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Abstract. In this article, we demonstrate how one can improve the numerical
solution of singularly perturbed problems involving multiple boundary layers by
using a combination of analytic and numerical tools. Incorporating the struc-
tures of boundary layers into finite element spaces can improve the accuracy of
approximate solutions and result in significant simplifications. We discuss here
convection-diffusion equations in the case where both ordinary and parabolic

boundary layers are present.
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1. Introduction

In this article we consider linear singularly perturbed convection dominated
boundary value problems of the following types:

(1.1a) Louf = —eAu® —ul, = f(x,y) for (x,y) € Q,
with boundary conditions

(1.1b) u®=0 on 09,

or,

u®*=0 atx=0,1,
(1.1c) ou®
dy
Here 0 < e << 1, and Q = (0,1) x (0,1) C R2.
It can be shown (see below) that u¢ — u® in L? where u" is the solution of the
limit problem:

(1.2a) —ul =f inQ,
(1.2b) wW=0 atz=1,

=0 aty=0,1.

so that we have
1
(1.2¢) u’ = / f(s,y)ds.

Comparison between u¢ and u° is not easy because many discrepancies between
u¢ and u° appear at the boundary. Just proving the L2- convergence of u¢ to
u® (which is a byproduct of the analysis below) is not straightforward. For a
comparison between u¢ and u” in smaller spaces (spaces of more regular functions),
we need to introduce a number of boundary layers of different types to account for
the discrepancies. The most common boundary layer appears at = 0 since u"(0, y)
does not vanish in general; this boundary layer is obtained using the technique of
ordinary boundary layers (OBL). From (1.2¢), we see also that some discrepancies
appear in general at the boundaries y = 0,1. These will be accounted for by a less
common concept of boundary layer, namely the parabolic boundary layer (PBL).

In [11] we discussed the problem (1.1a), (1.1b) when f(z,y) = fyy(z,y) =0
at y = 0,1. In this case we only observe the discrepancy at x = 0 (note that
u®(x,0) = u®(x,1) = 0), and the problem was thus handled by an OBL. In [16] we
discussed equation (1.1a) in a channel with (1.1b) at y = 0, 1 and periodicity in the
2~ direction; in this case we only observe parabolic boundary layers (PBL).

Here, by considering equation (1.1a) in a square, we theoretically and numerically
investigate the case where both OBLs and PBLs are present. In fact some restriction
(compatibility conditions) will be assumed on f; indeed, as shown in [26], in the
most general case (square with no restriction on f), several other inconsistencies
occur which have to be accounted for by still other boundary layers. In this article,
as we said, we avoid these additional boundary layers, and consider cases where
only OBLs and PBLs are present. In fact we will see that for the mixed boundary
value problem (1.1a), (1.1c), the compatibility conditions on f and the effects of
the PBLs are mild (see Section 4), whereas for (1.1a), (1.1b) we fully show how to
overcome this compatibility condition issue.

Through the boundary layer analysis in Section 2, we will find rigorously that
OBLs occur at the outflow z = 0 and PBLs occur at the characteristic lines y = 0, 1.
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It turns out that OBLs and PBLs severely affect the numerical solutions because
they are, respectively, of order O(¢~3/2) and O(e~3/*) in the H?- norm. These
H?- singularities make our discretized (approximating) system highly unstable or
ill-conditioned. Furthermore, if the boundary layers are not properly handled, the
discretization errors due to the OBLs at x = 0 pollute the whole domain €2, whereas
the effect of the PBLs remain ”localized” near the characteristic lines y = 0, 1. More
precisely, the OBL errors propagate in the z- direction due to the convective term
—uf in (1.1) and hence if the discretizetion errors (the stiffness of the problem) are
not properly accounted for, the approximate solutions display wild oscillations in
the z- direction throughout the domain € as in the classical approximation method,
see Figure 2 (a) below and see also e.g. [3], [11], [12]. [20], [23] and [25]. On the
other hand, the discretization errors due to the PBLs at y = 0,1 are localized only
at y = 0, 1 because they are aligned parallel to the propagation direction z- axis, see
Figure 3 (a) and 4 (a) below and see also e.g. [16], [23] and [25]. This phenomenon
happens similarly in a reaction-diffusion problem in the absence of a convective
term, see [13].

Our first aim in this article is thus to construct the ordinary and parabolic
boundary layer elements (BLE) which, respectively, capture the singularities due
to both OBLs and PBLs for the problems (1.1) under consideration. We numer-
ically implement the BLEs in our approximating system, and thus we avoid the
mesh refinements near the occurrences of each boundary layer and we are led to a
significant simplification for the numerical implementations; we do not consider a
(time-consuming) special mesh strategy and mesh refinement in the region of the
boundary layers which are very costly in practice; we simply utilize a uniform mesh,
Q1- elements, that is the hat functions. See e.g. [6], [7], [10], [17], [18], [20], [21], [26]
and [29] for many other developments on boundary layers and their asymptotic
approximations, and see the book of [23] for the numerical aspects of singularly
perturbed problems.

Because of the ordinary boundary layer (OBL) at = 0, the approximate so-
lutions are not stable in the H' norm, but we do estimate the H'- error for the
approximate solution once the singular H'- part has been captured using what we
call below the boundary layer elements (BLE). However, it is noteworthy that our
new discretized system (3.25) below is stable in the L? space. More precisely, for
any f € L?

(1.3) lun|L> < Kl f]L2,

where uy is an approximate solution obtained from (3.25), and a positive constant
% is independent of the mesh size h and the small parameter €; see the numerical
results in the Tables 1 and 2 in [11] for a related situation. The L2- stability analysis
and L2- error estimates for the current problem will appear in [14]; in this case the
analysis is technical due to the absence of a reaction term, e.g. u€, in (1.1).

We would like to mention that during this research we improved the results of the
article [11] in two respects. Firstly we could weaken the conditions needed to avoid
the occurrence of PBLs for the Dirichlet boundary value problem. More precisely,
if f=0aty=0,1, PBLs do not exist in H2(f2), see Lemma 3.1 below. The second
one is that we could weaken the compatibility conditions which appeared in [11]
for the mixed boundary value problem, see (4.20) below.

We denote the mesh size by h = max{hi, ho} where hy = 1/M, hy = 1/N, M, N
are the number of elements respectively in the z-, and y- directions. Hence, the
number of rectangular elements is M N.

We shall consider the Sobolev spaces H™(2), m integer, equipped with the
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semi-norms,

1/2
(1.4) e = | X [ 1D%uPdzay |
|a]=m Q
the norms,
1/2
(1.5) lall g = | D ulzs |
j=0
and the corresponding inner products,
(1.6a) (w, ) m (o) = Z (D%, D),
|a|<m
where
(1.6b) (u,v):/uvdxdy.
Q

We will also make use of a weighted energy norm which is useful when analyzing
the convection-diffusion problem in the finite element context, namely:

(1.7) lulle = \/elVulZs + [ulZ..

As usual, when m = 0, H™ is the space L?. For the Dirichlet boundary value
problem (1.1a), (1.1b), we use the Sobolev space H}(Q2), which is the closure in
the space H'(Q) of C*° functions compactly supported in ; the appropriate space
for (1.1a), (1.1c) will be introduced below. In the text k, ¢ denote generic positive
constants independent of €, h1, ho, h, which may be different at different occurrences;
the c are absolute constants, the x are constants depending on the data.

We realize of course that the problem considered here is a model problem. A
number of generalizations can be considered: more general elliptic operators, more
general convection operators, nonlinear or time dependant problems; such general-
izations will be considered elsewhere.

This article is organized as follows: we start in Section 2 by analyzing the bound-
ary layers for the Dirichlet boundary value problem (1.1a), (1.1b) using asymptotic
expansion techniques. We continue in Section 3 by constructing the boundary layer
elements (BLE) via finite element methods which incorporate the BLEs and deriv-
ing error estimates in H!. In Section 4 we consider the mixed boundary value
problem (1.1a), (1.1c) using a similar approach. It is important to identify the type
of boundary layers that occur depending on the data f and the boundary condi-
tions. In Section 5 we thus summarize two major boundary layers which are the
OBLs and PBLs. Finally in Section 6 we show the numerical results that support
our analysis.

2. Boundary Layer Analysis

Throughout this paper Q = (0,1) x (0,1), and f = f(z,y) is assumed to be
smooth on Q.

We first consider the Dirichlet boundary value problem (1.1a), (1.1b). Its weak
formulation is as follows:

To find u € HY(Q) such that
(2.1a) ac(u,v) = F(v), Yv € H}(Q),
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where

(2.1b) ae(u,v fe/Vu Voudzdy — /uxvdxdy,
Q

(2.1c) /fudmdy

It is easy to verify the coercivity of a. on H}(), i.e.,
(2.2) ac(u,u) > ellull?, Yu € H}(Q),

the continuity of the bilinear form a. on Hg x H{}, and the continuity of the linear
form F on H}. Hence, by the Lax-Milgram theorem, there exists a unique function
u € V satisfying equation (2.1).

Along the asymptotic analysis, we define the outer expansion u¢ ~ Z(;io edul.
By formal identification at each power of €, we find

(2.3a) o1): —ul =f, uw =0atz=1,
(2.3b) O(): =AW —ul =0, W =0at z =1,

for j > 1. The boundary conditions in (2.3) are natural boundary conditions for
the operator —d/dz on (0, 1); this choice of the boundary condition will be justified
afterwards by the convergence theorem (see Theorem 2.2).

By explicit calculations, we find for j =0,1,2
1
(2.4a)  u®(z,y) :/ f(s,y)ds
o 1
@) i) = [ Su(s)ds = Lo+ o)+ [ (-2 ls)ds

u2($,y) :/ Au1<s>y)d‘9 = fI(Ly) - fx($7y) - (1 - x)fyy(l,y)

1 1o .\2 o4
+2/ fyy(S,y)dS+/ %g{(s y)ds.

(2.4c)

2.1. The Parabolic Boundary Layers. It is clear that the functions u/ of the
outer expansion do not generally satisfy the boundary conditions (1.1b) at =z =
0, and y = 0,1. To resolve these discrepancies, we will introduce the ordinary
boundary layers (OBLs) (for z = 0), and the so-called parabolic boundary layers
(PBLs), for y = 0, 1. We start with the parabolic boundary layers which are defined

by the inner expansion u¢ ~ Z “o€pl at y =0, where ] = ¢](z,9), § = y/ e
Then we find:

=S {et el + ey} - >l =0
j=0 §=0

By formal identification at each power of €, we obtain the following heat equations
in which —z is the timelike variable:

o) : — ‘P?gg - %O?x =0,

(2.52) i j i i1 ,
O(€): = @lyy — Pl = Plpg » for j = 1.
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The ”initial” and boundary conditions that we choose (and that are justified below
afterwards) are:

(2.5b) np{(a:,g) =0, at z =1,
(25C) @{(I7 O) =T (‘I)7
(254) Pl(5,5) — 0 as § — oo,

where r;(z) = —u/(z,0), j > 0.

2.2. Construction and Properties of the gp{ . Firstly, we consider the following
heat equation in a semi-strip, see Theorem 20.3.1 in [2]. Let

(2.6) D={(z,y) eR* 0<z <1,y >0}

We are given f* which is uniformly Hoélder continuous in « and y for each compact
subset of D and satisfies

(2.7) [f*(2,y)| < K exp(—y),

for some v > 0, and all 0 < < 1 and y > 0; we are also given ¢g* which is
continuous on [0,1]. Then we look for u satisfying:

ou  0*u .

