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CONVERGENCE RATE ANALYSIS OF ACCELERATED
FORWARD-BACKWARD ALGORITHM WITH GENERALIZED
NESTEROV MOMENTUM SCHEME

YIZUN LIN!, SI LI2*, AND YUNZHONG ZHANG?

Abstract. Nesterov’s accelerated forward-backward algorithm (AFBA) is an efficient algorithm
for solving a class of two-term convex optimization models consisting of a differentiable function
with a Lipschitz continuous gradient plus a nondifferentiable function with a closed form of its
proximity operator. It has been shown that the iterative sequence generated by AFBA with a
modified Nesterov’s momentum scheme converges to a minimizer of the objective function with

an o (ﬁ) convergence rate in terms of the function value (FV-convergence rate) and an o (%)

convergence rate in terms of the distance between consecutive iterates (DCI-convergence rate). In
this paper, we propose a more general momentum scheme with an introduced power parameter
w € (0,1] and show that AFBA with the proposed momentum scheme converges to a minimizer

of the objective function with an o <k2%> FV-convergence rate and an o (k%) DClI-convergence

rate. The generality of the proposed momentum scheme provides us a variety of parameter
selections for different scenarios, which makes the resulting algorithm more flexible to achieve
better performance. We then employ AFBA with the proposed momentum scheme to solve the
smoothed hinge loss ¢1-support vector machine model. Numerical results demonstrate that the
proposed generalized momentum scheme outperforms two existing momentum schemes.

Key words. Nesterov’s momentum, forward-backward algorithm, convergence rate, support
vector machine.

1. Introduction

In this paper, we consider fast algorithm with a generalized Nesterov momentum
scheme for solving a class of two-term optimization problems of the form

(1) min {f(z) +g(x)},

where f : R” — R is a convex and differentiable function with a Lipschitz con-
tinuous gradient, g : R™ — R is a proper lower-semicontinuous convex function
which may not be differentiable. This two-term optimization model has important
applications in machine learning (e.g. LASSO regression, support vector machine)
[23, 5, 28], image processing (e.g. image denoising, image restoration) [T, [T, 2],
compressed sensing [I3, 74] and so on.

The possible nondifferentiability of g in model (@) precludes the use of classical
gradient type algorithms. Under these circumstances, the Forward-Backward Algo-
rithm (FBA) [06, 20] was developed to solve the model when the proximity operator
of g has a closed-form. The FBA is easily-implemented and robust. However, for
large scale ill-conditioned problems, it has been shown to be too slow no matter in
practice or in the sense of asymptotic rate of convergence [B, 5]. To address this
issue, various modifications of FBA have been developed [3, @, 9]. One of the most
popular strategies is the utilization of momentum technique, such as Nesterov’s
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momentum scheme [[9]. Beck and Teboulle showed that FBA has an O (%) con-
vergence rate in terms of the function value (FV-convergence rate), and FBA with
Nesterov’s momentum (Fast Iterative Shrinkage-Thresholding Algorithm, FISTA)
can improve the FV-convergence rate to O(k—lz) However, the convergence of the
iterative sequence generated by FISTA is unclear in their work [B]. Chambolle and
Dossal proved in [6] not only the O(75) FV-convergence rate but also the conver-
gence of the iterative sequence for the momentum accelerated forward-backward
algorithm with a new setting of momentum parameters (AFBA-CD). Later, At-
touch and Peypouquet showed that AFBA-CD can actually achieve an o (k—lz) FV-
convergence rate and an o (%) convergence rate in terms of the distance between
consecutive iterates (DCI-convergence rate) [M]. Although AFBA-CD is theoreti-
cally guaranteed to be faster than FISTA, it does not always give a distinguishingly
improved performance on practical applications.

In this work, we propose a more general setting of momentum parameters in the
Accelerated Forward-Backward Algorithm (AFBA). A power parameter w € (0, 1]
is introduced in our momentum scheme. We shall show that the setting of momen-
tum parameters in [B] is a special case of the proposed generalized scheme with
w = 1. More importantly, the iterative sequence generated by AFBA with the gen-
eralized momentum scheme converges to a minimizer of the objective function with
an o (k%) FV-convergence rate and an o (k%) DClI-convergence rate. This result
provides a wider class of momentum algorithms with various convergence rates.
Numerical results demonstrate that the proposed momentum scheme outperforms
the existing momentum schemes used in [3] and [G] for classification problems using
Support Vector Machine (SVM).

We organize this paper in six sections. In section B, we describe the accelerated
forward backward algorithm and three types of momentum schemes, including two
existing schemes and the proposed generalized scheme. We analyze in section B
the convergence of the iterative sequence and both the FV-convergence rate and
the DCI-convergence rate for AFBA with the proposed momentum scheme. In
section B, we formulate the smoothed hinge loss ¢1-SVM model as the two-term
optimization model (I), and then employ AFBA to solve this model. Section B
presents the numerical results for comparison of the proposed momentum scheme
with the other two schemes mentioned in section B. Section B offers a conclusion.

2. Accelerated forward-backward algorithm

In this section, we first review the Accelerated Forward-Backward Algorithm
(AFBA) for solving model () and two existing momentum schemes. Inspired by
these two schemes, we then propose a more general setting of momentum param-
eters. To better describe the iteration scheme of AFBA, we recall the definition
of proximity operator of a convex function [I¥]. For z,y € R"™, the inner prod-
uct is defined by (z,y) := Y., ;y;, and the corresponding ¢ norm is given by
]| == (z, ).

