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A VOIGT-REGULARIZATION OF THE THERMALLY COUPLED
INVISCID, RESISTIVE MAGNETOHYDRODYNAMIC
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Abstract. In this paper, we prove the existence of weak solution and the uniqueness of strong
solution to a Voigt-regularization of the three-dimensional thermally coupled inviscid, resistive
MHD equations. We also propose a fully discrete scheme for the considered problem, which is
proven to be stable and convergent. All computational results support the theoretical analysis
and demonstrate the effectiveness of the presented scheme.
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1. Introduction

The incompressible magnetohydrodynamic (MHD) describes the dynamic be-
havior of an electrically conducting fluid under the influence of a magnetic field,
and has a wide range of applications in scientific and engineering, such as elec-
tromagnetic pumping, liquid metal, electrolyte, and so on (see [I, B, B, 4, §]). It
consists of a viscous, incompressible fluid which owns the property of electric cur-
rent conduction and interacting with electromagnetic induction. The MHD flow
has a multi-physics phenomenon: the magnetic field changes the momentum of the
fluid through the Lorenz force, and conversely, the conducting fluid influences the
magnetic field through electric currents. Additionally, if the buoyancy effect cannot
be neglected in the momentum equation due to temperature differences in the con-
ductive flow, then the incompressible MHD equations are usually coupled to the
heat equation. In this way, multiple physical fields (velocity, pressure, magnetic
and temperature) will be coupled in the MHD system.

Usually, the thermally coupled incompressible MHD system is given as follows

[6]:

(18) o~ vdut (- Vyut Vip+ 5| BP) — (B-V)B = f + 66,
(1b) Vou=0,
(1c) B, —puAB+ (u-V)B—(B-V)u+Vqg=V xg,
(1d) V-B=0,
(1e) 0, — KA +u- VO =10,

with appropriate boundary and initial conditions. Here, v > 0 is the fluid viscosity,
u > 0 is the magnetic resistivity, x is the thermal conductivity, B is the thermal
expansion coefficient, and the unknowns are the fluid velocity field u(x, t), the fluid
pressure p(x,t), the magnetic field B(x,t), the magnetic pressure g(x,t), and the
temperature field 6(x,t). In fact, by a posteriori, one can drive that Vg = 0.
Besides, the given function f is the external force, g is the known applied current,
and ¥ is the heat source. Note that these equations contain the three dimensional
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Navier-Stokes equations as a special case (namely B = 0 and 6 = 0), and the
mathematical theory is far from complete.

Denote by P = p + %|B|2 a modified pressure, in this paper we study the
following Voigt-regularization of (M) in inviscid and resistive case (i.e., v = 0 and

1 #0).

(2a) u; — &*Auy + (u-V)u+ VP — (B-V)B = 30,
(2b) V-u=0,
(2¢) B, — uAB + (u-V)B — (B-V)u + Vq = 0,
(2d) V-B=0,
(2e) 0 — kA +u - VO =0,
(2f) (u, B, 0)|t=0 = (uo, Bo,th),

where a?Au, is the Voigt term and a > 0 is a regularization parameter. Moreover,
when a = 0, we formally retrieve (I) by adding forcing terms to (E8), (2d) and (28),
and reintroducing a viscous term vAw to the right-hand side of (E3).

The Voigt (also written Voight) term was originally proposed by Voigt in [7] for
viscoelastic fluids. Viscoelasticity is the property of a material that, under stress
and deformation, exhibits both viscous and elastic characteristics. Unlike the Kelvin
stress-strain relation [8], Voigt has derived a system of equations that governs the
behavior of elastic solids with viscous properties, which is known today as the
Kelvin-Voigt equations [7]. In [9], the Navier-Stokes-Voigt (NSV) equations were
firstly introduced by Oskolkov as a model of Kelvin-Voigt fluids in which « denotes
a material parameter connected to a characteristic length of viscoelastic effects.
The authors also pointed out that the NSV equations have a real physical sense,
and describe the flow of a viscous incompressible Newtonian fluid which requires
%2 units of time in order to be set in motion under the action of a suddenly applied
force. The NSV equations were proposed by Cao et al. [I0] as a regularizaion of the
Euler equations and Navier-Stokes equations which suggested a smaller resolution
requirement in large scale computations.

In the last several decades, many analyses and applications regarding the Voigt
regularization have been studied (see, e.g., [[1, T2, I3, [4, 05, 06, [7]). The Voigt
regularization enjoys a feature that it is inviscid and does not require any artificial
boundary conditions to prove the global existence and uniqueness of strong solu-
tions [I0]. It is also simpler than the nonlinear viscosity model of Ladyzhenskaya
[[8] and Smagorinsky [[9]. Due to these benefits, the ability to adapt an existing
CFD code to the Voigt regularization without intrusion has great interest. In [20],
Kuberry et al. proposed a Voigt regularization algorithm for the Navier-Stokes e-
quations. Numerical tests show that the Voigt regularization algorithm on a coarse
mesh produces good approximations to higher Reynolds number. Later on, Layton
and Rebholz [21] found that the regularization parameter « has effect of slowing the
temporal evolution; that is, compared to the usual solutions of the Navier-Stokes
equations, the NSV approximations have a longer relaxation time and damped ef-
fects decay more slowly. The statistical properties of the NSV model have also
been investigated computationally, using a phenomenological model of turbulence
known as the Sabra shell model [22]. The results indicate that the NSV model may
capture important statistical features of the Navier-Stokes equations, and therefore
give motivation for it to be investigated for use in numerical simulations. Further-
more, in the context of numerical computations, the NSV system appears to have
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less stiffness than the Navier-Stokes system (see, e.g., [23, 22]). For more discussion
of the NSV equations, the authors refer readers to [24, 25, P26, 274, P8, 24].

The MHD-Voigt model was introduced and studied [30], where the global well-
posedness was established for the three dimensional case, even with zero fluid vis-
cosity and zero magnetic resistivity. A similar model with Voigt regularization only
on the momentum equation, but with non-zero magnetic resistivity, was studied in
[81, B2]. Similar to the case of the NSV system, it has also been noted in [32] that
the three dimensional MHD-Voigt system (with non-zero viscosity and magnetic
resistivity) is globally well-posed under physical boundary conditions. Kuberry
et al. [20] proposed a second-order time discretization method and obtained un-
conditional stability and optimal convergence results for the MHD-Voigt model.
Additionally, Lu et al. [33] studied the MHD-Voigt equations with the finite el-
ement scheme for spatial discretization and the Crank-Nicolson-type scheme for
temporal discretization.

In this work, we consider a Voigt-regularization of the thermally coupled inviscid,
resistive MHD problem, and propose some theoretical analysis and numerical re-
sults. This paper is organized as follows. Section B introduces some basic notations
and mathematical preliminaries. In Section B, we present the existence of weak
solution, and uniqueness of strong solution along with strong solution continuous
dependence on initial value. In the next section, we present a fully discrete scheme
of the considered thermally coupled MHD-Voigt problem and prove both stability
and convergence. Numerical results are exhibited in Section B, which demonstrate
the effectiveness of the presented scheme.

2. Preliminaries

In this section, we introduce some preliminary material and notations which are
commonly used in the mathematical study of the considered fluid. We consider
the problem with periodic boundary conditions as [32]. Next, denote the function
space

V::{¢€f|v-¢:0 and /¢>(m)dm:O},
Q

where F is the set of all three dimensional vector-valued trigonometric polynomials
with periodic bounded domain Q2 C R? (d = 2 or 3). Here, we note that the restric-
tion to the region is only for the sake of simplifying the exposition, but essentially
the same computations in Section B can be carried out for an open bounded subset
of R? with smooth boundary, as [34] for the Navier-Stokes equations.