_8_x_8—y2:f , for (z,y) € D,
(2.8) u(z,0) =g"(z), 0 <z <1,

u(z,y) = 0asy — o0, 0 <z <1,

u(l,y) =0.
Compatibility Conditions. We will assume the following smoothness and com-
patibility conditions on the data f*, g* which guarantee that u € C*(D), [ > 0, see
e.g. [26], [27]:
(2.92) f*(z,y) and g*(x) are sufficiently smooth! on D and [0, 1], respectively,
and
o o
axzf(,y) 8:1:19() 0, for0<:<1

Let us recall the motivation for (2.9b): assume that u € C'(D) is a solution of
(2.8), we then firstly notice that from the first equation (2.8), since 0%u/dy* =
—0u/0x — f*, we recursively find

52k a2(k71) 52 §2k—1 §2k—2
u= —u|=- u— I
Dy2F dy2(k=1) \ 9y2 Dz 0y2(F=1) dy2(k=1)

(2.9b)

(2.10) 82k—s—2

ak. k—1
_(_1\k _1)s+1 *
= (-1 gu+t ZO( 1) R
Since u(1,y) = 0, setting = 1 in (2.10), we then easily find

X ak 82k—s—2

k-1
(2.11) (-1) W‘q*(l) + ZO(—USHWJC*(L]/) =0, k=0,1,---,1,

LThe level of smoothness is unspecified for the sake of simplicity since smoothness is not the
main issue in this article: we generally assume C(Q) regularity of the data, and from time to
time we will mention weaker regularity assumptions which are sufficient; e.g. for (2.10),(2.15), we
require f* € C*(D) with k = max{2l — 2, [ +1}.
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which is necessary for u € C'(D); conditions (2.9) are much stronger than (2.11)
and it is proven in e.g. [27] that the conditions (2.9) guarantee that u € C'(D).

The case where these conditions (2.9) are not satisfied is more involved and will
be considered elsewhere; we expect corner singularities at (1,0), see (7.6) below or
see [26).

From now on we thus assume that the following compatibility conditions between
the ”initial” and boundary conditions for ¢] hold: for 0 <i < 2n+d—2j,d = 0,1,
and 0 < j <mn,

7

@y~ 9" _
(2.12) (1) = 5l (1,0) = 0.

To derive below the error estimate in the context of the standard finite elements
method, we will need further estimates on the spatial derivatives of ¢]. To derive

these estimates and for later purpose, it is useful to obtain the expression of the go{
to be provided by the following lemma.

Lemma 2.1. Let u = u(x,y) be the solution of the heat equation (2.8) in D. Then
the solution u is unique and it admits the integral representation:

(2.13)

u(z,y) \/?/OO ep< tz)g*(ﬂwryz)dt
) = - X Y Y
s v/ /2(1793) 2 2t2

n % /le /OOO % {exp {%] —exp [%} } £ (@ + s, t)dtds,
d

(2.14) lu(z,y)| < kexp(—vyy), for the same v as in (2.7).

an

If the conditions (2.9) hold, then u € C'(D), | > 0. Furthermore, if the following
decay conditions hold:

ai+m
ozt oy™

(2.15) ' f*(x,y)‘ < kexp(—vy), for0<i+m<I+1, v >0 as before,

then the following pointwise estimates for u and its derivatives hold: for each i and
m, there exists a constant Ki,, which depends only on f* and g* such that
8i+m

(216) ‘WU(J;,Z/)‘ < Rim exp(—’yy),V(x,y) € D7
for0 <i+4+m <[+ 1, the same ~y as in (2.15).

For the proof, see the Appendix.
Remark 2.1. From Lemma 2.1, if (2.9) and (2.15) hold, it is obvious that
(2.17a) u e CY(D)n H'TY(D),
(2.17b) u(z,-) € CY([0,1]) N H1(0,1), Yz € [0,1],
(2.17¢) u(-,y) € C'([0,00)) N HTL(0,00), Vy > 0.
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From Lemma 2.1 setting u = goé“ and y = y, we find the solutions cp{ for equation
(2.5) recursively:

(2.18a)

den=y2 [~ e}
& Y) =1\ — Xp | —5
T Jy/\/2(0—2) 2

)
(2.18b)
)

dwn=\2 [ ew(-f
! ) - — DY
T Jy/\/2(0—a) 2

for 1 < j < n. Furthermore, thanks to the compatibility conditions (2.12), we find
that for 0 < j < n, @{(I,g) = @{(x,y/\/g) satisfies the regularities (2.17) with
l=2n+d—2j,and y = 3.

The following lemmas easily follow from (2.16); the lemmas provide pointwise
and norm estimates on the derivatives of Lp{ which will be used below.

Lemma 2.2. Assume that the conditions (2.12) hold. Then there exist a positive
constant K;jm independent of € such that the following inequalities hold

ai+m 7 Y —m/2 Y 02
ngl x,% < Kijm€ exp | ——= | ,V(z,y) € O,

2.19
(2.19) e
for0<i+m<2n+d+1-2j, and0<j <n.

The following L?- estimates are immediate consequences of Lemma 2.2.
Lemma 2.3. Assume that the conditions (2.12) hold. Let, for 0 <o <1,
Q% =(0,1) x (0,1).

Then there exists a positive constant K;jm independent of € such that the following
inequalities hold: for 0 <i+m <2n+d+1—2j,

+m
(220&) ‘L(p'l] S fiijmfim/2+1/4 exp (_i) ;
Ox* Y™ " | 12 (e NG
in particular,
+m
(2.200) el T
ox'oy™ L2(9)

Remark 2.2. Similarly, at y = 1, we introduce another PBL, ¢/, having the same
structure as cp{ with the role of § and § = (1 — y)/+/€ being exchanged. We then
need (assume) the following compatibility conditions, similar to (2.12):

61
(221) 5
Under the hypothesis (2.21), the results of Lemma 2.2 and Lemma 2.3 are valid
with @{ replaced by ¢?, 4 by ¢, and (0,1) by (0,1 — o). We also notice that

uw/(1,1) =0, for 0<i<2n+d—2j,d=0,1,and 0 < j < n.

2 exp (—y/\/€) can be replaced by exp (—cy/+/€) for any ¢ > 0 with then x depending on c.
Note that, by the estimate (2.16) applied to ¢? with f* = 0, we find that v > 0 in (2.15) (and
thus ¢ > 0) can be chosen arbitrarily. For j > 1, we apply (2.16) to ¢] with f* = 8290{71/8352,
and then we find, recursively, that the same c is valid.
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ol (z,9) = ¢l (z,(1 — y)//€) satisfies the regularities (2.17) with [ = 2n + d — 27,
and y = §. If 0 = ke® with a < 1/2, the parabolic boundary layers, (,D{ and @, as
indicated in the estimate (2.20), are exponentially small on (0,1) x (0,1 — ). This
implies that we only need to take care of the parabolic boundary layers near the
boundaries y = 0 and y = 1 in the finite element solutions. [J

Before we go further, it is convenient here to recall the definition of exponentially
small functions.

Definition 2.1. A function §¢ is called an exponentially small term, denoted e.s.t.,
if there exists a € (0,1) and o > 0 such that for any k > 0, there exists a constant
Ca,ar k> 0 independent of € with

(2.22) 15+ < caarwe™

An e.s.t.(n) is a function §¢ for which (2.22) holds for 0 < k < n; e~ (1T2)/¢ js an
example of e.s.t. g(x)e™ ¢ with g(x) = xlogx is an example of e.s.t.(1); note that
g(z) € Hy(0,1) but g(z) ¢ H?(0,1).

2.3. The Ordinary Boundary Layers. At this stage the function u° is tenta-
tively approximated by Z;io €/ (uw + ] +¢J). However, with the definitions above
of u?, ¢l and @, for each j, 0 < j < n, the function —u/ (z,y) — ¢ (x,7) — ¢l (z, )
is 0 at © = 1 because of the boundary conditions (2.3), and (2.5b), and this function
is exponentially small at y = 0 and y = 1 by the boundary conditions (2.5¢) and
Lemma 2.2. We now want to take care of the discrepancies at the boundary x = 0
where

() — (0.0 —of (0.2 — i (0 12¥
(2.23) g (y) = —u(0,y) — ¢ (07 ﬁ> @l (07 7 )
c C«2n+d72j([07 1]) N H2n+d+172j (O, 1)

does not vanish unlike u®. We will handle these discrepancies with an ordinary
boundary layer. Note that, in general, one cannot resolve these discrepancies with
one single boundary layer, since while ”repairing” the boundary condition at x = 1,
we do not want to ”damage” again the boundary conditions at y = 0, 1, which were
"repaired” by the PBLs. In general, as we said above and in the Introduction,
we cannot do this with one single boundary layer (see [26]); we can do this here
because of the simplifying assumptions (2.12) and (2.21) which follow from (2.38)
below.

For that purpose, we now introduce the so-called ordinary boundary layer func-
tions ¢/ which are defined by the inner expansion u® ~ 3°°° /67 at x = 0, where
07 = 67(z,y), T = x/e. By formal identification at each power of €, we find

(2:24a) O(e™) : = — 05 =0,
(2.24b) O(1): —63;; — 0% =0,
(2:24¢) O(7"): =03, — 0L = 63,7,

for 2 < j < n. The boundary conditions are, for 0 < j < n,

(2.24d) 07 =g’(y), at z =0,and ¢/ =0, at z =1, ¢’ as in (2.23).
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By explicit calculations, we find: for 7 = 0,1,

(2.252) ( v) = (%>

=g’ (y)e w/6+est(2n+d+1—2])
and
) E o, e—x/e_e—l/e
0 (E,y)—g (y) (41_61/6

1o ( x(e—x/e +e—1/e) 26—1/6 1— e—ac/e
te Iyy y) 1 —e1/e - 1 —e1/e ' 1 —e1/¢

= g2(y)e™ "/ + g0, (y)re "/ + est(2n +d - 3).

2.4. Properties of the 7. We now derive the pointwise and norm estimates for
the 67. For that purpose, it is useful to obtain the expression of the 67, Vj > 0,
which is provided by the following lemma.

Lemma 2.4. We are given real numbers a, b, a > 0, and

(2.26a) =Y Zf " exp(—ax),

with f € R, 1 > 0 integer. Let u = u(x) be the solution of the ordinary differential
equation in the region x > 0:

2
(2.26Db) —%—a%:f*, x>0
(2.26¢) u(0) = b,
(2.26d) u(z) — 0 as x — oc.
Then
1
(2.27) u=u(z) = bexp(—az) + Z upx™ T exp(—ax),
n=0

where the u,, € R are specified in the proof. Furthermore, we have the following
pointwise estimates for u and its derivatives: for everyi > 0 and for any 0 < ¢ < a,
there exist a positive constant r;;, depending only on f*, ¢ such that

i

(2.28) dxiu(x)

< kg exp(—cz).

Proof. The solution to the homogeneous Eq (2.26b) (i.e., when f* = 0) is of the
form:

(2.29) ul = u"(z) = ¢1 exp(—azx) + co, 1,2 € R.
We then look for a particular solution of the nonhomogeneous Eq (2.26b):

(2.30) Zun ! exp(—ax).

n=0
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By substituting u? for v in Eq (2.26b), we find the coefficients w,, recursively as
follows:

I
u; = forn =1,
(2.31) “(”l)f*
Up, :a_l{nfrbl +(n+2)un+1} forn=101-1,---,0.

