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A FRACTIONAL-ORDER ALTERNATIVE FOR
PHASE-LAGGING EQUATION

CUI-CUI JI, WEIZHONG DATI*, AND RONALD E. MICKENS

Abstract. Phase-lagging equation (PLE) is an equation describing micro/nano scale heat con-
duction, where the lagging response must be included, particularly under low temperature or high
heat-flux conditions. However, finding the analytical or numerical solutions of the PLE is tedious
in general. This article aims at seeking a fractional-order heat equation that is a good alternative
for the PLE. To this end, we consider the PLE with simple initial and boundary conditions and
obtain a fractional-order heat equation and an associated numerical method for approximating the
solution of the PLE. In order to better approximate the PLE, the Levenberg-Marquardt iterative
method is employed to estimate the optimal parameters in the fractional-order heat equation.
This fractional-order alternative is then tested and compared with the PLE. Results show that
the fractional method is promising.

Key words. Phase-lagging equation, fractional-order heat equation, numerical scheme, parame-
ter estimation.

1. Introduction

Phase-lagging equation (PLE) is an equation describing micro/nano scale heat
conduction, where the lagging response must be included, particularly under low
temperature or high heat-flux conditions [1, 2]. The PLE can be expressed as
follows [3, 4]:

(1) WETE™)  pyo, ),

where 6 is the temperature, 7 is the position vector, ¢ is the time, D is the thermal
diffusivity, 79 represents the time lag required to establish steady thermal conduc-
tion in a volume element once a temperature gradient has been imposed across it.
Based on the Taylor series expression, the zeroth-order approximation of (1) or
70 = 0 leads to the common diffusion equation as

(2) % = DV20(F, 7).

On the other hand, the first-order approximation of (1) yields a damped wave
equation as

A0(7, 7) 0%0(7, 1)
(3) or + o or?

= DV?0(7, 7).

By introducing some non-dimensional quantities u = 0/0y, ¥ = 7/l, t = 7D/I?,
where 6 > 0 is taken as a constant and [ is the length of the space domain, the
damped wave equation (3) can be transformed in dimensionless form as

ou(Z,t) 0?u(T,t)

-~ ' 7 -~ ' 7 — 2 ¥
(4) 5 + Ko 92 Vau(Z, t),
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where the dimensionless lag time is given by ko = 79D /I%. Dai and his co-workers
[5, 6] compared the difference of the solutions between the PLE and the damped
wave equation and showed the damped wave equation is a good approximation for
the PLE when the dimensionless time lag x¢ is small.

It should be pointed out that finding the analytical or numerical solutions of
the PLE is tedious in general. Notably, fractional calculus is an emerging field in
mathematics with deep applications in all related fields of science and engineering,
such as in physics, biology, material science, etc; for example, see [7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17]. Recently, some fractional models have been successfully
applied to simulate the heat and thermal transfer in non-uniform porous medium,
viscoelastic materials, dynamic electro-magnetic fields [18, 19, 20, 21, 22, 23, 24, 25].
This article aims at seeking a fractional-order heat equation that can be a good
alternative for the PLE, where the dimensionless time lag k(o takes any suitable
value, in order to avoid the violation of the second law of thermodynamics [18, 19,
26, 27, 28, 29].

As we know, the fractional calculus possesses the convolution structure, which is
similar to the hereditary property of the analytic solution of the PLE (see [5, 6]).
This gives us a hint to develop an innovative and accurate fractional-order heat
equation to replace the PLE. As such, one could use the solution of the fractional-
order heat equation to approximate the solution of the PLE and hence simplify the
computation. For this purpose, we propose the fractional-order heat equation

Qu(Z,1)
ot

where §' D¢ is the Caputo fractional derivative of order o € (1,2), and 1 and k»
are two constants to be determined, which is a good alternative of (1).

The rest of this paper is organized as follows. In Sect. 2, we consider the
fractional-order heat equation and estimate its energy. In Sect. 3, we construct a
compact difference scheme for solving the fractional-order heat equation. In Sect.
4, we analyze the unconditional stability and convergence of the scheme rigorously
by the discrete energy method. In Sect. 5, we employ the Levenberg—Marquardt
iterative method to estimate the parameters of the fractional-order heat equation.
In Sect. 6, we compare the solutions between the fractional-order heat equation
and the PLE by investigating a testing problem. We summarize the major results
of this work in Sect. 7.

(5) K1 + kg - § DXu(Z, ) = V3u(T, 1),

2. Fractional-order heat equation

Consider a dimensionless fractional-order heat equation with initial and bound-
ary conditions as follows:

O*u(z,t
6)  1ue0) 4 mo-§ DIl = S0BD,
(7) u(0,t) =0, wu(l,t)=0, t>0,
(8) u(z,0) =(x), Ou(x,0)/0t =¢(x), z€(0,1),
where 0 < 8 < 1(aw = 1+ ), and the Caputo fractional derivative is defined by [§]
1 P gy (z, 8)

9 CDITPy(z,t) = / B0 Cds, t>0.
©) 0P = T y -
Here, we analyze the energy estimation of the model (6)—(8). To this end, we present

two useful lemmas with respect to the Caputo factional derivative operator, which
will be used for estimating the energy of the governing model (6)—(8).

