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L?>-NORM ERROR BOUNDS OF CHARACTERISTICS
COLLOCATION METHOD FOR COMPRESSIBLE
MISCIBLE DISPLACEMENT IN POROUS MEDIA

NING MA, DANPING YANG AND TONGCHAO LU

Abstract. A nonlinear parabolic system is derived to describe compressible
miscible displacement in a porous medium in non-periodic space. The concen-
tration is treated by a characteristics collocation method, while the pressure is
treated by a finite element collocation method. Optimal order estimates in L2

is derived.

Key Words. compressible miscible displacement; characteristics line; colloca-

tion scheme; error estimate.

1. Introduction

The mathematical controlling model for compressible flow in porous media is
given by

" (a) d(c)% +V-u= d(c)% — V- (a(c)Vp) =g, (z,y) € Q, t € (0,T]
(b) ¢%+b(c)%+u~chv- (DVe) = (¢ —c)q, (x,y)€Q, t€(0,T]
where c=c=1—ca alc)=alz,y,c)=k(x,y)/ulc),

be) = blap.0) = S pher (a1 = X 56k die) = dep.c) = dlen) X 256

¢; denote the concentration of the ith component of the fluid mixture, and z; is
the ”constant compressibility” factor [1] for the ith component. The model is a
nonlinear coupled system of two partial differential equations. Let Q = (0,1) % (0,1)
with the boundary 09, p(x,y,t) is the pressure in the mixture,u is the Darcy
velocity of the fluid, and ¢(z, y, t) is the relative concentration of the injected fluid.
k(z,y) and ¢(z,y) are the permeability and the porosity of porous media, p(c) is
the viscosity of fluid, D(x,y) is molecular dissipation coefficient, ¢ and (t) etc. are
just like the definition of [1,2].

We shall assume that no flow occurs across the boundary

) (a) u-v=0 on 0Q,
@) (b) DVec-v=0 on 09,
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where v is the outer normal to 02, and the initial conditions
(3) (a) p(x7ya0) =po(m,y)7 (:my) € Q,

(b) c(x,y,O) ZCo(Z‘,y), ($,y) € Q.
The collocation methods are widely used for solving practice problems in engi-
neering due to its easiness of implementation and high-order accuracy. But the most
parts of mathematical theory focused on one-dimensional or two-dimensional con-
stant coefficient problems [3-6]. In 1990’s the collocation method of two-dimensional
variable coefficients elliptic problems is given in [7].

The mathematical controlling model for compressible flow in porous media is
strongly nonlinear coupling system of partial differential equations of two different
types. Nonlinear terms introduce many difficulties for convergence analysis of algo-
rithms. In the present article, we use different collocation technique to treat equa-
tions of different types, usual collocation method to solve the equation for pressure
and characteristic collocation scheme to approximate the equation for concentra-
tion. We develop some technique to analyze convergence of collocation algorithm
for this strongly nonlinear system and prove the optimal order L? error estimate.
And we shall assume the coefficients a(c), D(z,y), ¢(x,y),d(c),b(c) to be bounded
above and below by positive constants independently of ¢ as well as being smooth.

The organization of the rest of the paper is as follows. In Section 2, we will
present the formulation of the characteristic collocation scheme for nonlinear system
(1). In section 3, we will analyze convergent rate of the scheme defined in section
2. Throughout, the symbols K and e will denote, respectively, a generic constant
and a generic small positive constant.

2. Fully Discrete Characteristic Collocation Scheme

In this section, we will give some basic notations and definition for collocation
methods, which will be used in this article. Then we will present the fully discrete
characteristic collocation scheme for nonlinear system (1).

2.1. Notations and definition for collocation methods.

We make the partition of the domain €2, which is quasi-uniform and equally
spaced rectangular grid. The grid points are (x;,v;), i =0,1---Ng;j =0,1--- N,,.
Let

0z :0=29 <21 <---<zn, =1, 5y:O:y0<y1<-~-<yNy:1
be the grid points along x-direction and y-direction respectively, and
he =z —xi1, hy=y; —yj—1, h= max{hy, hy}

be grid size along z-direction and y-direction and maximum size of partition re-
spectively. Introduce the following notations:

Qij = (w1, 25) X (yj-1,¥5), 1 =10,1]

