) and r ≥ 0, there exists a constant C inde-
pendent of h such that

(51)
1

L

L∑
n=1

(∥ηnd ∥2 + h2∥ηnd ∥2h) ≤ Ch2
L∑

i=d+1

λi.

Proof. In fact, Un =
∑L
i=1 as(U

n, ψi)ψi (n = 1, 2, · · · , L) holds. So we have

(52)

1

L

L∑
n=1

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣Un −

d∑
i=1

as(U
n, ψi)ψi

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
2

=
1

L

L∑
n=1

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

L∑
i=d+1

as(U
n, ψi)ψi

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
2

=
1

L

L∑
i=d+1

L∑
n=1

as(U
n, ψi)

2

=
L∑

i=d+1

1

λi
(Avi)

T (Avi)

=
L∑

i=d+1

λi.
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From (40), for any vh ∈ Vh and vd ∈ Vd, it satisfies

(53)

∥vh − Edvh∥2h ≤ Cas(vh − Edvh, vh − Edvh)

≤ Cas(vh − Edvh, vh − vd)

≤ C∥vh − Edvh∥h∥vh − vd∥h.

Taking vh = Un and vd =
∑d
i=1(u

n
h, ψi)hψi, we have

(54)

1

L

L∑
n=1

∥ηnd ∥2h ≤ C

L

L∑
n=1

∥Un −
d∑
i=1

(Un, ψi)hψi∥2h

≤ C
L∑

i=d+1

λi,

which together with Lemma 3.4 implies (51). �

Lemma 3.6. For every n (L + 1 ≤ n ≤ N), and r ≥ 0, there exists a constant C
independent of h such that

(55) ∥ηnd ∥2 + h2∥ηnd ∥2h ≤ C
(
(∆t)

2
+ h2r+2

)
.

Proof. Note that EhU
n = EdU

n. It follows from Lemma 2.1 and Lemma 2.6 that
(56)
∥ηnd ∥2h ≤ ∥Un − un∥2h + ∥un − Ehu

n∥2h + ∥Eh (un − Un) ∥2h + ∥EhUn − EdU
n∥2h

≤ C(∥un −Qhu
n∥2h + ∥Qhun − Ehu

n∥2h + ∥Ehun − Un∥2h)
≤ C

(
(∆t)2 + h2r

)
.

Combining (56) and Lemma 3.4, one can derive (55). �

Lemma 3.7. If r ≥ 1 and ∆t ≤ Ch. . Let Un ∈ Vh (n = 1, 2, · · · , N) be the
numerical solution of (6), then there exist constants K1 and K2 such that

N∑
n=1

∥∂tUn∥∞∆t ≤ K1,(57a)

N∑
n=1

∥∂tUn∥2∞∆t ≤ K2.(57b)

Proof. Using the triangle inequality and inverse inequality, we have

(58)

N∑
n=1

∥∂tUn∥2∞∆t ≤
N∑
n=1

(∥∂tθnh∥2∞ + ∥∂tτnh ∥2∞ + ∥∂tηnh∥2∞ + ∥∂tun∥2∞)∆t

≤C
(
h−2

N∑
n=1

∥∂tθnh∥2∆t+ h−2∥τh,t∥2L2(J;L2(Ω))

+ ∥ηh,t∥2L2(J;L∞(Ω)) + ∥ut∥2∞,∞

)
.

If r ≥ 1 and ∆t = O(h), it follows from (8) and (33) that

(59)
N∑
n=1

∥∂tUn∥2∞∆t ≤ C
(
h−2((∆t)2 + h2r) + ∥ut∥2∞,∞

)
≤ K2.
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Moreover, (57a) can be estimated directly as

(60)

N∑
n=1

∥∂tUn∥∞∆t ≤ 1

2
(

N∑
n=1

∥∂tUn∥2∞∆t+N∆t) ≤ K1.

So (57a) and (57b) hold. �

Theorem 3.8. If ∆t ≤ Ch, and let Um ∈ Vh and Umd ∈ Vd(m = 1, 2, · · · , N) be the
solutions of (6) and (39), respectively. Then there exists a constant C independent
of h and ∆t such that

(61) ∥Um − Umd ∥2 ≤ C

(
K(m) + h2

L∑
i=d+1

λi

)
, 1 ≤ m ≤ N,

where K(m) = 0 for 1 ≤ m ≤ L and K(m) = (1 + (m−L)∆t)
(
(∆t)2 + h2r+2

)
for

L+ 1 ≤ m ≤ N .