Definition 2.1. Let ¥ : R™ — R U {+o0} be a proper convex function. The
proximity operator of ¥ at x € R™ is defined by

1
(2) prox,, () := argmin {||u —z|* + w(u)} .
u€ER™ 2
Throughout this paper, we define F' := f + g and
(3) T := proxg, o (T — V),
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where Z denotes the identity operator. We will always assume that the minimizer of
F exists and let 8 € (0, %] . We say that an operator 7 : R™ — R" is nonexpansive if
[Tz — Tyl <||lz—yl| for all z,y € R™. If there exist a € (0,1) and a nonexpansive
operator N' : R” — R”™ such that 7 = (1 — a)Z + o, then we say that T
is a-averaged nonexpansive. According to the proof of Theorem 26.14 in [2], we
know that operator T in (B) is averaged nonexpansive, which implies that the
sequence generated by the fixed-point iteration z*+! = Ta* (forward-backward
iteration) converges to a fixed point of T' (see Proposition 5.16 in [2]). In addition,
by employing Fermat’s rule (Theorem 16.3 of [2]) and Proposition 2.6 of [I7], we
have the following equivalence between the fixed point of T and the minimizer of
F.

Proposition 2.1 ([IH, 20]). Vector * € R™ is a minimizer of F if and only if x*
is a fized point of T.

To sum up, the sequence generated by the fixed-point iteration of 1" converges to
a minimizer of F'. Based on this fixed-point iteration, an accelerated version with
momentum technique (AFBA) can be written as follows:

A ykzxk—i—@k(mk—xk*l),
( ) k1l = Tyk.

To proceed the above iteration, two initial vectors 2°, 2! € R™ should be given.
Next, we review two existing momentum schemes. We denote the set of all
nonnegative integers and the set of all positive integers by Ny and N, respectively.
Let R, denote the set of all positive real numbers. For two sequences {a}ren, C
R+ U {0} and {br}ren, C Ry, both tending to zero, if klirgog—: = 0, we write

ar, = o(bg). If there exist constants ¢ > 0 and K € Ny such that a; < cby, for all
k> K, we write ar = O(bg).

The most popular way of setting the momentum parameters {0 }ren, is given
by Nesterov [9] as follows:

14 /1 +4¢2
tr—1—1 k—1
(5) Gk:kli with tp = ———, ke N4,

s 2 ’

where tg = 1. When {0 }ren, in algorithm (B) is set to Nesterov’s momentum
scheme (B), the algorithm reduces to the well-known Fast Iterative Shrinkage-
Thresholding Algorithm (FISTA) [8]. It has been shown that the convergence rate
in terms of the function value (FV-convergence rate) of FISTA is O ({%). Later,
Chambolle and Dossal [B] proved the convergence of the iterative sequence gener-
ated by AFBA with the following setting of momentum parameters

k—1

:m, oz>3,k€N+.

(6) Ok
We note that the setting (B) of {0k }ren, is asymptotically equivalent to (B) with
a = 3 by Proposition 2 of [d]. In the recent work [0], Attouch and Peypou-
quet proved that AFBA with momentum scheme (B) can achieve an o (k%) FV-
convergence rate and an o (%) convergence rate in terms of the distance between

consecutive iterates (DCI-convergence rate).
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This paper investigates the convergence, F'V-convergence rate and DCI-convergence
rate of AFBA with a more general setting of 6y:

(7) 0, = tk_tlil with t,_1 = a(k: — 1)w +0b, ke N+,

k
where w € (0,1] and a € Ry. To avoid division by zero, without further mentioning,
we always set b € R\{—ak® : k € N} throughout the paper. It is easy to see that
the setting (B) is a special case of () withw = 1, a = 15 and b = 1. In subsequent
section, we shall show that both the FV-convergence rate and the DCI-convergence
rate of AFBA with the generalized momentum scheme (@) depend on the order of

tr—1-
3. Convergence and convergence rate analysis

In this section, we always let {z"}ren, and {y"}ren, be two sequences generated
by algorithm (8) for any two initial vectors 2°,#1 € R", and let z* be any fixed
point of T', that is, any minimizer of the objective function F'. We shall show that
if the sequence of momentum parameters {0y }ren, is given by (@), the sequence
{xF }ren, converges to a minimizer of F' with an o (kz%) FV-convergence rate and

an o (k%) DClI-convergence rate. We begin with stating our main theorem of this
section.

Theorem 3.1. Suppose that {0k }ren, is given by (@). If either w € (0,1), a € Ry
orw=1,a¢€ (07 %) holds, then we have the following facts:
(@) lla* =" =0 (5%),

(i1) F(z%) = F(z*) =0 (=),

(iii) {2*}ren, converges to a minimizer of F.

We postpone the proof of Theorem B until we finish the establishment and
verification of Momentum-Condition, which is sufficient to ensure the convergence
and the desired convergence rate of AFBA. We first recall Lemma 2.3 of [8].

Lemma 3.1. Let x, y be any two vectors in R™ and set z :==Ty. Then

F(z) < F(z) + %@—x,y— 2) - %ny .

For notational simplicity, throughout this section, we let

(8) N 1= F(xk) — F(z%), 7%:= %

and define the sequence {Zk}k€N+ C R™ by

lz% — 2" 72, ke Ny,

(9) =t + (1 —tp)2k, ke N,

By employing Lemma B, we next establish the following proposition that serves
as an important tool in the analysis of convergence and convergence rate.

Proposition 3.1. Let 6, = t’“‘tifl, where ti, # 0 for all k € Ny, and define

(10) e 1= 280 + |2 — 2|2, ke N,

If there exists K € N such that ty,(t, — 1) < t3_, for all k > K, then the following
facts hold:

(1) ep41 < ek for allk > K and lim ey exists,
k—o0




522 Y. LIN, S. LI, AND Y. ZHANG

(i) mp < 2&% forallk > K,
(i) 2520 [ty = te(te = D] e < 35

Proof. We first prove Fact (i). For k € Ny, by letting » = z*, y = y* and » = z*,
y = y*, respectively, in Lemma B, we have that

(11) P < F@Eb) (20" =2,y — 2™ — Iyt =M,

L1
26

* 1 *
(12)  F(=") < F(a*) + 35 (204" —a* " — ") — |ly* = T?).