We denote by LP and Wpf“ the usual Lebesgue and Sobolev spaces over (2,
H* := W} and define H and V to be the closures of V in L? and H!, respec-
tively. Additionally, we denote by V' the dual space of V', and denote the action
of V' 'on V by (-,-)y. Next, we introduce the usual L? norm and its inner product
by || - || and (-,-). The H* norm and L (p # 2) norm are denoted by || - ||z and
Il - lz», respectively.

Now, we denote by P, : L? — H the Leray-Helmholtz projection operator
and define the Stokes operator A := —P,A. Notice that in the case of periodic
boundary condition, we have A = —A (see, e.g., [35]). It is known that A=!: H —
D(A) = H?> NV is a positive-definite, self-adjoint, compact operator, and there is
an orthonormal basis {w;}$2; of H consisting of eigenvectors of A corresponding
to eigenvalues {\;}52; such that Aw; = A\w; (see, e.g. [35, BB]). Next, let H,, =
span{wi,...,wy,} and P, : H — H,, be the L? orthogonal projection onto H,,
with respect to {w;}$2;.
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Moreover, it will use the following notation for the nonlinear term
(3) B(u,v) = Py((u - V)v),

for u,v € V. The operator B defined in (B) is a bilinear form which can be extended
as a continuous map B :V x V — V’. Furthermore, for all u,v,w €V,

(4) <B(uav)7'w>V’ = *<B(uvw)av>V/ and <B(uav)7v>\/’ =0.
Now, we give the following trilinear form b(-,-,-) : V x V x V — R by
b(u,v,w) = (B(u,v),w)y:.

Throughout the paper, C' is used to denote the generic constant different in
different occurrences and independent of mesh size, time step and the regularization
parameter «. The following lemmas, for instance see 37, BR| are largely used in
numerical analysis.

Lemma 2.1 (Differential Gronwall’s inequality). Let n(t) be a nonnegative, ab-
solutely continuous function on [0,T], which satisfies for a.e. t the differential
inequality

n'(t) < d(t)n(t) + ¥(t) + C,

where ¢(t) and Y(t) are nonnegative, summable functions on [0,T]. Then

(5) ol0) < expl [ o(s)ds) (n<o> + [ vtoas + c) ,
forall 0 <t <T.

Lemma 2.2 (Discrete Gronwall’s inequality). Let At, K and ay,, by, ¢y, d, be non-
negative numbers such that for M >0

M M M
aM—l—Athn < AtZdnan —i—Athn—i—K.
n=0 0 n=0

Furthermore, suppose that the time step satisfies Atd,, < 1 for each n. Then

M M M
(6) an + ALY by < exp(At Y dy) (At > ent K) .

n=0 n=0 n=0
3. Well-posedness of solutions

This section is devoted to stating and proving the well-posedness of (B). We
mainly show the the existence of weak solution and uniqueness of strong solution.
Noticing the Helmholtz-Weyl decomposition theorem [B4], we can derive the unique
decomposition of the temperature 36 = 36 + 36, where § := P,0 € H and 36 €
G = {s € L? : s = Vg,Vg € H'}. Then, based on the de Rham theorem
[86, BY, BO], we have

(7) s =Vyg if and only if (s,v)y» =0 Yve V.

In the following part, assume ug € V and By, 6y € H to show existence without
uniqueness of weak solution. Additionally, for strong solution, assume wg, By, 0 €
V to obtain existence, uniqueness, and continuous dependence on initial data.
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3.1. Existence of weak solution. Consider () in a functional form. Making P,
act on (B), we obtain the following system (8), which is equivalent to () (see, e.g.,
[36] for the Navier-Stokes equations). Recalling the Helmholtz-Weyl decomposition
of the temperature above, we consider 6.

(8a) %(u + a?Au) = B(B, B) — B(u,u) + 30,
(8b) %B + uAB = B(B,u) — B(u, B),
(8¢) 95+ A =~ Blu. i),
(8d) u(0) = ug, B(0) = By, 6(0) = .

Note that one can recover p, ¢ and # by using de Rham’s theorem (@) (see, e.g.,
[86, BY] for the Navier-Stokes equations).

Definition 3.1. Let ug € V, By, 0y € H. Then (u, B,é) is called a weak solution
to (B), on the time interval [0, T, if

ue C([0,T),V), B,0eL*(0,T),V)NCyu([0,T],H),

du dB df

— € L*(0,T),H), —,— € L*((0,7),V’

dt e ((O’ )7 )7 dt ) dt e ((0’ )7V )7

and furthermore (u, B, 0) satisfies (83) in the sense of L3 ([0,T], V') and (EB), (d)
in the sense of L2([0,7],V").

Under definition of the weak solution, we are now ready to state and prove the
existence of weak solution.

Theorem 3.1. Let ug € V and By, 0y € H. Then (8) has a weak solution (u, B, 0)
for arbitrary T > 0.

Proof. We consider the following finite dimensional Galerkin approximation of (8).
Find w,, By, 0, € CY(0,T; H,,) by solving

(9a) %(um + a?Auy,) = P B(By, By) — P B(tnm, ) + B0,
(9b) %Bm + pAB,, = Py, B(Bp,, ) — Py B, B,
(9¢) iém + KAb,, = — P B(tnm, Opn),

dt
(9d) B,,,(0) = P, By, 4, (0) = P, 0, (0) = P,,6.

Applying the operator (I + a?A)~"! to (EH), we see that (H) is equivalent to an
ordinary differential equations y = F(y). By the Picard-Lindeléf Theorem [20],
this system has a unique solution on [0, 7™), which is the maximal interval for
the existence and uniqueness of solution.

Now, we prove T™* = oo by contradiction. Supposing T™** < oo, we have
(10)

li I = li B, (t)| = li Om (D) =
lim fun( =00 or  lm [Bu@l=oco or  lim [t =oo
otherwise we could use the Picard-Lindel6f Theorem to extend the solution further
in time, contradicting the definition of 7™#*. In fact, take the inner product of (H3)
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with a,,(t), (08) with B,,(t) and (88) with 6,,(t) for t € [0,T™), respectively.
Using (B) on the ensuing equations, we have

1d

(12) 52 (el + 0% Ve [2) = (B, By, ) + (80, ),
1d
(11b) §£”Bm”2 + MHVBMH2 = —b(Bm, Bm, um),
1d, - -
11 -— 2 2=0.
(11¢) 5 Ol + K[ V82 =0

Integrating ([Td) with respect to ¢ from 0 to ¢ yields
t
(12) 162 (2112 +2H/0 IV 0|2 dt = 1|6 (0)]|* < [|6]|* < oco.
Next, adding (ITd) and ([IH), and utilizing () give
d ~
(13)  Z(lwml® + o[V |* + [ Bull*) + 2ul|V Bun||* < 2l[wan|1* + 2] 860
Apply the differential Gronwall’s inequality (B) on (IC3)
(14) o2 < exp(2) (IJuo|® + 211800 12) = K1,
and then, combining ([3) and (E3), we arrive at
d ~
(15) = (luml* + a®[Vun|® + | Bnl*) + 26 VB|* < 2K1 + 2[[860||* = Ko.