To comply with the boundary conditions, we set u = u" +u? and find ¢; = b, c; =0
which leads to (2.27). The pointwise estimates (2.28) follow promptly from (2.27)
writing

di
(2.32) dxip(x) exp(—ax) < Ky exp (—cx),
where P(z) is a polynomial in x of degree <, and c is any positive constant with
¢ < a, ki > 0 is an appropriate constant depending on P(z) and c. (Il

Remark 2.3. 1f instead of being constant f* € L?(R. ), we set @& = u — be ™%, where
u is the solution of (2.26). Eq (2.26) is changed into:

2~ U ~
—% —a% =f"+1—-adbe ™™ =:f* >0,
(2.33)
a(0) =0,

a(x) — 0 as x — 0.

Then f* € L*(R,), and from the Lax-Milgram theorem, there exists a unique
solution @ = u — be™® € H}(Ry) of Eq (2.33), and hence u € H}(R;). In fact,
@ and thus u belong to H?(R,), and since H'(R,) ¢ C%Y2(R,), u is also in
01’1/2(R+).

Using Lemma 2.4, we now derive the pointwise and norm estimates for the OBLs
in the following lemmas.

Lemma 2.5. Assume that the conditions (2.12) and (2.21) hold. For any 0 <
¢ < 1, there exist a positive constant Kijm, depending on c and on the data but
independent of €, such that the following inequalities hold: for 0 < i+ m < 2n +
d+1—2j, and j = 2k or j = 2k + 1 with k > 0 integer, for all (x,y) € €,

o —i T —k—m/2 Y
aridy™ 6’ (z,y)' < Kijm€ " exp <fcz) {1 +€ /2 exp (%>
1—
+ e k=2 exp e +est.(2n+d+1-—2j).
\/E
Proof. We consider the following equation for 7 = 67 (Z,y): for j =2k with k >0
integer,

(2.35a) —0L. — 0. = 02;2, (672 = 0 for convenience)

(2.34)

with the boundary conditions:

(2.35D) 0 (z=0,y)=¢'(y), #(z,y) —0asz— o,

WhereNgj (y) is defined in (2.23)~. Then using Lemma 2.4 With~.’17 replaced by T and
u by 67, we find the solutions 67 for j = 2k recursively, i.e., 8/ = P(z,y) exp(—1),

where P(Z,y) is a polynomial in Z of degree k whose coefficients are linear com-
binations of the 92°¢g%~2%(y)/0y**, s = 0,--- ,k. Hence, using the estimates in
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Lemma 2.2 and Remark 2.2, we find that for any 0 < ¢ < 1, there exist positive
constants x5, depending on ¢ and the data but independent of € such that

= = 828+m 2k—2s
0] (xv y) é K/ijm exp(—cx) max 8y28+m g (y)

s=0,--- ,k
< Kijm exp(—cE) 41 4+ e~ Ck+m)/2 Y —(2k+m)/2 -y
< Kijmexp(—cZ) ¢ 1+e€ exp e +e€ exp e .

ai+m
’ oztoy™

Comparing to Eq (2.24), we easily find that 67 (z, y) = 67(z, y)+e.s.t.(2n+d+1—27),
hence the estimate (2.34) follows. For j = 2k + 1, the proof is similar. O

The following norm estimate is deduced immediately from Lemma 2.5.
Lemma 2.6. For 0 <oy,00 <1, let
Q7192 = ((71,1) X (0'2,1 — (72).

Assume that the conditions (2.12) and (2.21) hold. Then, for any 0 < ¢ < 1, there
exist a positive constant Kjm, depending on c and on the data but independent of
€, such that the following inequalities hold: for 0 < i+4+m < 2n+d+1—2j, and
7 =2k or j =2k+ 1 with k > 0 integer,

aier ) .
‘a Byt < Kigme T2
(2.36a) YTz @)
(oo mtn(-))n(2)
in particular,
(2.36b) ‘ g J < s €—i+1/2(1 _|_6—k—m/2+1/4)
’ i9y™ > Rijm .
0z Oy L2(Q)
Remark 2.4. Let
(2.37a) o1 = ke™ with a1 < 1, 09 = ke™? with as < 1/2,

and
(237b) Ql = (0,(71) X {(070'2)U(1—0'2,1)}, QQZ (0,0’1) X ((72,1—0’2)7
(2370) 93:(0'1,1) X {(O,Ug)U(l—O’g,l)}, 942(0'1,1) X (0‘2,1—0’2).

Then under the situation that OBLs and PBLs are present, as indicated in Lemma
2.6, we need to take care of the large variations of the derivatives due to the OBLs
and PBLs in the subdomain 2, due to the OBLs in the subdomain €5, and, as
indicated in Lemma 2.3 and Remark 2.2, due to the PBLs in the subdomain §23.
Notice that the OBLs and PBLs are both exponentially small on 4.

2.5. Asymptotic Error Analysis. We conclude this study with the following
theorems, which provide the asymptotic approximations and which justify, on the
theoretical side, the formal expansions we introduced before. Below we focus on
the H2- asymptotic error which needs to be an O(1) quantity so as to absorb all
H?- singularities due to the boundary layers. This provides the justification for
the construction of the boundary layer elements in the finite elements context, see
Section 3. To avoid the singularities of the derivatives of PBLs at the vertices, we
need the following compatibility conditions on f (see (2.39) below):

(2.38a) f(1,0) = f2(1,0) = fou(1,0) =0,
(238b) f(lal) :fﬂi(171) :fww(l’l) =0.
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From the explicit expressions of the u’ as in (2.4), we then have thanks to (2.38):

(2.39) (1,0) = — '(1,1) =0, for0<i<3-2j,5=0,1,

i
which are exactly the compatibility conditions (2.12) and (2.21); we note here that
n =d = 1. Hence, Y, ©% 0° satisfy the regularity (2.17) with [ = 3 and ¢}, ¢.,
0! satisfy the regularity (2.17) with [ = 1.

To obtain the asymptotic error estimate, we set
(240&) Wen = u — Uen — Plen — Puen — 967’“

where

(2.40b) Uep = Zéj Plen = Z €]<Pla Puen = Ze]@u, en ZGJHJ

We firstly notice that we, vanishes at x = 0,1 and hence7 setting
(2.41) Ven = Wen (2, 0)(1 — y) + wen(z, 1)y,

we find that W, = we, — Ve, satisfies the boundary condition (1.1b), namely
Wen = 0 on 092. We can here verify that ¢, is exponentially small. Indeed, from
(2.41) and the explicit solution §7 in (2.25), and from Lemma 2.2, Remark 2.2 and
Lemma 2.5, we find that for n =0, 1,

8z+m < ] . 1) i 87 j( _ 0)
drigym | = “Ze HY= 9 ul Y =
) ) 61, e 6i+m
(2.42) + (|¢g(o,y =1D)|+|@l(0,y = 0)\) ‘%e / }+ Faigym (¢5:t(2)

1
< k(c) exp <—07>, for 0 <7+ m <2, and for any 0 < ¢ < 1.
€

From the outer expansion in (2.3), we have

(2.43) —eNUey, — Ueng = [ — " TTAU",

For the parabolic boundary layers defined in (2.5) and Remark 2.2, we have
(2.44a) —€DPien — Plene = =€ @l

(2.44b) —€DNPuen — Puens = —€" T P,

and for the ordinary boundary layers defined in (2.24), we see that

(2.45) —€Nley, — Oeng = —6"9;‘;1 - e"“@;}y.

Subtracting (2.43), (2.44a), (2.44b), and (2.45) from (1.1a) and setting 6! = 0 for

convenience, we write for We,, = wep — Yen,

(2.46a) LWey = —eAWey — Wepe = R*+ R" in Q,

with

(2.46b) R = ™ {Au" + oy + @l + 00,1 + €00 R = —Lden
and

(2.46¢) Wen =0 on 09

note that thanks to (2.42), we easily see that the term R™ is exponentially small.
Then the asymptotic error estimates are provided in the next theorem and corollary.
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Before we proceed, we mention the following simple regularity results, which will
be used repeatedly later on, for Dirichlet or mixed boundary conditions:
Lemma 2.7. Let
(2.47a) V = H}(Q) for (2.48b), or
(2.47b) V= {v e HY(Q); v=0atz =0, 1} for (2.48¢).

Let (V',|| - |lv+) be the dual space of (V.| - |lv), f* = f*(z,y) € V', and u the
solution of equation:

(2.48a) Lou=—-eAu—u, = f*in Q= (0,1) x (0,1),
supplemented with either the boundary condition

(2.48b) u=0 on 01,

or with

u=20 atx=0,1,

(2.48¢) ou
oM =
Then the following regularity results hold.

If f* = eff + f5 with f; € V', f5 € L*(), then there exists a constant x indepen-
dent of € such that

0 aty=0,1.

(2.49) lulle < we2 fillve + Kl f5 220,

and if f* € L*(Q2),

(2.50a) [ulle < Klf* L2

(2.50b) lu|ge < m6_3/2\f*|Lz(Q).

Proof. The weak formulation of the problem is as follows: u € V and
(2.51a) de(u,v) = F(v),

where

(2.51b) ae(u,v) = e/QVu - VodQ — /Quzde, Fv) =< f*,v >;
if f*e L2,

(2.51c) < ffoo>=(f*v) = /Qf*vdﬂ.

Using elementary manipulations, and setting v = e®u in (2.51a), we derive (2.49)
from (2.51); (2.50a) is a particular case of (2.49). Finally, (2.50b) follows from
(2.48a), observing that

(252) 80l = ot + ol +2 [ vesvd,
Q
and that, for both spaces V:
(2.53) / Vg Uy A = / (V2y)?dQ, Vv € V.
Q Q

O

Remark 2.5. We infer from (2.50b) that to make the solution u of equation (2.48)
absorb the H?- singularities, we will need an f* of order ¢3/2 in L?(1).
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Theorem 2.2. Assume that the compatibility conditions (2.38) hold. Then for
n=20,1,

(2.54a) [Wen, — Gen|2(0) < KeT/4,
(2.54b) lwen — 66nHH1(Q) < H€n+1/4,
(2.54¢) [Wen — Senll 2 () < Ke™3/4,

where the function 8., € HZ(Q) is specified in the proof and satisfies: for n = 0,
0en =0, and forn =1,

(2.55) 0enlzz) < k¥, 0enllaa) < re'/™.

Proof. Firstly, we derive some estimates for R” = R} + RY in the "error” equation
(2.46). We write

(2.56a) Ry = AU + ¢y + Prtae + 03y )
(2.56b) b=€"0p "

Let 4., be the solution of:

(2.57a) Leben, = RY in Q,

(2.57b) Oen =0 on ON.

Then

(2.58a) LcWe —0en) =R+ R"  inQ,
(2.58b) Wen — 0en, =0 on 0.

From the norm estimates of Lemma 2.3 and Lemma 2.6, we find

|RY |2 < €AW L2 + |fhalr2 + |€0aelre + 165,122}

+3/4
< re T34

(2.59)

0 forn =10

n n|yn—1 )

[Rzlr2 <€ ‘ny 22 < K{ 3/t forn =1.
Furthermore, from (2.42), since 9., and R™ are exponentially small, these terms
can be absorbed in other norms and we may drop them. Then from Lemma 2.7
applied to equations (2.57) and (2.58) with f* = RY, R}, respectively, the estimates
(2.54) and (2.55) follow. O

If instead of (2.38) we impose the following stronger conditions (2.60) on f =
fa,y):

(2.60) f(z,0) = f(z,1) =0,

we can remove the first parabolic boundary layers go?, ©Y see Corollary 2.1 below.
The parabolic boundary layers, egoll, el are still present but they are very mild and
their contributions are absorbed in the other H?2- terms. This is an improvement
over the condition used in [11] to remove the parabolic boundary layers, that is

(2.61) f(@,0) = fyy(2,0) = f(x,1) = fyy(z,1) = 0.