Let py := 2t (zF — 2%, y* — 2Py — 2 ||y* — 2*T1||%, k € N;. By noting that
1 1

]- * 1 * *
(1= 5 ) 0F = ah+ 0 =) = & [+ (- et -] = L - 0),
k 2 Uk tk

the combination (1 - i) . (11)+i - (12) gives that

1 1, 1
F(zHh) < (1 - tk) F(z®) + EF(JU )+ ﬂpk,
that is,
(13) M1 < (1 — 1) Nk + %pk, for all ke N .
th 2342
To prove Fact (¢), we also need to verify the following equality
(14) P = 2Pty (yF — 2F ), forall ke N,

Substituting y*+1 = 21 4 0, (2*+! — 2%) into the definition of z¢*! in (H), and
then using the facts tgp10r41 = tr, — 1 and (1 — tg)a* = 2% — txy"*, we get that

=y [P 4 O (27 — 2] (1 — )t
=(1+ tk+10k+1)fck+1 — tpp1Op 1 2”
(15) = tpz" T 4 (1 — ty)2”
= tpxf T 4+ 28 — t”,

which implies (IA). Since py, = ||2% —2*[|2 — ||(z% — 2*) — t1.(y* — 2¥+1)|2, it follows
from (I2) that

(16) e e e Elanr
Substituting (@) into ([3) yields that
1 1 " "
a0 men < (1= et g (1 = P = 1 )
e

Multiplying both sides of (IC2) by 23t gives that
282ma1 < 28 (th — i + |12 — 27|12 — |4+ — o
=288 + 1|5 — 2P — 5 — 22— 28 [B, — bl — )] me,
that is,
(18) Ent1 +28 [tioy — ti(te — 1)] me < ep, forall ke N,

Since 7 > 0 and there exists K € N such that ¢; (¢t — 1) < t271 for all £ > K,
Fact (¢) follows from (IR) immediately.
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According to the definition of ¢, and Fact (i), we have that
2Bt _ymp <& <eg forall k> K,

which implies Fact (¢¢). Summing (IR) for k = 1, ..., K and using the fact ex 41 > 0,
we obtain that
K

226 [t%—1 — bty — 1)] e < €1 — k41 S €1,
k=1
which proves Fact (ii7). O
As a direct result of Fact (i¢) in Proposition B, the following corollary can
recover the O (7 ) FV-convergence rate of FISTA shown in [3].

t
te(ty —1) =t3_, for all k € Ny, then F(z*) — F(z*) = O(7%).

Corollary 3.1. Let 0, = t’“’i_l, where ti, # 0 for all k € Ny. Ifty > 0 and

Proof. Solving the quadratic equation ti(ty, — 1) = t_ | with unknown tz, we

. 144 /1+4¢2 . Lo
obtain that ¢, = fk‘l Since t; > 0, it is necessary to choose

1+ /14482,

According to (I9), we can verify by mathematical induction that ¢ > % holds for
all k € N, which together with Fact (ii) in Proposition Bl implies that F(x*) —
F(z*) =0 (). O

To obtain the convergence and convergence rate results of AFBA with momen-
tum setting (@), we need some hypotheses on the momentum parameters, which
shall be used frequently in the rest of this section. For a sequence {tx }ren, C R, we
say that it satisfies Momentum-Condition if the following hypotheses are satisfied:

(1) ty #0 for all k € Ny.
(#4) There exist p € Ry and K; € N such that

(20) 1<tp_1 <plticy —tu(ty —1)], forall k> K.
(#i¢) There exist ¢1,co € Ry and Ky € Ny such that
(21) ety < tp_1 < coty, forall k> Ks.

(iv) kll)ngo t), = +oo and Y77 | o = +oo.

We now establish the boundedness of two series > - tx—1mk and Y oo | th—17k,
which is crucial for the proof of higher-order infinitesimal o(-) convergence rate.
The boundedness of the former series is a direct result of Fact (i#i) in Proposition
.

tkll

Proposition 3.2. Let 6 = , k € Ny, where {t;}ren, C R satisfies Item (i)
and (ii) of Momentum- Condztzon Then Y peq th—1mi < +00.

Proof. Multiplying both sides of the second inequality of (20) by n;, and summing
the resulting inequality for k£ from K7 + 1 to infinity yields that

Z th—1Mk < p Z [th_1 — tr(ts — 1)) m,

k=Ki+1 k=Ki+1

which implies the desired result by using Fact (¢i¢) in Proposition B O
We next prove the boundedness of the other series as follows.
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Proposition 3.3. Let 0, = %, k € Ny, where {ti}ren, C R satisfies Item
(i)-(iii) of Momentum-Condition. Then Y po | tp—17, < +00.

Proof. We first show that

(22) M1 + Thpr < ng + O7i, forall ke Ny

From the proof of Proposition B, we know that () holds. Substituting y* =
2P + 05, (2% — 2*~1) into (D) yields that

F(a**) < F(a*) + %Wk(xk —af 1), (% — 2 0 (aF — 2 T)

1 -
- g5l =) ot 2
1 _ 1
(23 = F(a) + 550" — a1 = galat -k

Subtracting F'(z*) from both sides of (E3) and recalling the definitions of 7 and
T, in (B), we obtain (232).
Multiplying both sides of (22) by ¢? yields that
(24) te (M1 + Torr) <tk + (Be1 — 1?7,
that is,
(25) (th—l — ].)Tk + (tiTk—H — ti_l’l'k) S ti(ﬁk — 77k+1)7 for all k € N+.

