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TAYLOR EXPANSION ALGORITHM FOR THE BRANCHING
SOLUTION OF THE NAVIER-STOKES EQUATIONS

KAITAI LI AND YINNIAN HE

Abstract. The aim of this paper is to present a general algorithm for the
branching solution of nonlinear operator equations in a Hilbert space, namely
the k-order Taylor expansion algorithm, &£ > 1. The standard Galerkin method
can be viewed as the l-order Taylor expansion algorithm; while the optimum
nonlinear Galerkin method can be viewed as the 2-order Taylor expansion al-
gorithm. The general algorithm is then applied to the study of the numerical
approximations for the steady Navier—Stokes equations. Finally, the theoretical
analysis and numerical experiments show that, in some situations, the optimum
nonlinear Galerkin method provides higher convergence rate than the standard

Galerkin method and the nonlinear Galerkin method.
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1. Introduction

Many integral equations and differential equations in mathematical physics can
be reduced to the operator equations. The operator equations and their numeri-
cal approximation are very important in the areas of theoretical mathematics and
computational mathematics(see[1]). The main feature of the approximate theory
of the operator equations is to apply the functional analytic method to the study
of the numerical approximation of the operator equations, which will provide new
ideas and new algorithms for the computational mathematics.

This paper is devoted to present the k-order Taylor expansion algorithms for
the branching Solution of the nonlinear operator equations. The standard Galerkin
(SG) method and the optimum nonlinear Galerkin (ONG) method can be viewed
as specific Taylor expansion algorithms.As the important application of the al-
gorithms, we consider the numerical approximations of the 2-D steady Navier-
Stokes equations and estimate the convergence rates of the corresponding algo-
rithms.Moreover, we also recall the convergence rate of the nonlinear Galerkin
(NG) methods presented in[4-9]. Our theoretical analysis and numerical experi-
ments show that the ONG method is of the higher convergence rate than the NG
method and the SG method.
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2. Operator Equation and Taylor Expansion Algorithms

We are given a Hilbert space H with a scalar product(-,-)and a norm |- |. The
abstract operator equation that we will study has the form

(2.1) F(u) = f.

Here F' : D(F) C H — H is a nonlinear operator, D(F) = v € H; F(v) =€ His
the domain of operator F, f € His given and u € D(f) is a unknown function(or
vector function)defined in a bounded domain 2 of R%or R3.

We now recall the following Taylor expansion (see[1]).

Theorem 2.1. Assume that F': D(F) — H is the continuous Fréchet differentiable
of the k-order. Then for eachp € D(F),q € H, p+q € D(F) there holds the Taylor
expansion with the integral remainder, namely

F(p+q) =F(p)+ {DF(p)g+ -+ g2y DV F(p)gh

2.2
22 +(k—11)! fol(l — )" I DFF(p + tq)¢" dt.

For each n > 0, we let H,, be a n—dimensional subspace of H and P, : H — H,,
be an orthogonal projection operator. To introduce the Taylor expansion algorithm,
we select a large n and rewrite the solution u of (2.1) as

u=p+qp=PucH,q=I—-P,)uc H\Hy,

such that p represents the large eddies of the flow and ¢ represents the small eddies
of the flow, namely |¢| — 0(as n — oo) (refer to [2-3]). Hence, we apply respectively
P,and Q, =1— P, to (2.1):

(23) PnF(p+Q):Pnfv

(2.4) QuF(p+q) =Qnf.

Assume that F(u) = F(p + ¢) can be rewritten as the Taylor expansion (2.2).
Thanks to q being the small eddies of the flow, it is then reasonable to neglect
some small terms as DF(p)q, %DF(p)qga e ﬁ fol(l — )" 'DFF(p + tq)q* dt |
n (2.2). Then we obtain the following Taylor expansion algorithms:
the 1-order Algorithm : Find uqp, =y € H, such that

(2'5) PnF(y> = P.f;

the 2-order Algorithm : find uey =y +2 € H,y € Hy,,z € H\H,, such that

(2.6) PyF(y+z) = Pof,

(2.7) Qu(F(y) + DF(y)2) = Qu

the k-order Algorithm : find uqpp, =y +2 € H,y € H,,, 2 € H\H,, such that
1 _ _

(2.9) Qu(F(y) + DF(y)z+ - D (y)2* 1) = Quf.

(k—1)!

Notice that (2.7),(2.9) are the infinite dimensional system. From the computa-
tional point of view we have to replace H\ H,, and @Q,, by Hy\H,, and QY = Py—P,
in (2.7),(2.9), where N > n will be chosen according to some convergence analysis.

In particular, we notice that the 1-order Taylor expansion Algorithm is then the
standard Galerkin (SG) method. Moreover, the 2-order Taylor expansion Algorithm
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is called the optimum nonlinear Galerkin (ONG) method which id different from
the nonlinear Galerkin methods presented in the papers[4-9].

3. Numerical Approximations of the Navier-Stokes Equations

The 2-D steady Navier-Stokes equations in the primitive variable formulation
are written as

(3.1) —vAu+ (u-V)u+ v =g,
(3.2) divu = 0,

where Q is an open bounded set in R? with sufficient smooth boundary, v > 0
is the kinematic viscosity and g = g(x) represents the external body force. The
unknowns are the vector function u (velocity) and the scalar function 7 (pressure).
We will consider either the homogeneous Dirichlet boundary conditions, for
which we denote:
V = {ve (H(Q)?* divu = 0},
or the periodic boundary conditions for which

V={ve (H;(Q)Q; divu = O,/Qv(:c) dz = 0}.