(z,t) € (0,1) x (0, 00),
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Lemma 2.1. [30] For any function y(t) € C1([0,T)]), if 0 < u < 1, it holds that
1
(10) y(t) - § DYy() > 5§ DYy (E).
Lemma 2.2. [19] Let the function y(t) € C*([0,T]). If 0 < u < 1, then it holds
that

(11) / S Dyyn)dn = D) ~ s

where the operator LD denotes the Riemann-Liouville (RL) fractional integral
of order u, i.e.,

e
y(0),

RLy—1 1 ‘ y(s)ds
(12) o Dy My(t) = F(M)/o (s t> 0.

x,t) be the solution of the problem (6)—(8). And we assume

Theorem 2.1. Let u(
1] x [0,T]). We define an energy function

that u(z,t) € C*%([0,

t el 1 1
E(t) =m / / u?(x, s)dxds 4 ko - HE D! (/ u?(:v,t)dx) —l—/ u?(x,t)d.
o Jo 0 0
Then, it holds that,
(13) E(t) < E(0), t>0.

Proof. Taking an inner product of (6) with u.(z,t), we have

1 1 1
(14) m-/ u?(x,t)d:c—!—@-/ SO Pu(z,t)-uy(z, t)da :/ Uge (2, 1) - ug(x, t)de.
0 0 0

By virtue of Lemma 2.1, we obtain the following estimate as:

1 1
1
(15) / CDIPu(a,t) - ug(w, t)de > §UCD’5B (/ uf(x,t)dx) .
0 0
Applying the integration by parts and noticing the boundary condition (7), it holds
that

1d (!

1
(16) /0 Uy (2, 1) - u(x, t)de = mra u?(x,t)dx.

Inserting (15)—(16) into (14) and multiplying the result by 2 lead to

1 1 1
d
201 - / W (x, t)da + k3 - § DY ( / u%<x,t>d:c)+dt / w2, t)dz < 0.
0 0 0

We use Lemma 2.2 for the second term on the left-hand-side of the above inequality.
This gives
d
—E(t) <0.
SE() <

Replacing the variable ¢ with s on both sides of (17), and integrating the result
with respect to the variable s from 0 to ¢, we arrive at the energy estimation
conclusion. 0

(17)

Remark 2.1. Recent discussions have showed that the solutions of the time frac-
tional partial differential equations may have a weak singularity near the initial
time t = 0 under certain circumstances. Based on the analysis in [31], the weak
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singularity may occur when the solution of the fractional-order heat equation (6)
satisfies

) ‘alu

ott
In our proof for Theorem 2.1, we obtained an energy estimate based on Lemmas
2.1 and 2.2 by assuming u(x,t) € C%2([0,1] x [0,T]). However, in the case of weak
singularity at t = 0, Lemmas 2.1 and 2.2 may not work for the energy estimate.
Thus, how to estimate the energy of (6) under the required regularity (18) needs
to further analyze. We would like to point out that our focus in this study is to
see if the phase-lagging equation (1.1) can be replaced with a fractional-order heat
equation since finding the analytical or numerical solution of PLE is tedious in
general.

(x,t)‘ < Cu(1+t1Ph 1=0,1,2,3.

3. Compact finite difference for fractional-order heat equation

Since the exact solution of the fractional-order heat equation is difficult to obtain
in general, we solve the fractional-order model (6)—(8) by using a finite difference

scheme. To this end, we ﬁrst divide the interval [0,T] into N-subintervals with
the temporal step size At = , and denote tp, = kAt, 0 < k < N, and ¢,_ 1=
T(the1 +te), 1 < k < N. Let v(t) = u/(t) and v¥ = v(ty) for k > 1. Denote
the difference quotient &vF~2 = (v* — v*=1)/At,. For n = 1,--- N, we have

the following L1 formula for the Caputo derivative § DY v(t) of order 8 € (0,1) at

t=1tn:
1 n tr UI(S)
Cphy th) = — / ————ds
0 t ( ) F(l _ 6) ; P (tn _ S)ﬂ
(19) n
Z al? (F — ")+ O(AP), 1<n<N,

where the coefficient {a(ﬁ )

B (At)f b ds
R () /tk_l (tn — )P
_(Ayh
S r2-p)
By using the relation § EpIPu(t) = CDﬁv(t), we can readily obtain

) is given by

(20)
(n—k4+1D)'"P —(n—k)1P], 1<k<n.

21)  §D{Put Za(ﬁ) —(ti1)) + O(A2F), 1<n<N.

