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NUMERICAL SIMULATION AND ANALYSIS OF
MIGRATION-ACCUMULATION OF OIL RESOURCES

YIRANG YUAN

Abstract. Numerical simulation of migration-accumulation of oil resources in
porous media is to describe the history of oil migration and accumulation in
basin evolution. It is of great value to the evaluation of oil resources and to
the determination of the location and amount of oil deposits. This thesis puts
forward a mathematical model, a careful parallel operator splitting-up implicit
iterative scheme, parallel arithmetic program, parallel arithmetic information
and alternating-direction mesh subdivision. For the actual situation of Tanhai
region of Shengli Petroleum Field, our numerical simulation test results and
the actual conditions are coincident. For the model problem (nonlinear coupled
system) optimal order estimates in /2 norm are derived to determine the errors.
We have successfully solved the difficult problem in the fields of permeation fluid

mechanics and petroleum geology.

Key Words. migration-accumulation of oil resources; multilayer parallel arith-

metic; careful numerical simulation, [? error estimates.

1. Introduction

The oil formation in sediment basins, its displacement, transport and accumula-
tion, and the final formation of oil deposits have been one of the key problems in the
exploration of oil-gas resources. How has oil been accumulated in the present loop
according to the mechanics of immiscible flow? How is oil distributed in basins?
All this is what the numerical simulation of accumulation of oil resources mainly
studies(! =5, With the exploration of the oilfields, efforts have been made to find
covered and “potato piece” oil deposits, so basin simulation must be more and
more precise become large-scale and develop in parallel direction. In basin simula-
tion, the migration-accumulation of oil resources in particular, the traditional serial
computers can hardly solve this problem!*—6/.

The fluid dynamics model of migration-accumulation has strong hyperbolic char-
acteristics. Therefore, the numerical method is very difficult in mathematics and
mechanics. In this field, Ungerer, P., Walte, D. H., Yukler, M. A. and others have
had famous publications!”~9. They have studied the mathematical model and nu-
merical simulation of the two-dimensional section, which have found their practical
application in North Sea Oil Field. In China, Wang Jie, Cha Ming and others have
also done important jobs!*1% centered on petroleum geology. In a word, first fruits
in monolayer problems have reaped 41114 This thesis, from the actual conditions
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and for highly accurate and careful parallel numerical simulation of oil resources
migration-accumulation, we put forward a mathematical model and a careful par-
allel operator splitting-up implicit iterative scheme, parallel arithmetic program,
parallel arithmetic information transmission and alternating-direction mesh subdi-
vision. Making use of the present SGI high-performance miniature computer group
(8CPU), we have conducted parallel arithmetic of the “careful numerical simulation
of migration-accumulation of oil resources”. We have made parallel computation
and analysis of four schemes, namely, the mesh step lengths are 800m., 400m.,
200m., and 100m. Owur results are identical with the actual situation. For the
model problem (nonlinear coupled system) optimal order estimates in /% norm are
derived to determine the errors. We have successfully solved the difficult problem
in the fields of permeation fluid mechanics and petroleum geology. This thesis dis-
cusses the numerical simulation of the migration-accumulation of oil resources, the
most difficult part in basin simulation and important in rational evaluation of oil
resources and exploration oil deposit locations.

2. The Mathematical Model

Hl
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A

Fig. 1 two-layer sketch map of regions €2, Q;

The mechanism of migration-accumulation of oil resources:

The primary driving force of migration-accumulation is the buoyancy caused by
both the density difference between the oil in the carrying bed and that of the
water in the porous structure, and the potential gradient formed by all the fluid
(water and oil) in the porous structure, while the fluid is trying to migrate to the
low-potential area.

The restricting force of migration-accumulation has something to do with the
capillary pressure which gets larger while the aperture becomes narrower. If the
capillary pressure exceeds the driving force, the migration will be held up. The
migration of oil and underground water is mainly a permeation process. Both the
oil and water potential fields determine the direction and magnitude of oil and
water permeations.