Integrating () with respect to ¢ from 0 to ¢ leads to

t
[ ()17 + @2 (| Vet (1) [ + | B (1) + 2u/0 IVBn|*ds
= Kot + [[um (0)|* + o2 [ Vet (0)[|* + [ B (0)]|?
(16) < (K3)? = KoT™ + [luo|* + o || Vawo||* + || Bo|* < oo,

which and (I2) contradict (). Hence, 7™ = oo and (H) has a unique solution
(Wi, B, 0,,) for arbitrary 7' > 0.
Additionally, according to () and (IE), for fixed but arbitrary T > 0, we gain

(17a) Uy, is bounded in L*°([0,T],V),
(17b) B,, is bounded in L>([0,T], H) N L*([0,T], V),
(17¢) 0y, is bounded in L>=([0, T, H) N L2([0,T], V),

uniformly with respect to m. y
Moreover, we will extract subsequences of {u,,}, {B,} and {6,,} which con-
verge in L?((0,7), H) by using the Aubin compactness theorem (see, e.g., 21, B6]).

du

To satisfy the hypotheses of this theorem, we will show that dtm is uniformly

dB,, db,,
dt  dt

bounded in L*((0,7T), H) < L?((0,T),V"’), and

in L2((0,T), V"), with respect to m.
In fact, from (88) and (0I8), (), (@), we arrive at

are uniformly bounded

du
||(I+042A)7dtm I Day

< ||PuB(Bm, Bu)lp(ay + 1P B, )l p(ay + 180mlpcay
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(B0, v)|

|”HD(A)

|b(um7 U, Pm”)'

|6(By, B, Prv)|
= sup + sup + sup -
veED(A) HvHD(A) vED(A) ||U||D(A) veD(A)

|6(Bin, P, Bun)| [b(ttin, v, )| (86, )|
sup + sup + sup —F—
veD(A) vl pa) veD(A) ]l pa) vep(4) [VllD(a
3 1 3 1 ~
< C(IBmll2 VB2 + [t 2 [[ Va2 + [|80m]1%)
(18)
< C((K$)?|[VBwm|? + (K$)%a™? +(|800]),

as well as

du,, -
I+ 02 4) 5 s <P BB B e + | P Bt ) s + |88 v
|b(B’m; B’m; P’ITL’U)‘
= Sup

vev [vllv

bttt Pao)] | (B0
+ sup + sup
vev lvllv vev ollv
3 3 1 3 ~
<CUBul VB2 + [t [Vt [|* + (180, ]%)

(19) <C((K$)2|[VBu? + (K$)2a™% + || 86,]),

where we have applied the Poincaré inequality, and the Sobolev embeddings and
interpolation inequality. Hence, the right-hand side (RHS) of (IR) and (IY) is
uniformly bounded in L*(0,T) and L3 (0,T), respectively. Then (I + a2A)%
is uniformly bounded in L*([0,T], D(A)’) N L3([0,T],V’) with respect to m. By

applying the operator (I + a?A)~!, we have

d’;ll;n is bounded in L*([0,T], H) N L%([O,T], V),

uniformly with respect to m. }
B, do

7 and - From (BH) and (8d) we discover

(20)

Now, we consider

dB

| =5 I < P B(Br, ) v + | P Bt By + | B[y

< C|BullZ VB |2 Vit | + 11| V Byl
< C(K$)2a Y |VBu|? + ul| VB,
and
152 s < 1P B ot Bl + | Al

b(um, ém, P,v)

< sup + H||V§m||

veV [vllv
< Vun VOl + £l VO] < (K$)a™" + £)[[VOn].-
Combine the above results, to deduce

dB

(21) tm is bounded in L?([0,T],V"),
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and
br, . - :
(22) 5 B bounded in L=([0,T],V"),
uniformly with respect to m.
Therefore, by the Aubin compactness theorem, there exists a subsequence of
(Wi, B, 0,n) (velabel as (w,,, By, 0,,)) and elements w, B, € L?([0,T], H) such
that

(23a) W, — u strongly in L*([0,T), H),
(23b) B,, — B strongly in L*([0,T], H),
(23¢) 0, — 0 strongly in L2([0,T], H).

Furthermore, in view of (I(2), (20), (20) and (22), then recalling the Banach-
Alaoglu theorem [A7], we can pass to additional subsequence (we again relabel as
(W, B, 0m)), to show that w € L>([0,7],V), B € L>=([0,T], H) N L*([0, T], V),
e L*([0,T), H)NL2([0,T), V), us € L4([O,T},H)0L%([O,T},V), B, € L([0,T],V"),
6, € L*([0,T], V"), and

(24) Um — u, B,, — B,0,, — 0 weakly in L*([0,T],V), asm — oo.

Now fix k and take m > k. Let w € C*([0, T, Hy) with w(T) = 0 be arbitrarily
given. Take the inner product of (H) with w. Integrating with respect to ¢ from 0
to T, we deduce

= (um(0),w(0)) = & (Vam (0), Vw(0))

T T
—/ (um,wt)dt+a2/ (V,, Vw;)dt
0 0

T T T
(25a) :/ b(Bm,Bm,me)dtf/ b(um,um,me)dt+/ (B0,,, w)dt
0 0 0
T T
~ (B0 w(0) - [ Buwidi+p [ (VB Vi
0 0
T T
(25b) :/ b(Bm,um,Pm'w)dtf/ b(wm, B, Pnw)dt,
0 0

T T
/ b(umﬁm,me)dt—i—fi/ (Vp, Vwy)dt
0 0

T ~
(25¢) :(Hm(O),w(O))Jr/O (O, wy)dt.

Note that (23) holds with (u,,, B, 0, P,,) replaced by (u, B, 0, I), where I is
the identity operator. In fact, employ (24) to discover

T T T
/ (U, wy) dt%/ u, wy)dt, a2/ (Vum,th)dt%QQ/ (Vu(t), Vw,)dt,
0 0
T T
/ (ﬂ@m,w dt—)/ ﬂ@ w) / (B, wy) dt—>/ B, w,)dt,
0 0

T T
u/ (VB,,, Vw)dt — u/ (VB,Vw)dt, / Qm,'wf )dt %/
0 0

=

T T
/ t), Vw)dt — Ii/ (VO, Vw)dt
0 0
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In addition, we will prove the convergence of the trilinear terms. Here, we only
consider the convergence in one case, i.e.,

T T
I(m) = / b(Uny Uiy, Prpw)dt — / b(u,u,w)dt — 0, as m — oo.
0 0

The convergence of the rest trilinear terms can be obtained by similar arguments
as the Navier-Stokes equations (see, e.g., [36]). Note that w € C1([0, 7], Hx) and
k < m implies P, w = w. Rewrite I(m) as

T T
I(m) = / (U, — U, Upyy, w)dE +/ blu, w,u — uy,)dt = I1(m) + Iy(m),
0 0

where we have used (@). In fact, I(m) — 0 for w € C'([0,T], Hx). Since by
standard estimate on the trilinear term, (I7d), the Holder inequality and (E33)
shows that I;(m) — 0 and Iz(m) — 0.

Note that a,,(0) = Pnug — ug in V, B,,(0) = P,,By — By and 6,,(0) =
P60y — 6y in H. Thus, passing to limit as m — oo in (1), we gain for all
w € CY([0,T], H,) with w(T) =0

= (u(0),w(0)) — a*(Vu(0), Vw(0))
T T
—/ (u,wt)dt—l—a2/ (Vu, Vw,)dt
0 0
T T T
(26a) :/0 b(B,B,w)dt—/O b(u,ww)dt—i—/o (86, w)dt,
T T
~ (B0 w(0) - [ (Bowddi+p [ (VB Vw)i
0 0
(26b) —/T b(B,u,'w)dt—/T b(u, B, w)dt,
r ‘r
/ b(u, B, w)dt + # / (V0, Voy)dt
0 0

B T
(26¢) =(6(0), w(0)) + /0 (0, w,)dt.