Proof. We make an induction hypothesis

(62) ∥Und ∥∞ ≤ C, n = 0, 1, · · · , N.

In fact, for every 1 ≤ n ≤ L, θnd = 0. Using the triangle inequality and Lemma
3.5, we have

(63) ∥Un − Und ∥2 ≤ ∥ηnd ∥2 + ∥θnd ∥2 ≤ Ch2
L∑

i=d+1

λi.

By (11), we have

(64) ∥Und ∥∞ ≤ ∥Un∥∞ + ∥ηnd ∥∞ + ∥θnd ∥∞ ≤ ∥Un∥∞ + Ch−1 · h2
L∑

i=d+1

λi ≤ C.

We can choose d that is sufficiently large and satisfies
∑L
i=d+1 λi ≤ (∆t)2 + h2r+2.

Subtracting (39) from (6), observing (40) and choosing test function v = θnd , we
get

(65)
(g(Un−1

d )∂tθ
n
d , θ

n
d ) + as(θ

n
d , θ

n
d )

=− ((g(Un−1)− g(Un−1
d ))∂tU

n, θnd )− (g(Un−1
d )∂tη

n
d , θ

n
d ).

By using a(a+ b) = a2−b2
2 + (a−b)2

2 , we have
(66)

(g(Un−1
d )∂tθ

n
d , θ

n
d ) =

1

2∆t
(g(Und )θ

n
d , θ

n
d )−

1

2∆t
(g(Un−1

d )θn−1
d , θn−1

d )

+
∆t

2
(g(Un−1

d )∂tθ
n
d , ∂tθ

n
d )−

1

2∆t

((
g(Und )− g(Un−1

d )
)
θnd , θ

n
d

)
.
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Multiplying by 2∆t and summing over time (from L+ 1 to m, m ≥ L+ 1), we can
rewrite (65) as
(67)

(g(Umd )θnd , θ
n
d ) + ∆t

m∑
n=L+1

[2as(θ
n
d , θ

n
d ) + ∆t(g(Un−1

d )∂tθ
n
d , ∂tθ

n
d )]

= (g(U0
d )θ

0
d, θ

0
d) +

m∑
n=L+1

((
g(Und )− g(Un−1

d )
)
θnd , θ

n
d

)
−

m∑
n=L+1

2((g(Un−1)− g(Un−1
d ))∂tU

n, θnd )∆t− 2

m∑
n=L+1

(g(Un−1
d )∂tη

n
d , θ

n
d )∆t

= (g(u0d)θ
0
d, θ

0
d) + P1 + P2 + P3,

where P1, P2, P3 represent the last three terms on the right-hand side of equation
(67).

Denote the left-hand side terms of (67) by Li (i = 1, 2, 3), we have the estimate

(68)
3∑
i=1

Li ≥ C

(
∥θmd ∥2 +

m∑
n=L+1

∥θnd ∥2h∆t+
m∑

n=L+1

∥∂tθnd ∥2(∆t)2
)
,

Following (17), we have

(69)

|P1| =|
m∑

n=L+1

(∫ tn

tn−1

g′
(
t− tn−1

∆t
Und − t− tn

∆t
Un−1
d

)
dt · θnd , θnd

)
|

≤ C

m∑
n=L+1

∥θnd ∥2∆t.

We can rewrite P2 as follows:

(70)

P2 = −2∆t
m∑

n=L+1

((g(Un−1)− g(EdU
n−1))∂tU

n, θnd )

− 2∆t
m∑

n=L+1

((g(EdU
n−1)− g(Un−1

d ))∂tU
n, θnd )

= P2,1 + P2,2.