L=y, @i, I = [yj—1,v),

fori=1,2---Ny and j =1,2--- N,. Define function spaces as follows:
Mi(3,0,) = {v € CH(I)| v e Py(IE), i =1 N,},
Mi(3,8,) = {v e CH(D)| ve By(I)), j=1---N,},
where P3 denotes the set of polynomials of degree < 3, and
M1 p(3,6,) ={v e My(3,d;) : v(0) =v(1) =0},
M p(3,6y) ={ve Mi(3,6,) : v(0) =wv(l) =0},
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then let m;(3,6) and my_p(3,d) be the spaces of piecewise Hermite bicubics defined
by

M4 (3,8) = My(3,02) Q) M1 (3, y),
and

M p(3,8) = My, p(3,62) () Mi.,(3,5,).
Next, we take four Gauss points as collocation points in ;;:  (£7,, ijl)’ k,l=1,2,
i = Tim1 +haliy & = yj—1 + hy&,
where
& =(3B-V3)/6, &=(3+V3)/6
Let T35, and T35, be the interpolation operators of piecewise Hermite bicubics

of My(3,0;) in & and M;(3,d,) in y, respectively, and T3 s be the interpolation
operator of piecewise Hermite bicubics in mq(3,0) on €, which may be defined by

T35v="T35,T35,v="T35,T36,v,

for sufficiently smooth function v.
Introduce the following summation notation:

N, N, N, Ny 1 2
<u,v>= ZZ <u,v >i= ZZthhy Z (o) (€, 1)

i=1 j=1 i=1 j=1 k=1
N, No g 2

< U,V >p= Z < U,V >ip= Z 735 Z(uv)( B )
i=1 i=1 7 k=1
Ny Ny h 2

< U,V >y= Z < U,V >jy= Z 7y Z(uv)( s
j=1 j=1 7 1=1

UV >=L K U0 Sy, 1 >y=< < uv >y, 1>, < uju >=[|ul|]?,

and discrete norms
1

1
|||“”|%{3(Q) z/ < Dug,uy >, dz +/ < Duy,uy >, dy, Yu € My(3,9),
0 0

and
1 1
Iulll% = / < Ug, Uy >y dT —|—/ < Uy, Uy > dy, Yu e My(3,6).
0 0

2.2. Fully discrete CCS.

At first time can be discretized 0=t <t! < ... <t" =T, At =t"—t""1. We
consider the concentration equation, let ¢ = [¢% +u? + ug]%, and the characteristic
direction associated with the operator ¢c; + u - Ve is denoted by 7(z,y), hence

Oc Oc
The equation (1)(b) can be put in the form
@) NI V(DY) = (e~ g, (ry)eQ, te0T]

For (4), we use a backward difference quotient for dc/d7 along the characteristic
line

R S
5 o~ 1 = )
®) Vor YV Tt e 0 B
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where 5
fr=r@n gt ), =),
with " n
on—1 A on—1 )
i =x——NAt, g =y— —=AtL
¢ ¢
Then, we have the following discrete equation
n wn—1 n n—1
Ch —Cp n—1 pr—pP n
-1 —+b — -V (DV
6 O A TN (DY)

—(E”fl—cz_l)q:O, n=12---.

Now by using the interpolation operator T3 5 and the Gauss points { (%,

31

1 <4< Ny 1 <4 < Nysk,l =1,2}, we give the fully discrete characteristic

collocation scheme:

Characteristic Collocation Scheme: If (C"~1 P"~!) has been known at

t=t""1 at t = t" the (C™, P") should be

(a’) CO = TS,JCO(xay)v PO = T3,5p0($ay)7

n—1 pr —prt n—1 n T Y
o) (a2 v o vP) g HE €l =0,
on — Canl pr — prn-1
7 - = n—1\* — -+ . n
M @ (6T e v (pven
- (Cvnfl - Cmil)q }( irkaggl) = 07
ac™
(d) =0
P
where R
fr=r@mgnn), ff= ")
and
(8) Unfl —_ *G(Cnil)vpnil
with
anl=g— iAt Pl=y— %At
o o

for 1 <7< Ng, 1 <5< Ny, k1 =1,2and n,m > 0, computed in the order: at
first P™ can been computed from (7)(b), then from (8) and (7)(c¢) we can obtain C".