It follows from Item (i) and (4i7) of Momentum-Condition that there exist ¢ € R
and K € Ny such that tg—1 > 1, 0 < 1 (tgr1 — 1) < t3 and 0 < t41 < cty, for all
k > K, which together with (BH) give that

teo1Tk + (EeThg1 — th_17k) < ok — tipr (ber — Dy
< (70 — haa k1) + ctamrgr, for all k> K.
Summing the above inequality for k = K + 1, K + 2,..., M, we obtain that

M M
D T e — i <t — B e ) Bk,
k=K+1 k=K+1
which yields that
M M
(26) Z 1Tk < theTii1 + t;}<+1nK+1 +c Z LNk
k=K+1 k=K+1

Now letting M — oo in (EB) and using Proposition B2, we find that

o0
Z te—1Tk < 400,
k=K+1
which implies the desired result. O
We now apply the boundedness of the above two series to establish the conver-
gence rate, which can be achieved via proving kli—{go t2 . (tx +m) = 0. For this

purpose, we need the following technical lemma.

Lemma 3.2. Let {aj}ren, C R be a sequence with a lower bound, and {by}ren, C
R be a sequence satisfying 22021 b < +oo. If there exists K € Ny such that by, > 0
and ar — ap_1 < by hold for all k > K, then klim ap exists.

— 00
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Proof. By the facts ap — arp_1 < b and bk > 0, we have that

k
ap—ax = »  (aj—a;_1) < Zb< ij, for all k> K,
j=K+1 j=K+1 j=K+1

which together with >°.7, by < +oo implies that {as}ren, has an upper bound.
Since {ar}ren, also has a lower bound, we know that there exists a subsequence
{ak, }jen, of {ar}ren, converging to some a* € R. We next prove that {ax}ren,
also converges to a*.

Let € > 0 be arbitrary. Since Jlgrolo ag; = a*, there exists J; € Ny such that

*—e <ag <a*+eforall j > Ji. In addition, we note that Sore by < 40
and by > 0 for all k¥ > K. There exists J; € Ny such that szh b; < e. Let

J = max{Jy,J2} and k > kj. Since there exists J' € N such that kp > k, we
have that

kj—1
czk26LkJ,—z:(ai_ﬂ—aZ > ay, — Zb>a—2s
1=k 1=k-+1
In addition,
E
ar = ak, + Z a; —a;i—1) < ag, + Z b; < a* + 2e.
i=ky+1 i=ky+1
We conclude that for any € > 0, there exists J € N+ such that |ay —a*| < 2¢ holds
for all k£ > kj, which implies that hm a = a* O
k—o00
Proposition 3.4. Let 0, = %= ‘_1 , k€ Ny, where {t; }ren, C R satisfies Momentum-

Condition. Then kli_)ngo 2, (Tk + 77k) =0.

Proof. To simplify the notation, we let px := 7 + nx, £ € Ny. We now prove
the existence of lerr;O ti_lpk by employing Lemma B3 with ax_; := ti_lpk and
br = tgm, k € N4. It is obvious that {tiilpk}k@u has a lower bound. By Item
(#4) and (4i7) of Momentum-Condition, there exist ¢ € R} and K; € N, such that
ty < ctg—q and ty_1 > 1 for all k > K7, which together with Proposition BX give

that
o0 oo
Yotk <Y ctpamk < +00,
k=K1+1 k=K1+1

that is, "o teme < +00. It remains to be shown that there exists K € N such
that txm, > 0 and
(27) t2ppr1 — th_ ok < tyme, forall k> K.

Using Item (i7) of Momentum-Condition again, there exists K > K; such that
t2 > ty(ty — 1) > 0 for all k > K. The nonnegativity of txng for k > K can be
obtained by t; > 1 immediately. We notice from the proof of Proposition B33 that
(22) holds for all k € Ny. The inequality t;_; > 1 also gives that (t,—1—1)? < t3_,
for all k > K, which together with (24) implies

(M1 + Thgr) < e + 831 T,
that is,
(28) 371 — th 17k < th(mk — Mrs1), for all k> K.
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In addition, we obtain from the fact t2_, > #; (¢, — 1) > 0 that

(29) Bnpe1 — ta_ e < ta(Mregr — k) + teme, for all k> K.
Adding the two inequalities (ER) and (29) yields (24). We have now completed the
proof that lim 2 _,p exists.
k—o0
Next, we prove that lim t%_lpk = 0 by contradiction. Suppose that lim t%_lpk #+
k—o0 k—o0
0. Then there must be some s > 0 such that klim f%,lpk = s, since pg > 0 for all
— 00

k € Ny. This implies that there exists Ko > K3 such that ti,lpk >Sandtp_1 >1
for all kK > K5. As a result, we have that

E tk—1Pk = E —— ik > E P
k=K = to—1 2, th—1
—Kat1 k=FKy+1 k=Ky+1

which tends to +o0o by Item (iv) of Momentum-Condition. However, it follows
from Proposition B2 and Proposition B33 that Y ;- | tx—1pr < +0o. We have thus
reached a contradiction. This completes the proof. O

With Proposition B34, we are able to establish the convergence rate. To further
prove the convergence of the iterative sequence, we also need the following lemma.

Lemma 3.3. Let T : R™ — R" be a nonexrpansive operator such that it has at least
one fived point. If sequence {v*}ren, C R™ satisfies the following two conditions:
(i) lim [|[Tv* — k|| =0,
k—o0
) klim |oF — v*|| exists for any fived point v* of T,
—00
then {v¥}en, converges to a fized point of T.