For the numerical simulation of secondary multilayer oil migration in porous
media, the flow in the first and third layers is considered as horizontal and in
the one between them as vertical. After careful analysis of the model and the
scientific numerical test, we propose a creative and rational numerical model. For
the mathematical model of multilayer migration-accumulation:
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where vy and 1, are the potential functions, k., and k., are the relative per-

meabilities for the oil and water phases, respectively. K;, Ko and K3 are the

absolute permeabilities in respective layers. pg and p, are the viscosities for
/ ds

the oil and water phases. s = e where s is the water concentration, and p.
c

is the capillary pressure. B, and B,, are the flow coefficients, B, = kﬁ(@ +

Ho N Ho
’Lﬂ)*l , By, = ’Zw( Ero 4 k few)=l, g(x, t) are the source (sink) functions. By
Darcy law: — Kk e aa’/;" = qn, 0, —Kg’;ﬂ% = @n, w- The initial conditions and

boundary conditions are given.
3. The Numerical Simulation Method

The fluid dynamics model of migration-accumulation has strong hyperbolic char-
acteristics. Therefore, the numerical simulation must be very stable for as long as
millions of years. The numerical method is very difficult in mathematics and me-
chanics. This thesis, starting from the actual conditions and the above characteris-
tics, puts forward a kind of careful parallel operator splitting-up implicit iterative
scheme.

3.1. The splitting-up implicit iterative scheme of the three-dimensional
problem.
z direction:

SAL(AAy) + %AE(AMAZ@&S)) + Ay(AyuAytD) + Ag( A Ayl "
~Guy, + Gy = Hl+1 (30 Aw) (3, — ) = Big™! = Guy + Gy
5 As(Aewatd) + 5A5(AwAs )+ Be )+ Bul bl )
G, — Gy = Hipa (X Ao) (5 — 98) — Big™ ™ + Gyl — Gy
y direction:
SO A AE) — 585 (A ul) - G + Gy
= Hi (T Aw) (657 — 03) — GO + G,
S8 (A 5") — S8 (A iD) + G — Gy

= Hyp1 (30 Ao) (W5" — ¥5) + Gy, — Gibg,



NUMERICAL SIMULATION AND ANALYSIS OF MIGRATION-ACCUMULATION 71

x direction:
1 1
7Ai(Awaw 1(15+1)) - 7A:E(AzwAz 1(15)) - ng+1) + Gw(()lJrl)
2 2 (4e)
= Hipa (X Aw) (0™ = wir) = Gl + Gu,

(
%Af(AwoAx 6) - %Af(AmAx Oy + Gyl — gty (4f)
=Hi1(> Ao)wng) — ) + GUEr — G,
where Az(Az A0 )i = AgivryzeWit1ge — Vi)™ — Agioy2, ik Wi —
Vim1 k)™ Avwivryagn = (FREEE) Lo e

How
Take the value of k,. according to the partial upper reaches principle, and other

terms can be defined similarly. G = =V, ®s/At, V, = AzAyAz, the (I + 1) times
iterative computational formula of §:

D = wl(

0 _ gm
S S
0o v, .
Pe’ — P
where [ is the iterative time, 0 < w; < 1 is the mean factor.

For the purpose of high accuracy, we introduce the residual computational value:

P,=vyp — 0, Py=vi =, Po=plth — g (6a)
R, = =90, Ry =i* — 4}, R, =30t —yr+. (6b)

Finally, we put forward the careful parallel operator splitting-up implicit iterative
scheme.
z direction:

1
3 Az(AywALP,)— (G+ Hip1 Y Ay)P, + GR,

(7a)
= —[AAAYY) + B — Gl — i) + Gy — ),
% AZ(AzoAsz) - (G + Hl+1 E AO)RZ + GPZ

(7b)