Averaging § D} Pu(t,) and § Dy TP u(t,_1), and also using the approximation
u'(t) + u' (te—1)

(22) 5 =0 7 + O(At?), 1<k<N,
we have

CpItB,(t C pI+B, (4 n

o Dy ultn) +20 ¢ ultn1) Za(ﬁ_)k(cstuk*% — 5P ) 4 O(A )
(23) k=1

LS8 (G2 /(o)) + O(AE2P),

where 8,u2 = u/(to).
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For the space domain, we divide the interval [0,1] into M-subintervals with a
step size Ax = ﬁ and denote z; = Az, 0 < i < M. Let U = {u | u =
(ug,u1,- - ,upr)} be the grid function space defined on Q, = {z; | 0 < i < M}.
For any u,v € Uy, we denote 590%‘—% = (w; —ui—1)/Ax, 1 < i < M; 62u; =
(0auiy1 — Opu;_1)/Ax, 1 <i < M —1 and an averaging operator

1
2
Us, 1= Oa Ma
(24) Au; = 1 10 1 <
Eui_l + ﬁui + ﬁu1‘+1, 1 S S M —1.
Define the grid function space Uy, = {u | v = (up,u1, - ,un), up = 0, upr =
. M—1
0}. For any u,v € Uy, we denote the inner products as (u,v) = Az > w;v;,
i=1

M
(u,v) = (Au,v), (62u,6,v) = Az 3 (0u;_1)d,v;_1 and the corresponding norms
i=1

as |Jull = (u,u), [|[6zu]] = /(0zu,0zu), ||ulla = v/(u,u). It is easy to verify
that, for any grid function u € Z/olh, there exist two constants C7 and Cs satisfying
Crllull < flull.a < Collul| (see [32]).

We now derive a difference scheme for the model (6)-(8). Assume that u(z,t) is
the solution (6)-(8). We define U;(t) = u(z;,t) on Qp, and UF = u(z;,tx) on grid
points (x;,t,), 0 < i < M, 0 <n < N. For the space discretization, considering
(6) at the grid point (x;,t), we have

(25) K1 - ug(x, t) + Ko -thH’Bu(xi,t) = Upe(24,8), 0<i< M, te(0,T].

Performing the average operator A on both sides of (25) yields

d 148 ) 2 4
A K/*Uit—Fli'CD Uit :5IUit+AJJ "/‘it,
g AU+ §DEIUW) = B + (Ao )
1<i<M-1, te(0,T).
Here, we have used the compact finite difference scheme [33]
Aty (w4, 1) = 62u(zi,t) + (Az)* - 7(2).
For the time discretization, averaging (26) at t = ¢,—; and ¢ = ¢,,, we have
n—1 P n—1 oy m—1 n—1 pn—1
A1 QU7 - SLOUTTF 04)) = 0207 TF 4 (RO 4 (RY)]TE,
0<i<M, 1<n<N,

(27)

agfi)k(étUik_% — (5th_%) defined in (23), and the trun-

NE!

where (55((5tUin_%,¢i) =
k

1
cation errors satisfy

ri(tn) +1ri(tn-1)

(28) R = (A ;

<(Az)t, 0<i<M,

(29) IR} S (A> P, 0<i<M,

forn = 1,---,N. Noticing the boundary conditions (7) and the initial condition
(8)

(30) Ur=0, Upy=01<n<N,

(31) U =(x;), 0<i<M,
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and dropping small terms in (27), and replacing U}* with its numerical approxima-
tion ul, we obtain a compact finite difference scheme for the problem (6)—(8) as

77

follows
n—3 B n—1i 9 n—1
AQﬁ.@% ® | kg 00 (5,0 a¢a):@% )
1<i<M-1,1<n<N

(32)
(33) ug =0, uy =0, 1<n<N,
(34) u) =(x;), 0<i<M.

It can be seen that the truncation error of the above scheme is O((At)?=% + (Az)?)
fori=1,2,---, M — 1.

4. Stability and convergence

In this section, we analyze the stability of the present scheme in (32)—(34).
Suppose that {v!" | 0 <i< M, 0 <n < N} is the solution of

_1 _1 _1 _1
A(K/l'ét’l_};b 2_’_52_55(5{0? 2,¢i+¢2,i)):6%7}? 2+G’;L 27

1<i<M-1,1<n<N

(35)
(36) vg =0, 1)71\31 =0, 1<n<N,
(37) W) =v(x)+ Fri, 0<i< M,

_1
where @1 ;, 92, and G? 2 are small perturbation functions. Denote the perturba-
tion term 7' = v — v}, 0 < i < M, 0 <n < N. Then, we have the perturbation
system

_1 _1 _1 _1
A (lil . 6t77? 2+ Ky - 55((5{0? 2,(,5271‘)) = 532;77? 2 +G7 2

(38)

1<i<M-1, 1<n<N,
(39) ng =0, ny =0, 1<n<N,
(40) n =@, 0<i<M.

Theorem 4.1 (Stability). Let {n? | 0 < i < M,0 < n < N} be the solution of
the perturbation system. It holds that the difference scheme (32)—(34) is stable with

_1
respect to the perturbations {G:L 2 P12t b6,
(41)

102 < 18312 + 22 g2+ 2 Z IG=3%, 1<n<N.
= T2 - B) 2y - OF £ ==

Proof. We take an inner product of (38) with 67" 2 and obtain

<(/f1 8N TE + Ky - 55(5%"7%7952)),5:&77”7%

= (820" 2, 0" 3) + (G" 2,6, %), 1<k<N.