Proof. We know from Item (ii) that {v*}ren, is bounded. Hence there exists a
subsequence {vFi};en, of {vF}ren, converging to some & € R™. We next prove
that 0 is a fixed point of 7. By the nonexpansiveness of T, we have that

lm || 79— 7Tv"| < lim |6 —v"| =0,
J—00 Jj—oo
which implies that 70 = jlggo Tvki. This together with Item (i) implies that
To—o= lim (Tv" — %) =0,
J*)OO
that is, ¢ is a fixed point of 7. Now using Item (ii) again with v* = ¢, we conclude
that
lim [[of — 0| = lim |jo* — | =0,
k—o0 j—o0
which completes the proof. O
We are now in a position to prove a theorem that is more general than Theorem
B0, We shall show that both the FV-convergence rate and the DCI-convergence
rate of the sequence generated by AFBA with 8, = % depend on the order of
tr—1 when {t}ren, satisfies Momentum-Condition.

Theorem 3.2. Suppose that 0, = %, k € Ny, where {t;}ren, C R satisfies

Momentum-Condition. Then the following hold:
; k k1) _ 1
(i) lo* =2+ =0 (5),
(i7) F(a*) — F(a*) :0(
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(iii) {a*}ren, converges to a minimizer of F.

Proof. We first prove Item (i) and (ii) together by employing Proposition BA.
Since {t}ren, satisfies Momentum-Condition, we know from Proposition B4 that
lim #2_, (14 +nx) = 0.

k—o0
Recalling the definitions of 7, and 7, in (B), we see that
(30) lim £;_[|zF —2* ' =0 and lim ¢;_, (F(2¥) — F(z*)) = 0.
k—o0 k—o0

Then Item (i) and (é¢) of this theorem follow from (BO) and the fact klim t = +00
— 00

in Momentum-Condition.

We next employ Lemma B3 to prove Item (ii7). As mentioned in section B, T
is averaged nonexpansive, and hence nonexpansive. According to Lemma B33, it
suffices to show that lim ||Tz* — 2%|| = 0 and lim ||z% — 2*|| exists for any fixed

k—oc0 k—o0

point z* of T, which shall be presented as follows.
It is easy to see from Momentum-Condition that {0 }ren, is bounded. In ad-
dition, it follows from the first equality in (80) that Jim |z% — 2*=1|| = 0. These
—00

together with the nonexpansiveness of T yield that
lim || T2* — 2" = lim ||T2* — T(2" + 0 (2% — 277 1)) ||
k—o0 k—o0
< lim |6g][|2" — 2" = 0.
k—oo
Hence
lim ||T2" —2F| < lim (|T2" — 2" + 2"+ = 2¥]|) =0,
k—o0 k—o0
which implies that lim ||7z% — 2*|| = 0.
k—oo
Let x* be any fixed point of 7. It remains to be shown that klim 2% — 2%
Ede el

exists. To this end, we prove the existence of klim |zF — z*||, where {zj}ren, is
— 00
defined by (8). We know from Fact (i) of Proposition B and the second equality in
(B0) that both lim &5 and lim 28t ,n exist, where e, is defined by (I0). Hence
k—o0 k—o0
lim ||2% — 2*|| exists. We now prove the existence of lim [|z* — 2*||. From (I3)
k—o0 k—o00
in the proof of Proposition B, we see that 2! = ¢ (2! — 2¥) + 2%, Letting
7 = [tr_1|[|z* — 21| for k € Ny and using the triangle inequality, we have
lz* = & = rgr < =2 < Jla® = 2|+ 1,
that is,
(B1) 5+ =27 = regs < 2 — 27 < 5 — ¥+ rien, k€ N
We also see from the first equality in (80) that klim rr, = 0. Now, the inequalities
— 00
in (BI) together with the existence of lim |[z¥ — 2*| and the fact lim r, = 0
k—o0 k—o0
imply that klim ||z* — 2*|| exists. Therefore, Item (iii) of this theorem follows from
c— 00
Lemma B33 and Proposition EI. O
We next show that {tx}ren, given in (@) satisfies Momentum-Condition. For
this purpose, we need the fact that

(32) lim =w, weR,
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which can be verified by using L’Hopital’s Rule.

Proposition 3.5. Let t := ak¥ + b, k € Ny, where w € (0,1], a € R and b €
R\ {—ak® : k € N;}. If either w € (0,1), a € Ry orw =1, a € (0,1) holds, then
{tk }ren, satisfies Momentum-Condition.

Proof. It is obvious that Item (i) and (iv) of Momentum-Condition hold for any
w € (0,1] and a € R;. Next, we prove that {t;}ren, satisfies Item (7iz).
It follows from (B2) that for any w € (0, 1], there exists K7 € N, such that

(33) 0<k¥—(k-—1)*<2 forall k> Kj.
Let g = %, co = 1. It is obvious that t;_1 < coty for all £ € Ni. Setting
Ky, =1+ “2—2‘%—‘ and K3 = max{K1, K>}, by (83), we have that for all
k> Ks,
2p_1 —tk = tp—1 —a(k¥ — (k—1)¥)
>a(Ky —1)Y +b—2a >0,

which implies that tx_1 > citg. As a result, for any w € (0,1] and a € Ry,
ity < tr_1 < ety holds for all k > K3.
It remains to be shown the validity of Item (i) of Momentum-Condition. For

i
any w € (0,1] and a € Ry, we let Ky =1+ “%”W—‘ Then for all £ > Ky,
tk—l ZG(K471)w+bZ |].7b|+b2 1.