= —[A(AAYS)) + BPgmH + G(wl) — ) — G — )],
y direction:
1 1
585(AyuAyPy) = (G + Hip > Aw)P,+GR, = —585(Ap AP, (Tc)
1 1
385(AyoAyPy) = (G + Hiy1 Y Ao)Ry + GPy = =S Ag(AyoAyRs),  (7d)

x direction:

1 1
385 (AewAaP) = (Gt Hir ) Aw)Po+ GRy = =5 As(AeuAr (P + P2)), (7e)
1 1
585 (AroAsP) = (G + Hip > ARy +GPy = —58a(AnoAL(Ry + Rz)). (76)

(1+1)

When the iterative error reaches our accuracy index, the iterative values 1 and

»Y are regarded as ™t and ML Again by
s = 5T 4 (g = gt — et ). (8)

In practical numerical computation, Ky, kro, De(s) must undergo data processing
and filtration so as to get the correct results.
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3.2. The mathematical model and numerical method of the quasi-three-
dimensional (single layer) problem.

If the actual thickness of the carrying bed is much smaller than the size of
the horizontal simulation area, we propose the solution by reducing it to a two-
dimensional problem in the following way. So it can also be called a quasi-three-
dimensional problem. By integrating z with equations (1a) and (1b), the average
results are:

_ Azk,, e a Ao Oy

V- (K o Vibo) + BoqAz = —Ps' Az( 5 5 ), (9a)
_ Azkpw 0, Oy,

V- (B= Vi) + Bughz = 85/ Mx(T52 = =5%), (9b)

where Az is the thickness of the carrying bed.

B 1 ha(z,y) ( )
K:—/ K(z,y,z)dz,
Az hi(z,y)
~ 1 he(zy) ) 1 phe(@y) )
@:—/ d(z,y, z)dz, q:—/ q(z,y, z)dz,
Az i (2) Az i (2)

where hi(x, y), ha(z, y) are the depths of the carrying beds for the upper and
lower boundaries, respectively.

For the quasi-three-dimensional problem we put forward a kind of careful parallel
operator splitting-up implicit iterative scheme.

x direction:

Az (ApwAgl) + Ag(Aywl, ) Gy + Gy

o (10a)

= Hi1(X Aw) (W —bw)) — Bmm“ — Gy + Gy
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y direction:

As(AawBatly) + Ag(AyuAyST) — Gl + Gyd ™Y (100)
10c
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= Hia (S A,) (v =) = BRq™ ' + Guly — G
where G = =V, ®s'/At, V,, = AxAy, Hj; 1 is the iterative factor, Y Ay = Ay it1/2,
FAwic1y2 T+ Awio1/2, 20 Ao =
For high accuracy purpose, we introduce the residual computational value:
Py =5, — ¥4, By = ob™ — s,
Ry =4} - o>, Ry =8 — .

Finally, we put forward the modified method of alternating direction implicit
iterative scheme.
x direction:

Az (ApwAyPy) — (G+ Hip1 > Ay) P + GR,

11
—[A(A,AYD) + Bug — G — ) + G —¢m)] = —BiX®), .
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Ai(AxuzAa:Rx) - (G + Hl+1 Z Ao)Rx + GPx
= —[AAAYDY + Bog + G — ) — Gl — )] = —ByX 0.

As for y direction, the computation is similar. When the iterative error reaches
our accuracy index, the iterative values ™", ) are regarded as pmAL qpmtl
Again from (8) we find out S™*1.

(11b)

3.3. The numerical method of the multilayer problem.

The following quasi-three-dimensional numerical schemes can be used to do nu-
merical computation.