(42)

For simplicity, we denote

Q i=aty al? e E%, 1<E<N.
=1
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We use Lemma 6 in [19] (¢ = 1) to estimate the term on the left-hand-side of (42).
This gives
n—1 B n—%1 -~ n—1
<(f-”»1 H0u" T2 4 g - 0 (0" F, 2)), O 2>
(43)

1 _ -
> w0 3R+ 2% Q1 = QM) — R A
Using the summation by parts for the first term on the right-hand-side of (42), we
obtain

1 1 1
2, n—3 n—s\ — _ n|2 _ n—1(2
(44) (@204, G ) = = (10" P = 162 2).

Using the Cauchy-Schwarz inequality for the second term on the right-hand-side of
(42), we have

(G4, 8 3) < Jloen™ 2| - G|
_1 n—1
(45) < g llom™ =z [la- G2
_1 _1
< wx - e H I + ke IGRH .
Inserting (43)—(45) into (42) yields

(k2Q" + (1027 1?) = (k2Q" ™" + (|82 1|?)
(8) = 12 At n—12
46 < At —||G" 2|7
(46) R e il
Replacing the superscript n with s and summing up s from 1 to n on both sides
of (46), we have
/ﬁzt}l_ﬁ

At < .
4 n ni||2 < 012 ~ 112 s—5 1|2
A7) (6aQ" 18" ) < N+ 525 eale 4 g DI,

which gives (41) and hence the theorem holds.

Theorem 4.2 (Convergence). Suppose that the solution u(x,t) of the problem (6)—
(8) is sufficiently smooth. Let {ul? | 0 <i< M, 0<n < N} be the solution of the
difference scheme (32)—(34). Then, the following optimal error estimate holds

(48) (U™ —u™|loo < C3((A)?7P + (Az)t), 1<n<N.

Here, Cs is a positive constant independent of At and Azx.

Proof. Denote the error e” = U™ —u™. We subtract (32)—(34) from (27), (30)—(31),
respectively, and take an inner product of the resulting error equation with (5,56"_%.

This gives
K1 - 0" + Ko -Jﬂ(éte”_%ﬂ) L Oen 3
) q t ) )
= (82¢""2,6,e"2) 4+ (R 2,8,e""2), 1<n<N,

_1 n—1 n—1 . . .
where R, > = (R®); 2 + (R'); ?. Adopting the analysis strategy of (42) in the
stability theorem, we have

At &
(50) [6ze™(|* < STIRTE?, 1<n<N.
=1

2/11 . 012 ——

Noticing the truncation errors (28)—(29) and the estimate [e"[o < %[/6€"(, we
obtain the convergence conclusion.
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5. Parameter estimation for the fractional-order heat equation using the
Levenberg-Marquardt algorithm

In this section, we regard the parameter estimation as an optimization problem
and use the Levenberg-Marquardt algorithm to estimate the parameters 3, k1, ko.
Let P be a vector of the unknown parameters 8, k1 and ko, i.e., P = [3, K1, Ka].
Then we need find P to minimize the objective function S(P), i.e.

(51) S(P)=[Y -UMP)'[Y - U(P)],
where Y = [y1,%2, - ,ya|" is a measured heat flux vector obtained from the solu-
tion of the direct problem at the measurement location, U(P) = [U1(P),--- ,Uq(P)]*
is an estimated heat flux vector calculated from the direct problem by the compact
difference method (32)—(34).

The Levenberg-Marquardt algorithm is an optimization method for solving non-
linear least-squares problem of parameter estimation by iteration. This iterative
algorithm is given by [34]

(52) pk+h) — plk) [(J(k))TJ(k) + ,ukD(k)]_l(J(k))T[Y _ U(P(k))],

where the superscript (k) is the number of iterations, uy is a damping parameter,

and the Jacobian matrix J is the sensitivity coefficient matrix defined by J =

dU/OP. The matrix D®) = diag((J*))TI®), which is a diagonal matrix. In each
iteration, the matrix term ;D) can be viewed as a regulator to make the matrix

(JENTIE) reversible if necessary.

The Levenberg-Marquardt algorithm is summarized as follows. Suppose that
the measurement value Y is available, and the initial guess P(®) is given for the
unknown parameter P, we choose v = 2, 1 = 1, pg = € - max{diag((J*))TI*))},
where € is chosen by the user, for example, ¢ = 1073, and set k = 0.

Step 1. Solve the direct problem with the compact difference scheme (32)—(34) by
using the estimated value P*) = {8 k1, k2}T at the k-th iteration and
compute U(PK));

Step 2. Compute S(P®*));

Step 3. Solve the direct problem with the compact difference scheme (32)—(34) three
more times with each time perturbing only one of the parameters by a small
amount and compute

UM (B + AB, ki, ko)
U(k) (ﬁa R1 + AK‘la R2; t)
UM (B, k1, ko + Akig; t)

For each case Ui(k) =T(t;),i=1,---,Q are readily available.
Step 4. Compute the sensitivity coefficients in the Jacobian matrix J for each pa-
rameter 3, k1, ko. For example, with respect to 3, we compute

ou® _UB(B+ AB, k1, ko) — UM (B, k1, kos )
B Ap ’
for i =1,---,Q, then determine the Jacobian matrix J*):
Step 5. Compute g*) = (JENT[Y —U(P®)] and d*) = [(JFE))TIF®) 4y, DR~ 1g k).