Moreover, utilize w € L>([0,T],V), B, € L>((0,T),H) N L*((0,T),V) and a
standard estimate on the trilinear term, to get the fact that (28) holds for all
w € CL([0,7],V) with w(T) = 0 due that C1([0,T], Hy,) is dense in C*([0,T], V).
Acting (&), (BH) and (Bd) on w and comparing with (E8), we discover u(0) +
a2 Au(0) = ug + a?Aug, B(0) = By and (0) = 6y. According to (I +a2A4)~!, one
has u(0) = wuo.

Finally, we prove that u, B and 0 satisfy the requirements for continuity in time
in Definition BAl. Taking the action of (B6H) and (EBd) with v € V and integrating
in time, we obtain, for a.e. t,t; € [0,T], we get

(B(t,) — B(ty), ) w/ (VB, Vo)dt

(27) = /t1 b(B,u,v)dt — /t1 b(u, B, v)dt,
(28) (1) — (to), v) + K/tl(vé, Vo)dt = —/tl b(u, 6, v)dt.
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Observe that the integrands are in L'(0,7). Then (27) and (28) implies B,f €
Cw([0,T],V) by sending t; — to. Further, due to the density of V in H and the fact

that B,0 € L>°([0,T], H), we deduce that B,0 € C,([0,T], H) with help of the
d

triangle inequality. On the other hand, recalling (E0) implies d—’l; € LY([0,T),H) —

L2([0,T],V"). Observe that u € C([0,T], H) due to w € L*([0,T],V). O

Remark 3.1. We only proved the ezistence ofé in Theorem B. But the existence
of 0 also holds. Indeed, as the approach to recovering the pressure term in [38], it
follows (@) that (B0, w) = 0. Adding this term to the RHS of (263), we get (30, w).
For (PBd), we can argue almost exactly as (PG3).

3.2. Existence and uniqueness of strong solution. In this subsection, we
consider existence and uniqueness of strong solution. For our purpose herein, we
firstly give definition of a strong solution in the following sense.

Definition 3.2. Let ug, Bo,0p € V. Then ('u,,B,é) is called a strong solution to
(B) if it is a weak solution and

du dB df _ _,
E € C([O,T],V), E7$ €L ((O7T)7H>

Next, we show in Theorem B that the strong solution exists globally.

B.,6 € L*((0,T),D(A))NC(0,T],V),

Theorem 3.2. Let ug and By,0y € V. Then (B) has a strong solution (u, B,0)
for arbitrary T > 0.

Proof. Firstly, take the inner product of (88) and (88) with AB,, and A#,,, respec-
tively. Then employing (IB) and the Young’s inequality, we find

S TN Bl + 1 ABy|* = BByt AB) — bt B, ABy)
< OVl [V Bl [ AB [ ABy |+ [V By [ AB | [V 4B )

< CK§a™ VB |} [AB|? < CKF|VB.|P + Sl AB.|?,

1d ~ ~ 5 P P ARTE ST - |
5 V002 K| AG 2 = ~b(atn, G, ABy) < O[Tt VG2 4G,
< CRG oVl 40, < CK3 90, + 545,

where K§ == C(a 1K$)* =2 and K¢ = C(a tK$)*k 3, thereby obtaining the
estimates

d «
(29) VBl + pllABy|* < CKY VB[,
d,_~ ~ oA
(30) VO + 6l A0 [* < CKE VO
Then, integrate (29) and (80) over [0,¢] to give
t t
IV B (1) +N/0 |AB,,(s)||ds < |V B, (0)|? +CK53/0 IVBin(s)]ds
(31) <|IVBol* + Cu™ 'K (K5)* = K,
t t
IO [ NAGwlds < 19017 + OKG [ 190,25
0 0

160/
K

(32) < ||V6o|?> + CKS, = K¢,
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Consequently (BI) and (B2) imply
(33) By, 0 € L*(0,),V) N L*([0,T], D(4)),
uniformly with respect to m. Moreover, remembering (I9), we deduce

du,,
— e L™ T
dt € ([07 ]7 V)7

uniformly with respect to m, with help of the improved bound (B3).

and ﬂ Combining (BH), (8d) and (IH), we have

Secondly, we consider dt

” H <[P B(Bm, um) || + | P B(tm, Bl + pl| ABy||
|6(Bin, W, Prw)| b(wm B, Pnw )|

= sup + sup
weH |w]| weH [|w]|

< CIVBw|2 [[ABm |2 [Vum|| + CllVunm|[[|ABm|| 4 pl| ABm||
< C(K§a™! + w)|ABu,

+ pl|AB,, ||

b(uﬂhémaw) ~
o Al AL
w

wett [Jw]l
< Cllatn |2 [ Vetrnl|2 [ Abn || + ]| Ab |
< C(K§a™ + K)|| A,

which and (B3) yields

H < 1B (um, O )|l + K]l Gy || =

dB,, db,,

4
(34) Cdt T odt

€ L*([0,T),H),

uniformly with respect to m.

Finally, according to the proof of Theorem B, we find that there exists a weak
solution (u, B, f) to (8) such that B,, — B, 6, — 6 in L>°([0,T], H)NL*([0,T],V)
for subsequence {B,,,0,,}. Next, using (83) and (8d) and applying the Aubin
compactness theorem to extract a subsequence (relabeled as (B, 0,,)) such that

B,, — B, 0,, — 0 strongly in L*([0,T],V).

By the Banach-Alaoglu Theorem, (83) and the uniqueness of limit, it follows that

B.,6 € L>([0,T),V) N L%([0,T], D(A)). It is easy to find from (B4) that dcf Zf €

L2([0,T],H), which implies that B,6 € C([0,T],V). Because of u, B, § €
C(]0,T),V), we deduce that the RHS of (Ba) belongs to C([0,T],V’). Inverting

d
I+ a?A gives dit‘ e (0,7, V). O

In the last part of this subsection, we show the uniqueness of strong solution.
We first recall a lemma that will be used later.

d
Lemma 3.1. [B7] Letv € C((0,T), H) and dit} € L?((0,T),H) for somep € [1,00].
Then the following equality holds on (0,T),

dv
2
ol =2 (G o).

Moreover, ||v||? is absolutely continuous.
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We now turn to show the uniqueness of strong solution and its continuous de-
pendence on initial data.

Theorem 3.3. Let (u;, B;, 0;) (i =1,2) be two strong solutions to (8) with initial
data u}, By, 05 € V. Then one gets

[5u(®)|* + [ Vou(t)||* + |5B(®)]* + |56(t)|*
(35) < ([6uol|* + ®([Vduo||* + [[6Bol|* + [[660) exp(K§t),
where 6v == v1 — vy and I(ﬁf}"(K{;‘~7 K& K8, a,v, k) > 01s a constant. Especially,
if uy =u3, B} = B and 0} = 02, then Su =0, §B = 0 and 60 = 0.
Proof. We show that from (Bd) we have

do ~
(36) (I+ OZQA)TZL = B(B1, By) — B(u1,u1) — B(Bz, Bz) + B(uz, uz) + B856.
Multiply both sides of (BB) with (I + aQA)_%.
déu
dt
(37) — B(ui,u1) —3(32,32)4'3(“2,’"/2)‘*‘,35&)-

(I+02A)7 8 —(I +a2A)"% (B(Bl, Bi)

Since du € C([0,T],V) and % € Li([0,T),V), we have (I + azA)%disu

t
L3([0,T], H). Then, taking the inner product with (I + a2A4)2éu € C([0,T], H),
we get from (B2)

L dou 1 1d 1
24y 22 2A)z =_-— 2 4)3 ful|?
((I—i— a“A) o ,(I 4+ a”A) 5u) 5 dt||([+ a”A)zoul|
(38) = b(6B, By, 0u) + b(Ba, 0B, du) — b(du, uy, du) + (86, 6u),

where we have used Lemma B and (#). Arguing in a similar way to (88), from
(BH) and (BH), we gain