With the conditions (2.61), we proved in [11] that ||wey||g2() < & for n = 1. We
here prove the same result with the conditions (2.60), see Corollary 2.1 below.
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Corollary 2.1. Assume that the condition (2.60) holds. Then ©(z,y/\/€) =
P, (1= y)/y/e) = 0 and for n=0,1,

(2.62a) |’U)6n|L2(Q) < H6(3n+3)/4,
(2.62b) [Wen |1 () < KBTI/,
(2.62C) HwEnHH2(Q) < Iie(3n_3)/4.

Proof. Because of (2.60), (2.4a) and (2.18a), ¢V (z,7) = ¢%(z,4) = 0. The explicit
expression of §° in (2.25) then yields

(2.63) 0°(x,y) = ¢°(y)e ™/ + e.s.t.(4) = —ul(0,y)e ™/ + e.s.t.(4).

Hence,

(2.64) |%mswwrmsﬁ{gzﬁﬂ:%

and by (2.59),

(2.65) |R"| = |R} + Ry|r2 < |RY|12 + [Ry |12 < ke /4,

Then from Lemma 2.7 applied to equation (2.46) with f* = R™ = R} + RY, the
lemma follows. O

Remark 2.6. If we assume the conditions (2.38), from (2.54) with n = 0, using the
norm estimates of Lemmas 2.3 and 2.6, we obtain

u =u + O(e/*) in L2

But if we assume the conditions (2.60), from Corollary 2.1 with n = 0 and the
estimate (2.63), we obtain

u =u +O(e'/?) in L%

If we do not assume the compatibility conditions (2.38), we only obtain the
following result at the order 0:

Theorem 2.3. For the Dirichlet boundary value problem (1.1a)-(1.1b), let the
function f = f(x,y) be any smooth function on Q0 (not necessarily satisfying (2.38)).
Then

(2.66a) lu® —u® — @) — % — 0% 210y < red/4,
(2.66b) lu = u® —@f —ph = 90||H1(Q) < kel/t,

Proof. We use equation (2.46) with n = 0, and since we do not require the com-
patibility conditions (2.38), we have

(2.67a) L.(Wy) =€eR1 + Ry in Q,

(2.67b) W =0 on 01,

where

(2.682) Ry =@y + @y +00, — e LL° € HTY(Q),

(2.68b) Ry = eAu’ € C(Q).

Note here that since —u®(1,0) = —u’(1,1) = 0 from the explicit expression of u°

(
in (2.4), the compatibility conditions (2.12) and (2.21) hold with n = d = 0. We
then find that ©?, %, 6°, 9° € H'(Q).
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We are now able to find that
(2.69) |Ry|| -1 < re'/4.
Indeed, for w € H(Q), [w| g =1,
< Ri,w > = < @l + Pogg + 0y, + A0 + 15, w0 >

= —/ (so?xwm + Phps + Oywy + VI° - Vw + e_lﬁoww)dﬂ.
Q

Hence, from Lemmas 2.3 and 2.6,
(2.70) | < Ri,w > | < |9, |02 + @02 + 69| 2 < we'/%;

we dropped the exponentially small term 9#° which is absorbed in other H'- terms,
and
(2.71) |Ry|| -1 = sup | < Ry,w > | < ret/?,

llwll 1 =1,weH;
Hence, the theorem follows from Lemma 2.7 applied to equation (2.67) for W with
[ =eff + 5, fr = Ry, and f3 = Ry, since ||ff||g-1 < |Rillg— < we'/* from
(2.69) and |f5|r2 < |Ra|z2 < ke; we here drop 9° too. O

Remark 2.7. From Theorem 2.3 applied with n = 0, for any smooth function f
which does not necessarily satisfy the compatibility conditions (2.38), using the
norm estimates of Lemmas 2.3 and 2.6, we obtain that

u =u’ + O(e/*) in L2

3. Approximation via Finite Elements

In this section, we introduce the Boundary Layer Elements (BLEs) suitable for
our problems, see ¢q, Y], ¥y, ¥y, Px below; these elements are closely related to
the correctors in the terminology of Lions [18]. We will show that these functions
absorb the H? singularity of u¢. We will incorporate ¢y, Vi, Py, Yy, Y in the
finite element spaces in which we will seek the approximate solutions; they will
appear as special finite element functions - also called splines sometimes [24], [25].

3.1. The Boundary Layer Elements : Constructions. We now construct the
Boundary Layer Elements (BLEs) ¢o, ¢, ¥5, ¢, ¥ which will be shown by
the two following lemmas to absorb the H?2- singularity of the solutions; we are
interested in two cases: the case where only ordinary boundary layers appear, and
the case where both ordinary and parabolic boundary layers appear.

If the conditions (2.60) hold, then by Corollary 2.1 and Lemma 3.1 below, 90? and
©Y do not appear, and, essentially, the singular terms only appear in the ordinary
boundary layers #7. Furthermore, we can extract the singular terms and slightly
modify them so that they belong to the space V, that is, we derive the conforming
ordinary boundary layer element:

(3.1) do(x) = —e 2/ — (1 —e Y2 +1 e H0,1);
we easily verify that
(3.2) [Bollzrm0,1) < w(1+e ™) ¥ m > 0.

We will then approximate the exact solution u¢ by the linear system (3.25) below.
If we do not impose the conditions (2.60), as in Theorem 2.3, the parabolic
boundary layers ¢ and 9 as well as the ordinary boundary layer 6° play an
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essential role in the singular behavior of the solutions. To capture the ordinary
boundary layers, we will use the same ¢ as in (3.1). We now construct the parabolic
boundary layer elements which capture the functions golo and Y. Unlike for ¢ we
cannot extract simply the singular terms from ¢! and ¢2. Instead we start from the
explicit expression of Y (z, 7) and use it to construct the corresponding conforming
parabolic boundary layer elements; the parabolic BLE at y = 1 is then deduced
by symmetry at the axis y = 1/2. In order to construct all the necessary BLEs,
we thus decompose the data f as follows so that we can treat the OBLs and PBLs
independently; we write:

(333) f(:l:,y):f1(x,y)+f2($,y)+f3($,y),

where

(3.3b) fi(zy) = f(z,y) — f(2,0)(1 —y) — f(z, 1)y,

(33c)  falwy) = (D aged | A=y + (DG |y,
j=0 j=0

(3.3d)  falw,y) = | f(2,0) =D ajad | Q—y)+ | fl2,1) =) Bzl |y
j=0 j=0

The two polynomials in z appearing in (3.3c) are the Lagrange interpolating poly-
nomials of degree ng for f(x,0) and f(x, 1) with nodes at the roots of the Chebyshev
polynomial of degree ng + 1. Hence, we explicitly obtain the constants a; and f;
for j =0, ,ng from f(x,0) and f(z,1), that is:

(34&) Zajxj = Z f(xjv O)Lj(x)a Zﬁjxj = Zf(xja 1)Lj(x)v
Jj=0 Jj=0 Jj=0 j=0

where
o (x — x;)
4 L. = Sl
(3.45) (@) ) H (z — )’
1=0, i#j
with

(40 o= (oo (24 0) 1),

For more details, see Lemma 3.3 and Corollary 3.1 below; see also (6.5d) - (6.5f).
For each j, j = 1,2,3, we then consider the solution u; = uj of the following
boundary value problem, particular case of (1.1):

(3.5a) Leuj=f; inQ,

(3.5b) u; =0 on 0%

as in (2.1) the weak formulation of this problem is: u; € HJ () and
(3.6) ac(uj,v) = (f;,v), Yo € HJ(Q).

For wq, since f1(z,0) = fi(z,1) = 0, Corollary 2.1 and Lemma 3.1 below show
that the parabolic boundary layers do not appear; only the OBLs are present.
Hence, we will approximate u; with the linear system (3.25) with f = f; below.

For wg, if fa(x,0) # 0 or fo(x,1) # 0, some of the constants a; or [3; are
nonzero, and hence due to the discrepancies between the outer solution, see (2.4a),
and the boundary condition, us = 0 at y = 0, 1, we expect the presence of parabolic
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boundary layers as described before. To derive the functions ¢?(x, %) and 2 (z, )
corresponding to fo and ug, we first consider the case where fo(z,0) and fa(z,1)
are the basic monomials

(3.7) fa(z,0) = fo(x, 1) = 2.

We obtain gp?’j(m,g) using the explicit expression in (2.18a), see (3.8e) below;
@I (z,7) is derived similarly. We then modify these functions to obtain the corre-
sponding conforming BLEs, 17,44 belonging to HJ (), and 13,4 belonging to
HZ(0,1), that is

ol = vl(e) = 0 0) + $0,0)(@ — 1)

(3.8a) ‘ o

+(G+1) 1(.Z‘J+1 —z)(y—1)+es.t.(1),
(3.8b) Wl = vl (w,y) =¥ (2,1 - y),
(3.8¢) o =1y =97 0,9) + (G + 1)1 —y) + est.(1),
(3.8d) Pl = v (y) =¥ —y),
where

(3.8¢) ¢V (x,7) = % /:m exp (—?) (x + %)m - 1] dt.

See Lemma 3.2 below for the justification of these choices. Notice here that in (3.8)
the e.s.t.(1) belong to H'(2) and to H'(0,1) respectively. They are introduced
in the analysis so that 47,7 belong to Hj(Q) and ¢,v belong to H}(0,1),
respectively, but they will be neglected in the numerical computations.

From Lemmas 2.2 and 2.3, we easily verify that, for m =0, 1,

(3.92) 107 2 9oy 13 9) ey < (1 + € /2H1/4),
(3.9b) oWl 0,1y, 1vn@)llEm0,1) < w1+ e*m/2+1/4).

We then obtain all the necessary parabolic boundary layer elements cp?’j (and
©%3), j =10, ,ng as in (3.8). We thus approximate us by u* defined in (3.16b)
below; the convergence errors are provided in Lemma 3.2 below.

Finally, for f3, we truncate this function, that is the remainder of the Lagrange
polynomial using all after n§" term; note that the error uz due to f3 is independent
of €. The precise error estimate in H' will be given hereafter in Theorem 3.2.

The two following lemmas basically justify our constructions. They respectively
prove that ¢o absorbs the H2- singularities, and they provide the asymptotic ap-
proximation error using the PBLs ¢/, ¢/, and the overlapping of the PBLs and
OBLs. Lemma 3.1 will be used for f = f; (and u¢ = u;) and Lemma 3.2 will be
used for f = fo (and u® = ua).

Lemma 3.1. Assume that
(3.10) f(z,0) = f(z,1) =0, Vze]l0,1].

Then there exist a positive constant k independent of €, and a smooth function
g=g%(y) € H}(0,1) with |g|g2(0,1) < K such that

(3.11) [u = gdoll 2 () < &
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Proof. We infer from Corollary 2.1, with n = 1, that

(3.12) Hue—uo—ﬂo—e{ul—!—@ll+<pi+01}||H2 < kK.
Since the u/ are independent of €, we find with Lemma 2.3,
3.1 Juf =00 0", < .

and hence,

(3.14) Jut + ge==/" |l = < s,

where

g=9(y) =u°(0,9) + e(u'(0,y) + ¢ (0,7) + ¢, (0, 7)) + e.s.t.(2) € Hy(0,1).

Note that u°(0,y) € H}(0,1) because of (3.10). The role of the e.s.t.(2) is to make
g belong to Hj(0,1). Then by Lemma 2.2, we easily find that |g|g2(0,1) < &, and
by the definition of ¢ in (3.1), the lemma follows. O

Lemma 3.2. Assume that
no ) no )
(3.15) flay) =D e | A=y + [ D B’ |y,
j=0 j=0

for some fized constants o, B; € R, independent of . Then there exist a positive
constant k(ng) independent of € such that

. " e/t form =0,
(3.160) 0 = 0y < ) { S for 7=
where
ng ) no ) "o . 70 .
(3.16b) wt = o] + > B+ Y agdde + D Bk
=0 §=0 i=0 i=0
Proof. Let
(3.17) f=Ff(zy) =2 (1-y).