In both cases,we set
H = closure of V in (L*(Q))%
LetP be the orthonormal projection of (L?(£2))? onto H we define the Stoke oper-
e Au=—PAu,  Yu€ D(A)=Vn(H*Q))?,
and the bilinear operator
B(u,v) = P[(u- V)v],Yu,v € V.

The Stokes operator A is an unbounded positive self-adjoint closed operator in
H with domain D(A) and its inverse A~! is compact in H. Consequently, there
exists an orthonormal basis of H consisting of the eigenvectors w; of A:

(33) ij = )\jwj,() <A< A<y )‘j — oo(asj — OO),

(see[2]). We denote the scalar products and norms of H and V by

ol = ([ @)@ and | = ([ [Vu(o)P da)

The corresponding scalar products are denoted by (+,-) and ((,)) respectively.
We define a trilinear form on V x V x V by
B(u,v,w) = < B(u,v),w >yvs Yu,v,w € V

It is easy to verify that b satisfies the following important property
(3.4) b(u, v, w) = —=b(u,w,v), Yu,v,w € V.
We recall some continuity properties satisfied by B and b (see[2,4-7]):
(35 [bu,v,w)| < eoful|ful o w7 w] .
(36)  [b(u,v,w)| < colul[v]||w|"?| Aw["/?,
(3.7) b, v, )| < colul™* | Aul vl [Bu,v)] < colul?|Aul'?|lv],
(3.8) 1/2 1/2||UH1/2|AU|1/2-

| B(u,v) < colul " lull
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Under the above notations,the system (3.1)-(3.2) is equivalent to the following
abstract equation

(3.9) F(u,v) =vAu+ B(u,u) — f =0,

where f = Pg. The following results are well known(see for instance [11,12]).
Theorem 3.1. Let f € V', Q be a bounded domain of R? with a Lipschitz contin-
uwous boundary T'. Then the equation (3.9) admits at least a weak solution u € V
such that

(3.10) { A2 < v HATVRF|| = My,

| A3/ 4| < v HATYVAf| 4 a3 | AT ).
Moreover, if f € H then u € D(A) satisfies

(3.11) |Au| < v+ e 3| A2 + v 2| ATVAF||ATV2f| = M,
If v and f satisfy
(3.12) cov 2]y < 1,

then the solution of (3.9) is unique.
The proof can be found in [10,11,12].
Hereafter, we denote
Hm = Span{wh' o awm}7 Qm =1- Pm7
P, : H(or V or D(A)) — Hp, is the orthogonal projector, where m = n, N.
According to the definitions of H,, and P,,, there hold the following properties:

P,A=AP,, QmA = AQm,,

lull > A %lal,  YueV,
(3.13) lgl = A5 lgl, Vg € V\H,,

lpll < Ad2lpl,  Vp € Hin,

|Asp|? + [A%q|> = |A*(p+ q)|*, Vp€ Hp, qe€ D(A*)\Hp,
where s =0,%, |4 |=]-]|, |A1/2-|:H-||.

DRI

In order to apply the Taylor expansion algorithm to the abstract equation (3.9),

we write

F(u) =vAu+ B(u,u) — f =0,
where D(F) = D(A).We set u = p+ g € D(A) be the solution of (3.9), where
p=Pyuc H, q=Quue DA)\H,.

Thanks to Theorem 3.1 and (3.13), we have

2 —-1/2
lall® = ((2,9)) = (¢, Ag) < |ql|Aq| < 2,1 |qll| Aql,
(3.14) lal < Allall < AhalAgl < A |Aul < AL M.

Hence, the Taylor expansion algorithm can be applied to the numerical approxi-
mation of problem (3.9). For this, we need the following Fréchet differentials of the
nonlinear operator F' at p € D(F) :

DF(p)q = vAq+ B(p,q) + B(q,p),
D?F(p)¢* = 2B(q,q), D*F(p)¢® = 0.
Now, we can apply the r-order Taylor expansion algorithm with k =2,r = 1,2.

Then we obtain the following numerical methods for solving (3.9):
The SG method: Find u, =y € H, such that

(3.15) vAy + P, B(y,y) = P f;
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the ONG method: Find up =y + 2,y € Hy,z € Hy\H,, such that
(3.16) vAy+ P,B(y + z,y+ 2) = P.f,

(3.17) vAz+ QN[B(y+ z,y) + Bly,2)] = Q) f,
where ery =Py —py, :Qn_QNaPnA(y+Z) :AyaQnA(y+Z) = Az.

Remark 3.1. The SG method consists in solving a nonlinear problem in a small
space Hy,; while the ONG method consists in solving a similar nonlinear subproblem
in a small space H,, and solving a linear subproblem in Hy\H,,.

Finally, applying the nonlinear Galerkin (NG) method presented in [4-9] to the
abstract equation (3.9), we derive the following numerical method:

the NG method: find uy =y + 2,y € H,,2z € Hy\H,, such that

(3.18) vAy + Pu[B(y + z,y) + B(y, 2)] = Puf,

(3.19) vAz +Qy Bly.y) = Q) f.