To complete the proof, it suffices to show that there exist p € Ry and K > K4 such
that
tee1 < p[th_y — tr(te — 1)],
that is,
t t 1

(34) K (’“+1) (t —tr_1) > —, forall k> K.

te—1 tk—1 p
It has been shown that for any w € (0,1] and a € R4, %tk < tp_1 < tg, that is,
1 < - < 2holds for all £ > K. If 0 < w < 1, then for any a € R, it follows

t
th—1 —

from (B2) that
lim a(k“ — (k—1)*) =0,

li t —th—1) =

Jn (e = o) = i

which implies that there exists K5 € Ny such that 0 < tx —tx_1 < i for all k£ > Ks.

Now by setting p = 4 and K = max{K3, K4, K5}, inequality (B4) holds.
Ifw=1andae€ (0, %), then tp —tp_1 = a. Let ¢ = 1212(1“. Then a = 12125 and

€€ (0, %) We note that klim t:kl = 1. Hence there exists K¢ € Ny such that

—o0 T
tkt—ﬁl > 1—e¢ for all £ > Kg. Now by setting p = é and K = max{Ky, Ks}, we have

that for all & > K,

125 tk ) tr (tk >
() (e —tpr) = —a [ 41
tp—1 (tk—l (b = 1) th_1 th1
>(1—-a)(l—¢)—a
=(1-¢)—(2—-¢)a
1

€=,
p
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which completes the proof. O
We are now easy to see that Theorem Bl is a direct result of Theorem B2 and
Proposition B3.
Proof of Theorem E. Tt follows from Proposition BH that {t;}ren, given by
() satisfies Momentum-Condition if either w € (0,1), a € Ry or w =1, a € (0,3)
holds. Then Theorem B follows from Theorem B immediately. O
From Theorem B2, we see that the convergence rate depends on the order of
tx—1. To close this section, we present a proposition showing that a higher order
setting of {tx tren, by tr := ak¥ +b for w > 1 does not satisfy the second inequality
of (E0) in Momentum-Condition.

Proposition 3.6. Let ty, := ak“ + b, k € Ny, where a #0 and w,b € R. Ifw > 1,
then
Jm th_, —tr(ty — 1) = —oo0.

Proof. By the definition of ¢, we have that
thy —tr(te — 1)
=la(k —1)® +b)* — (ak® +b)> + ak* + b
(35) =—a’ [k* - (k—1)*] —2ab [k* — (k — 1)*] + ak® + b
It follows from (BZ) that there exists K € N such that
2 — (k- 1) > wk®> ™1 forall k> K.
This together with (83) yields that for k > K,
7 —th(ty — 1) < —a*wk®™ ™' —2ab[k¥ — (k — 1)¥] + ak® + b,

which implies that klim t2_ | —tp(ty — 1) = —oo since the first term on the right-
— 00

hand side of the above inequality is the highest-order term with respect to k& and
with a negative coefficient. O

4. AFBA for smoothed hinge loss L1-SVM

Support Vector Machine (SVM) is one of the most important methods for clas-
sification problems. As the data scale in real-world problems grows rapidly, it is
crucial to propose efficient algorithms for SVM. In this section, we use AFBA with
the proposed momentum scheme to solve the smoothed hinge loss ¢;-SVM model.
The smoothing of the hinge loss function in ¢;-SVM leads to an optimization model
of the form (W), so that the resulting model can be solved efficiently by AFBA while
preserving the predictive accuracy.

We begin by introducing the original hinge loss £;-SVM model. Let {(z(" y®)
i € N} € R™ x {—1,1} be a given training data set, where N,,, := {1,2,...,m}.
Let £ : R™ x R® — R be a positive semi-definite kernel function, and define the
kernel matrix associated with K by K := [KC(2(?, x(j))]g’fj:l. The hinge loss function
and ¢, norm are defined by h;(¢) := max(1 —¢,0) for ¢t € R, and ||z := Y, |z
for z € R™, respectively. Then the SVM model with ¢; regularization (¢/1-SVM) is
given by

: (1) ,,(9)
aeﬂr@g}geR{;ﬁ(f Y ,aab)+)\||04||1}’
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where a € R™ is a vector consisting of the linear combination coefficients, b € R

is a bias term, A € R is the regularization parameter, and the function £ in the
fidelity term is defined by

m
LD, yD a,b) :=hy [y ZajIC(x(j),m(i)) +b
j=1

By letting
w_{g}eRmH,l =[1,1,...,1]" eR™,
K = [ K 1, ], Y = dlag‘{y(l),. ,y(m)}, B =YK,
T Im Om
- re (B o]
and h(u) :=Y" | hi(u;) for u € R™, the ¢1-SVM model can be rewritten by
(37) min {h(Bw) 4+ \|Tw]1}.

weRm+1

The difficulty to develop an efficient algorithm for solving model (B7) is that both
the function h and the ¢1-norm in the model are nondifferentiable. This issue can be
addressed via smoothing the hinge loss function such that the smoothed function is
convex and differentiable with a Lipschitz continuous derivative. For this purpose,
the Moreau envelope of the hinge loss function [8] or the squared hinge loss function
[Z5] can be used as a surrogate. It was mentioned in [25] that the squared hinge
loss function defined by

(39) ha(t) = {“ - <t

0, t>1

is a better loss function for capturing the heavy tailed distribution, which is more
appropriate for classification problems. In view of this, we consider in this work
the smoothed hinge loss ¢;-SVM (SHL-¢,-SVM) model given by

(39) min {h(Bw) + A|[Twl|1},
’UJG]R"L+1
where h(u) := Y27 hy(u;) for u € R™. Model (B9) is an instance of model (I)
with
(40) f=hoB and g=\||-|101.
Before employing AFBA to solve model (B9), we verify that function f in (E0) is

convex and differentiable with a Lipschitz continuous gradient. For this purpose,
we first show the convexity of h; and the Lipschitz continuity of its derivative.