If r ≥ 1 and ∆t = O(h), it follows from (11), (62), Lemma 3.4 and Lemma 3.7 that

(71)

|P2,1| ≤ C
m∑

n=L+1

∥∂tUn∥2∞∥ηnd ∥2−h∆t+ ε
m∑

n=L+1

∥θnd ∥2h∆t

≤ C
m∑

n=L+1

∥ηnd ∥2−h(∆t)−1 + ε
m∑

n=L+1

∥θnd ∥2h∆t

≤ Ch2
m∑

n=L+1

∥ηnd ∥2h∆t+ ε
m∑

n=L+1

∥θnd ∥2h∆t,

|P3| ≤ C
m∑

n=L+1

∥∂tηnd ∥2−h∆t+ ϵ
m∑
L+1

∥θnd ∥2h∆t

≤ Ch2
m∑
n=L

∥ηnd ∥2h∆t+ ε
m∑
L+1

∥θnd ∥2h∆t.
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Suppose there exist sequences {ai}mi=1 and {bi}mi=1(ai, bi ≥ 0, i = 1, 2, · · · ,m)
such that

(72)
m∑

n=L+1

anbn ≤ maxnan

m∑
n=1

bn ≤ C

m
(
m∑
n=1

an)(
m∑
n=1

bn)

and 1
m = O(∆t). Combining Lemma 3.7 and θnd = 0 for n = 1, 2, · · · , L, we can

obtain
(73)

|P2,2| ≤ C
m∑

n=L+1

∥∂tUn∥∞∥θnd ∥2∆t ≤ C(
m∑

n=L+1

∥∂tUn∥∞∆t)(
m∑

n=L+1

∥θnd ∥2∆t)

≤ C
m∑

n=L+1

∥θnd ∥2∆t.

When ε is sufficiently small, the combination of (67) - (73) leads to

(74)

∥θmd ∥2 +
m∑

n=L+1

∥θnd ∥h∆t+
m∑

n=L+1

∥∂tθnd ∥2(∆t)2

≤C

(
h2∥ηLd ∥2h∆t+

m∑
n=L+1

∥θnd ∥2∆t+ h2
m∑

n=L+1

∥ηnd ∥2h∆t

)
.

It then follows from Lemma 3.5, Lemma 3.6 and the discrete Gronwalls inequality
that

(75)

∥θmd ∥2 ≤ Ch2

(
∥ηLd ∥2h∆t+

m∑
n=L+1

∥ηnd ∥2h∆t

)

≤ C

(
(m− L)∆t((∆t)2 + h2r+2) + ∆th2

L∑
i=d+1

λi

)
.

In other words, for every L+ 1 ≤ m ≤ N , we have

(76)

∥Um − Umd ∥2 ≤ ∥ηmd ∥2 + ∥θmd ∥2

≤ C

(
(1 + (m− L)∆t)((∆t)2 + h2r+2) + ∆th2

L∑
i=d+1

λi

)
.

Hence (61) can be obtained from (63) and (76). Finally, we need to complete the
induction hypothesis (62). If r ≥ 0 and ∆t = O(h), from (11), (76), we have

(77) ∥Umd ∥∞ ≤ ∥Um∥∞ + ∥Um − Umd ∥∞ ≤ ∥Um∥∞ + Ch−1 ·
(
∆t+ hr+1

)
≤ C,

which completes the proof. �

Theorem 3.9. If ∆t ≤ Ch. Let Um ∈ Vh and Umd ∈ Vd be the solutions of (6) and
(39), respectively. There exists a constant C independent of h and ∆t such that

(78) ∥Um − Umd ∥2h ≤ C

(
I(m)

L∑
i=d+1

λi + F (m)

)
, 1 ≤ m ≤ N,

where I(m) = 1 for 1 ≤ m ≤ L and I(m) = ∆t for L + 1 ≤ m ≤ N , F (m) = 0
for 1 ≤ m ≤ L and F (m) = (m − L − 1)((∆t)2 + h2r+2)∆t + (∆t)2 + h2r for
L+ 1 ≤ m ≤ N .
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Proof. For every 1 ≤ n ≤ L, we have

(79) ∥Un − Und ∥2h ≤ ∥ηnd ∥2h + ∥θnd ∥2h ≤ C
L∑

i=d+1

λi.