Remark 3.2.The NG method can not be viewed as the particular Taylor expansion
algorithm. Also, the NG method consists in solving a nonlinear subproblem in small
space H,, and solving a linear subproblem in the space Hy\H,,.

4. Existence and Uniqueness of the Numerical Solutions

In this section, we aim to prove the existence, uniqueness and regularity of the
numerical solutions ug, uo and uy.

First, we provide the existence uniqueness and regularity of the numerical solu-
tion ug € Hy,.
Theorem 4.1. Assume that f € V'. Then the approzimate problem (3.15) admits
at least a weak solution u, € H,, such that

(4.1) luc|l < v=2[|£llv
Moreover, if f € H then
(4.2) |Aug| < M.

Ifv and f satisfy the unique condition (3.12) then the solution of (3.15) is unique.
This proof is classical, it can be omitted.
To prove the existence and uniqueness of the numerical solution uy € Hp;
we need the following lemma. In order to completing we give the proof (see[10],

Eﬂﬁgéz. Let X be a finite dimensional Hilbert space with scalar product [-, ]
and norm [-]. Let G be a continuous mapping from X into itself such that

(4.3) [G(£),] >0, VEeX with [§]=p>0.

Then there exists an element £ € X, such that

(4.4) G(e) = 0,1¢] < .

Proof. The proof proceeds by contradiction. Suppose G(£) # 0 in the closed sphere
S ={¢ € X;|¢| < p}. Then the mapping & — —pG(€)/|G(€)| is continuous from
S into S. As the dimension of X id finite and sine the set S is obvious non-void,
convex and compact, we may apply classical fixed point theorem due to Brouwer,
we can conclude that there exists and £ € S such that

§ = —nGE)/IG(E)I.
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Thus, we have exhibited and £ € X such that |£| = p and

(G(£),8) = —ulG(&)] <0.
This contradicts (4.3). The proof is completed. O
Theorem 4.3. Assume that f € V' and Q be a bounded domain with Lipschitz

boundary. Then, the approzimate problem (3.16)-(3.17) admits at least one solution
uo =y + z such that

(4.5) luoll < v=H|fllv.
Moreover, if f € H, then
(4.6) |Auo| < M.

Proof. We rewrite (3.16)-(3.17) as the equivalent problem
(4.7) vAuo + PnB(uo,uo) — QY B(QYuo, QY uo) = Pn f.

Let X = Hy with the scalar product ((-,-)) and norm ||-||, we define the mapping
G(&) by

The continuity of the mapping G is obvious; Thanks to (3.4),

(G&).m) = VIEIP+b(&€€) — Q€ QYE QYE) — (£.€)
vIIEN® = (£,€) = [Ell@lél = N fllvo)-
Hence, by choosing p = 1| f|ly+, we have

(G(£),§) =0,  VEe Hn, [l =

Therefore we can apply lemma 4.2, there exist at least one solution of (4.7) and

1
uoll < p=—Ifllv
v
This yields (4.5).

In order to prove (4.6) we recall that

v _
(4.8)  |B(uo,uo)| < eoluo|'?||Auo ||/ uol| < 7 Auol + v fuolluol?,

(4.9) B(@Nuo,Qiuo)| < Sl Auo| + v~ luol|luol >
Combining (4.7)-(4.8) with (4.9), we have
vlAuo| < 2|f|+ cgr uollluo?
< 2f| + AT
This yields (4.6). The proof ends. O

By a similar manner we can derive the following results.
Theorem 4.4. Assume that f € V'. Then the prozimate problem (8.18)-(3.19)
admits at least one solution uy € Hy such that

(4.10) lunll < v I fllv.
Moreover, if f € H then
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It is obvious that the uniqueness of approximates solution uo depends upon pa-
rameter v and infinite dimensional solution u. Consequently, we have to consider
the nonsingular solution u of (3.9). In the neighborhood of singular solution u of
(3.9), my be to occurs bifurcation at (v, u), we will study in other paper.

We say that the solution of (3.9) is an nonsingular solution at v if only if the
Fréchet derivative operator D, F(u,v) at (u,v) is an isomorphism from V onto V.
If u is not an nonsingular solution we say that u is a singular solution.

Owing to the continuity of D, F(u,v) for any nonsingular solution w, by the
Banach theorem, we assert that there exists D, F(u,v)~!, and D, F(u,v)~! is linear
and continuous. In view of the bounded inverse theorem, D, F(u,v) is bounded
below

(4.12) |1DuF (u, v)ol| = avl, Vv eV,

where o > 0 (see Dunford and Schwartz [13]).
Let us introduce the functional

. . b(v,w,v)
4.1 = inf .
(4.13) p(w) inf T Yw e V.
It is clear that Yw € V,
(4.14) [b(v, w,v)| < p(w)[[o][?, Yve V.

By virtue of (3.10), for any solution u of (3.9)
[b(v, u,0)| < cllulllol* < cv™ I £]lv[[o]]*.

Consequently, for any solution u of (3.9,)
(4.15) p(u) < cov ™| fllv.

Recall that

(DyF(u,v)v,w) = v((v,w)) + b(u, v, w) + b(v, u, w),

we define bilinear form V xV — R :
(4.16) Cy(w,v) = (DyF(u, v)w,v) = v((w,v)) + b(u, w,v) + blw, u,v).

Then,existence of D, F(u,v)~! is equivalent to that elliptic problem:
find w € V such that for any g € V'

(4.17) Cy(w,v) = (g,v), YweV,

admits a unique solution w € W.