When £ is through the boundary 02, we

> —-———

right[10].

will do continuation according to specular re-
1) flection method, namely when £ is outside €2,
we do the normal from Z to 912, and the nor-

\ mal intersects 92 at Y. Then we do inner
Q X normal at Y, and we choose point & so as
\ to |2Y| = |#Y|, and the value of c¢(#) re-
% .-Y__“)A{ places the one of ¢(%), in this way ¢ and
C etc. functions are certain meaning. Be-
cause ¢ satisfies (2)(b), the continuation is

In next section, we will analyze existence and convergence of the solution of the

characteristic collocation scheme.
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3. Convergence Analysis

In this section, we first analyze the existence of the solution of the characteristic
collocation scheme, and then analyze convergence. We assume that
(R) c € Lo®(HO) N L>(W3) N H' (W) N H?(HY)
p € L=¥(HO) NV H'(HO) N L® (W) VH?(H").
3.1. Preliminary results.

We list some basic results in [3,8].
Lemma 3.1 . Let e = v — T35, v, then there exists constant K > 0 such that

1 W, 60 >, < KH2ED 2 _
1) <e >, < Khi le axa)d:c 1=0,1
z a<4
2 Ty ~“TT ZL’< 6
(2) < epz,Can >z < KhS Z/ll 8a:a )V2dx
g a<b

2 < 9

3) | <en 1> |2 < KRS Z/mmaw“ 2z

4) | < epr, 1>, > < KK - / )2dzx.
(4) < a1 >0 P < Zw (Y de

i—1 a<6

There is the same conclusions in y direction.
Lemma 3.2 There exists constant K > 0 such that for sufficiently smooth func-
tion v

Nm Ny
1
o= Ty gl < KR D 10@02m,,)7,
=1 j=1
N, Ny
1
lve — T35v¢]| L2 ) < Kh‘%ZZ Hvt@)HLz(Qij))?-
i=1 j=1

The following conclusions are proved in [3,5].
Lemma 3.3 For any v € M;(3,0), if we have

v(&, 0) = v(&, 1) = v(0, ]yl) = (1, j/l) =v(0,0) =2(0,1) = v(1,0)
=(1,1) = v(&}. &) =0,

for1 <i< N, 1<j<Nyandk,l=1,2, thenv=0.
Lemma 3.4 For any v € My p(3,0),there exists constant K > 0 such that

llollls < = < Av,v > < Kol

Lemma 3.5 Assume that the inverse supposition for mq(3,8) holds [9], then
exists constant K > 0 such that for any v € M1(3,9)

HUH%P(Q) < K{<vv> + \HU|||12L13(Q) 2
Lemma 3.6 Assume that v € M1(3,0) holds, there exists constant K1 > 0 and
K5 > 0 such that
[oll2) < vl < K follz@)s  ollpe@) < Kah™ ol L2

Proof. We may see 2.2 and 2.4 in [4].
Lemma 3.7. Assume that D(z,y) is sufficiently smooth. There exists constants
0 < K. < K* such that for each v € My p(3,0)

K, < —-Av,o><—-<V-(DVv),v> < K*<—-Av,v>.
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Proof. The Peano representation of the remainder in the two-point Gauss-
Legendre quadrature and Leibnitz’s formula, (see Theorem 4.2 in [7]), reads

0 ov
(D%)(wﬁﬂ)vv(wnﬂ) >,= 11 (D,v,m51) + I2(D,v,n;),

Ox
where
1 ov
1(D,v,m) / [D(S2 )y
83 T — Th_1

+4Z [ 1Pk

= 13(D,v,77jl) + 14(D,v,m51),
and

alDﬁi dv T — Tp_
Do) =3 Y JZ 5t ) (7o 1K )
= légi,jﬁﬁé .

the constant ozﬁj are independent of h and symmetrical al; = ol and

ij Ju
0<K(B) = 5i{ 1= p) 206 - O} + (& - AT <K selo]
Since I5(1,v,7;;) = 0, we see that