The first layer scheme:

= kro _ = 0 ) 0 w
V- (KlAzlu—VU)O) + BoGAzy —|—q}1L,O = —Ps/( (;i - (;Z)t ), X €Q,t e, (12a)
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V- (Klﬁzlrwvd)w) + BoqAz + g, = Ps'( (;/;o - %)7 X e, ted, (12b)
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The second layer scheme:

_ kro _ = 0o Oy
\ (KgAzgjvwo) + BoqAzs —q,%’o = —®s'( (;i - %)7 X e, ted, (13a)

r kT'LU — x 8 o a w
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Numerical Schemes (12) and (13) are combined by applying Darcy’s law. Compute
equations (12) and (13) respectively by the scheme proposed by the quasi-three-
dimensional problem (2.2). The two layers between them are coupled by Darcy’s
law, that is

1, - keo — ko
Tho = Tho ~ —Q{Kl(/j)l + K2(/T)2}(¢0,2 —1o,1)/Az, (14a)
T PP S
Ghow = Qhw ™~ _i{Kl( )1 + KQ( )2}(1%,2 - ww,l)/AZ' (14b)

Thus, this important problem can be successfully solved. This method can be used
in solving multilayer problems.

For the model problem, theory of differential equation prior estimates and tech-
niques are made use of. We can obtain the convergence theorem of this numerical
method.
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4. Validity Analysis of Careful Parallel Arithmetic

We adopt the geology parameters of Tanhai region. Simulation region: Taihai re-
gion, earth-coordinate (m) (20611700.00, 4169000.00) and (2071700.00, 4253000.00),
horizontal scale=8845.2km?. The simulation includes two layers, that is Sand third
middle section and Sand third upper section. According to the structure of Tanhai
region, Chengzikou-Qingyun ridge, Yihezhuang-Wudiningjin ridge, Chenjiazhuang-
Binxian ridge and Qingtuozi- Kendong ridge are located from northwest to south-
east. In between horizontally located are Chengbei hollow, Huanghekou hollow,
Bonan hollow, Gunan hollow and other oil-bearing hollows.

Simulation computation of the following four schemes:

Scheme 1: In z direction the mesh step length is 810m, and there are 130
meshes; in y direction the mesh step length is 840m, and there are 100 meshes. So
on the plane of each layer there are 13000 meshes.

Scheme 2: Each mesh in Scheme 1 is further divided into four. Thus in =z
direction the number of meshes is 260, and the step length is 405m. In y direction
we have 200 meshes, and the step length of each is 420m. One layer has 52000
meshes, Two layers has 104000.

Scheme 3: Each mesh in Scheme 2 is further divided into four. Thus in z
direction the mesh step length is 202.5m, and there are 520 meshes; In y direction
the mesh step length is 220m, and there are 400 meshes. One layer has 208000
meshes, Two layers has 416000 meshes.

Scheme 4: Consider only numerical simulation of monolayer—Sand third upper
section. In zx direction the mesh step length is 101.25m, and there are 1040 meshes;
in y direction the mesh step length is 100m, and there are 800meshes. So on the
plane of a simple layer there are 832000 meshes.

Simulation begins with the computation of Dongying Group, continues through
sediment interruption of the upper and lower third systems, Guantao group, Ming-
huazhen group and finally to the present fourth system, covering thirty million
geological years. Thus careful precise numerical parallel simulation computation
has been completed.

Table 1 illustrates the general situation of schemes 1~4, the computation time
of each geological year and the overall computation time of 30 million years. From
Table 1 we can see that when the mesh step length reduces from 800m to 400m, the
computation time increases 3.84 times. When the mesh step length reduces from
400m to 200m, the computation time increases 6.14 times.

Simulation results: Figures 2a and 2b show the oil concentration distribution, in
two layers (Sand third upper region and Sand third middle region) during 1.8x 107
years. Figures 3a and 3b show the present oil concentration isograms in these two
layers during 3.0x107 years. The results of numerical simulation indicate that the
oil in Sand third middle region migrates along the fault towards Sand third upper
region and accumulates on the uplifted zone around the low-lying area and on the
slope, that is Chengdao area, Laohekao, Stake No.5 and Gudong area. The present
situation of oil exploration of Shengli Oilfield is basically the same.