According to generalized Lax-Milgram theorem ([10], [11]) if C,,(w,v) is contin-
uous and satisfying weak coerciveness:
(i) There exist § > 0 such that

(4.18) inE1 sup |Cy(w,v)| > 6 >0,
lwll= i<
(ii)
(4.19) sup |Cy(w,v)| > 0, Yo e V,v#£0,
weV

w0

then, Vg € V' there exist a unique solution w of (4.17) with the following estimate
(4.20) [w] <67 lgllv.
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This can derive that if C,(-,-) is weak coercive then there exists D, JF(u,v)~}
and « = J, where « is a constant defined by (4.12). Therefore,

{ | DuF (u, v)v|| > allv]| = 6][v|,
| DuF (u,v) vy <671

Lemma 4.5. Assume that the solution u of (3.9) satisfies
(4.22) v—plu)>4d>0.

(4.21)

Then w is a nonsingular solution.

Proof. Tt is sufficient to prove that bilinear C),(,-) defined by (4.16) is weak coer-
cive. In fact,

inf  sup Cy(w,v) = inf sup ||[v((w,v))+ blw,u,v)||
[w[l=1 jjvl1<1 [lw[l=1 jjvi<1
llvl1Z0 llwl17%0
> lliﬂgl{y||w|\2+b(w,u,w)}zy—p(u)55>0

On the other hand,

sup |[Cu(w,v)] > v[ul* + b(v, u, v)
> (v—p@)lpl,  VoeV.
Therefore, (4.22) yields that C,(,-) satisfies weak coercive condition. O

Lemma 4.6. Assume that v and [ satisfy

(4.23) v—cov || f|lv > 0.

Then the solution u of (3.9) is a nonsingular solution.

Proof. It is clear that (4.23) and (4.23) are equivalent, therefore, solution of (3.9)

is unique in view of theorem 3.1.
Moreover, by virtue of (4.15) and (4.23), we have

v—p(u) 2 v—cor||fll,, >0
Therefore, by lemma 4.5 it is obvious that w is an nonsingular solution. ([

Theorem 4.7. Assume that the solution u of (3.9) satisfies (4.22), and n is
sufficiently large such that

(4.24) 5= o A\ NIl > 0.

Then the solutions uo and uy of (3.16)—(3.17) and (5.18)—(3.19) are unique,
respectively.
Proof. Tt is enough to prove the uniqueness of up. Assume that u; and ug are two
solutions of (3.16)-(3.17). Let w = u; —ug. Then it follows from (3.16), (3.17) that
(4.25)
vAw + Pn(B(w,u1) + B(ug,w)) — QN[B(QNw, QNuy) + B(QNuy, QN w)] = 0.
Taking the scalar product in H of (4.25) with w and using (3.5), we derive

(v — p(u)|[w|> < BQNw, QNuy, QNw)| < ol QY w|QN w]| | QN wy |
—-1/2 _
< cor v fllve ol

By applying (4.24) it follows that ||w|| = 0. O
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5. Convergence Analysis

In this section, we aim to derive the convergence rates of the numerical solutions
ug, uo and uy to the nonsingular solution u of the abstract equation (3.9).
Theorem 5.1. Assume that f € H and u is a nonsingular solution of (3.9). Then
ug satisfies the following convergence rate:

(5.1) llu—ug|| < Ma(coa™ AT 2 Mo, 102 + 1A, 12
Remark 5.1. If n is chosen such that

(5.2) coa AT PMA I < 1,

then

(5.3) lu—ug| < 2Mzx, 2.

This proof is classical, it can be omitted.
Theorem 5.2. Assume that f € H and u is a nonsingular solution of (3.9). Then
the following estimate holds:
_ —3/2 —1/2 3 r3/2 2 71/2\y—1/2
(54)  u—uol < o eoMEN 4 (1] 4+ cory MM AT,

where « is a constant defined by (4.20).

Proof. Setting E = u — up, we derive from (3.9) and (4.7) that

where z = QN ug. Taking the scalar product in H of the above equality with v € V,
we derive

v(AE,v) +b(E,u, Pyv)+ b(uo, E, Pyv) + b(u, u, Qnv)

(5.5) +B(z,2,QNv) = (f,Qnv).

Noting that

b(uo, E, Pyv) = b(u, E, Pyv) — b(E, E, Pyv),

we obtain

(5.6) v(AE,v) + b(E,u,v) + b(u, E,v) = (g,v),

where

(5.7) (g,v) =b(E,E, ];NU) +b(E, u,ng) + b(u, E,Qnv)
—b(u,u, QNv) — bz, 2, QY v) + (f, Qnv).

(5.7) is equivalent to the following
(5.8) (DuF(u,v)E,v) = (g,v).
Therefore, E can be looked as a solution of (5.9). On the other and

(DuF(u,v)E,v) (9,0) _ (9. E)
5.9 Dy F(u,v)E| =sup ————"—= =5 2 '
(5.9 [DuF(u,v)E| = sup ol vev ol = TE
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Simplifying calculation shows that

(9,E) =b(E,E,PyE)+b(E,u,QnE)+b(u,E,QNE)
—b(u,uE,QNE) —b(z,2,QNE) + (f,QnE)
== 71)(E,E,QNE) + b(E,u,QNE) - b(u,uo,QNE)
7b(Z,Z,Q£1VE) + (fv QNE)
= b(Evan QNE) - b(uvuOv QNE)
—b(Z,Z,QTJYE) + (f7 QNE)
= —b(uo,uo0,QNE) —b(z, 2, QN E) + (f,QNE).