0%v .
D. < —@(-,ml),v(-,mz) >, < L(D,v,n5), D*E(I%EQD(M/)-

On the other hand, the Cauchy-Schwarz inequality in L?(I¥) give

[I2(D,v,m;)| < KKY Z > Z 8 AQUIDIFE (Ik)Ha ]( nioll2reys

=1 it+j=6-1 k=1
0<i,j<3

where l
o'D
Ko = .
= max (ﬂ?eal T (&Y

Hence, by using the inverse inequality
[ 2y < KR [u® |2y, 0<1<i<3 , ue Py,

with I = 1,2 < i < 3, the Cauchy-Schwarz inequality in RV=, and the Poincdre
inequality [lullz2(0,1) < Kl[u'[|z2(0,1), for u € my p(3,9,), we get

v, 1OV
|12(D7U777jl)| < KKI hﬂf”%(vnjl)”%?(o,l)
and 5
v
I4(D,v,n;;)| < KD*||=—(-,n:)|? ., D*= max D(z,y).
[ L4(D, v, mj)| < 15 Comindllzego,) Jax (z,y)
Further, lemma 3.3 of [3] implies that
- *v
|12| < Ktha:< _@('777]1)7’0('?77]1) >z

and
2

. 0%v
|I4| < KD" < _@('777‘]’1)?1](')77]’0 > -
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Putting above estimates together, we have

0, 0Ov
D, — KK%h,) < —Aw,v > << —— (DY),
( Thy) < v,0 > << 833( 8x>v>
< (D*+ KK{h, + KD*) < =Av,v > .
0, 0v o .
For < ——(D——),v > has the similar estimate. Let
9y~ Oy

! !
Ko = . max (|52l 1@l )
and
K, =2(D,— KK1h) K*=2(D*+ KK1h+ KD*).
For sufficient small h, K, and K* are positive. The lemma is proved.
Lemma 3.8 Under the same conditions as in lemma 3.7, there exists constant
0 < Cy <C* such that

C’*|||v|H§1%(Q) < <=V (DVv),v > <C* Hlv”ﬁfé(ﬁ)’ Yv € Mq,p(3,9).
Proof. Since 2.1 section and the condition of D(z,y) satisfied, we obtain
Dulllolllz < Mol < D*lIollE, ve Mip(3,96)

Since lemma 3.4 and lemma 3.7, we have

K,
ﬁ”“’”\%g(n) < Kol €Ki < —Av,0 >

< =<V (DVv),v >< K* < =Av,v >
K*K

< KKl < 5Nl veMirG.0)
K, K*K .
Let C, = D C* = o the proof is completed.

3.2. Existence of the solution of CCS.
In this section we consider the existence and uniqueness of the numerical solution.
(7)(b)(c) can be rewritten as the discrete Galerkin method given by

n—1 pr—pr! n—1 n
(@) <d(C")———— =V (@C")VP") ¢, x>=0,
() Vx € Ml,P(3,5)
9 R
n _ (n—1 pr — Pnfl
0 <o = ey 22 gl (pven

At At

_ (C«nfl _ C”*l)q7Z >= 07 YZ S Ml,P(BaCS)'

We only discuss the pressure equation, and the concentration equation is similar.
It is clear that any solution of (7)(b) is a solution of (9)(a). Thus, it is sufficient
to prove existence for (7)(b) and uniqueness for (9)(a) (lemma 4.1 of [3]). For
sufficiently small At, existence for (7)(b) follows from lemma 3.3, since it implies
that matrix generated by the time derivative term is nonsingular for any choice of
the basis for my p(3,9), and uniqueness for solutions of (9)(a) also is implies by
lemma 3.3, since the matrix generated by time-derivative term in (9)(a) must be
nonsingular since d(c) is bounded below by a positive constant.

So CCS(7) and the discrete Galerkin method (9) each possess a unique solution
for 0 < t < T'; moreover, these solutions are identical if the processes are started
from the same initial values.
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3.3. Error estimate.

In this section, we will obtain the optimal L?-norm error estimate.

Theorem 3.1. Suppose (R) and r = 3 hold, and At = o(h), then there exists a
constant K = K(Q, ax, bs, dy, ds, Dy, -+, K*, K1, K3) such that, for h sufficiently
small,

T/At
max || " —=C"||* + " P2 At < K(A + hP).
e, | EONE 12 At < K( )
Proof. Let

é:T?),(SCv C:C—E, 626—07 ﬁ:T3,6p7 77:10—137 ﬂ-:ﬁ_P'

We first consider the pressure equation. Subtracting (9)(a) from the Galerkin
method of (1)(a), we obtain

<d(C" Ndin", x > — < V- (a(C"HVa"), x >
=< [d(C") —d(c") Jdip", x > — < d(c")dn", x >