Subtracting (39) from (6), observing(40) and choosing test function v = ∂tθ
n
d , we

have

(80)

as(θ
m
d , θ

m
d ) + 2∆t

m∑
n=L+1

(g(Un−1
d )∂tθ

n
d , ∂tθ

n
d ) + (∆t)2

m∑
n=L+1

as(∂tθ
n
d , ∂tθ

n
d )

=as(θ
L
d , θ

L
d )− 2∆t

m∑
n=L+1

((g(Un−1)− g(Un−1
d ))∂tU

n, ∂tθ
n
d )

− 2∆t
m∑

n=L+1

(g(Un−1
d )∂tη

n
d , ∂tθ

n
d )

=as(θ
L
d , θ

L
d ) + P1 + P2.

where P1, P2 represent the last two terms on the right-hand side of equation (80).
Denote the left-hand side terms of (80) by Li(i = 1, 2, 3), and we have

(81)
3∑
i=1

Li ≥ C

(
∥θmd ∥2h +

m∑
n=L+1

∥∂tθnd ∥2∆t+
m∑

n=L+1

∥∂tθnd ∥2h(∆t)2
)
.

The term P1 on the right-hand side of (80) can be rewritten as

(82)

P1 = −2∆t

m∑
n=L+1

((g(Un−1)− g(EdU
n−1))∂tU

n, ∂tθ
n
d )

− 2∆t

m∑
n=L+1

((g(EdU
n−1)− g(Un−1

d ))∂tU
n, ∂tθ

n
d )

= P1,1 + P1,2.

From (73), we have

(83)

|P1,1| ≤ C

m∑
n=L+1

∥∂tUn∥2∞∥ηn−1
d ∥2∆t+ ε

m∑
n=L+1

∥∂tθnd ∥2∆t

≤ C(

m∑
n=L+1

∥∂tUn∥2∞∆t)(

m∑
n=L+1

∥ηn−1
d ∥2∆t) + ε

m∑
n=L+1

∥∂tθnd ∥2∆t

≤ C

m∑
n=L+1

∥ηn−1
d ∥2∆t+ ε

m∑
n=L+1

∥∂tθnd ∥2∆t.

By Lemma 2.2 and the fact that θLd = 0, we have

(84)

|P1,2| ≤ C(
m∑

n=L+1

∥∂tUn∥2∞∆t)(
m∑

n=L+1

∥θn−1
d ∥2h∆t) + ε

m∑
n=L+1

∥∂tθnd ∥2∆t

≤ C
m∑

n=L+1

∥θnd ∥2h∆t+ ε
m∑

n=L+1

∥∂tθnd ∥2∆t.
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From (62), we have

(85) |P2| ≤ C
m∑

n=L+1

∥∂tηnd ∥2∆t+ ε
m∑

n=L+1

∥∂tθnd ∥2∆t.

When ε is sufficiently small, the combination of (80) - (85) leads to

(86)

∥θmd ∥2h +
m∑

n=L+1

∥∂tθnd ∥2∆t+
m∑

n=L+1

∥∂tθnd ∥2h(∆t)2

≤C

(
∥θLd ∥h +

m∑
n=L+1

∥ηn−1
d ∥2∆t+

m∑
n=L+1

∥∂tηnd ∥2∆t+
m∑

n=L+1

∥θnd ∥2h∆t

)
.

Note that

(87)

∥∂tηnd ∥ ≤∥∂t(Un − un)∥+ ∥∂t(un − Ehu
n)∥

+ ∥∂t(Eh(un − Un))∥+ ∥∂t(EhUn − EdU
n)∥

≤C(∥∂tθnh∥+ ∥∂tηnh∥+ ∥∂tτnh ∥),

which together with (8), (33) implies

(88)

m∑
n=L+1

∥∂tηnd ∥2∆t ≤ C(
m∑
n=1

∥∂tθnh∥2∆t+
m∑
n=1

∥∂tηnh∥2 +
m∑
n=1

∥∂tτnh ∥2)

≤ C((∆t)2 + h2r).

Then by Lemma 3.6 and the discrete Gronwall’s inequality, we obtain

(89)
∥θmd ∥2h +∆t

m∑
n=L+1

∥∂tθnd ∥2 + (∆t)2
m∑

n=L+1

∥∂tθnd ∥h

≤C
(
(m− L)((∆t)2 + h2r+2)∆t+ (∆t)2 + h2r

)
,

In other words, for every L+ 1 ≤ m ≤ N , we have
(90)
∥Um − Umd ∥2h ≤ ∥θmd ∥2h + ∥ηmd ∥2h