Comparing (5.6) with (4.12), we assert that

a|EI* < (g,E) < coluol?|Auo|"*|luoll|QnE| + col2| |2/ | QY E||

< aod MM PN PB4 con 35 Auo| | Bl

+ RIE.
Therefore

BN < o™ ((cor 2 MY 20y 2 + [ FARYTE + coMEND).
This yields (5.4). O
Remark 5.2. If n and N are chosen such that
(5.10) At =03,
then
—-3/2

(5.11) lu — un | = O 21).

Recalling (5.3), we obtain
(5.12) lu—uol = O(lu — ucl®).

Theorem 5.3. Assume that f € H and u is a nonsingular solution of (3.9). Then
the following estimate holds

(513) = unll < a7 (F] 4 oA MMy PIAGYT + 200 MEAL L,
where « is a constant defined by (4.12).

Proof. Set Ey = u — un. Then (3.18) and (3.19) can be rewritten as

(5.14)  vAuy + PyB(un,un) — PyB(z,2) — QYN (B(y, 2) + B(z,y)) = Px f.
Subtracting (5.14) from (3.9) we derive

(5.15) vAEN +P]]\<'[(B(U,’LL) — B(un,un)) + QnB(u,u) + QY B(z, 2)
+Qn (B(y, 2) + B(z,9)) = @n [-
Noticing that
B(u,u)—B(un,un) = B(En,u)+B(un, Ex) = B(En, 2)+B(u, EN)—B(EnN, EN),
and taking scalar product in H of (5.15) with v € V', we have
v(AEN,v) 4+ U(En,u,Pyv)+b(u, En, Pyv) — b(EN, En, Pyv)
+ b(u,u,Qnv) + bz, z, Pyv) + b(y, z, QN v)
+ b(z,y,Quv) = (f,Qnv).

It is equivalent to the following formulation

(5.16) (DyF(u,v)En,v) = (g,v), YveV,
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where

(9,v) = b(EN,u,Qnv) +b(u, En,Qnv) + b(EN, En, Pyv)

—b(u,u, Qnv) = b(z, 2, Pyv) = b(y, 2,Q3v) = b(z, 4, Q'v) + (£, Q).
By similar manner as in proof of theorem 5.1 we obtain
(5.17)

o|Exl? < (9,En) =b(En,u,QvEN) + b(u, En,QNEN) — b(En, En,QNEN)
—b(u,u,QNEN) — b(2,2, PNEn) — b(y, 2, QN EN)
7b(zvya QTJ:[EN) + (f7 QNEN)7

b(un,un, QnEN)| < colun|"?|Auy|V?(|lun||@nEx||

5.18 _ _
1) < cohy MY A Bl
—-3/2
(519) bz, 2 Py Ex)| - < coll||2l]| Pa | < cor, 317 | Aun 2| B |

—-3/2
< coMZN 3N Enls

b(z,y,QN En)  +b(y,2, QN En)| < 260|1y|21/2|Ay|1/2||Q5EN|| ||
(5.20) < 2e0 A" V2 My || En || Ay [ Aun|
< 2c00 P MIN L I Ex

—1/2
(5.21) (f, QN En)| < [FIANY I B,
we derive from (5.17) that
_ —1/2 3/2 1/2 —1/2
IEn < o [(If] + cory V22 )Y
+eoMIN T + 2000 T MEN ).

n+1
This yields (5.13). The proof ends. O
Remark 5.3 If n and N are chosen such that
(5~22) >‘Xf1+1 = O()\;erl)y
then
(5.23) lu = un|l = OARLL),
Recalling (5.3) we obtain
(5.24) lu = unll = O(llu - ua|?).

Remark 5.4 According to Remarks 5.1-5.3, we conclude that the ONG method
provides the higher convergence than the SG method:

lu —uoll = O(llu — ug|®), u — un|| = O(llu — uc|*),
provide
Ay =03,)  for the ONG method,
ANt = O\, 71)  for the NG method.

Howewver, the extra cost of the ONG method and the NG method consist of solving
a linear subproblem in space Hy\H,. Hence the ONG Method is superior to the
NG Method and the NG Method is superior to the SG Method.
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6. Approximation of Branches of Nonsingular Solution
We rewrite the Navier-Stokes Equations by the following
(NSE) Flu,v)=u+vA (B(u,u) — f) =0

where A is the abstract stokes operator and A~! is its inverse which is compact
from H into H. By a similar manner, (3.18)-(3.19) can be rewritten by

(ANSE) Fy(uo,v) =uo +v A" (B(uo,uo) — QY B(QNuo,QNuo) — f) = 0.
Let

(61) G(ua u) = Vﬁl(B(uau) 7f)a

(6.2) Gn(u,u) = v (B(u,u), QN B(QNu,QNu) — f).
Then

(6.3) D F(u,v)v =v + A" D,G(u, u)v,

(6.4) Dy Fn(uo,v)v =v+ A7 D,Gn(uo,uo)v,
where

(6.5) DG (u,u)v = v~ (B(u,v) + B(v,u)), Yv € H,
(6.6) D.Gn(uo,uo)v = v (B(uo,v) + B(v,uo)

_QT];](B(QQZUO,'U)+B(’U7QTJYUO))]’ VUEHN.