Then we easily find that ¢©2 = 0, and from Theorem 2.3, we find
(3.18) ‘

upd = =g =0 <),

where v = 3/4, or 1/4, for m = 0, or 1, respectively; ule’j is the solution of Eq.
(2.1) corresponding to f = f/ as in (3.17); u® = u)?, o) = @7, 0 = 67 are the
corresponding outer solutions and boundary layer functions constructed as before.
Notice that from the explicit expressions of u%, ° in (2.4), (2.25), and from the
expression of f in (3.17), we find

319 Wley) = [ s =G+ (- )
in particular,
(3.20) u’(0,y) = (G + 1) (1 —y).

Hence, we write
u + 4,010 +6° = uo(x, y) + cp?(x, 7)) — (uO(O, y) + 9010(0, gj))e_w/E +e.s.t.(1)

(3.21) . ,
= sz] (x,y) + 'ng)(y)¢0(l‘) + e.s.t.(l) € Hé(Q)’
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where ¢, wlj, Y} are defined in (3.1), (3.8a) - (3.8d). We then infer from (3.18),
for m =0, 1, that

(3.22) lug? =] (@, ) = b (y) o (@) am < K(5)e.
By considering the symmetry at the axis y =1 /2, we can deduce similar estimates

for the solution u$’ corresponding to the data f = fI(z,y) = 27y. Finally, by
linearity and superposition of the solutions, we see that, for f as in (3.15),

o no
529 R TS T
j=0 j=0
and
no ) )
[Juf — u*”Hm(Q) < Z%‘HUEJ =i (,y) — Y3 (y) o ()| ()
j=0

no
+ 3 Billu = iz, y) — e (©)do(@) | mmia) < K(no)e,
j=0

where v is defined in (3.18); the estimate (3.16) follows from (3.22) and the similar
bound at y = 1. |
Remark 3.1. In Lemmas 3.1 and 3.2, the term g¢ is due to the OBLs, whereas
doito gl + 3772 By, is due to the PBLs, and »57%, aipdo + 372 Bivndo
is due to the PBLs and OBLs. Figure 1 gives the graphs of the boundary layer
elements (3.1) and (3.8a) - (3.8d).

Lul". n=0, £ = 0.001 Lp‘”, n=1, € = 0.001 wg%, n=1, € = 0.001

@

l
i
i

xaxis 0 1 y axis

d = - -
(@ @.h =01 (e) Wy Wy, h, =01 6] @y €=0.01
1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
Wy Wy

04 0.4 0.4
0.2 0.2 0.2
0 0 0

0 0.102030.40506070809 1 0 0.10.20.3040506070809 1 0 0.1020.30.40506070809 1

X axis y axis X axis

FIGURE 1. (a)(b) PBL elements ¢]*(z,y); (c) the overlapping of PBL and
OBL 5 ()0 (x); (d)() bilinear elements, :(z), Bo(y), % (y); (f) OBL ele-
ment, ¢o(x).
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3.2. Finite Element Spaces, Schemes, and Approximation Errors. We
now define the finite element spaces and consider the new schemes making use of
the classical )1 elements and the ordinary boundary layer element ¢ as in (3.1) for

Vi or adding to them the parabolic boundarg layer elements as in (3.8) ¥y, - -+, )",
O o 8 00 Y, kY for Vs that is we introduce the spaces:
N-1 M—1N-1
(324&) Vy = Z Coj(bol[lj + Z Z Cij(,bﬂ/Jj C H&(Q),
j=1 i=1 j=1

Vn =Y ] + ) B + ) oo
j=0 j=0 j=0
(3.24b)

no

+ Zﬂjd)qubo +v; v e Vy p C Hy(Q),
=0

where ¢y, 1/1{, 7 wg, and wgv are defined in (3.1), and (3.8); the constants «;
and §; are as in (3.4); ¢;, ¢;, fori=1,--- ,M -1, j=1,--- ,N — 1, are bilinear
elements w.r.t  and y, respectively, i.e., hat functions, see (d)(e) in Figure 1.

We now consider the three types of approximations corresponding to the three
types of functions f in (3.3b)-(3.3d), f = f1, f2, f3 and the corresponding solutions
U1, ug, uz in (3.5). The general case follows by superposition. If f satisfies f(z,0) =
f(z,1) =0 (i.e. f= f1), we look for an approximate solution uy € Vy such that

(3.25) ac(un,v) = / frvdQ, Vo € Vy.
Q

Thanks to (3.11), we derive the result of H!- approximation error in Theorem 3.1
below quoted from [11]: note that we use the conditions (3.10) only, same as (2.60)
as explained after (2.61).

Theorem 3.1. Assume that the conditions (3.10) on f = f(x,y) hold, namely,
f = fi. Let u=u§ be the exact solution of (2.1), and uyn the solution of (3.25).
Then

(326) |U_UN|H1(Q) < H(ﬁ+ﬁ26_1).

If (3.10) is not satisfied, f # f1, then parabolic boundary layers appear and we
account for them by considering fo and fs.

We firstly notice that if fo(x,0) # 0 or fa(x,1) # 0, then some coefficients «; or
B; are not zero and the parabolic boundary layers 90? and ¢? corresponding to fo
and wus appear as indicated from their explicit expression (2.18a). To handle them,
we consider the approximate solution u}; € Vy such that

(3.27a) uy =un +u",

where uy is the solution of equation (3.25), and

(3.27b) wt =gl Y B + Y oo + > Btk do.
j=0 j=0 j=0 j=0

If f = fy, then fi = f3 = 0, and uy = 0, we actually do not need to solve
the linear system (3.25), and the approximate solution u} can be found easily and
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explicitly from the data f as in (3.3c) and (3.4). We then expect that from Lemma
3.2,

(3.28) lu—uly|rz = Ju—u*|p2 < ke¥4,
notice also that the approximation errors due to the parabolic boundary layers do
not affect the approximating system (3.25); the errors are totally independent of the
discretization errors which arise in (3.25). To approximate the parabolic boundary
layers go? and ¢, a piecewise uniform mesh, which is only refined near y = 0,1
based on the pointwise estimate in Lemma 2.2, can be considered; but this will
appear elsewhere. Here, as we mentioned before, we instead approximate the PBLs
using the Lagrange interpolating polynomials as in (3.3c) and (3.4); they can be
computed separately and independently of the discretized system (3.25).

Finally, to handle the term f3 corresponding to the truncating error of a Lagrange
interpolation, we will need the following classical results on Lagrange interpolations,
see e.g. [22], or Corollary 8.11 in [1].

Lemma 3.3. If P(x) is the Lagrange interpolating polynomial of degree at most n
of a function g € C"*1([—1,1]) with nodes at the roots of the Chebyshev polynomial
of degree n+ 1, i.e.,

2k +1
(3.29) 2 = COS <2(TJ—;1)W> , fork=0,1,--- ,n,
then
1
: —P(z)] < ———— (n+1) ()]
(3.30) max |g(x) = P@)] < O] Jmax [o" ()]

By the change of variable & = (z 4+ 1)/2, we obtain the similar result on [0, 1]:

Corollary 3.1. If P(x) is the Lagrange interpolating polynomial of degree at most
n of g € C"T1([0,1]) with the nodes at

1
(3.31) z;C:Z’“;  fork=0,1,--- ,m,
then

1
3.32 _P < - (D) ().
(3.32) Jo o) = Plo)] < 5=y moax | ()]

Theorem 3.2. For any f = f(x,y) € C®(Q), let u = u® be the evact solution
of (2.1), and let u¥; be defined as in (3.27). Then there exist positive constants K
independent of ng and €, and k(ng) independent of € such that

lu— ui|m) < k(h+h% ") + K(ng)et/*
(3.33) . K
ma
2 - 4n0(ng + 1)lel/2 wE[O,l]J/)E({O,l}

ot (@, y)] .

Proof. By the linearity of equation (2.1) and the uniqueness of solutions, we find
(3.34) u =y +uy +ug € Hy(Q),

where u;, j = 1,2,3 are as in (3.5) and (3.6). We have already obtained the
approximation results for u; and us in Theorem 3.1 and Lemma 3.2, respectively.
We now majorize the norm |us|gm=. From Lemma 2.7 applied to (3.6) with j = 3,
we find that

(3.35) |usl|, < &l fs|L2.
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Having chosen the polynomials _0 ajz’ and Z ﬁjxj as the Lagrange interpo-

lating polynomials for f(z,0) and f (z,1), 1respectlvely7 as in Corollary 3.1 or (3.3¢)
and (3.4), we find

o)l < (0 —y)‘f@c 0) Zaﬂj

+y‘ x,1) Zﬁjxj

1
<— - {(1- ’ (no+1) (1 ’ ’ (no+1) (1. 1 ‘
- 2.4n0 (nO + 1)| {( y) ;él[%ﬁ] f (:177 ) y:zrél[%}i] f (:ZJ, )
1

(no+1) ‘
2 - 4no (no + 1)' ;cE[O,%l,zaj}E({O,l} ‘f (1‘, y) '

Writing
lu —upn | < Jup +us +us —uny —u*|gr < |up —un|gr + Jus — ¥ g + |us|ge,

the theorem now follows from Theorem 3.1, and from Lemma 3.2. O

Remark 3.2. From Theorem 3.1 and Theorem 3.2, we find that for the schemes
(3.25) and (3.27) to be effective, we require the space mesh to be of order h = o(e!/?)
in the H' approximation. The L2- error estimate can be derived via an L2- stability
analysis which will appear in [14].

4. A Mixed Boundary Value Problem

We now consider another type of boundary conditions for which the effects of
the parabolic boundary layers at y = 0,1 are milder. We consider the mixed
boundary value problem (1.1a),(1.1c). Its weak formulation is as in (2.1), Hg ()
being replaced by

(4.1) Vz{vEHl(Q); szatsz,l}.

The error estimates for the approximate solutions and numerical simulations of the
mixed boundary value problem are shown in [11] under strong conditions on f,
namely, fy, fyyy = 0 at y = 0,1. These conditions make the normal derivatives
of u® and w!, which are obtained from the explicit solutions in (2.4), vanish at
y = 0,1. This suppresses the occurrences of parabolic boundary layers, see [11].
But in general, we do not expect that the normal derivatives of v/ vanish at y = 0, 1.
When this happens, to remove the discrepancies with the second condition (1.1c)
at y = 0, we consider the following parabolic equations for @{ :

o1): - @?@g - Sb?z =0,
O(e): — @l — @l =@l for j>1.

The boundary conditions are

(4.2a)

(4.2b) @{(x 7) =0, at z =1,

o]
(4.2¢) 8yl (2,5 =0) = /2 R;(x) ®
(4.2d) & (x,7) — 0 as § — oo,

where R;(z) = —0u? /y(z,0).

3The boundary condition (4.2c) is equivalent to: 855{/81/(@ y = 0) = Rj(x), and then we easily
see that 8¢7 /9y resolves the discrepancies of —du’ /0y at y = 0.
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The explicit form of the gb{ , and its pointwise and norm estimates are provided
by the following lemma. As before, we consider a heat equation in a semi-strip, but
this time with a flux boundary condition, see Theorem 20.3.2 in [2]. Let

(4.3) D= {(z,y) €R* 0<x<1,y>0}

We are given f* which is uniformly Hélder continuous in « and y for each compact
subset of D and satisfies

(4.4) |f*(2,y)] < re'/? exp(—7y),

for some v > 0, and all 0 < = < 1 and y > 0; we are also given ¢g* which is
continuous on [0, 1]. We look for u satisfying:

ou 02u *
e /2 f* | for (z,y) € D,
du

(4.5) 3 (z,0) = /29" (z), 0 <z <1,

u(z,y) > 0asy — o0, 0 < x < 1,
u(l,y) = 0.