Step 6. Compute step size n by linear search method, and compute h(*) = nd®*)
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Step 7. Solve the direct problem with the compact difference scheme (32)—(34) by
using the new estimated value P+ and compute U(P*+1) g(PKk+1),
and compute

S(P*) — s(Pk+1)
77 )T (i h® = g®)°

(54)

Step 8. If p > 0, replace uj with max{%, 1— (20— 1)3}, and v = 2;
Step 9. If p <0, replace ug with v * ug, and v = 2 % y;
Step 10. Check the stopping criteria. If satisfied, stop the iteration; otherwise, re-
place k with k£ + 1, and return to Step 3.

6. Numerical results and testing

In this section, we compare the difference of the solutions between the dimension-
less fractional-order heat equation and the dimensionless PLE in one dimensional
case. On the other hand, we will show the advantage of the fractional-order heat
equation for approximating the PLE over the damped wave equation and the dif-
fusion equation.

The PLE with simple initial and boundary conditions is considered as follows:

ou(x,t+ ko)  0%u(x,t)

(55) 5 I (x,t) € (0,1) x (0,00),
(56) w(0,6) =0, wu(l,t)=0, t>0,
(57) u(z,t) = sin(nz), (z,t) € (0,1) X [—Ko, 0].

Using the Laplace transform coupled with the separation of variables method, the
exact solution to the governing equations (55)—(57) can be found to be

[t/ko|+1

(58)  ulat)=HH{ Y (—ror2ym o= = D" L o,

m/!

m=0

where H(-) denotes the Heaviside unit step function, and |-| denotes the greatest
integer (or floor) function, i.e., |p] denotes the greatest integer smaller than the
real number p.

The fractional-order approximation for (55)—(57) can be written as

2u(x
(59) pr -y, ) + kg - § Dy P ule, 1) :%’
(z,t) € (0,1) x (0, 00),
(60) u(0,t) =0, wu(l,t)=0, t>0,
(61) u(z,0) =sin(rz), Ju(z,0)/0t =0, x€(0,1).

The solution of the fractional-order heat equation (59)—(61) is approximated by
using the compact finite difference scheme (32)—(34).
The damped wave equation is presented as follows [5]:

ou(x,t) O*u(x,t)  0%u(x,t)

ot PO T T gg2
(63) w(0,6) =0, wu(l,t)=0, ¢>0,

(64) u(z,0) = sin(rz), Ou(zr,0)/0t=0, =€ (0,1).

(z,t) € (0,1) x (0, 00),
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The exact solution to the above initial-boundary condition problem can be obtained
using the separation of variables method and is given by [35]:

exp|—t/(2k0)] sin[rz] {cosh[wt] 4 sinhfwi] } . Ko < Ke,

Vial

(65) u(z,t) = { exp[—t/(2r0)]sin[rz](1 + 5-), Ko = He,

exp|—t/(2k0)] sin[rz] {cos[wt] + Sm%\/%tl]} . Ko > Ke
where . = (27)72 is a critical value of the thermal lag time, w = (2x¢)~'y/|A],
and A = 1 — 47%ky. However, we must reject the case kg > k. as it allows u
to assume negative values, in opposition to the fact that u denotes an absolute
quantity [35]. Furthermore, by letting ko — 0 in (65), the solution of the classical
diffusion equation is recovered, i.e.,

(66) u(z,t) = et sin[mx].

6.1. Convergence test of the compact scheme. We first check the efficiency
and convergence orders of the scheme (32)-(34). In numerical simulations, we
computed the time domain ¢ € (0,1), and chose the parameters k1 = 1, ko = 1
and the fractional order 8 = 0.1,0.5,0.9, respectively, in (59)—(61). Without loss of
generality, we assume that N = 27, where J is a positive integer. Since the exact
solution is not available in general, we use

Error; (At) = max |ul¥ (Ax, At) — u2V <AJU, At)‘

0<i<M 2

A
ul (Az, At) — u), (;, At) ‘

to measure the numerical errors in time and in space, respectively, where uY (Ax, At)
denotes the numerical solution at grids (z;,tnx). The corresponding temporal and
spatial convergence orders are defined by

o Errory (2At) o Errory(2Ax)
= 082 Error; (At) = 082 Errory(Az)

Due to the convolution structure of the Caputo derivative, the linear system
from the difference scheme (32)—(34) of the fractional-order heat equation (59)—(61)
generates a coefficient matrix in the form of the block lower triangular Toeplitz-
like with tri-diagonal block (BL3TB-like). Recently, the divide-and-conquer (DAC)
strategy [36] has been developed to efficiently compute this type of the linear system
in a recursive fashion. It should be noted that the workload of the DAC method is
the magnitude of O(N M log? N) superior to the operation of O(N2M) in the direct
block forward substitution (BFS) method, where N is the number of the blocks in
the system and M + 1 is the size of each block.

Next, we reported the maximum norm errors of numerical solution, the conver-
gence orders and the CPU times took by the difference scheme (32)—(34), which was
solved via the DAC fast method and the direct BFS method, respectively. From
Table 1 and Table 2, one may see that the scheme (32)—(34) provides the fourth-
order accuracy in space and (2 — f)-order accuracy in time with both the DAC
fast solver and the direct BFS solver. Numerical results show the convergence rate
of the compact difference scheme (32)—(34) coincides with the theoretical analysis.
And, it can be seen that the difference scheme (32)—(34) with the DAC method
took less CPU time than the same scheme with the BFS method.