Let us assume that {(v,u(v));v € I C R} is a branch of nonsingular solutions
of (NES). We want to find some sufficient conditions ensuring the existence and
uniqueness of a branch {(v,u(v));v € I} of the solutions of (ANSE) in a suitable
neighborhood of the branch {(v,u(v));v € I'} of the solutions of (NSE).

In first stage we fix v in I. We introduce

Y(u,v) = |DuF (u, 1) "o vys

pn (v, o) = || DuF (u,v) — DuFn (Uo, V)| £(v),

where g is an arbitrary element of Hy.
Lemma 6.1. Under the condition

(6.7) ¥(u, V)N (v, o) < 1,

the mapping D, Fn (o, v) is an isomorphism from Hy onto Hy. For the proof,
the reader can refer to lemma 3.3 in chapter V of [11].

Corollary 6.2. Under the condition

(6.8) pn (v, tg)a~t < 1,

where a is a constant defined by (4.12), the mapping D, Fn(uo,v) is an isomor-
phism from Hy onto Hy .

Proof. (4.12) shows, v(v) < a~!. Taking (6.7) and (6.8) into account, we obtain
the conclusion of Corollary 6.2. |
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Next,we calculate py (v, ug)

(6.9) pn (v, up) = sup (((DuF(u,v) ﬂvﬁﬁﬁ(uo’ v))v,w))

In view of (6.3)-(6.6), we have

I = (DuF(u,v) — Dy Fn(ug,v))v,w))
= v Y (AYB(u — up,v) + B(v,u — up)) + QN (B(QN ug,v) + B(v,QNup)),w))
= v Y ((A™Y2(B(u — ug,v) + B(v,u — ug))
+ QN (B(@QN uo,v) + B(v, QY ug)), A~/ ?w)).
Let A=Y2g=¢ A-Y2h =n,ie. g= AY%¢,n= AY?y. This yields
(6.10) (A2, A72h)) = ((¢,m)) = (AY?, AY2n) = (g, ).
Therefore,
I=v"(b(u — ug,v,w) + b(v, u — ug, w) + b(QNug, v, QN w) + b(v, QN ug, QN w)),
or
11| < v eolluolll[v]l[[w]l + collvll| QN o2 | QN uo [/ | QN [w]*/? | QN w]|*/2
+eolv] 2ol M2]|Q N uo ||| QY w)

— —1/2y\y—1/2
< v~ eoluoll[[vllllw] + eo (1 + Ay Y%)A, 142 [l o ],

i (v u0) < vl e(A i lluoll + flu — uoll)-

By using (5.4),

pn(ru) < v (M + (1f] + cory MMy PINGYE + MEAGYD)
—\—1/2
< c)\n+/1.

Combining this inequality with (4.12) yields the following result.
Lemma 6.3. Assume that n is chosen enough large such that

et <,

where € is defined by (6.11). Then the ONG approzimate solution uo of (3.16)-
(3.17) is a nonsingular solution.

7. Numerical Example

Here we study numerically the Navier-Stokes equations between two con-
centric rotating spheres by using the nonlinear Galerkin method and the optimal
nonlinear Galerkin method, respectively.
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- W6 =0

LB}

We introduce the following notations:

(r,0,0) spherical polar coordinates,

Ry, Ry radii of inner and outer spheres, respectively,
w1, wo angular velocity of inner and outer spheres,
wo =0 outer sphere is held fixed,

wo >0 corotating case,

wy < 2 counter rotating case,

w=wrfw,e=1-w=2"2n=R/Ri,n=1+0,0= (R — R1)/R,

Re = w1 R? /v Reynolds Number,\ = Re™ !,

u = (U, Ugp, ug), p Physical components of velocity of the fluids and pressure,

ui, u;  contravariant components and covariant components of velocity,

up = ub = uy,up = u?rsind = us/rsinb,ug = ru® = uz/r,

1, & Stream Function and Vorticity Function, respectively.

The Navier-Stokes equations and boundary conditions of a constant-density fluid
between two concentric rotating at R; and Ry with different angular velocity wy, wo
respective are given

(7.1) %+(u~V)u+Vp7VAu:O,
(7.2) V.-u=0,
(7.3) u|p=1 = Sin0€ , ulr—y = wnsinfey,

where we use dimensionless,and (e, e_(; ,€p) is a local coordinate frame of spherical
coordinate.

Later on,we shall refer to the ¢—component of the velocity uy as the agimuthal
flow and to the remaining components of the velocity as the meridional flow u,, =
u, €, +ugey. The Stokes flow u* is the time-independent solution to (7.1)-(7.3)
in the limit Re — 0(v — o0):

(7.4) u' = 0w - 1)/(° =1).8 =701 - w)/(’ - 1),

where

(7.5) a=(rw-1)/( -1),8=n*1-w)/(n’* - 1).
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Although the Stokes solution is exclusively agimuthal,it is a function of #. Note
that the angular velocity u*/rsinf is not a function of 6, so that each radial shell
moves with a constant velocity. In the spherical couette flow a small meridional
velocity is generated from the nonlinear interaction of the Stokes solution with itself
via the adventive terms in the Navier-Stokes equation. This caused the true flow to
deviate from the Stokes solution at all finite Reynolds numbers. At very small Re,
the flow is still mostly agimuthal and does not depart greatly from stokes flow.The
meridional motion which driven by Ekman pumping, expele fluids out from the
pales along the surface of the rotating inner sphere. The streamline resulting from
the superposition of the agimuthal and the weaker meridional motion are helices.
Despite being three-dimensional, the flow remains axis-symmetric. Set