Compatibility Conditions. We consider as before the following smoothness and
compatibility conditions on the data f*, g* to attain u € C'(D), | > 0:

(4.6a)  f*(z,y) and g*(x) are sufficiently smooth on D and [0, 1], respectively,

and
o' ot
g Ly = 5597(1) =0, for 0 < i <1

Differentiating (2.10) in y with f* being replaced by €'/2f* and setting = = 1,
from the boundary conditions of (4.5), we then find

(4.6b)

8k y k—1 . aZkfsfl .
(4.7 (—1)ka?g (1) + Z(—l) H@xsay?(k—s—l)“f (1,9)=0, k=0,1,---,1,
s=0

which is necessary for u € C'(D); conditions (4.6) are much stronger than (4.7).
From now on we thus assume that: for 0 < ¢ < 2n+d — 25, d = 0,1, and
0<j5<n,

ai—o—l

1) —
(4.8) B =5

We then find results similar to Lemma 2.1, that is:

u! (1,0) = 0.

Lemma 4.1. Let u = u(z,y) be the solution of the heat equation (4.5) in D: Then
the solution u is unique and it admits the integral representation:

(4.9)
(/2 ploz 2\
u(x,y):—ﬁ ; %exp (—%)g (x+t)dt

+ % /le /Ooo % {exp {— 6 4_;)2] + exp [—%} } [ (x + s, t)dtds,
and

(4.10) lu(z,y)| < kexp(—vy), for the same v as in (4.4).
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If the conditions (4.6) hold, then u € C'(D), | > 0. Furthermore, if the following
decay conditions hold:

i+m
Ozt oy™
then the following pointwise estimates for u and its derivatives hold: for each i and
m, there exists a constant ki, which depends only on f* and g* such that

(4.11) ‘ f*(m,y)’ < ke exp(—yy), for 0<i+m <Il+1, some~ >0,

8i+m
‘&ﬂaym
for0<i+m <Il+1, the same vy as in (4.11).

(4.12) u(x,y>‘ < R exp(=yy), Y(a, y) € D,

For the proof, see the Appendix.

Remark 4.1. From Lemma 4.1, if (4.6) and (4.11) hold, it is obvious that, as before,
the regularity properties (2.17) hold. O

We find the solutions @] of equation (4.2) recursively:
(4.13a)

2ls,

(4.13b)
1/2 11—z 1

) oo
)

Ri(x +1t)d

»-Jk|©

o - 1/2 1-z 1
¥ (.’)37y) \/— \/— (
#i(,7) =

W —

)2

2 2
+exp{ St) ]} aaQQZf Y + s, t)dtds,

T sl

for1 <j<n. ‘

Notice that the @ resolve the discrepancies of the normal derivatives of u/ at
y = 0. Furthermore, thanks to the compatibility conditions (4.8), we find that
for 0 < j < m, @{(x,g) = @f(x,y/\/g) satisfies the regularities (2.17) with [ =
2n+d—2j, and y = 4.

The following lemma can be deduced from (4.12) directly and this lemma pro-
vides the derivative estimates for @{ which will be used for asymptotic error esti-
mates later on. Furthermore, as indicated in the pointwise and norm estimates in
the two subsequent lemmas, it turns out that these boundary layers are not crucial,
i.e. they are mild, unlike the parabolic boundary layers in the Dirichlet boundary
value problem (1.1a),(1.1b).

Lemma 4.2. Assume that the conditions (4.8) hold. Then there exist a positive
constants Kk independent of € such that the following inequalities hold

8i+m . y y B
4.14 ——— @ 2, 2= )| < Rijme ™2 - Q
( ) ‘axlaym (pl (l’, \/E) ’ S K J € eXp \/E ,V(a:,y) € I

for0<i+m<2n+d+1-2j, and0<j<n.
The following norm estimates are deduced from Lemma 4.2.
Lemma 4.3. Assume that the conditions (4.8) hold. Let, for 0 <o <1,
Q% =(0,1) x (o,1).
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Then there exist positive constants k and ¢ independent of € such that the following
inequalities hold: for 0 <i+m <2n+d+1—2j,

(4.15a) ‘ o < g e /243/4 o ( J)
. — iim€ xp | ———= ] ;
Baﬂaym% L2(Q°) - P \/E
in particular,
(4.15b) ‘ﬂ@j < Kigme ™A/,
amlaym ! L2(Q) -

Remark 4.2. Similarly, at y = 1, we may introduce @/, which have the same struc-
ture as @;. Then similarly to (4.8), we will need the following conditions:
i+1

0
4.16 ——
( ) oxtdy
We also notice that @/ (z,9) = @ (z, (1 — y)/\/€) satisfies the regularities (2.17)
with | = 2n +d — 2j, and y = g. Similarly Lemma 4.2 and Lemma 4.3 are valid
with @] replaced by @/, § by g, and (o,1) by (0,1 — o). O

uw/(1,1) =0, for 0<i<2n+d—2j,d=0,1,and 0 < j < n.

We now have to resolve the discrepancies at z = 0 due to u/, @{ , and @J; we
thus define 67 = 07(z,y) as 67 before, and we can derive the pointwise and norm
estimates in the following lemmas as in Lemma 2.5 and Lemma 2.6; the proof is
similar. The explicit solutions can be found as before: for j = 0,1,

p (Z,y) = — (v N U P k' Lz
(4.17) 0 (€’y> (“ 0,9) + ¢ (0, \/E> + @y, (0, e ))exp( e)
+est.(2n+d+1—2j).
Lemma 4.4. Assume that the conditions (4.8) and (4.16) hold. For any 0 <

¢ < 1, there exist a positive constant Kkijm independent of € such that the following
inequalities hold: for 0 <i+m <2n+d+1—2j, and j =2k or j =2k + 1 with
k>0, for all (z,y) € Q,

ﬁ”m i (T i X ke,
deidym (z’y)‘ﬁ’%mﬁ eXP(Cz){”E ' ”“”eXP(%)

1—
4 e hmm/2H2 oy (—Ty) } +est.(2n+d+1-2j).

(4.18)

Lemma 4.5. For 0 <oy,00 <1, let
Qo192 = (0’1,1) X (0'2, 1-— 0'2).
Assume that the conditions (4.8) and (4.16) hold. For any 0 < ¢ < 1, there exist

a positive constant k;jm, independent of € such that the following inequalities hold,
for0<i<2n+d+1-2j, and j =2k or j =2k + 1 with k > 0,

ai-{-m . .
‘a v < Kijme T2
(4.19a) YT 2@
R
in particular,
(4.19b) ‘ a&m 97 < s €—i+1/2(1_|_6—k—m/2+3/4).
8xzaym L2(Q) — J
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We now consider the following compatibility conditions:
0 0
4.20 —f(1,0) = — f(1,1) = 0;
(420) 5110 = - pL ) = 0

note that the compatibility conditions are much weaker than in [11].
Lemma 4.6. Assume that (4.20) hold. Then

(4.21a) lu¢ —u® — @) — @h — 0° — 6| r2(0) < re'/4,

(4.21b) [uf = u® — @) — @ — 8° = 5 1 () < K™,

(4.21c) luf = u® = @} — @ = 07 = 5 2y < e/,

where the function 6¢ € V is described in the proof and such that:

(4.22) 16 2(0) < ke, 1|0 () < e,

Proof. For n = 0, from the conditions (4.20), we can easily verify that
o+t o+t ’

_8xi8yu (1,0) = _8xi8yu (1,1) =0, for 0 <i < 1

we find that n =0, d = 1 in (4.8) and (4.16) and hence, @?, 3", 0° € H?(Q). Let

(4.23) Wep = u —u’ — @) — @0 —6°.

Then similarly to (2.41) and (2.46), setting

(4.24) P = 0z, 0) _21)2 + oo, 1)y—22,

we find that w. — J° satisfies the boundary condition (1.1c) on dQ. Since from
Lemma 4.2, Remark 4.2, and Lemma 4.4, we easily find that, similarly to (2.42),
9 is exponentially small and it is absorbed in other norms; we may drop the 9°.
Hence, we write

(425&) Lewg = Rl + RQ,

(4.25b) we =0atz=0,1,
W,

(4.25¢) g’yo —0aty=0,1,

where

(4.26b) Ry = {46}, 1.

Let & be the solution of:

(4.27a) L5 = Ry in 9,

(4.27b) =0atxz=0,1,

Se
(4.27¢) a@y =0aty=0,L1

Then we easily find that |Rs|;2 < ke, and hence, using Lemma 2.7, the estimate
(4.22) follows. Furthermore, we find

(428&) Le(’wso — SE) = Rl in Q,
(4.28b) Weg —0c=0at x=0,1,

0 -
(4.28c¢) a—y(weo —6)=0aty=0,1.
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Since |Ry|z2 < ke™/*, by applying Lemma 2.7 to w.o — 6¢ again, the lemma follows.
O

Remark 4.3. Assume that (4.20) holds. Then from Lemma 4.6 using the norm
estimates of Lemma 4.3 and Lemma 4.5, we obtain

u¢ = u® 4+ O(¢'/?) in L2 O

In the following lemma we will see that the boundary layer element ¢q introduced
in (3.1) absorbs the H?- singularity of u°.

Lemma 4.7. Assume that (4.20) hold. Then there exist a positive constant k
independent of €, and a smooth function g = g*(y) with |g|g2@0,1) < ke Y4 such

that
(4.29) ’ <

e _ = _SE_SE
u* — 4o -

where 0 € V is as in Lemma 4.6, and the function 8¢ € V and its derivatives are
estimated as follows:

e/ form=0,i=0,1,2,
<k{ €% form=1,i=0,1,

L2() eVt form=2,i=0.

ai—&-mge

Proof. From the asymptotic error (4.21c¢), we find
(4.31) lu® — & — @ — 07 = 6|2 < 5.
Notice that from the condition (4.20), ¢?,%,0° € H?(f2), see the proof in Lemma

u?’

4.6. Then from the explicit solution #° in (4.17), with the definition ¢q in (3.1), we
find

(4.32a) @) 4+ 72 + 6% = Goo(x) + 0° 4+ u°(0,y)(x — 1) + e.s.t.(2),
where

(4.32b) 9=23(y) =u’(0,9) + #(0,9) + ¢3(0,9),

(4.32¢) 0 = (£7(0,9) + &0(0,9)) (@ — 1) + &7 (x,y) + §5(x,y) € V;

note that from the boundary condition ¢? = @9 = 0 at x = 1. The estimate (4.30)
and the estimate for |g|g2 follow from Lemma 4.2 - 4.3, and hence the lemma
follows. .

To approximate the solutions of (4.1), we introduce the following finite element
space below.

N M-1 N
(4.33) Vn =13 > cojdoty + D Y cibith; o CV,
=0 i=1 j=0

where ¢q is defined in (3.1), ¢;,1); are piecewise bilinear elements w.r.t = and v,
respectively, on a uniform mesh for i = 1---M — 1,7 =0,1---N —1,N as in
(d)(e) in Figure 1, and V is defined in (4.1). We look for an approximate solution
uy € VN such that

(4.34) ac(un,v) = F(v),Vv € Vy.