The above computation and analysis indicate that our large-scale careful par-
allel numerical simulation system (when mesh step length is 200m) can perform
precise numerical simulation by using three-dimensional seismic interpretation re-
sults without losing a single small stratigraphic trap and, therefore, can be used to
evaluate present oil resources and explore new oilfields.
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Table 1 computation time

Dongying Dengying Total

Mesh Mesh Ia lower upper Hiatus 8 Guantac Minghua- Fourth computation

number step nu.my;r gr‘fmp 2 g:"?up 2 (10° years) g)r?up 6 zhc?'grmp 6 zyilem 2 linze 30
lenght (10" years) (10" years) (10" years) (10" years) (10" years) (10" years)

Scheme 8 8 10 11 12 13
stu Compute Compute Compute Compute Compute Compute Compute
1 130X 100 800(m) |2 [ ] time(s) time(s) time(s) time(s) time(s) time(s) time(s)
sbm 532,406 614.770 2017.250 1898.020 3211400
2 260X 200 400 2 1228.8739 1141.8978 | 3070.6578 76264464 | 14680.8095 | 6643.7076 34395.4111
3 520X 400 200 2 135138603 119933600 | 194871931 |50540.4141 |88354,4157 27602591 2110495023
4 1040 X 800 100 1(stu) |223498655 |20432.7689 |27606.0855 |96192.4874 [199378.8870 |48215.1890 414075.2836
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Fig.2a 1.8 x 107 year’s Sand Third Upper oil concentration isogram

20860

560] FC7[0

Fig.2b 1.8 x 107 year’s Sand Third Middle oil concentration isogram
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20880 20700

20660 206[80 20700

Fig.3a 3.0 x 107 year’s Sand Third Upper oil concentration isogram

207[00

20700

Fig.3b 3.0 x 107 year’s Sand Third Middle oil concentration isogram
5. Numerical Analysis of the Model Problem

As for the numerical method of oil migration-accumulation of the multilayer in
porous media, for the sake of brevity we consider one model problem, the nonsta-
tionary flow computation of mutilayer fluid dynamics in porous media. We have to

find out the following nonlinear convection-dominated diffusion coupling systems
with initial-boundary value problem!*!—14

ou . ow
(131(1'7 y) ot + a(x, Y, t) “Vu—V- (Kl(xa yvu)vu) _KZ(xv Y, Z)ah:l

= Ql(z7 Y, t, u)a (‘T’ y)T € Ql7 tedJ= (Oa TL
(15a)
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ow 0 ow T
(I)Q(xa Y, Z)E - &(KQ(‘Q:’ Y, Z)a)z (Iv Y, Z) S Qv te Jy (15b)
0 - 0
Oy (2, y) = + b(x,y,t) - Vo — V - (Ks(2,y, 0) V) + Ka(2,y, 2)

ot 5: 170 (150

:Q3(£C, Y, tv 1)), ((E, y)TEQla tEJ,
where

Q={(z,y,2)0<2<1,0<y<1,0<2z<1},0 ={(z,y)0 <z < 1,0 <y < 1}.
We assume the boundary condition:
U((E, Y, t)|391 =0, ’U(iL’, Y, t)|3Q1 =0, w(am Y, 2, t)|39 =0, te€, (163)

w(‘rvyvzat)|221 = u(x7y7t), w(x,y,z,t)|z:o = U(xuyvt)v (m7y)T € Ql?t € J.
(16h)
The initial conditions:

u(xv Y, 0) = Uo(if, y)? (1.7 y)T € Qla
w(z, y, z, 0) = wo(z, y, 2), (z, y, 2)" €9, (17)
vz, y, 0) = vo(x, y), (z, y)" €.

The unknown functions u, w and v are the potential functions, Vu, Vv and %—2’
are Darcy’s velocity, ®,(a = 1, 2, 3) is the porosity, K,(o = 1, 2, 3) is the
stratigraphical permeability, a(x, y, t) = (a1(z, y, t), az(z, y, )T, b(z, y, t) =
(by(z, y, t), ba(z, y, t))T are the convection coefficients. Q1 (x, y, u), Qa2(x, y, v)
are the external volumetric flow rates.