1 -1 0, .
’I“QSine%( rsinHE(rsmew)’
5 = (fr;fdmfa) =V X u,

we obtain vorticity-stream function formulation for the Navier-Stokes equations
with axis-symmetry

(7.6) w, = rsinfy), ug =

Oug 1 O(rsinfug,rsinfy) 9
. il CAL%ug =
(7.7) ot * r3sin® 0 a(r,0) up =0
¢ 1 9(&p,rsinby

I T TV ) D (-2 Nug + €N0) — AL, = 0.
(7.9) L2 =&,
where

__cotf 0 10

o or 1200’
(710) L2 = (?6_%2—’_ %% —’1_ Cg"tze% —ZT‘%(’?_; o2 si1n29

=202 (1) + = 99 (g 99 (510 0-))

Boundary conditions are given by

Uglr=1 =sInb, up|r—y = nwsinb

(7.11) =% =0, r=1, r=m,
p =0, for =0, 0=m.
Let

(7.12) ug = U + u;,
where uj is defined by (7.4). It is easy to verify that uj satisfy (7.11) and
(7.13) LPuj = 0.
Thus, we obtain the equations for U and :

oU 1 O(rsinfU,rsind 1 O(rsinfu},rsinf

ot Ben?o ( 30, 0) oy ey ( 5. Yo
(7.14) =0,

0y 1 0(&y,rsinby)
ot r2sinf  O(r,0)

(7.15) =1/,

(7.16) L2 =&,

+ (2(U + u})NU + 2UNuj, + £, NY) — Xy
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with boundary conditions

oY oy

(7.17) Ulr=t = Ulr=n = 0,¥lr=1 = Z-lr=t = Ylr=y = 5 —-lr=n =0,
where
(7.18) f(r,0) = =36(ar™ + Br=%)siné.

Next we consider the following eigenvalue and eigenfunction

AL2U 4 pU = 0,U]p=1 = Ulp—o = 0,

0
ALHY 4 uL2 = 0, 9l,—01 = )21 = 0.
The calculation shows the eigenfunctions are given
Uin = Qun(cun) Pl (cos ),
Y1 (r,0) = bi(B.nr) P (cos 0),
with eigenvalues
Hin = al2,nAa
lul,n = ﬁl%n)H
where ag,, and 3, are the roots of the following equations

Ql(a) =0, bl(ﬂ) =0,

. i(ar)  yi(ar)
| glar) yi(ar
Ql(w)_’ jzl(om) yi(an) ’
rt rtt J(Br)  w(Br)
iy =| " U ai(Bn)  w(Bn)
l l ~l=1 BB) By(B) |
=t —(+Dn= =t B5,(Bn) By, (8n)

) =\ 2 T (2) = NERTEY

where J; ;1 /2(2) is a Bessell’s function of half integer order and j;(2),y;(2) are spher-
ical Bessel’s functions, and P/™(x) is a general Legendre’s polynomial.
We choose basic space
H = Hj(Q) x Hj ()
and finite dimensional subspaces
Hy = span{U, p, ¢in,l,n < N}.

Let up, uy be the lower and higher components ofuy, respectively, ¥, Vg
lower and higher components of v, respectively, A} AL index set of lower and
higher components of u, respectively, A%, A% index set of lower and higher
components of 1, respectively.

Assume that

ur = Z Ui (r,0), ug = Z 210 () U (1, 0),

lneA} l,neA?
Yr =Y an®in(r0), Yo=Y zan)ia(r0),
I,neA? I,n€AZ,

ug =ur +ug, Yy =Y +Ym,
A = AL UAY, A% = A2 UAZ.
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By applying the orthogonality
/ 7‘2 sin HUl’nUm’kdrdG = Nl,nél,mén,k,
Q

/ 72 8in O L*y n g, mdrdf = M ,61.m0n 1,
Q

where
Nip = / r? sin OU; ,drdf
Q

Mlm:/r2 sin9L2¢lvnwl,ndrd9
Q

we can rewrite the SG method, the NG method and the ONG method as follows:
The SG method:

d 1 1 .
R mbl(ua +ul, ¥, Upm) =0, Vk,m e Ay,
d”ﬂ+iﬁ2 z + (01 (W, Vi, Yrem) + 2ba(um + wly, wm 4 Ul Yrm)
dt Re k,m k,m Mkn 1 H>,WH> Yk,m 2 H (73] H (723 km)s

+ 2bo(L*n, Ym, rm)] =0, Vk,m €AY
The NG method:
L hm + B OR mThom + Ny b1 (un + 0, 01, Upm)] = 0, Vk,m € A,
%Zk,m + éﬁi,mzhm + M,;}n [b1(r, PH, Pem) + 2b2(ug + ub, up + U, Ok m)
+ 200(L%0m, 01, Prm)] =0, Vk,m € A3,
203 Tk + N bi(ug +ul, o0, Ukm) =0, Vk,m € Al
éﬁ%,mzhm + M];'rln [b1(L*@L, oL, Prm) + 2ba (us + L, wly + UL, Prm)
+ 202(Lpr. o0, okm)] =0, Vk,m € A},
The ONG method:
4 em + %ai’mgﬁ‘ Nt bi(ul +um, pm, Upm) =0 Vk,m e AL,

km*'km

i 12 Ot m2hm + My 01 (L2 00, 01, Q) + 2b2 (Wl 4w, wh + w, Prm)