1
5%”53\\2 + || VOB||?> = b(6B,u1,5B) + b(Bs, 6u,B) — b(du, By,6B),
1d, .~ S0 -
§$||50|| + k|| V0]|* = —b(du, 02, 60).
Moreover, together these equations lead to
1d 1 ~ _
5 I+ a?A)25ul® + 6B + [160]%) + p| VOB + k|| Vo0

= b(6B, By, éu) — b(du,u1,du) + b(6 B, uy,dB)
— b(6u, By, 6B) — b(6u, 0, 00) + (860, bu)
< C||VoB||[|VB1 | Voul + Clldul|? | Voul|* || Ve |
+Cll0B|12 |VOB|? |V | + C|[Voul| [ VB || [6B]* |VsB] >
+C|[Voul|[| V2] [166] 2 | Vo8] + [|86][||dull
< CKg||V6B||[|Voul| + CKS||ou] |Vou||? + CK§|6B]|*||VoB]|*
+ CKE|[Voul[|l6B]|? | VB> + CKS|[Voul|||66]7]|Va0]|> + [|850]][|5w|
< CKg(|6ul® + o?|Vou|? + I5BI + 66]) + £ [VoBI* + Z1IV a6,
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where K§ = K§(K$,K$ K&, o,v, 1, k) is a positive constant. Here, we used
standard estimates on the trilinear term, the Young inequality, (@), (81) and (82)
(hold in the limit as m — oo for u;, B;, éz)

Therefore, one deduces that

%(ll(l +a”A)20ul® + 6B + |56]|*) + u||VOB|* + ||V 66 *
<CKg (|6u]? + o®(|Vou|? + [|5B|* +|56]%).
Using the differential Gronwall’s inequality (B) together with the identity
(T + a?A)26ul? = [[6u]?® + o?|| Véu|?,

we finishes the proof. O

4. A fully discrete approximation

In this section, we will design a fully discrete scheme for the Voigt-regularization
of the thermally coupled inviscid, resistive MHD equations (B).

Denote by 75, a regular, conforming mesh of a polygon  with maximum el-
ement diameter h. Let P be the set of continuous piecewise polynomials those
are of degree k on each element, and P,ffl be the set of discontinuous piece-
wise polynomials those are of degree k — 1 on each element, respectively. The
finite element spaces used throughout will be the Scott-Vogelius (SV) pair [43],
(X1, Qn) = ((Pr)?, Pd,), which enforces strong (pointwise) divergence free, and
will approximate velocity and pressure, as well as the magnetic field and corre-
sponding Lagrange multiplier. The temperature will be approximated by X; = P.
The mesh will be built from a barycenter refinement of a regular mesh if & > d,
and if k¥ = d — 1, the mesh will be the Powell-Sabin mesh for the inf-sup stability
[2a, a5].

The numerical scheme is now derived with a Galerkin finite element method for
spatial discretization and the Crank-Nicolson scheme for temporal discretization.
For simplicity, we require the discrete initial conditions u% = ug, Bg = By and
09 = 0. Define u, ' =), B, ' .= B, 0,' := 69, and SZJF% = L(sp + s)t!) with
s=u, B, P, qand 6.

The resulting scheme reads: for all (vp, X, An,Th, &n) € (Xp, Xn, Qn, Qn, X1),
ﬁnd (UZ—H, B}T;+1,Pg+%,qz+%,92+l) S (Xh, Xh, Qh, thXh); fOI‘ n = 0, 1, 2, ety

M —1, with M = L,

1 a? ntd il
— (uptt —ujl vp) (V(uptt —up), Vo) + ((uy 2 - V)up 2, oy)

At Y
(39%)  — (BT VB v — (BT V) = (86,7 ),
(39b) (V-upt!,A) =0,

1 ntl n+l nal

(B = Bixn) + 1 (VB Vxa) = (B Vw2 )
(39¢) +((uy V)BT x) - (qZ*E,V : Xh) =0,
(39d) (V-B;*'r,) =0,

1 natl nil ntl
(39) (05! =05 0n) +r (V0,72 Von) + (w2 VOTE 6n) = 0.
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For the existence of the above scheme, we will prove it by using a simple conse-
quence of Brouwer’s fixed point theorem [d6], see an application in Lemma 5.3 of
7).

Theorem 4.1. The scheme (BY) has a solution for At < Cegist, where Cegist =
k(|B12C3) "1 and Cq is the Pioncaré constant depending only on (2.

1
Proof. Notice that the existence of u"Jrl is equivalent to the existence of “Z+2 , for

given uy. Besides B"*! and 0"+1 have similar equivalence. We define an operator
Gh : ]:h — .Fh, where ]:h = Xh X Xh X Qh by

3 2
(GulF).wn) =5 S (Fy = Flhwin) + 2o (V(F = ), Vou) + (Fi - V) Fr,wn)
i=1
— ((F2 - V) Fy,vn) — (BF3,0p) + 1 (VEF2, Vxa) — (F2 - V) F1, Xa)
+(

(40) Fy-V)Fy,xn) + 6 (VEF3,Vop) + (F1 - VEs, ¢p),
n+3 nt+i n+i
where F' = (Fy, F3, F3) = (uw, *>,B), *,0, ?), F}' = (u},B},0}), and wy, =
(Vn, Xn, ®n). It is easy to prove that G}, is continuous for given F}.
Next, we define a convex, finite dimensional and closed set

Sh - {F € fha HFH]: S C]:}v
with Cr > (Z [E5 012 + || Vuy|? )z and the norm

1
3 3
At|B2C?
I = (Z IFI? + 02 VA2 + pb VB + At — SPECR gy
i=2
Now, in order to prove that the equation G, (F') = 0 has a solution, i.e., the scheme
(BY9) has a solution, all we need to show is that G, (F, F') > 0 for | F||r = Cx [46].

In fact, let wy, = AtF in (E0) we have

(G 2ZF o Fi) 4 20°(V(Fy = uft), VFy) — At(BFs, Fy)
+ uAtHVFQH? + kAt|| V32

3 3
> P =D IELIP + o IVE? - o] Vug|?
=2 i=1

At|ﬁ|202

+ Atk - DIVE|? + pAtl|VE |

=|1F|I% - ZH nll? = o[ Vg |2

Thus, if ||F||z = Cr, we have (Gn(F),F) > 0. Since the SV elements are a

. . . C . n+i
stable finite element pair under corresponding mesh restrictions, p, "> 3

exist if uh+1 B”+1 9"+1

and qh
are given. O

We prove here that the numerical solution is stable.

Theorem 4.2. Under assumption of Theorem 1, suppose that ug € H'(Q),
By € L2(Q)? and 0y € L*(Y). Then there exists a positive constant Cy, = max{|A|, 1}
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such that when CqAt < 1, the solution (B98)-(BY8) is stable, that is
i I* + ([ Vaup! || + | BRI + (1657112
M—1

+ A (uIVB |+ k][0, 2)
n=0
(41) < exp(CyT)([[uhy |2 + a2V || + | B + 16711

1 1 1
Proof. Select vy, = uz+2, Xh = BZ+2 and ¢p = 0:+2 in (B4d), (BYd) and (BUE),
respectively. Next, adding the ensuing equations, multiplying through by At and
summing from n =0 to M — 1 yield

1
5 (w17 + o[ V! |7 + BRI + 11677 [1%)

M-1
1 1
+ At Y (WIVB P+ k|8 P)
n=0
1 Mol +1 +1
=5 (Ifl1? + [V + BRI + 16512) + At D (80,2 up ™),
n=0

which and the Cauchy-Schwarz-Young inequality imply
i II? + o[V || + [ BR[1” + 1104712
M—1

n+i n+ i
+ At Y (Wl VB + k| VE |2

n=0
<At Z Cy (Il 2 + 02 [t |2 + 02 + 1By 12)

+ Huhll2 + || Vg || + | BRI + (1631
Using Gronwall’s inequality (B) completes the proof.

|
Now we prove the uniqueness of the solution to the scheme (B9).
Theorem 4.3. Under assumption of Theorem @, let that 20 —C (=1 4+x71) >0

and At < Cunigue where Cyupigue = min{2, -3 B Tas 2+1,Coz (202—C(p ' +x"1))}.