+<d(C )(dtp _ﬁ)ax>+<v'(a(0 )vn )7X>
+ < V[ (a(c") —a(C")VP" |, x >, Vx € My,p(3,6)
_ fn _ fnfl ) ) o
where d; f" = A and choosing the test function y = 7™ in (10), and the

right terms can be denoted by T/, =1,2---5 in turn. Then by lemma 3.1, lemma
3.2 and lemma 3.6, we have
T} =< [d(C"") —d(c" ") +d(c" ) — d(c") |dep™, 7" >

od od
+ R

ay SN e T =) Yt >

S KIS+ 1M+ et = c"[[1) sup |dp"] - [ll=" |
< K (B 4+ A8 4+ (16" H?) + e |72
And
n ="'
At
< K|||lnel|* + ell|[7™|]] < KR®||pe| |34 + ] |7™| ],

Ty < | <d(c")

’Wn>|

(12)

where using lemma 3.1, lemma 3.2, lemma 3.6.
For T}, we can get from the standard backward-difference error equation or
Taylor expansion[10]

n _ . n—1 Op™
(/ < 7 p p _ p n < 2 n 2.
13 Im <] <de)EE— = T o< K02 el

To obtain T, we have the following conclusion. &£™,(™ are defined as the above,
such that for ¢ sufficiently small

< (DG, 8" >0 | < e{(€7, E0)at <€, €" >0}

+ K b i/ S (L 2,
v = x> '

Ti—1 a<6

(14)
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Because we let gf =h,! < £",1>;, by the definition of section 2.1 we obtain
n 2 h:2c n(¢x n(¢x 2 h.’l2') n(¢xr \\2 n(exr \\2
<&M 1>F = Z{ﬁ (&) +E&" (&R} < KZ{(f (&))" + (€"(&2)°}
K2 (R (€M ER)? + (€107}

< Khy <€"E6" >i= Khy|||€"]|I7.
Thus
. _1
(15) €] < Kha 2|7 ]]]:
And
(16) < (D) 6" >e=< D, " >0 + < DL E" >0

We estimate the first term of the right-side of (16)

| < DaCR €7 >i | < | < DoClE = &8 >i |41 < DaCly &8 >4 |
= S+ 8.

By lemma 3.1 , Poincdre inequality [3], we obtain

[S1] < K max{|Ds (1)1, 1D (€R)1} I - [1l€™ — &l

xr T 1 n
< K max{| D, (1)1, D2 (E5) M1 ( )2 & 2 (ry
(17)
C?’L
<e(gh &)+ K-nd- / —)?da.
Ti—1 o<4 81‘
By lemma 3.1 and (15) , we obtain
1So| < K max{|D. (&), D (€)1} | <yl > | : IS”I
xr 1 n
< K max{[ D, (65)], D2 (€5) [} ( / dz)t - [lE |l
(18) Ty
TL
<e<& " > +K 18- / )2dzx.
© 5‘z°‘

i—1 <5

Next we estimate the second term of (16)

|<Drz7£n>i‘ < |<D<xxﬂ€n §n>l|+‘<sz7§n>1|
== Sl+52'

Similar to (17)
1911 < K max{|D(&)], ID(E) [} (1611 - |||§" - én\”'

< K max{|D(3)], | D(&2 \}h‘*/ ) dx)® (1€ Ly

(19)

i— 1a<5

8 Ca )2dz.

< e(€r,Em)+ KBS /

i 1o¢<5

Similar to (18)
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|5] < K max{|D(&})], [D(ER)} | < ¢yl >i |- 1]

(9 " 1 N
< Kamax{ D)L D€L ([ Y (5 5anklel,
(20) Az
<e< ¢ +K B8 / C )2d;c.
. 83:0‘

i—1 <6

By summing over ¢ , it follows that

Ny
| < (DC)ar€" >0 | =D < (DG)ar€" > |

i=1

-

| [<D GHE" >+ < DG, €7 >

i=1

< (€7, €Mt < €767 S} + KBS Z/

=1"7%i-1 <6

ch

83:0“

)V2dz.