Notice that the approximating system (4.34) has ordinary boundary layer element
¢0, and two hat functions g, ¥y as in (e) in Figure 1.
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As before, we will need the following interpolation inequalities to derive the
approximation errors.

Lemma 4.8. Assume that (4.20) hold. Then there exists an interpolant iy € Vi
such that

(4.35) [u€ — din — 6|2y < w(h3 + h3e /%),
(4.36) [u€ = din — 6| gy < w(ha + h3e®/* + hoe M%),

Proof. By the classical interpolation results, see e.g., [16], [5], [24], applied to u® —
gpo — 0 — 0° € V using Lemma 4.7, there exist the ¢;; such that for m =0, 1,

M—-1 N

I = ||uf — goo — 0° — 6 — i Qi
(4.37) 1(m) u® — goo ; ]Z:(:) CijPithj

< kB2 U — Gl e (o) < kAP

H™(Q)

Then using Lemma 4.7 again, we derive the following estimates. There exist the
co;j such that for m = 0,1,

N
(4.38) 9- Z cojj < kh3™Mglu0,0) < by
=0 H™(Q)

Hence, we find that for m = 0,1,

N
I(m) == |gdo — Y cojdotly

=0

H™(Q)
)9 — o cos
(4.39) I=0 20,0y
= —1/2 |5 N a N
e/ ‘g - Zj:() Coﬂ/]j‘p(O,l) + ’9 - Ej:(] cojbj H1(0,1)
< h3e=1/4 for m =0,
- h%e_3/4 + hoe V4 form = 1.

By the classical interpolation results, see e.g., [24], or Lemma 3.3 in [16], applied
to 0 = 6° € V with the estimates (4.30), we find that there exist the ¢;; such that
for m =0,1,

M—-1 N
13(m) = 5— Z Zcij(bi’(/)j
i=1 j=0 L2(9)
(4.40) - { h}10%6/0a%| L2 + h3|0%6/0y>| 2 + haho|0%0 )0z Dy 12
- h1\825/812\L2 +h2|826/6y2‘L2 +h|c’925/8z8y|Lz

<k

h2e3/* 4 h3e Y4 4 hihoe'/* for m =0,
hi€3/4 4+ hoe 14 + hel/4 for m = 1.

Hence, we easily verify that

N M—-1 N
(441) ’(,LE — ZCOj¢O¢j — Z Z Cijgbiwj — ge S Il(m) —+ Ig(m) + Ig(m),
7=0 =1 5=0

Hm™
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and setting

N M-1 N
(4.42) un = ZCOJ'%%‘ + Z Zcij¢i¢ja
=0 i=1 j=0
the lemma follows. O

We are now able to derive the error estimates below using Lemma 4.8. But by
the subtlety of the a priori estimates involving the small parameter ¢, the term §¢
should be dealt with caution, see (4.45) below.

Theorem 4.1. Assume that the conditions (4.20) on f = f(z,y) hold. Let uy be
the solution of (4.34) and N the interpolant in Vi defined in Lemma 4.8. Then

(443 lun — fLN‘Hl(Q) < ki(hy + B2t 4 hoe VA 4 h2e0/t 4 €/
+ 56_1/2‘111\[ — ’&’N‘LZ(Q)'

Proof. Subtracting (4.34) from (4.1), we find
(4.44) ac(u—upy,v) =0, Vv € Vy,
and hence
ac(uy — Uy, uny —Un) = ac(u — ay,uny — Un)
(4.45) = (from equation (4.27) for &%)
=ac(u—1ay —0,uy —in) + (Ra,uy — ip).

Then we find
(4.46) e|V(uy —in)|3: < I<66|V(U_— iy —0)|22 + ke Hu— an — 632
+ &|Re |72 + Kluy — an|7e.
Since |Ra|z2 < ke, we easily verify that

luy — in| g < Klu — N — 0| gr + ke Hu — Gy — 6|2

(4.47) 1/2 12

+ ke 7+ ke lun — an|r2;

the theorem follows from the interpolation inequalities in Lemma 4.8. (]

Remark 4.4. The L?- error, ‘uN — ﬁN}LQ(Q), will be derived using the L2- stability
analysis which will appear in [14]. Then the H!'- error, |uy — ax Hi(Q) will be

easily found from Theorem 4.1; thus ’ue m = 0,1, will follow.

- /&/N‘Hrn(ﬂ)7

5. Occurrence of Boundary Layers

In this section, we summarize the type of the occurrences of boundary layers
using the model equation:

(5.1) —eAu—u, =f inQ=(0,1)x(0,1);

the boundary conditions are specified in the table below. More general singularly
perturbed equations will appear elsewhere. But this simple model equation cov-
ers two major boundary layers which essentially affect numerical computations in
general cases.

From the lower-order asymptotic analysis, i.e. with n = 0,1, as we did in previ-
ous sections, we are able to detect two major boundary layers which are ordinary
and parabolic boundary layers at the outflow and at the characteristic boundaries,
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respectively. We notice that these are determined from the data f and the bound-
ary conditions. More precisely, for the Dirichlet boundary value problem (1.1a),
(1.1b), if

(5.2) f=0 aty=0,1,

parabolic boundary layers are suppressed. In this case, we only observe ordinary
boundary layers at the outflow (i.e. at x = 0 in problem (5.1)). Then the discretize-
tion errors due to them are propagated in the whole domain due to the convective
term (i.e. in the z- direction due to the term u, in problem (5.1)). If the dis-
cretizetion errors are not properly handled, the approximate solutions display wild
oscillations in the propagation direction, see Figure 2 below.

Another way to suppress parabolic boundary layers is imposing the boundary
conditions as in the mixed boundary value problem (1.1a), (1.1c), see Section 4;
obviously, we can expect that from condition (1.1c¢) (the normal derivatives of the
exact solution u€ vanish at the characteristic boundaries), the u¢ varies slowly at
those characteristic boundaries and thus the parabolic boundary layers are mild.

For the case where parabolic boundary layers stand out, since the discretizetion
errors due to them are localized near the characteristic boundaries, i.e. y = 0,1, we
can approximate them using a Lagrange interpolating polynomial or using a refined
mesh only near at their occurrences, see Section 3.2, and see Figure 3, Figure 4.

For a channel problem, see [16], if

1
(5.3) | s =o.
0
and
(5.3b) f(z,y) is 1- periodic in z,

ordinary boundary layers are suppressed. In the Dirichlet boundary value problem,
if (5.3a) holds, then the ordinary boundary layers will be mild; note that u°(0,y) = 0
from (2.4a) and hence from (2.25) we find

(5.4) 10°] L2 < Ke3/4, 100° /0|2 < ke HA, 100/ Dy| L2 < ket
We thus summarize the occurrences of the boundary layers and their norm esti-

mates.

e Occurrences of boundary layers

Dirichlet boundary problem mixed boundary problem channel problem
_ u=0atxz=0,1 u=0aty=0,1
u =0 on 892 { du/dy =0at y=0,1 { w is 1- periodic in

conditions on f f=0aty=0,1. no conditions compatibility (4.20) fol f(s,y)ds =0

f is 1- periodic in @

OBLs YES at ¢ =0 YES at ¢ =0 YES at ¢ =0 NO

PBLs NO YES at y = 0,1 Mild PBLs at y = 0,1 YES at y = 0,1

- 0(63/4) in L?
O(el/%y in H!
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e Norm estimates

OBL PBL OBL element PBL elements
09 @~ ol + o, b0 s Y, ¥h, v

local (or, stretched) variables Z =x/e §=y/Ve, §=(1—y)/Ve
L2- norm 0(61/2) 0(61/4) O(1) O(1)

H'- norm 0(671/2) 0(671/4) O(671/2) 0(571/4)

6. Numerical Simulations

In this section we present the numerical results of the new scheme (NS) and, the
new scheme with PBLs (NSP), which are corresponding to the problems (3.25) and
(3.27). Each uses Vi, and VN, respectively, as the finite element spaces.

The numerical calculations were carried out on 4CPU POWER3+ 375 Mhz with
2GB memory running AIX. We solve the linear system directly by using Gaussian
elimination. The numerical simulations for the mixed boundary value problem
(1.1a)(1.1c) with its approximating system (4.34) have been shown in [11].

6.1. Numerical Implementations. To compute the approximating systems (3.25),
(3.27) and (4.34), we must evaluate integrations of singular functions, which are
ordinary and parabolic boundary layer elements. Since our approximating systems
have a small coercivity (= €), we need to take care of computations involving e
with a caution; the explicit integration formulas are available using MAPLE, and
in particular, the integrations involving ¢g. We would like to mention that even
after we get those explicit formulas, we have to modify them as follows to avoid the
overflow of numeric limits in computers, e.g., if € = 1074, el/¢ = 19000 i out of
the range of a double precision. For example, in the formula we have the following

terms which need to be modified as below:

—h1/e —h1/(8)\ 8
(6.1) 1 _)e_hl/67 e~ _)(e 1 ) .

ehi/e €8 €

6.2. Numerical Results : Examples. For the function f = sin(ry), we have
tested several cases of M, N and ¢, and obtained L2-, and L*°- errors in [11].
This function f clearly satisfies the condition f(z,0) = f(x,1) = 0, and hence
the parabolic boundary layer will not appear. Then we see that the ordinary
boundary layer element ¢y will play an important role to approximate solutions
as indicated in previous sections. For the classical schemes, i.e., without boundary
layer elements, we have observed wild oscillations in the x- direction, i.e., in the
propagation direction due to the convective term wu,. But the ordinary boundary
layer element ¢ stabilizes the approximate solutions and thus the approximation
errors, see [11] and Figure 2 below for the classical and new schemes. In particular,
we have simulated for f = y(1 —y) and f = 22(1 — e ¥)(1 — e~ (1=¥)) in Figure 2
which satisfy f(z,0) = f(z,1) = 0.

In Figure 3, we notice, for f = cos(my) and € = 1075, that the parabolic boundary
layers appear in (a) at y = 0 and y = 1; note that f(z,0) # 0 and f(x,1) # 0. But
since the propagation direction, i.e., the z- direction, is parallel to the place of the
occurrences of parabolic boundary layers, the approximation errors due to them are
localized near y = 0 and y = 1 as shown in (a) of Figure 3 and in (a) of Figure 4,
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FIGURE 2. —eAu —uy = f, f = y(1 — y) in the first row with Dirichlet
boundary condition, € = 1074, M = 10, N = 10, f = 22(1 —e~¥)(1 —e*<1*y>)
in the second row with Dirichlet boundary condition, ¢ = 1073, M = 10, N =

20 : (a) Classical Scheme without BL elements; (b) New Scheme (3.25) with
OBL element ¢g; (c) Zooming of (b) near = 0.

see also [11] for the errors due to PBLs in numerical simulations. To resolve these
errors, as in (b) we added the parabolic boundary layer elements. More precisely,
we decompose f = cos(my) as below: since f(z,0) =1 and f(x,1) = —1,

(6.2a) f=h+f,

where

(6.2b) fi = cos(my) — fa,

o = f(x,0)(1 — z,1
(6.20) f:{(—Qy),( y) + f(z, 1)y

Hence, we find from fs,

(6.3) u* =P — Py + Ygdo — Yo,
and the approximate solution u% as in (3.27):
(6.4)

uy =un +u*,

where uy is the solution of the approximating system (3.25) with fi in (6.2b).
Then as indicated in Theorem 3.2, we can expect that the approximation errors
due to PBLs is O(¢*/4) = O(10~%/2) in L?. In Figure 3, one might notice that the
approximate solution % is composed of (d), (e), and (f), and we see that the PBL
elements and the overlappings of PBL and OBL elements in (e) contribute to the

approximate solution the most, the OBL elements in (d) the next, and the classical
elements in (f) the least.
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FIGURE 3. —eAu — uy = cos(my), with Dirichlet boundary condition, € =
1076, M = 10,N = 20: (a) New Scheme (3.25) with only OBL element,
f1 being replaced by cos(my); (b) New Scheme (3.27) with OBL and PBL
elements; (c) Zooming of (b) near x = 0; (b) = (d) + (e) + (f) where (d) OBL
elements ¢o1p;, (e) PBL elements w?, 1/)2, and the overlappings of PBL and
OBL elements 130, 1% ¢o, and (f) classical elements (or bilinear elements)

Diy.