Then the scheme (BY) has a unique solution.

Proof. Let uﬁ;l, Bﬁ;l, 9"+1 and ugzl, B;‘,’;l, 9;‘21 be two solutions to the scheme

n+3 +1
(BY), and es = s, n° —Sy,°, where s =u, B, 0. Then we have

é ((eu,vh) + (eB, Xn) + (eo,ﬂﬁh)) + E(veua Vor) + 1(Ves, Vxn)
IR R (VSRR IR
- ((BY? V)BJLE — (B} V)By o)

v = (B Vo)

- (!
#(( u?? VB - g -v>BQ,ﬁ><h)
( 2
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2 2c
N ((euavh) + (eBsXxn) + (69,¢h)> + E(W’“ V)
+u(Ven, Vxn) + £(Veq, Vo)
+ <(“1—;2 - V)ey + (e - V)u;:;?,vh) - ((B;l;tE Vep + (e - V)B, h ,'vh>
n+§ n % n % n %
- ((31 n’ - Veuw + (e 'V)’U‘QZ aXh) + ((ulﬁ Ve + (€u V)B2,J}; th>
+ (w37 V)eo + (e V0557 6n) — (Beg, o) = 0.
Selecting vy, = €4, Xn = €B, and ¢, = ey, we have
2 2 2 20° 2 2 2
< (leall® + lles? + lleoll*) + S I Veal® + ul Ves|? + x| Veo|
n+3g ” 2
+ (e V)i en) = (e - V)BY eu) = ((en - V)u)? en)
+ ((ew-V)B 1 en) + ((ew V051 0) = (Beg,eu) =0,
which leads to
2 2 20 2 2 2
2 (lewl? + llesl? + lleol?) + 2oz 1Veall? + 1l Ves | + sl Vel
n+2 n %
< O[||Vu2 2P Veul* + [IVB,, || IVeal® + [V, | Ves]”

n+1i ﬂ 2
V05T Veal } +alVesl + ealVeol + L gl + fewl®.

Cstab b C
< OB IVeul? + =52 | Veu |2 + =52 | Ve |1
C b B
b e 7] +e1||VeBH2+e2||Veeu2+ BE o2 + el

where Cstab = eXP(CgT)(HugII2 + a?[Vud || + [ BYII? + [|63]]*) and 0 < e < g,
0 < €2 < k from Young’s inequality. Then

A 2
(2 - At)lewl? + lleml? + (2 - 220 g2

+ (2@2 —Ca?At—-C(p 4+ K~ )) [ Vew|?
+ At(p—€1)||[Ves|? + At(k — €2)[|Veq]|* < 0.
Therefore, the uniqueness of scheme (89) holds with uniqueness condition. O

We now prove convergence of the scheme. In order to obtain the error equations,
we first multiply (E8), (29) and (26) at nts by v, € Xp, xn € Xp, and ¢y, € X,
respectively. Then integrate the ensuing equations over the domain. For simplicity,
we denote ek = uf —u(t*), ey = B — B(t*) and ef = 0} — 0(t*). Additionally,
snTE = w with s = u, B and 6.

(g (¢ ”+%>,vh> + 0 (Vuy ("), Vou) + (w(t"2) - V)u(t"?), v,)
(42) — (BE™2)-V)B(t"*7),vy) = (BO("7), vp),

(Bi(t"*2),xn) + t(VB("2), Vi) — (B 2) - V)u(t"2), x)
(43) +((w(t™t2) - V)B(E"2), xn) = 0,
(44) (0,(t"2), dn) + K(VOE™T2), V) + (w(t™2) - VOET3), ¢p,) = 0.

)
)
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Subtract (B2) from (BY=)

1 a? ntl ntl
(et = e on) + S (Ve = o), Von) + (g V)T o)

(w2 V)u"tz v) — (B 72 - V)ely 2,un) — (e 2 - V)B" 3 vy,)

= (ut(t"ﬂ) - —U(th)At_ u(tn),vh>

1 w(t"t) — u(t”
—|—OéZ (V(ut(tn+2) — (t)At(t))’vvh>

w(t™3) - V) (uE" ) - u't?), vy)
(w(t"2) —umt2) . V)urts vy)
B": . V)(B": — B("3)), vs)
(B""2 —B(t""%)) - V)B(t"*2), vs)

n+1 + eg
)

_ lg(e(tn-&-%) _ 9n+%7,vh) + (569 5 'Uh)

(45) ::Gl(t7B7u797Uh) + (/Geg+§7vh)~

Note that G represents terms associated only with the true solution. Furthermore,
one easily gets

Gl (t, Ba u, 97 Uh)

tn+1 tn+1 tn+1

<oatt ([ funlPant+ ([ IVaalPdod+ ([ funlPan?
tntt " tntt " tntt "
H([ Bl ([ IVBulPant ([ 8ulPan? ) o)
tn - tn tn
+ C’azAt?’m(/tn Vs ||2dt) % | Von |

gt

< CAtS/ (lasl? + 572112 4 N [2 + 11 Bua [ + 1V B + 1]
t

n

(46)

tn+1

+||vh||2+oz2||VvhH2+Ca2At3/ Vg2t

t’ﬂ.
By a similar argument for the magnetic and thermal equations, we have

1 n n+i n+i n+1
L~ ) + Ve L v - (B9t )

n 1 1 n 1 n 1 n 1 1
— (el 7 - V) E x) + (g 2 - Ve 2, xn) + ((en' ? - V)B" 3, xy,)

Bt — B(t™ 1 1
B0 )+ m(V B+ — B, vxa)

+((B(™) - V) (u"E —u(t™2)),xp) + (B2 — B(t""3)) - V)u" 2, xp)
+ ((w(E™2) - V) (BE"TE) — B E), xp) + (w(t™2) —ut3) . V)B"5, xy,)

(47)
::GQ (ta B7 u, Xh)a

:(Bt(t"+%) _
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and

1 1
n+3 n+3

eyt —ep o)+ 5(Veg 2, Von) + (up 7 Vey 2 n) + (en * - VO gy)
9(t”+4) —»9(t”)

N

=(0,(t" %) — L 0n) + w(V(O(EF2) — 075, V)

At
(TR V(OETE) — 0775, 6p) + ((w(t"TE) —uTE) - VOE gy)
(48)
:IGg(t, u, 9, (bh)
Moreover we bound G5 and G3 by
GQ(t7 B7 u, Xh)
gntt ¢ntl ¢t
<cad(([ 1BulPant+ ([ IVualPant+ ([ 1Bl
tn tn tn
gntl ¢t

H([ 1Bt ([ i) ol
t

n n

tn+1
+0At%|\vxhll(/ IVBL|*dt)?
tn
tn+1
<Cat [ (Bl + |1 Ball + [Vl + ua* + |V B
t

n

tn+1

@9+ ol + £Vl +car [ VB,

tn

as well as
gttt gttt
Galt.ust.60) < COE ([ IwlPant +([ |V0ulan?
tn+1 tn tn+1 tn
F([ 0 unlPan)lonl+ A 98P0 Vo
tn - tn
< CAt?’/ (10eell® + 11V 0eel1? + [lweel|*)dt + [|pn]1> + g|\v¢h||2
tn -
(50) + CAt? / V0% dt.
tn