3 And there is the same conclusion in y direction, in this time let
&= h_l <&",1>;, the (14) is right. And because of

| < (DC2)e & > | = |Z < (DC)ar €" > (E0)+ < (DG)ar €" > (€5)] |

we have the following conclus1on.

| < (D¢)as € > | < e{(&, €0)+ <€, ¢" >}

+Kh8§:z/ Zaza Q,

=1 j=1 @J()c<6

(21)

where « is a two-fold index, and there is the same conclusion in y direction.
Then for T}, similar to (17)-(20), lemma 3.6 and lemma 3.7, we obtain

Tyl = < V- (a(c")Vn"), 7" > |
<[ <a(c")An™, 7" > |
+ ] <alcd)e(M)e, 7" > |+ ] <alc)y(m™)y, " >|.
< Kh® +e(||7"[)? + [|[Va"™|*)

(22)

For T¢, we shall need an induction hypothesis. We assume that
(23) IC"|lwy < K, 0<n<l-1.
We start this induction by seeing that

1C°wy, < 1Mwa, + 110wy, < [1&%]lwy, < K,

for h sufficiently small. We shall check that if n = [, (23) is right at the end of the
proof. Similar to the proof of T and T, and using lemma 3.1, lemma 3.2, lemma
3.6 and (23), we can get

Tl < | <[a(c") —a(C"™1) JAR", 7" > |
(24) +] < Vla(c") —a(C"7Y) |- V§"), 7" > |
< K(1E"HIT + 1° + A8%) + (||| + (V7" |?).
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(a® — b?), we see that the first left-hand

. . . 1
Next using the inequality a(a —b) > 3

side term of (10),
< d(C" Hdyn™, 7" >
(25)

_2At{<d(0” Ham r" > — <d( ™ Hr" L ant >}

Similar to the proof of lemma 3.7 and (23), the second left-hand side term of
(10) get

(26) — < V- (a(C"HYVa™), 7™ > > (a. — KK3h) | Va™ |2,

then for sufficiently small h there exists constant C > 0, we have a, — KKyh >
C >0.
By (11)-(26), we multiplied by 2At and sum in time n, for ¢ sufficiently small,

Z( <d(C" Ha" 1" > — <d( O™ Ha et >) + C’Z [[Va™||2 At

n=1 n=1

m—1 m

K(h®+ 087+ ) |€FA8) +e Y (717 + [[Va"|]*) At

n=1 n=1
and
m—1 m
A A PAL+ du 7™+ || VaT|PAt
(27) n=t n=t .
<K+ A8+ |I€"7A0).
n=1

We can turn to the derivation of a corresponding evolution inequality for £".
Subtracting (9)(b) from the discrete Galerkin scheme of (1)(b), we obtain

n __ n—1
<¢Q,Z>—<V~(DV§”)7Z>
At
n _ sn—1
c”fl —en—l gt ¢t
— 7> -—<¢p>—> 7
(28) A L G VA
C Cnl n
—<$p>——,Z>+<V-(DVC"),Z >
<+ 4 =) | 25
Pn_Pn—l 8
n <b(cn—1)T_b(c )8L Z > NZe Myp(3,0).

To obtain L? estimate for £, we choose Z = £" as test function in (28), and we
denote the resulting right-hand side terms by 77,75, --- , T7. First we shall discuss
the right-hand side of (28).

For Ty, similar to the discussion in [2,10], so that

wai = ¢— - Ven,
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The standard backward-difference error equation is given by
o =t 1 1. 0%¢
= - = t— " dt,

ot At At /tnf ( )8152

analogously, along the tangent to the characteristic

ac™ v -t
Vor 0T A
(29) 6 (vt _ _ e
=21 o VEO R GG 0P+ ) g
So by the definition of section 2.1, we obtain
oc” —gn—1 ¢ —gn—l
<= 7 ¢ ﬂﬁ (th >
Ne Ny
D MRTEN o
i=1 j=1 k,i=1
¢ [@vt") - - —— 0% z Y12
(=7 V(e =82+ (y -9+t —t" 1?5 dn) (&, €)1

(&,g,t"~1)

Let E;; be the plane from (5ik,§y 1) to (&5, &),t") along the characteristic
direction, then

ac” en -t
([ ]
N, Ny 2 (&ik,Ej1,t™)
YAt koS 9
< Ch? | { ( ) dr}
i=1 j=1 kJZ=1 8T2 ¢ (Eir,Egu,tn—1)

< KAt*h? max 2
(z,y)EE | or2 |
Thus, we can obtain the estimate of T}

Cnl

(9 _
] < K[y 5 P T
(30)

<KAt2h2(maX | |2+€H\§"|||2
z,y

By (8), we get
énfl _ énfl
T = R
T =1 < o

=| < Ve [a(c)Vn" + a(C")VT™ + (a(c™) — a(C™))VP"], €™ > |.
Similar to the estimation of T} in the pressure equation, (23) and lemma 3.1, we
can get