Let h = %,t” = nAt, U(x;,y;,t") = U{;,V(xi,yj,t”) = V;?,W(mi,yj,zk,t”) =
Wik Let 0z, 0y,0, and dz, dy, 0z be the forward and backward difference quotients,
respectively. diuj; is the forward quotient of net function ug;.

For equation (15a), the upwind finite difference fractional steps scheme is given
by
(b — A1+ o _lay] )16, (K1 (U™)65) 4+ Atban gn o) UL

2 K1 (U™) e (18a)
= (I)l,szfZ_; + At{K;,zj,Nfl/ZézW'Zj\} + Q(.’L’i, y]’ tn, Uérlj+1)}7 1 < Z < N,

UZ;+1/2 =0, (zi,y;) € OQup, (18b)
: hi a3
1 — At(1+ — 15, (K1 (U™)85) + Atdan yn ) U
(@1 (1+ 9 Kl(Un)) y (K1 (U™)dy) + ag,Uuny) U (180
= i’l,ijU,Z-H/Q, 1<j<N,

UZJH_l = O’ (xl7yj) S an,hv (18d)

where
5a?,Un,xul-j = aﬁij [H(a?)U)Kl(U”);l . Kl(Un)i_l/QJ‘(sj + (]. — H(aiZ]))Kl(Un);l .
Ky (U™)ig1)2,50a)tij, Sagunyui; = af ;[H(ay, )K1(U);" - Ki(U™); 517205 +
(1= H(a3, ) E1(U™) - Ky (U™ jr120yJui, Ki(U™)5 = (K(U™)i) 7Y,
| 1L,z>0,
0,z <0.

taken as ;Wi v, while UZ}H is taken as UJ}.

For equation (15b), the finite difference scheme is expressed as

Wikt —we

q)Q,ijlejk = 5 (KPSsW™ ik, 0<k<N, (i,j)€Qpn  (19)

H(z) In practical computation, 52W£.J§\} in (18a) is approximately
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For equation (15c), the upwind finite difference fractional steps scheme is given by

i he by - n+1/2
Dd3 — At(1 + — L6. (K5 (V™5 Atdyn yn i
(®3 (1+5 KB(V,,)) 8o (K3(V™)35) + Atdyp e o)V,
P n n n n n 2
= Ps3,i;Vij +At{7K2,ij,1/252Wijj61 + Q(wi, yj,t ,Vin)}, (20a)
i1(j) < i < ia(j),
Vit =0, (ai,y;) € 90, (20b)
((i)g —At(1+ 12} |bg|n )18, (K3(V™)dy) + Atébg,vn,y)v;?+1
2 Iy(V") (206)
— <i>3,ijvi?+1/z7 (i) < < hali),
Vit =0, (2i,y5) € Qup, (20d)
where
Top vm 2y = b s [H (O 1) K3 (VM) - K3 (V™)is1/2,305 + (1= H(OY ;) - K3(V™)5

K3(V"™)it1/2,502]Uij, Obp v yvij = bgﬁij[H(bg,ij)KS(Vn)i_jl CK3(V™)ij—1/205 + (1 —
H(bg’ij))Kg(V”)i_jl'Kg(V")i,j+1/26y]vij. In practical computation, §ZW£"’61 in (20a)
is approximately taken as 5ZW;}’07 and V;}H as V.