Errory(Az) = Jmax

Order; Order,
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TABLE 1. Maximum errors and temporal convergence orders (M = 500).

DAC method BFS method

8 N Errori(At) Order; CPUtime(s) Errori(At) Order; CPUtime(s)

0.1 210 9.242¢-08 - 0.502 9.242e-08 - 5.999
211 2.399¢-08  1.946 1.047 2.399¢-08  1.946 24.860
212 6.234e-09 1.944 2.371 6.234e-09 1.944 102.958
213 1.622e-09 1.942 5.346 1.622e-09 1.942 406.862
21 4.224e-10 1.941 11.985 4.224e-10 1.941 1601.262
215 1.102e-10  1.939 26.521 1.102e-10 1.939 6355.748

0.5 219 3.002e-06 - 0.505 3.002¢-06 - 6.066
211 1.051e-06 1.514 1.046 1.051e-06 1.514 25.476
212 3.689¢-07  1.510 2.371 3.689e-07  1.510 104.752
213 1.297e-07 1.507 5.371 1.297e-07  1.507 423.661

21 4.570e-08  1.505 12.053 4.570e-08  1.505 1723.243
215 1.612e-08  1.504 26.403 1.612e-08  1.504 6567.524

0.9 219 2.863e-04 - 0.508 2.863e-04 - 6.339
211 1.338¢-04  1.098 1.050 1.338¢-04  1.098 26.019
212 6.244e-05  1.099 2.373 6.244e-05  1.099 103.926
213 2.914e-05  1.099 5.375 2.914e-05  1.099 419.073

214 1.360e-05  1.100 12.021 1.360e-05  1.100 1714.831
215 6.344e-06  1.100 26.482 6.344e-06  1.100 6563.333

TABLE 2. Maximum errors and spatial convergence orders (N = 213).

DAC method BFS method
8 M Errory(At) Order, CPUtime(s) Errora(Af) Order, CPUtime(s)
0.1 6 6.084¢-06 - 0.228 6.084e-06 - 60.699
12 3.766e-07  4.014 0.321 3.766e-07  4.014 62.900
24 2.349e-08  4.003 0.364 2.349e-08  4.003 66.349
48  1.467e-09  4.001 0.567 1.467e-09  4.001 69.995
.885e- - . .885e- - .
12 1.789¢-06  4.011 0.349 1.789%-06  4.011 65.399
24 1.116e-07  4.003 0.411 1.116e-07  4.003 67.972
48  6.971e-09  4.001 0.569 6.971e-09  4.001 70.848
09 © 2.565e-06 - 0.205 2.565e-06 - 61.594
12 1.543e-07  4.055 0.339 1.543e-07  4.055 65.421
24 9.616e-09  4.004 0.436 9.616e-09  4.004 66.824
48  6.257e-10  3.942 0.579 6.257e-10  3.942 69.900

6.2. Comparison between fractional-order heat equation and PLE. Next,
we estimate the optimal parameters 3, k1 and ko in the fractional-order heat e-
quation (59)—(61) with various values of kg. In our simulation, we set the time
domain ¢t € [0,0.8], and chose the time step (denoted by At), and the space
step (denoted by Ax), to be g%é and 0.01, respectively. We chose different ini-
tial guess PO = [B8° kY, k3], the tolerance ¢ = 10719 the measurement value
Umeasurement = Uexact = w(z,t = 10(At), 100(At), 1024(At)) from the solution (58)
of the direct problem (55)—(57). It should be noted that we applied the divide-
and-conquer fast solver to reduce the computational work in the simulation. Table
3 lists the estimated values of the parameter PV = [3, k1, k2] and the number
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of iterations for different initial guess with various values of kg = 0.25k,, 0.5k, K.
From the numerical results in Tables 3, one can see that, after several iterations,
the optimal parameter PV = [3, k1, ko)™ can be obtained, and the different ini-
tial guesses have no effect on the final estimation. This indicates that the present
compact difference scheme with the Levenberg-Marquardt algorithm is effective to
obtain the estimation of the parameters 3, k1, ks.

TABLE 3. Optimal estimation of the parameter P = [, k1, k2]

Value kg Initial guess PY Number of iterations Estimated value P

0.25k. | (0.9,1.0, ko/10) 44 (0.999263, 0.937547, 0.000203)
(0.9,1.0, k(/20) 44 (0.999263, 0.937547, 0.000203)

(0.8,0.9, k/10) 51 (0.999263, 0.937547, 0.000203)

0.5k, (0.9,1.0, Ko/10) 38 (0.987517, 0.875621, 0.000683)
(0.9,1.0, ko/20) 38 (0.987517, 0.875621, 0.000683)

(0.8,0.9, k/10) 39 (0.987517, 0.875621, 0.000683)

Ke (0.9,1.0, ko /10) 37 (0.976879, 0.756798, 0.001504)
(0.9,1.0, 0/20) 34 (0.976879, 0.756798, 0.001504)

(0.8,0.9, ko/10) 30 (0.976879, 0.756798, 0.001504)

@ELQAY (b)t=100(A 1) a0t Q) =1024(A 1)
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3 ] 32
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Fic. 1. u vs. z for kg = 0.25k., 0.5k., k. at the time t =
10(At), 100(At), 1024(At), respectively.
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(al (b)

.. 02
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F1a. 2. The numerical solution (left) of the fractional-order heat
equation (6)—(8) and the exact solution (right) of the PLE (55)—
(57) at ko = 0.25K¢, 0.5k, K¢, Tespectively.