> =< Ve (W =U"), 8" > |

(31) |To| < K(h® + A8 +[1€7]17) + (€I + [V []?).
To handle T3, we shall need another induction hypothesis. We assume that
(32) [VP"||p~ < K, 0<n<Ii-1

If I = 1, we can start the induction by (27) to get
VPl < [IVE°llzoe +[IVA%||Loe < K+ Kh™H(h* + At) < K
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for h sufficiently small and At = o(h). We shall check that if n =1 (32) is right at
the end of the proof. Then for T3, we can obtain by lemma 3.6, [2,10], the induction
hypotheses (23) and (32),

gnfliénfl gn 1 é-n 1 ) )
| < K|||—F>— <egl|——2— K|
(33) IT5] < K==l g™l < «li 17+ KI|&"]
< el|VETHP + K€M
Next we estimate Ty,
Cn _ Cn—l Cn—l _ éfn—l

T, <K T Y e

T < K(| <6 — 6" > | +] <" > ),
by the Taylor expansion, Cauchy inequality and lemma 3.1, lemma 3.6, we obtain

| < b s | < KGPIP +elllE™I1? < KR®||cf |13 + l|€"17,

and by two dimensional Taylor expansion and (32), similar to (17) and (18), it
follows that

fn—1

<SK(|< U1 42’1’6" > |4+ <Up¢y € > | )+ KAt

< K (A" Ml o) + A7) + (167117 +11VE"[]7),
S0 we can get
(34)  |Tul < K B(llc" s + llei 1) + KA + (|67 + [[VE"]?).
Then, similar to Ty, by (14) and (21), we have

T5] = [ < V- (DV("), 8" > |
(35) << (DG)a & > [+ < (DG)y, € > |
< K h%||c™ 3o + (€71 + [[VE™[).

And using lemma 3.1, lemma 3.2, lemma 3.6, we shall get

(36) | Ts| < K( %+ A+ |g"H|?) + ellg™ [

§" > |

Similar to the pressure equation estimate (10), 77 can be written as

T < | < d(C"Hdpn™, € > [ +] < [d(C"7) = d(c") Jdep", " > |

Ll < (@) € > | 4] < d@)(dp — 2y en > |

ot
37 _ .
B kA2 1 P) 1P
_ 7.l.n_ﬂ.nfl "
+ | <dic" 1)T7§ > |.

Thus we obtain the estimate of the right-side of (28) by the preceding, next for
the left-hand side of (28) we use the inequality 3(a? — b%) < a(a — b) and lemma
3.8, such that

i (< 07" > < 96" )+ ClIE gy

_ ¢n—1
S<ﬁ7§‘

(38)
"> — <V (DVE), " >
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So by (30)-(38), we now have

1 n n n— n— n
A< 0 € >= < oL e >+ CllIE Iy o)
(39) < K(A8? + AR + B + (1€ + [1€7]?)
n||2 n||2 n—1 7" — ! n
+e([[EMT + VA7) + [ <d(C" ) ———,&" > |.

At

If (39) is multiplied by 2At and summed in time n (£° = 0, At = o(h) ), then it
follows that

<P E™ >+ C Y IEM g o) Ot

n=1

(40) <K (A2 R84+ Y I€0IPAE )+ > (€7 + IVa|[*) At
n=1

n=1

+2) [ <dEm Y — 7, en > |,

n=1

where the right-hand side last term of (40) can be written as

Z| < d(Cm_l)(T{‘n _ 71-”_1),5” > |

n=1
(41) m—1 m
<d* Y|l PAt+d|E P e ) (€T PA.
n=1 n=1

So the relations (40) and (41) can be combined with (27) and the Gronwall lemma
for sufficiently small € to show that

42) e €0 O3 € gy O < KAE 4+ 4%},
o n=1
then lemma 3.5 and (42) can be combined with (27) to show that
(43) SOV PAL < K{ A2+ 1S ),
n=1

At last we shall check the induction hypotheses (32) and (23)
VP! < [|VH]|pee + |[Va'|| e < K + KRV
<K+ Kh™3(At+h*) <K,
1Clwa, < l1ellwa, +[1€'lwy, < K + KRl
<K+ Kh™ (At +h*) <K,

for h sufficiently small , and the proof is complete.
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