Furthermore, we spilt the error as ek = &€¥ — nk where ¢ = (uf — %) and
n* = (u(t*) —%*). Analogously, ek, = (BF — %)+ (#* — B(t")) =: ¥F —nk, and
ek = (08 — OF) 4+ (0F — 9(t*)) =: wf —n} where Z* € X;,, #* € X), and OF € X,
are the finite element approximations of u, B and 6. Substituting into (£3), (E4)
and (ER) results in

2 n+%

1 n n o n n n+yg
S )+ V), Vo) + (g v)E o)

1 1 1 1 1
+ (672 Vs ) — (B2 Vg 2 on) = (2 - V)B™2 vy)
1 . n a? " " ntl ntl
:E(nqul — N> 'Uh) + Kt(v(nu+1 - T’u)v V'Uh) + ((uh 2. V)nu zvvh)
n+3 n+3

(a2 - V)uE w) — (B2 - Vng 2 u) — ((ng 2 - V)B"™ %, vy)
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(51)  + (Ber "2, wp) + G (t,u, B0, vy),

as well as

SR = )+ (Ve V0 — (BT g )
— (V) ) () ) (€ V)BT )
= 7 = ) + (T V) — (B 9)ml )
— (V) )
(52) + ((up ™ - V) 2 xn) + (72 - V)B™ %, x4) + Ga(t, u, B, xa),
and
At( wp wﬁy¢h)+m(VwZ+%,V¢h)
F (e Vo) + (€5 VO gy)
=GB ) + RV T V) + (T )
(53) + (et VO, 6,) + Gt 0, 6).

Theorem 4.4. Under assumption of Theorem [-3, assume that (u, B, 6) solves (B)
and satisfies reqularity conditions:

w e L=(0, T, WyT(Q)%), B, e L>(0,T, Wit (Q)*), uw € L*(0,T, H ()?),
By, 0y € L*(0,T, H'(Q)"), Buus, 0ue € L*(0,T, L*(Q)"),
where s =1 or d. Then the solution to (89) converges to the true solution with rate

(™) = i1 + o[V (u(@™) — up)|* + | BEY) = By | + [|0(t™) — 037

M—1
+ ALY (IVBE™E) = By )12+ V(0 ) - 6,7 5)?)
n=0
< C(a® +1)(At* + h%).

Proof. Choose vp, = £Z , Xh = ’l,[)h * and on = wh+2 in (B1), (62) and (B3),
respectively. Rewrite the ensulng equations

1

n+12 n|2 n+1)2 n| 2 7b+% . n+i n-‘r%

o (161~ g ) + 2At<||vs 12~ V&%) + (€7 vyt g
n+% nts Lnts n—&-% n4+l n+%
— (B vt g )= (i TBTET

1 n n gnts n n+3
=M M€ 2)+A (Vo™ =V, Ve, )

(g Ve T (T V) tE g )

n+i n+i .n+3 n+i n+l wnti

_((Bh 'V)WB »Sh ) — ((7713 -V)B +2£ )
(54) + (Bt — T2 + G (tu, BLOE ),

as well as
n n+3 n+3 n+s o nti
S R = [ 17) + vy P - (B wpetd

(R ) (€ )BT Y
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n n n+3 3 n+3 n+3 ntg  ntg
At(nB+1 s, Yy, )+N(v"73 , Vb, ) — ((Bh V)N 2, h )
n+i n+l  nt3 n+3 n+i  n+3
—((ng * - V)ut2,4, %)+ ((u, *-V)ng 2,9, ?)
(55) (' V)B4 Galt,u, By ),

and
n n n+t3 nti ntl nti
s (I — I ) 4wl Veap, 3 4 (6 9o+ )
L, n n+d n+d n+dl  ntl
At(%H nG’wh )+’€(V779 : th 2)+(uh PV w7
n n+= n+i
(56) it vt )+ Galtou 0,0y ).
For (B4), apply the Cauchy-Schwarz-Young inequality to get
1 " n+% 1 Tl a 2d n+2 2
S gt <o [ R+ e e,
2 tn+1

(V,nnH Vnn, Vet < / 10, (V1) | clt+—||V£h+2||2

At = 2A¢

Next, with the help of Holder’s inequality, we rewrite (B2) as

n+12 _ nn2 ntly2 o
2At(“£ 17 = 1€ 1I7) + 2At(I|V£ 12 = ||IVER|?)
1 tn+1
SE/ (10e(mu) 1> + & |0:(Vnu) ||?)dt + = ||5h+2”2+*||V£h+2||2
tfl

IVt E e llEn P 4+ (B V) et
+IVB 3| ey 2l 2 |

g 2 Ve 2 e T E 4 Va8 el 16
+ CIVB Va2 s € 21 + VB2 || [y 2 (1€ %
F (B ity € 4 Gyt u, BLO,ENT?).

Then, according to the Cauchy-Schwarz-Young, Poincaré’s inequalities and the
assumption of the regularity of the solution, we discover

3

n+112 n2 n+1/2 n||2
eI — 1€RIP) + o (V&R = [9R1P)

1
<
—2At

n+3 nts enti n+3 +3
BTVt ol ||2+||¢h I

tn+1

[ (0P + a2 P+ 5 (e P

n+3 n+3 n+3 n+3 n+i
S e A A R v A R AR
(57) g R lop T H I+ g ) + Gt BLO,ETY).

We now suspend (64) and return to (B3) and (68), which can be estimated by
proceeding as the momentum system, yielding

S (7 = ) + & vy ™22
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n41

1 t

Si
2At

n+l n+3 n+3 n+3 n+3
+C(||Vn 2l P llE P+ VB PV

10n(np)||%dt + (B} T2 - V)g) 2,y 2)

+3 n+3 +3
(58) g ey E PV R+ 0l 2) + Gt B,

and
+
s (1P = ) + S vl 32
1 e nt 2 n+i 2 n+i 9
<gar [ 1o lPde+ Ol P+ 1R + 1V
n+4 n+4 n+i n+4
(59) ol PRIV R+ a7 2) + Gt w, 0,007,

Moreover, combining (58), (89) and (64) and then noticing the fact that

(B2 Vg 2 p ) = (B - Wy 60 th),

h  >Sh
we gain
n+1)2 _ n|2 n+12 n+1)2 _ n|2
S (IEETI — I€R1P) + o (I 17 = IR + g (ot 12 = [l )
n n n+3 n+3
2At(IIV£ P = 1ver®) + *HV% P+ *IIth 7|
tn+1

1
SoAi / (10 (m) 12 + 02 Ve (0) |12 + 10 (m) 12 + 19e(16) |7t

+ + + +3 nt3 +3
+*HV€n 2||2+C(||€n P 4 g2+ g T E P+ e E 2 [V E 2
v+3 +3 n+3 n+3 n+3
S A S (T ot v [y (A0 = Ml o v P [

VBRIV 4 RN nE R+ g 22
(60)

+ Gyt BL0E ) + Goltu, B,y ) + Galt,u, 0,0 2).
Multiply (B0) by 2At, then recall (E8), (E9) and (60), and finally sum the ensuing
inequality over time steps.