≤ C

(
∆t

L∑
i=d+1

λi + (m− L− 1)((∆t)2 + h2r+2)∆t+ (∆t)2 + h2r

)
,

Finally, (78) can be obtained from (79) and (90). �

Figure 1. 16 × 16 meshes for all examples, left: Voronoi mesh,
right: Nonconv mesh.
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Algorithm 1: ROWG algorithm

Step 1 : Generate the snapshots Um = {Um0 , Umb },m = 1, 2, · · · , L by
solving the WG scheme (6).
Step 2 : Calculate the correlation matrix A = (Aij)L×L according to (37).
Step 3 : Find the positive eigenvalues λ1 ≥ λ2 ≥ λ3 ≥ · · ·λL > 0 of A and
the corresponding standard orthonormal eigenvectors
vi = (vi1, v

i
2, · · · , viL)T , 1 ≤ i ≤ L.

Step 4 : Determine the number of POD bases d such that∑L
i=d+1 λi ≤ (∆t)2 + h2r+2.

Step 5 : Construct the POD basis ψi = {ψi0, ψib} by (38) and denote the
POD space by Vd = span{ψ1,ψ2, · · ·ψd}.
Step 6 : Solve the ROWG scheme (39), and then the numerical solution
Um
d ∈ V d for each time layer is obtained.

Step 7 : If ∥Um+1
d,0 −Um

d,0∥ ≤ ∥Um
d,0 −U

m−1
d,0 ∥,m = L,L+ 1, · · ·N − 1, then

Um
d (m = L+ 1, · · · , N) are the ROWG solutions satisfying the desirable

accuracy. Else extract the new snapshots Um+j−L, j = 1, 2 · · ·L and return to
Step 2.

4. Numerical experiments

In this section, we show three numerical examples to verify the accuracy and effi-
ciency of the POD weak finite element method. We perform numerical simulations
on domain Ω = [0, 1]× [0, 1], T = 1. We take r = 1 and r = 2 for the discrete weak
finite element function space WG(Pr, Pr−1;P

2
r−1). When r = 1, we take ∆t = 500

and L = 20; when r = 2, we take ∆t = 1000 and L = 30.
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Figure 2. Comparison of analytic solution, numerical solution
of WG scheme, and numerical solution of the ROWG scheme for
Example 4.2 at t = 1 on Voronoi mesh.
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Example 4.1. In equation (1), let the nonlinear capacity term g(u) = exp (0.1u),

and D =

(
x2 + 1 0

0 y2 + 1

)
. The exact solution is u(x, t) = exp(−t) sin(πx) sin(πy)

, and the right-hand side term can be calculated accordingly.

Example 4.2. In equation (1), let the nonlinear capacity term g(u) = u2 +1, and

D =

(
x+ 1 0
0 y + 1

)
. The exact solution is u(x, t) = tx(x − 1)y(y − 1), and the

right-hand term can be calculated accordingly.

Example 4.3. In equation (1), let the nonlinear capacity term g (u, x, y) = cos(π2t)

· cos(πx) cos(πy)u+ 1, and D =

(
cos(π2t) + 2 cos(π2t) + 1
cos(π2t) + 1 cos(π2t) + 2

)
. The exact solution

is u(x, t) = exp(−t) sin(πx) sin(πy), and the right-hand term can be calculated ac-
cordingly.

In order to illustrate the robustness of numerical schemes, we perform numerical
simulations on two types of meshes–Voronoi and nonconv meshes (see Fig. 1). Note
that there are hanging points in the latter one. Both the WG and ROWG schemes
perform well on both meshes, reaching desired error rates under L2 norm and the
discreteH1 norm. A comparison of the numerical solutions of WG, ROWGmethods
and the exact solution for Example 4.2 on Voronoi mesh are shown in Fig. 2.

From Table 1–Table 6, one can observe that for all three examples, the errors
of the ROWG algorithm are roughly the same order of magnitude as that of WG
scheme, while the ROWG scheme greatly reduces the CPU time without affecting
the error accuracy. Moreover, the effectiveness of ROWG algorithm becomes more
obvious as the size of algebraic equation gets larger. The convergence orders are
consistent with the theoretical results given in previous sections. More precisely,
when r = 1, the convergence orders under the L2 norm and the discrete H1 norm
are 2 and 1, respectively; when r = 2, the convergence orders under the L2 norm
and the discrete H1 norm are 3 and 2, respectively.
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