Finally, we computed and plotted the approximate solution of the fractional-
order heat equation (59)—(61) based on the compact difference scheme (32)—(34), the
exact solution (58) of the PLE (55)—(57), the exact solution (65) of the damped wave
equation (62)—(64), and the exact solution (66) of the diffusion equation. The values
of the parameters 3, k1, k2 in the fractional-order heat equation (59)—(61) were
chosen based on the corresponding estimated values in Table 3. In Fig. 1, we plotted
the temporal evolution of the temperature vs. x profile for kg = 0.25k,, 0.5k, k. at
the time ¢t = 10(At), 100(At), 1024(At), respectively. From Fig. 1, one may see that
the solution of the fractional-order heat equation (59)—(61) agrees very well with the
solution of the PLE (55)—(57). Fig. 2 shows 3D comparison between the numerical
solution of the compact difference scheme (32)—(34) and the exact solution of the
PLE (55)—(57) at three different values of k. These further confirm that the present
compact difference scheme with the Levenberg-Marquardt algorithm is effective to
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obtain the estimation of the parameters 3, k1, ks. It indicates that the fractional-
order heat equation (59)—(61) is a good alternative of the PLE (55)—(57).

7. Conclusion

In this paper, we have provided a fractional-order alternative for the phase-
lagging equation(PLE). The well-posedness of the obtained fractional-order heat
equation is proved. To obtain the solution of the fractional-order heat equation, we
have developed an unconditionally stable compact difference scheme. By optimizing
the parameters 3, k1, ko in the fractional-order heat equation, we have obtained an
optimal fractional-order heat equation and an associated numerical scheme whose
solutions we take as approximations to the corresponding solutions of the PLE.

It should be noted that the phase-lagging equation (1), the damped wave equa-
tion (3), and the fractional-order heat equation (5) are independent models of the
same underlying physical phenomena. However, they are not mathematical equiv-
alent. Consequently, in a fundamental sense neither is an approximation of the
others. The particular equation selected for a given application depends on the
ease of obtaining numerical solutions.

Acknowledgements

The authors are deeply grateful to the anonymous reviewers for their valuable
comments and suggestions which greatly enhance the quality of this manuscript.
Cui-cui Ji was partially supported by National Natural Science Foundation of Chi-
na (Grant No. 12001307) and Natural Science Foundation of Shandong Province
(Grant No. ZR2020QA033).

References

[1] W. Dreyer and H. Struchtrup, Heat pulse experiments revisited, Cont. Mech. Thermodyn. 5
(1993), 3-50.

[2] D. Y. Tzou, The generalized lagging response in small-scale and high heating, Int. J. Heat
Mass Transf. 38 (1995), 3231-3240.

[3] C. Cattaneo, Sur une forme de 1équation de lachaleur éliminant le paradoxe d’une propagation
instantanée, C. R. Acad. Sci. Paris. 247 (1958), 431-433.

[4] P. Vernotte, Les paradoxes de la théorie continue de I’équation de la chaleur, C.R. Acad. Sci.
Paris. 246 (1958), 3154-3155.

[5] S. Su, W. Z. Dai, P. M. Jordan and R. E. Mickens, Comparison of the solutions of a phase-
lagging heat transport equation and damped wave equation, Int. J. Heat Mass Transf. 48
(2005), 2233-2241.

[6] S. Su and W. Z. Dai, Comparison of the solutions of a phase-lagging heat transport equation
and damped wave equation with a heat source, Int. J. Heat Mass Transf. 49 (2006), 2793—
2801.

[7] A. Carpinteri and F. Mainardi, Fractals and fractional calculus in continuum mechanics,

Springer-Verlag Wien, 1997.

I. Podlubny, Fractional differential equations, Academic Press, New York, 1999.

[9] E. Barkai, R. Metzler and J. Klafter, From continuous time random walks to the fractional

Fokker-Planck equation, Phys. Rev. E. 61 (2000), 132-138.

[10] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional
differential equations, Elsevier, Amsterdam, 2006.

[11] R. Klages, G. Radons and I. M. Sokolov, Anomalous transport: Foundations and applications,
Wiley-VCH, 2008.

[12] V. E. Tarasov, Fractional dynamics: applications of fractional calculus to dynamics of parti-
cles, fields and media, Springer, 2011.

[13] A. Mellet, S. Mischler and C. Mouhot, Fractional diffusion limit for collisional kinetic equa-
tions, Arch. Ration. Mech. An. 199(2) (2011), 493-525.