If f(z,0) and f(x,1) are not polynomials, we have to allow a truncation error f3
which is defined in (3.3). In Figure 4, we have tested the case for f = exp(z + y).
For f5, we use a Lagrange interpolating polynomial of degree 3 defined below. We
write

(6.5a) f=hHh+fa+fs
where
(6.5b) fi=exp(z +y) — fo— fs,
(6.5¢) fo=f(z,0)(1 —y) + f(z, 1)y,
with
3 3
(6.5d) F(,0) = 3 explan) La(a), 1) = S explag + 1) Ii(a),
k=0 k=0
where, for k=0, ---,3,
(6.5¢) g = % |:COS <2k; 17r> + 1] ,
T (-
(6.5f) Ly(z) = | H (or —25)
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and f3 is a truncation error: see Lemma 3.3 and Corollary 3.1 for Chebyshev node
points xx. Then we easily find using e.g. MAPLE,

fo = (0.27823967z° + 0.4243010222 + 101563252z + 0.9995086147)(1 + 1.718281828y),

and hence we can easily derive v* similarly as before. It is not hard to find the
truncation error, max,eo,1), yefo,1} |f3| = O(1073), and the approximation errors
due to f3 is also O(1073) in L2. From Theorem 3.2, we can expect that the approx-
imation errors due to PBLs is O(¢*/*) = O(10~%/4) in L?. We also notice in Figure
4 that u}, is composed of (d), (e), (f), and (g), and we see that the overlappings
of PBL and OBL elements in (f) contribute to the approximate solution the most,

the OBL and PBL elements in (d)(e) the next, and the classical elements in (g) the
least.
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FIGURE 4. —eAu — u; = exp(z + y), with Dirichlet boundary condition,
e =10"% M = 10, N = 20: (a) New Scheme (3.25) with only OBL element,
f1 being replaced by exp(x + y); (b) New Scheme (3.27) with OBL and PBL
elements; (c) Zooming of (b) near z = 0; (b) = (d) + (e) + (f) + (g) where
(d) OBL elements ¢o1j, (e¢) PBL elements 9", ¥5;, n = 0,---,3, (f) the
overlappings of PBL and OBL elements 9§ ¢o, ¥} ¢0, n = 0,---,3, and (g)
classical elements (or bilinear elements) ¢;1);.
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7. Appendix

Proof of Lemma 2.1. By a simple change of variable, we can derive the solution «
of equation (2.8) as follows. Let

(7.1) z=1-z.

We then have the following classical heat equation in the semi-strip D = (0,1) x
(0, 00):

2
(7.2a) % — g—yZ = f*(1-2z,y), for (z,y) € D,
(7.2b) w(z,0)=¢"(1—-2), 0<Z <1,
(7.2¢) u(Z,y) > 0asy — 00,0 < T <1,
(7.2d) u(Z =0,y) =0.

From Theorem 20.3.1 in [2], see also [26], we find that the solution u is unique and
is explicitly expressed as:

(7.3a) w(Z,y) =1 + I,

with

(7.3b) I, = 72/ 8—K(:I: —71,9)g" (1 — 7)dr,
o Oy

(73C) I, = / G(:f —T,Y; t)f*(l - T, t)dth,
0

where the fundamental solution K = K (Z,y) and the Green function G = G(Z, y; t)
are

- 1 2
<73d) K(l‘, y) - /—47_[_5[,. exp (_4_~> )
(7.3¢) G(Z,y;t) = K(z,y —t) — K(&,y + 1).
Then, since
0 . B y e
4 e = === (i)
we find
oy [T P o

h= 5y |, momee ()i

(7.5a) = (setting t = y/\/2(Z —7), T=1—1)

/-\

w%

N—
Q

and we also find

\/>/y/\/2(1_Texp
(7.5b)

i [ g (2] o

:(settlngsfxfr, T=1-—x)

e [ (o[ [ vt

hence (2.13) follows.
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We will see that if conditions (2.9) hold, from (7.7), (7.12), (7.15), (7.17), and
(7.23), since u is [ + 1 times differentiable on D, we easily find that u € C!(D) .

We now prove the estimates (2.14) and (2.16), we perform calculations similar
to those in the proof of Theorem 3.8 in [26]. For m = 0, thanks to (2.9) and the
exphc1t form of u in (2.13), we find

t2 o' . v .
(7.7) az \/_exp 8acl x+22 dt, for 0 <i<I1+1.
y/v/2(1-x)

Since g* is sufficiently smooth and 0 < z + 32?/(2t?) < 1, we have

az’ y2
. _g* — <
Lo (v i) <

and since
12 c? c?
(7.9) exp <5) < exp (5 — ct) = exp (5> exp(—ct), for any ¢ > 0,

we can write

t2
(7.10) exp (—5) < k(c) exp(—ct), for any ¢ > 0.

Hence

81’
‘ oz’ I

1| < k(o) /;\/m exp(—ct)dt < k(c)exp (_%>

< (setting ¢ = v2y) < k(7) exp(—7y).

(7.11)

We can also differentiate I» using (2.15) as follows: for 0 <i <[4 1,
(7 12)

52 = 2f/1 e [T e [T e s

Then since 0 < s < 1, from the condition (2.15) we find

‘;—;IQ < m[ 01—96 %ds: /OOO exp (—@) exp (—~yt) dt
(7.13) < H/OOO exp (—w — vy + 72> dt
< kexp(—y) /OOO exp (—M) dt < Kkexp(—vy).

Hence, from (7.11) and (7.13), we conclude that

(7.14) (o) < wesp(-a1). z.) < D.

for0<i<Il+1.

41f g* does not satisfy (2.9b), e.g. g*(1) # 0 with f* =0, we then find
(7.6)

% - \/g[ :\/mexp <_§> g <x+£> dt —y(2(1 —2))"*/? *(1)6""( %ﬂ

see [26]. Note that the second term in (7.6) does not belong to C°(Q).
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For m > 1, we treat repeatedly the case where m = 2k and where m = 2k + 1.
Firstly, for m = 2k, k > 1, differentiating equation (2.10) ¢ times in x, we then find

ai+2k 8z+k 8i+2k—s—2
_(_ s+1— *,
(7.15) 73xi8y2k U pE Py Z Oxits gy2(k—s—1) 1
note that t + k <Il+1—k <[+ 1, and hence
gi+2k gitk k—1 gi+2k—s—2
(7.16) ‘ dri0y2k u‘ S gt Wf

We then easily find from (2.15) and (7.14) that the estimates (2.16) with m = 2k
hold.
If m =2k+1, k> 0, we proceed as follows. Firstly we find similarly

14i 1+i
o -9
or'dy dyox®

2 [ee) t2 61+1 y2 y
=4/—= — ) =——7g" = —dt
7T /y/ 2(0—2) P ( 2) oar+i? (x " 2t2) ’
for 0 <i <. Since

81+z . y2

we find

(7.17)

al-‘,—z oo t2 1)
< ny/ exp <——) d(—t~
oy v/\/2T) 7) !

< (integrating by parts)

y2 e o] t2
< Kexp (——) + /@y/ exp (——) dt
4 y//2(1—2) 2
—1)? Y
(7.19) ( ) P (7)

+ Ky /yi/z(l_T XD (—#) exp (—t) dt

< wexp (~2) +r /y/mexm—t)dt
< (-4) s (~25) < ().

for 0 <7 <. We also find

ot 8“’1 /1 10 (y —t)?
— [ ——<exp|———
0x'dy 83/830Z 2\/— 0o sy 4ds

(7.20) v+ 1) 5
Y *
exp [ " ]} 8a:if (z + s, t)dtds,
and
al—i—i 11—z 1
(721) ‘WIQ S Iil:/(; % . Igd8:|,
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= /OOO 8%/ {exp [%} —exp { y 1:)2]} 861; ffz+ s,t)dt‘

O | e

2 i
. . vl 9 .

= t t b ts) < 2 - -
(integrating by parts) < 2exp [ 45} ‘@;zf (z+ 8,0)‘

+/00° {exp [—%} + exp {— y 1—;)2] } ‘;tg;f*(x+s,t)'dt

< (by (2.15)) < rexp(—vy) + H/OOO exp <— g ; t)Q) exp (—7t)dt

< (similarly to (7.13)) < kexp (—vy) .

Hence, we conclude

(7.22) ul < kexp (—vyy), for 0 <i <l

Oyox’
Differentiating (7.15) in y, we easily find

‘ 81+i

oit2k+1 . gitk+1 k—1 . git+2k—s—1

_ s+ *.

note that ¢ + k <[ — k <, and hence

git2k+1 gitk+1 k-1 git2k—s—1
(7.24) _ ul < N e —
axzay2k+1 ayaxﬂ»k —~ axz+say2(krfs)71
We then easily find from (2.15) and (7.22) that the estimates (2.16) with m = 2k+1
hold. Hence, the estimates (2.16) follow. O

Proof of Lemma 4.1. As in the proof of Lemma 2.1, we set
(7.25) T=1—=x.

Then we have the following classical heat equation in a semi-strip D:

0 0?

(7.26a) 3—; - a—;; = el/Qf*(l —I,y), for (Z,y) € D,
ou 1/2 % ~ ~

(7.26b) a—y(m,O) =e/°¢g"(1-172), 0<Z <1,

(7.26¢) u(Z,y) = 0asy — 00,0 < T <1,

(7.26d) w(@=0,y) =0.

From Theorem 20.3.2 in [2], we find that the solution v is unique and it is explicitly
expressed as:

(7.27a) w(Z,y) = Iy + Is,
with
(7.27b) Iy = —2¢1/? / K(z—71,y)g"(1 — 7)dr,

0
T poo
(727C) I5 = 61/2 / / N(i. - T t)f*(l -7 t)dth7
0 0
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where the fundamental solution K = K(Z,y) of the heat equation is as in (7.3d)
and the Green function N = N(Z,y;t) is

(7.27d) N(z,y;t) = K(Z,y —t) + K(Z,y + t).
Then
i 1 y?
I :—261/2/ —_—— X (—~7> (1 —7)dr
‘ 0o VAn(z—71) P 4z —7) A )
(7.28a) = (settingt =2 —7, T=1-—1x)

61/2 1—x 1 y2
=-_ — ~L ) g*(z + t)dt;
F e () oo

we also find

(7.28b)
I — (y—t)Q}JreXp[ (y +1)?

I e o ] e [ e

4z —1)
= (setting s=2— 71, T=1—1x)

hence (4.9) follows.

Similarly to the proof in Lemma 2.1, we find that conditions (4.6) are sufficient
for u € C'(D) and for the estimates (4.10) and (4.12), we can also proceed similarly;
we use here the fact that since g* is sufficiently smooth,

1z 1 y2 82 1 1 y2
— _Z _g* < — _Z
/0 \/Zexp< 4t) pyi (x4 t)dt _m{/o \/gdt} exp( 4)

(7.29)
< (by (7.10)) < Kexp(—7y),
and
9 1/2
(730) 8_yI4 =€ Il7
where I is as in (7.3b). O
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