+2ba(L2om, r, Prm) =0, Vk,m € A7,
1 - *
Emk’m + ﬁa?mmk,m + N,wln[bl (uw +ur, oL, Uk,m)
+ bi(ul +ur, o, Upm)bi (o1, Upm)] = 0, Vk,m € Ay,

1 _
7 e + Eﬁz,mzk,m+Mk,71n[b1(L2S0La§0L7$0k,m)

+2ba (ur + ud, up + b, uL 4 U, Orm) + 202(LP0L, oL, Prm)
+b1(L*0r, o1, Prm) + b1 (LP0m, @1, Prm)

+2ba(ur, + Ul uE, Prm) + 2b2(Ur, UL, Pkm)
+2b2(L2<pL,gaH,gok7m) + 2b2(L2g0H,g0L,<pk,m)] =0, Vk,meA%.

Our numerical computation will appear in the Fig.2-Fig.7.
Fig.2: (r,0)-Projection of the meridional streamlines of the O-vortex flow at Re =
600,7n = 0.18.
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Fig.3: The meridional velocity of the O-vortex flow with pinches at Re = 650, =
0.18.

Fig.4: The meridional streamlines of the 1-vortex flow at Re = 750,n7 = 0.18
Taylor-vortex separated from large basic vortices.

Fig.5: The meridional streamlines of the 2-vortex flow at Re = 1100, = 0.18.
Fig.6: When one applies time evolution method to approximate stead state. The
energy curves with time evolution are showed by using the SG method it is blow
up at finite time.

Fig.7: The energy curves are showed by using the ONG method it converges to
steady state as t — oo without blow up.

The calculations show that though extra cost of the ONG method and the
NG method consists in solving the similar linear subproblem in Hy\H,, the ONG
method is superior to the NG method and the NG method is superior to the SG
method.

(2)

(4}



TAYLOR EXPANSION ALGORITHM OF THE NAVIER-STOKES EQUATIONS 477

ereray
Fy
10562 x 1072 |

72546 x 107% |

3.0473 < 107%

6.3997 x< 10~*

1 1 - “
0.6283 10.472 20.3156 30.1593 e

(5)

(A2 24 g T
F 3
832154 1031

5.6883 x 1079 [

31512 <1075 |

6.3400 > 10~ . ! L .
0.6283 19.2684 37.9086 56.5487

Hme

(6)

energy
F 1

8.2152 x 107 %

54768 x10% |

27381 = 1073 |

U 1 1 1 [ i
56.5487 T9.587 102.6254 125.6637 e

(7

References

[1] Mingjun Chen and Zhongying Chen,Operator Equations and Their Approximate solutions
by Projection Method , Science-Technology Press, Guang Dong, 1992 (in Chinese).

[2] R. Temam, Infinite Dimensional Dynamical Systems in Mechanics and Physics , Applied
Mathematical Sciences, 68, Springer—Verlag, Berlin, 1988.

[3] C. Foias, G. R. Sell and R.Temam, Inertial manifolds for the nonlinear evolution equa-
tions,J.Differential Equations,73 (1988) 309-353.



478 K. LI AND Y. HE

4
5
6

[7

8
[9
[10
[11
[12

(13

] M. Marion and R. Temam, Nonlinear Galerkin methods, SIAM J.Nummer.Anal., 26 (1989)
1139-1157.

| C. Devulder, M. Marion and E. S. Titi, On the rate of convergence of nonlinear Galerkin
method, Math. Comp., 60 (1993) 495-514.

| Jie Shen, Long time stability and convergence for fully discrete nonlinear Galerkin methods,
Appl.Anal.,38 (1990) 201-514.

] J. G. Heywood and R. Rannacher, On the question of turbulence modelling by the approxi-
mate inertial manifolds and the nonlinear Galerkin method, SIAM J. Numer. Anal., 30 (1994)
1630-1621.

] M.Marion and J. Xu, Error estimates a new nonlinear Galerkin method based on two—grid
finite elements, STAM J. Numer. Anal., 72 (1995)1170-1184.

| Yinnian He and Kaitai Li, Nonlinear Galerkin method and two—step method for the Navier—
Stokes equation, Numerical Methods for Partial Differential Equations, 12 (1996) 283-305.

| R.Temam, Navier—Stokes Equations, Theory and Numerical Analysis, 3rd rev. ed.North—
Holland Amsterdam, 1984.

| V. Girault and P. A. Raviart Finite Element Methods for Navier—Stokes Equations,
Springer—Verlay, Heidelbery 1986.

| Kaitai Li and Yichen Ma, Hilbert space Methods for Mathematical Physical Equations (II),
Xian Jiaotong University Press, 1992 (in Chinese).

| N. Dunford and J. Schwartz, Linear Operators I, Inter-science, New-York, 1958.

Faculty of Science(State Key of Multiphase flow in Power Engineering), Xi’an Jiaotong Uni-

versity, Xi’an 710049,P.R. China

E-mail: ktliGmail.xjtu.edu.cn; heyn@mail.xjtu.edu.cn