The algorithm for a time step is as follows. Assuming that the approximate solu-
tion {U[J‘-, ik Z?} at time ¢t = ¢™ is known, one needs to find out the approximate
solution {UZ}H,W;}F, Vi’frl at time ¢"*1. First, from schemes (18a) and (18b),
method of speedup is used to get the solution of transition sheaf {UZH/ 2} along
x direction. Second, from schemes (18c) and (18d) we obtain solution {U;}H .
Next, from (20a) and (20b), by using method of speedup, we get the solution of
transition sheaf {Vi?H/Z} along x direction; from (20c) and (20d) we obtain the
solution{V;?H}. Finally, from scheme (19) we obtain {Wgzl} Only in this way,
can we proceed continuously so that a complete time step can be taken. Finally,
because of the positive definite condition, this finite difference solution exists and
is the sole one.

Theorem Suppose that the exact solution of problems (15)~(17) satisfies
smooth condition: %, % € L®(L>®(Q)), wu, v € L(WH*(Qy))Whee
(Whee(Qy)), %QTZJ € L®(L*®(Q)),w € L®(W4>(Q)). Adopt the second order
upwind finite difference fractional steps schemes (18), (19) and (20). Then the
following error estimates hold:

[ = Ullgoo g2y + 10 = Vllgoe 2y + 1w = Willgoo g2y + [l = Ull g2 (g1,
v — V||L2(J;h1) + [Jw — W||E2(J;h1) < M{At + 17},

L
where ||g||E°°(J;X) = Sup [|f"[|x ||9||L2(J;X) = Sup { ||9n||§<At}1/2~
nAt<T LAt<T n=0

Proof Leté=u-U,{=v-V,w=w—-W, where u, v, w are exact solutions
of problems (15)~(17), and U, V, W are the difference solutions of schemes (18),
(19) and (20).

First, consider (18). For (18a)~(18d), by eliminating U"*'/2 we get the follow-
ing equivalent form:
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. yrtt_ypn holatl
S R R — LGl =15 (K (U6,
1,ij At { QKl(U")ij) (F(U™)s)
h |a'g'
14 =200 =15 (K (UM ) YU + San o 2URTY
+ +2K1(U")¢j) IGO0 U+ b e

hoail
Som un UM + AL(1 4+ = 2 =15 (K (U™
+ 5, U™y + ( + D) F(l(Un)z]> ( 1( )

)10y (K1 (U™)o5U™ 1))

O dTH(1+ =
h ‘a? o
—AH{(1+ 5 =) T (K (UM)62(7 0az oy U 1))
(4 5 gy ) O AU (@ g 0y U )
A h |a%
+6a?,U",w(‘b1 1(1 + 2K|1(2U|n)

—8ap v o (DT g vn U HY) 15}

)10y (K1 (U)oU)

= K310 Wiy +QUET), 1<ij<N-1,

Uittt =0, (wi,y;) € 0.
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(22a)

(22b)

Next, for (20a)~(20d), by eliminating V"*+/2, we get the following equivalent form:

<i>3,ijW —{( ;[M)l%(ffg(vn)(;z)
+1+ Z%V%(K?)(V”)éy)}%?“ + g v 2 Vi T
+oup vn Vi T 4 AL(1 + ;M)ldg@(&(vn)
B30+ g ) K (V) )
—At{(1+ ;LIM)*%(K?,(V")%(@1(5b;uv”,yV”“)-)z‘j
h |by]

oy v (D5 (14 5 )1y (K(V™)agV )y

2 K3(Vn)
—0pn v 2 (D5 Sy vy V)5 )

= —KI

271‘3‘,1/252W'n+1 +QV™), 1<ij<N-1,

17,0
Vit =0, (wi,y;) € 0.