Lemma 4.1. Suppose that hi:R— R is defined by (B88). Then hy is convex and
differentiable with a 2-Lipschitz continuous derivative.

Proof. To prove the convexity of hi, it suffices to show that its derivative is
monotonically increasing (see Exercise 14 in Chapter 5 of [22]). It follows from the
definition of h; that

- 2t —1), t<1,

P { (t-1)

0, t>1,
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which is monotonically increasing. We next show that }~L/1 is Lipschitz continuous.
For any t1,t5 € R, without loss of generality, we assume that ¢; < t3. Then we
have
2(t1 — t2)7 th <ty < 1,
Bi(t) —hy(ta) = 20t — 1), t <1<t
0, 1<t <t

which implies that |7y (1) — A} (t2)| < 2|t; —to], that is, h] is 2-Lipschitz continuous.
1

Proposition 4.1. Suppose that f : R — R is defined in (B0). Then f is convex
and differentiable with a 2| B||3-Lipschitz continuous gradient.

Proof. By Theorem 5.7 of [Z1]], to prove the convexity of f, it suffices to show that
h is convex, which is a natural consequence of the convexity of ha (see Lemma B7T).

We next prove that Vf is 2||B||3-Lipschitz continuous. By using the chain rule
and the 2-Lipschitz continuity of 71/1 (see Lemma B1), for any u,v € R™* we have
that

IV f(w) — V(o) = HBTviL(Bu) . BTVE(BU)"

> (R ((Bu),) - B;«Bv)i))ﬂ 5

=1
< 2||B3]lu— vl

< 1B l2

which completes the proof. O
We now give the closed form of prox The detailed calculation may be

referred to [I7].

pll-llvol

Proposition 4.2. Suppose that I is defined by (88) and p € Ry. Then for w €
Rm—l—l}

Prox,, |, 07(w) = [proxu‘,|(w1), prox,,.|(wa), -+, prox,.| (wm), wmﬂ} ! .
The proximity operator of |- | is given in Example 2.3 of [I7] by
prox,, . (t) = max([t| — u,0) - sign(t), for te€R.
Now AFBA for solving model (B9) can be given by

(41) vb = wh 4 fp(wh —wt ),
whtl = proxﬂ)\”_ulof(vk — BBTVh(BvY)),

where [ € (0, m}, and w®,w! € R™*1! are given initial vectors.

5. Numerical experiments

In this section, we present the performance of the proposed momentum scheme
by comparing it with momentum schemes (H) and (6). The three competing mo-
mentum schemes are used in conjunction with AFBA to solve the SHL-¢;-SVM
model. We call setting (B) the Chambolle-Dossal (CD) momentum scheme, and
setting (@) the generalized Nesterov (GN) momentum scheme.

In the numerical experiments, we compare the algorithms on two public datasets
from LIBSVM [7]. The first dataset for the comparison is called “MNIST01”, which
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comes from MNIST handwritting digit database. We only use the digits “0” and
“1” for classification, leading to a database with 12665 samples in the training set
and 2115 samples in the test set, and each sample has 400 features. The second
dataset is “Splice” with 3175 samples and each sample has 60 features. We use
1000 samples to train the model and consider the rest 2175 samples as the test
data. All the numerical experiments are implemented on a personal computer with
a 2.90 GHz Intel Core i7 processor, a 16GB DDR4 memory and a NVIDIA GeForce
GTX 1660 SUPER GPU.

The Gaussian kernel function K(z,y) = e~ le=vll* for x,y € R™ was used in the
SHL-¢1-SVM model. Since Vf is 2|| B||3-Lipschitz continuous (Proposition B-), we
set the algorithmic parameter 3 to W. As for the Gaussian kernel parameter
and the regularization parameter A, we fine-tune their optimal values according to
the performance of test accuracy. This work focuses on the efficiency comparison
of the competing momentum schemes. We thus employ AFBA with the three
momentum schemes to solve the same SHL-/;-SVM model with the fine-tuned
and A. We present in Table 0 the optimal values of v and A for the two datasets.

TABLE 1. Optimal values of parameters v and A for the two datasets.

Dataset MNISTO01 Splice
Size (training, test) | (12665, 2115) | (1000, 2175)
() 27, 2% 27,277

The numerical results consist of two parts. In the first part, we compare the
performance of AFBA with the GN momentum scheme (AFBA-GN) with different
w. In the second part, we show the comparison of FISTA, AFBA with the CD mo-
mentum scheme (AFBA-CD) and the proposed AFBA-GN. Three figure-of-merits
will be used in the comparison, including the Normalized Objective Function Value
(NOFV), the training accuracy and the test accuracy. We define the NOFV by
F(wk) - Fref
F(wo) — Fref ’
where F' is the objective function, Fy.s denotes the reference objective function
value. We set F..¢ to the objective function value at w199000 phtained by performing
100,000 iterations of FISTA. Note that the competing algorithms have almost the
same computational cost at each iteration, hence we evaluate the performance with
respect to the iteration number throughout the numerical section.