M-1
At n+tl n+tl
1637117 + @[ V&R II* + a7 + llwr II* + D Wl Ve, E 1P 4 ] Ve, 2 )

n=0

T
S/O (19e(m)1? + o[V O () I” + [10¢ (n8)II7 + [0 (n0) ||t
— n+3 +1
3 -i-2 n+3; n-‘,—2 n-',-2
+CAtZ(Hnu 12+ llws 212 (Va2 7 + 11 Vg 27 + Vg 2 (17:)
n=0
n+32 n+3 n+3 n+3 +3
VB PR 12 + 1905 130 + Vg 1+ [y )

M-1

n+3 n+3 n+3 n+
+ 0t Y (I 12 + a2 Ve + gy + oy TR 1)
n=0

+ C(At* + o2 Ath).
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Finally, based on the finite element approximation (see, e.g., p.108 in [@R]) and
Theorem B2, we deduce that

M-—1
At +1 +1
€211 + o IVERTI* + lwon” I + lwn” I + = D Wl Ve, E P 4 £l Ve, 2 )
n=0
M-1
<CAL Y (1€ 17 + ®IVET I + [ IR + o ™1%)
n=0

+ C(At* + 2 At* + o®h%F 4 h2F).

Applying Gronwall’s inequality (B) completes the proof with the help of the triangle
inequality. (I

5. Numerical experience

In this section, we present some numerical examples to test the established theo-
retical findings, and show the performances of the fully discrete scheme (B9) for the
Voigt-regularization of the thermally coupled inviscid, resistive MHD equations (B).
A linearization of (BYd)-(BYd) is derived by using explicit second-order extrapolation
of the five nonlinear terms via the substitution

+l +l 3 1 _ +l
(™ V™ o) = (Gt — up ™) Dy o).
In all tests, the SV element ((P)2, P{) is used for the velocity-pressure, magnetic
field-Lagrange multiplier systems and P» element is applied for the temperature.

5.1. Stability test. In order to demonstrate the stability of the presented scheme
showed in Theorem B=2, we test it with different time step for the considered problem
(2) in the unit cube [0,1]2. Set the parameters u = 1, x = 1.0, 8 = (0,—1)T,
a = 0.2 and the final time T' = 5.0. The initial values are taken as follows:

ug(z,y) = (102%(z — 1)%y(y — 1)(2y — 1), —10y*(y — 1)*zx(z — 1)(2z — 1)) 7,
By(z,y) = (sin(rx) cos(my), — sin(my) cos(ﬂ'x))T, polz,y) =0,
Oo(w,y) = 102°(x — 1)%y(y — 1)(2y — 1) — 10y°(y — 1)%x(x — 1)(2z — 1).

Due to the zero source functions and the homogeneous boundary conditions in
the considered domain, the numerical solutions are expected to remain bounded
over time.

We denote Eff = [[up||? + o2|[Vul||> + | B||? + [|6;]|* and fix mesh size h = 3.
Figure 0 shows the values of E}' versus time evolution with different time steps
At = 0.1, 0.05 and 0.02. We observe that it is monotonic decay for all time steps,
which shows that the proposed scheme is stable.

5.2. Convergence test. This example is to test the convergence rate for the pre-
sented scheme showed in Theorem B=. The RHSs f, g, ¥ and boundary conditions
are chosen such that the exact solution in the domain Q = [0, 1]? is given as

u = (km sin?(wz) sin(my) cos(my) cos(t), —km sin(rx) sin? (wy) cos(mzx) cos(t)) T,

B = (ksin(mz) cos(my) cos(t), —k cos(mx) sin(my) cos(t)) T,

0 = kmsin®(mx) sin(my) cos(my) cos(t) — kn sin(rx) sin®(7y) cos(mx) cos(t)

p=(1—-2z)(1-y)(1-2z)sin(),
where k = 0.01. Set p =1, s =1, 3= (0,—1)7, and a = 0.2. On the one hand,
when studying the convergence order with respect to the spatial mesh size h, we
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FIGURE 1. The values of E} with different time steps.

fix a small At = 0.001 to reduce impact of the time step on spatial convergence
order. The errors and convergence rates for corresponding norms at the final time
T = 0.01 with varying h are displayed in Table M. On the other hand, when it
comes to the convergence order with respect to At, we select At = h and T = 1.
The corresponding results are listed in Table B. From these tables we can see that
both of them are approximately 2. Hence, the proposed scheme works well and
keeps the convergence rates just like the theoretical analysis.

TABLE 1. Errors and convergence rates with respect to h.

h Vel || Rate Ve Rate Vel || Rate

1/4 1.803F — 02 — 4.246EF — 03 - 4.206F — 03 -

1/8 6.184E — 03 1.54 1.216E — 03 1.80 1.131F - 03 1.89
1/16  1.892E — 03 1.71 3.271E - 04 1.89 3.123E — 04 1.86
1/32  5.170E — 04 1.87 8.394F — 05 1.96 9.047E — 05 1.79
1/40  3.353E —04 1.94 5.392F — 05 1.98 5.962F — 04 1.87

TABLE 2. Errors and convergence order with respect to At.

At Vel || Rate [VeX|| Rate Vel || Rate

1/5 6.984F — 03 — 1.540F — 03 - 3.186F — 03 -

1/10  2.314E —03 1.59 4.335E — 04 1.83 7.900F — 04 2.01
1/20  6.801E — 04 1.77 1.145E — 04 1.92 1.968E — 04 2.00
1/40 1.811E—-04 1.91 2.914F — 05 1.97 4.916F — 05 2.00

5.3. Driven cavity flow. The following numerical simulations are carried out
with the 2D lid-driven flow as the experimental model [@9]. The external body
force is zero for this problem and the computational domain is Q@ = [0,1]2. The
initial values are given by By = ug = 0, and 6y = . Then, the boundary conditions
are given as follows:

w=(1,0)" on the top wall,

u =0, on the rest of the wall,

Bxn=(1,00" xn, 0=460, onodQ,
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where n is the outer normal vector on 9. Define Erpt! = [lu}™" — ul||? +
|BRtt — B2+ |07 — 67)|%, and set p= 1, kK = 1 and At = 0.01.

0.08 T T

0.07

0.06

om0 04 osd 0Bqus 047
0.01F { R
\\\
P —— L L 1 L 1 1
0

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

FIGURE 2. The evolution of Er?T!.
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FI1GURE 3. The streamlines of velocity and magnetic field, and the
contours of temperature (from top to bottom) with different o and

h.
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FIGURE 4. The evolution of |V - u} ™| and |V - By
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FIGURE 5. The streamlines of velocity and magnetic field, and the
contours of temperature (from left to right).

We first compute the problem with @ = 0 at h = 1/40 as a reference solution.
Then we compare the numerical results of (89) with o = 0.01 and (89) with o =0
(the usual thermally coupled inviscid, resistive MHD) on a coarse mesh h = 1/16.
Figure B gives the evolution of ETZH versus time for different cases. We can
see that all cases get almost the same results.Further, we plot the streamlines of
velocity, magnetic field and the contours of the temperature in Figure B. Based on
the reference solution, we find that the case of (B9) with @ = 0.01 (using Voigt-
regularization) has a better approximation in the streamline of velocity than that
of (B9) with o = 0.

Furthermore, we compare the computational divergence values, which are shown
in Figure . Tt is clear that the evolution of ||V - u}™|| is almost the same for (E9)
with o = 0.01 and the reference solution. Besides, (89) with a = 0.01 has the least
value of |V - B}"*!|| among these three cases.

Finally, we simulate the problem (B) with o = 0.2 and h = 1/16, and the problem
(M) v =1 and h = 1/40 (the thermally coupled viscid, resistive MHD). Figure B
plots the computational results of both cases, which show almost the same results.
To further explain it, let us take a closer look at the form of the Voigt-regularization
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and the viscosity term in the numerical scheme as follows:

2
o 1

E(V(UZH —up),Vv,) and V(VUZ+2,V’Uh).

Clearly, both terms contribute to the main diagonal of the stiffness matrix and
the right-hand side term of the linear system. Therefore, for this experiment,
with appropriate parameters, the Voigt-regularization acts as a viscous term in the
momentum equation.
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