For problems (15)~(17), we have the following error equations:

(i)l u _ {(1 + ﬁ ‘a?’ij| )—15 (Kl(U")(S—f”_"l)“
) At 2 Kl(Un)zJ x x 1]
+[(1+ﬁ a?,-;jl )—15 (Kl(un+1)§—u"+1)~
2 Ky(untl); 7 7 ! Y
hlat]
(14 220 =15 (K (U™)65um*),
h|ag,;
BB, s,

(23a)

(23b)
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+[(1+ §W) Hoy (K (u ) dgun )
2 n n
—(1+ 2}(’1(sz1|)) Yoy (K1 (U™)d5u™ ) 451}
+{6a?7Un7x§n+l + (s nl ynt zulnj—b—l - 5a1 ROAR muz—i_l

n+1 n+1 n+1
+{6 5,U" yg + 6 oAl ynt1, yWij 6‘12 Uyl

7 3 h o
s, 0y 1+ L

+At{(1 + 57[(1@“)”)

h n+1

: 5y(K1(U")5—§"+1) )i+ [(1+ §mV15w(Kl(un+l)

Ty (K (u ) opun )y

(24a)

K1 (U™)52(D7  0ag v yum1)) ]}

)70y (K1 (U™)056"))is

) T (K (u ) St )i

A h |a%
b 70 2 )8, U8 ) )

+AHSap v (P71 5a37U",y£n+1)ij
u)ij = Sap oo (7 ez um yu )i}

KQ 45, N— 1/26 wlj+1\]/: +Q( TL+1) Q(UZ+1) +5?,—;jla 1 S 7/7.7 S N — 1a

5—1
+[6 n+1 Juntl, z(q)l 6 n+1 auntl oy

£n+l Oa (xiayj) € an, (24b>

ij

where |51 ’ < M{H

912 v||u||Loo(W4,oo)}{At+h2}.
(L)

wﬂ."’_l — W

Wij .o
@2,ijk”thjk = 6, (K5osw™ )i + Egi.rjlk, 1<4,5,k<N-1, (25)

where

n+1
) zgk M{H

7||w|| s (o) HAEL + 12}
5t2 Loo(L L (W4

Testing (24a) and (25) agalnst 2Atf"+1 and 2Atwg}:1, summing them up by
parts, and using (24b) we can obtain
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. 2 . 2 2 2
2 a2 + ool ag] + st e
26
n1/25 enyt||” 2 4 n+1]|2 n| 2 (20)
| KR 85¢ } < M{(AD)? + h* + ||€ ] + (167 At
Similarly, for equation (23) we have
~ 2 R 2 2 2
Hq)é/QCnJrIH _ Hq)é/QCn + (At)zHCI);/thCn +AtHK§lvl/25icn+lH
(27)
n1/25 cni|? 2 4 n+1||2 n|2
| Ky %8¢ } < M{(A)? 4+ h* + ||¢"FH|7 + 1€ YA
For error equation (25) we have
2 2 2 2
@32 1||” = [l |+ (a02|| @5 2duwr |+ 28| 15 2.0 11
& n+l  en+l n+l  n+lyy2 (28)
= QAt,,21 {Kg,ij,N—l/265wij,N S T K00 Gt
i,j=

FMAH{ (AL + b+ [t}

Combining (26)~(28), summing up 0 < n < L, and noting that ¢ = ¢(* = w% =0,
we have

. 2 . 2 2
{Hqﬁﬂguﬂ” i Hq)zl”/ZCLHH n H(I)%/QMLHH }

L ~ 2 R 2 2
+ary {]|@1den |+ | dicr |+ |0y 2awr|| 3o
n=0
L 2 9
+§_)0{HK?’1/2515”+1H +HK{“1/257;§“+1H (29)

2 2
+ ngl/QaianH +HK&I/?%C"HH+Hq>;/2agwn+1H A

L 2 2 2
< M{ 2_:0 (lEm2]” + [|¢m ™ + [Jwm 1AL + (A2 + k).
Applying the discrete Gronwall inequality, we have
o 2 ~ 2 2
H(I)}/QgL—HH + Hq)é/QCL-&-lH + Hq);/QwL-i-lH

L . 2 . 2 2
oy (|| @1 2aer| + |8 dicr |+ @) 2den | e
n=0

e R | .

2
+ ngl/QangH + HKQJ/Q%C"HH + HK;“lmdgcu"“H}At

< M{(At)? + h*}.
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