=



14]

[15]
[16]
(17)
(18]

(19]

20]

(21]

(22]

23]

24]

[25]

[26]
27)
(28]
29]
(30]
(31]

(32]

33]

34]
(35]

(36]

FRACTIONAL-ORDER ALTERNATIVE FOR PHASE-LAGGING EQUATION 405

D. Baleanu, K. Diethelm, E. Scalas and J. J. Trujillo, Fractional calculus: models and nu-
merical methods, series on complexity, nonlinearity and chaos, World Scientific Publishing
Company, 2012.

V. Uchaikin and R. Sibatov, Fractional kinetics in solids: Anomalous charge transport in
semiconductors, dielectrics and nanosystems, World Scientific Publishing Company, 2013.
Y. Povstenko, Fractional thermoelasticity, Springer, 2015.

H. G. Sun, Y. Zhang, D. Baleanu, W. Chen and Y. Q. Chen, A new collection of real
world applications of fractional calculus in science and engineering, Commun. Nonlinear. Sci.
Numer. Simulat. 64 (2018) 213-231.

C. -C. Ji, W. Z. Dai and Z. -Z. Sun, Numerical method for solving the time-fractional dual-
phase-lagging heat conduction equation with the temperature-jump boundary condition, J.
Sci. Comput. 75 (2018), 1307-1336.

C. -C. Ji, W. Z. Dai and Z. -Z. Sun, Numerical schemes for solving the time-fractional dual-
phase-lagging heat conduction model in a double-layered nanoscale thin film, J. Sci. Comput.
81 (2019), 1767-1800.

W. Z. Yang and Z. T. Chen, Fractional single-phase lag heat conduction and transient thermal
fracture in cracked viscoelastic materials, Acta Mech. 230 (2019), 3723-3740.

B. Yu, X. Y. Jiang and H. T. Qi, Numerical method for the estimation of the fractional
parameters in the fractional mobile/immobile advection-diffusion model, Int. J. Comput.
Math. 95 (2018), 1131-1150.

X. Q. Chi, B. Yu and X. Y. Jiang, Parameter estimation for the time fractional heat conduc-
tion model based on experimental heat flux data, Appl. Math. Lett. 102 (2020), 106094.

W. L. Yang, M. Nourazar, Z. T. Chen, K. Q. Hu and X. Y. Zhang, Dynamic response of a
cracked thermopiezoelectric strip under thermoelectric loading using fractional heat conduc-
tion, Appl. Math. Model. 103 (2022), 580-603.

A. E. Abouelregal, H. Ersoy and O. Civalek, A new heat conduction model for viscoelastic
micro beams considering the magnetic field and thermal effects, Wave. Random. Complex.
2021, DOI:10.1080/17455030.2021.2009152.

X. P. Wang, H. T. Qi, X. Yang and H. Y. Xu, Analysis of the time-space fractional bioheat
transfer equation for biological tissues during laser irradiation, Int. J. Heat Mass Transf. 177
(2021), 121555.

S. N. Li and B. Y. Cao, On thermodynamics problems in the single-phase-lagging heat con-
duction model, Entropy 18(11) (2016), 391.

M. Fabrizio and F. Franchi, Delayed thermal models: Stability and thermodynamics, J.
Therm. Stress. 37 (2014), 160-173.

P. M. Jordan, W. Dai and R. E. Mickens, A note on the delayed heat equation: Instability
with respect to initial data, Mech. Res. Commun. 35 (2008), 414-420.

R. Quintanilla and R. Racke, A note on stability in three-phase-lag heat conduction, Int. J.
Heat Mass Transf. 51 (2008), 24-29.

A. A. Alikhanov, A priori estimates for solutions of boundary value problems for fractional-
order equations, Differ. Equ. 46 (2010), 660—666.

X. C. Zheng and H. Wang, Wellposedness and regularity of a nonlinear variable-order frac-
tional wave equation, Appl. Math. Lett. 95 (2019), 29-35.

C.-C. Ji, Z. -Z. Sun and Z. P. Hao, Numerical algorithms with high spatial accuracy for the
fourth-order fractional sub-diffusion equations with the first Dirichlet boundary conditions,
J. Sci. Comput. 66 (2016), 1148-1174.

S. K. Lele, Compact finite difference schemes with spectral-like resolution, J. Comput. Phys.
103 (1992), 16-42.

M. N. Ozisik, Heat conduction, 2nd ed., Wiley, New York, 1993.

R. E. Mickens and P. M. Jordan, A positivity-preserving non-standard finite difference scheme
for the damped wave equation, Numer. Methods Partial Differ. Eq. 20 (2004), 639-649.

R. Ke, M. K. Ng and H. W. Sun, A fast direct method for block triangular Toeplitz-like with
tri-diagonal block systems from time-fractional partial differential equations, J. Comput.
Phys. 303 (2015), 203-211.



406

C.-C. JI, W.Z. DAI, AND R.E. MICKENS

School of Mathematics and Statistics, Qingdao University, Qingdao, 266071, China
E-mazil: cuicuiahuan@163.com

Mathematics and Statistics, Louisiana Tech University, Ruston, LA 71272, USA
E-mazil: dai@coes.latech.edu

Department of Physics, Clark Atlanta University, Atlanta, GA 30314, USA
E-mazil: RMickens@cau.edu