In the first experiment, we evaluate the performance of FBA and AFBA-GN
with w = i, %, %, 1 in terms of NOFV, training accuracy and test accuracy for the
classification of dataset “MNISTO01”. In AFBA-GN, we set a and b to T%l and
1, respectively, for all cases of w. From Figure O (a), (b) and (c), we see that
AFBA-GN converges more rapidly than FBA in terms of all the three figure-of-
merits. Moreover, larger w (¢5—1 of higher order) gives faster convergence, which is
consistent with the convergence rate results in Theorem B

The second experiment presents the behavior of FISTA, AFBA-CD and AFBA-
GN with w = 1 and two different sets of a, b. For parameter « € (3, 4+00) in AFBA-
CD, we empirically found that smaller « gives faster convergence. Therefore, we
set @ = 3.01. According to the observation from Figure 0, we always set w = 1
for AFBA-GN. The two sets of parameters a, b for comparison are given by a = i,
b=0and a=

NOFV(wk) =

ﬁ, b = 5, respectively. We recall that the CD momentum scheme
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Iteration number
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1 1 s
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o < i
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(b) (c)
FicUre 1. Comparison of FBA and AFBA-GN with w = %, %, %, 1
using “MNIST01”: (a) normalized objective function value versus
iteration number; (b) training accuracy versus iteration number;
(c) test accuracy versus iteration number.

is a special case of the GN momentum scheme with a = ﬁ, b =1, and we can see
that a = ﬁ in the second set is consistent with the value of a in AFBA-CD. We
empirically found that for the three competing momentum accelerated algorithms
with almost the same convergence rate, faster convergence of NOFV may not lead
to faster convergence of training and test accuracies (see Figure B). As a result,
the first set of parameters a, b was determined based on the best performance of
NOFV, while the second set was determined based on the best performances of
training and test accuracies.

As shown in Figure B, we observe that the plots of FISTA and AFBA-CD almost
coincide in terms of all the three figure-of-merits. Figure B (a) shows that the NOFV
plot of AFBA-GN (a = Tlolvb = 5) converges the fastest at the early iterations,
but is then followed by a mild oscillation. After that, this plot goes a little higher
than that of the other algorithms. AFBA-GN (a = §,b = 0) converges the slowest
at the early iterations, but achieves the lowest NOFV in subsequent iterations. In
fact, we can see that all the plots of the competing algorithms in Figure B (a)
have almost the same convergence speed in the later iterations. The performances
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FIGURE 2. Comparison of FISTA, AFBA-CD, AFBA-GN (a =
1.0 =0) and AFBA-GN (a = 547,b = 5) using “MNIST01”: (a)
normalized objective function value versus iteration number; (b)
training accuracy versus iteration number; (c) test accuracy versus

iteration number.

of the competing algorithms in terms of training accuracy and test accuracy are
shown in Figure B (b) and (c), respectively. Among these algorithms, AFBA-GN
(a = 557,b = 5) achieves both high training and test accuracies faster than the
other algorithms.

In machine learning problems, a model with high training accuracy may have
the issue of overfitting. As a result, we often care more about test accuracy when
a high enough training accuracy is attained. To better evaluate the behaviors of
the competing algorithms in terms of test accuracy, we list in Table B the number
of iterations required to achieve various desired levels of test accuracy. We remark
that when the number of iterations required is larger than 100,000, it will be marked
by ‘-’ in the table. This phenomenon appears in obtaining a 99.9% test accuracy
by FBA due to its slowness. From this table, we are able to see that AFBA-GN
(a = 557,b = 5) can achieve desired levels of test accuracy at about half of the
iterations, comparing to FISTA and AFBA-CD.

Finally, we show in Figure B the performance of FISTA, AFBA-CD and AFBA-
GN (a = %01, b = 5) for the classification of the other dataset “Splice”. In this ex-
periment, the three competing algorithms have almost the same convergence speed
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TABLE 2. The number of iterations required to achieve the desired
levels of test accuracy.

—Aceuracy | 940 | 9507 | 979 | 99% | 99.5% | 99.7% | 99.9%
Algorithny
FBA 158 | 258 | 385 | 661 | 1100 | 1795 -
FISTA 19 | 22 | 25 | 31 42 51 | 1259
AFBA-CD 20 | 23 | 27 | 34 45 57 | 1265
AFBlA'GN 13 | 14 | 16 | 18 | 21 24 | 620
(a:m,b:5)

in terms of NOFV. For the training and test accuracies, AFBA-GN (a = ﬁ, b=25)
still outperforms the other two algorithms. We remark that different values of pa-
rameter b in GN momentum scheme are determined for different numerical scenarios
such that the proposed GN momentum scheme outperforms the other competing
schemes in respective case. In fact, for convenience of implementation, one can set
b =1 for robust performance in various scenarios.

0
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FiGure 3. Comparison of FISTA, AFBA-CD and AFBA-GN
(@ = 557,b = 5) using “Splice”: (a) normalized objective func-
tion value versus iteration number; (b) training accuracy versus

iteration number; (c) test accuracy versus iteration number.
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6. Conclusion

This paper proposes a generalized Nesterov (GN) momentum scheme for the
Accelerated Forward-Backward Algorithm (AFBA). We prove the convergence of
the iterative sequence generated by AFBA with the GN momentum scheme (AFBA-

GN). Moreover, we show that AFBA-GN has an o (kg%) convergence rate in terms of

the function value, and an o (k%) convergence rate in terms of the distance between

consecutive iterates, where w € (0,1] is a power parameter introduced in the GN
momentum scheme. The generality of the proposed momentum scheme provides a
wider class of momentum algorithms with various convergence rates depending on
w. The specific class of GN momentum scheme with w = 1 is still more general than
the existing Chambolle-Dossal (CD) momentum scheme, which may lead to superior
performance in various scenarios. In the numerical experiments on support vector
machine, the performance of the GN scheme in terms of various figure-of-merits can
be optimized via fine-tuning the momentum parameters. The results demonstrate
that the GN scheme outperforms the Nesterov and the CD momentum schemes.
This shows that AFBA with the GN momentum scheme has great potential for
classification problems.
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