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A POSTERIORI ERROR ESTIMATOR FOR FINITE ELEMENT
DISCRETIZATIONS OF QUASI-NEWTONIAN STOKES FLOWS

ABDELLATIF AGOUZAL

Abstract. In this paper, we consider mixed finite elements discretizations

of a class of Quasi-Newtonian Stokes flow problem. Unified a posteriori error

estimator for conforming, nonconforming, with or without stabilization is ob-

tained. We prove, without Helmholtz decomposition of the error, nor regularity

and saturation assumptions, the reliability and the efficiency of our estimator.
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1. Introduction

Adaptive finite element method is justified by using a posteriori error estimate
which provides computable upper and lower error bounds, it serves then, as error
indicators. The aim of the work is to unify, generalize and refine the derivation of
residual error estimator for a class of Quasi-Newtonian Stokes flow problem. Indeed,
the present work take on unifying proof for conforming, nonconforming, and even
conforming-nonconforming scheme, with or without stabilization [4], and also mixed
formulation, in two and three dimensional cases [9]. We generalize, simplify and
refine the works of Verfürth [12] , Dari, Durán a nd Padra [8], Carstensen and
Funcken [6] and Gatica et al [9]. We prove, without Helmholtz decomposition of
the error, nor regularity of the solution or the domain, nor saturation assumption,
the efficiency and the reliability of our estimator.
Let Ω ⊂ IRd (d=2,3), be a bounded open connected and polyhedral set. In Ω, we
consider the following model problem:




Find (u, p) such that
−div(A(∇u)) +∇p = f, in Ω,

divu = 0, in Ω,
u = 0, on Γ = ∂Ω,

where u the velocity, p the pressure, f a regular function in the sapce (L2(Ω))d and
A : IRd×d −→ IRd×d is Lipschitz continuous function satisfying, there are positives
constants c1 and c2 such that: for all α, β ∈ IRd×d,

(1.1) c1‖α− β‖2 ≤ (A(α)−A(β)) : (α− β),

and

(1.2) ‖A(α)−A(β)‖ ≤ c2‖α− β‖,
(Colon denotes the scalar product in IRd×d).
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This kind of nonlinear Stokes problem appears in the modeling of a large class
of non-Newtonian fluids. In the particular case of Carreau law for viscoelastic flows
( see, e.g. [11]), we have

∀α ∈ IRd×d, A(α) = (k0 + k1(1 + ‖α‖2) β−2
2 )α,

with k0 ≥ 0, k1 > 0 and β ≥ 1. It is easy to verify that the Carreau law satisfies
(1.1) and (1.2) for all k0 > 0 and β ∈ [1, 2]. In particular, with β = 2 we find the
usual linear Stokes model.

In the sequel, we denote by W s,p(Ω) and W s,p(Γ), 0 ≤ s and 1 ≤ p ≤ +∞, the
usual Sobolev spaces (see e.g [1]), endowed with the norms ||.||s,p,Ω and ||.||s,p,Γ

respectively. For a non integer s, we use the notations |.|s,p,Ω and |.|s,p,Γ, given
explicitely, as following:

if p < +∞, |v|ps,p,Ω =
∫ ∫

Ω×Ω

||D[s]v(x)−D[s]v(y)||p
|x− y|d+pσ

dxdy,

if p = ∞, |v|s,+∞,Ω = sup
Ω×Ω

||D[s]v(x)−D[s]v(y)||p
|x− y|σ

and

|v|ps,p,Γ =
∫ ∫

Γ×Γ

||D[s]v(x)−D[s]v(y)||p
|x− y|d−1+pσ

dxdy,

where [s] is the integer part of s and σ = s − [s]. Hs(Ω) is the usual space W s,2

and Hs
0(Ω) the closure of D(Ω) in Hs(Ω).

In order to state the precise form of our estimator, we specify the hypothesis on
the class of finite elements spaces under questions. Let Th be a family of regular
triangulations by triangles or tetrahedron of Ω in the sens of Ciarlet [7], We denote
by N the set of all nodes in Th, and by K := N/Γ the set of free nodes. Let
φa denotes a hat function for a ∈ N which is piecewise linear function such that
∀b ∈ N φa(b) = δb

a, by ωa := {x ∈ Ω, φa(x) > 0} we denote the patch of a ∈ N
and we set ha := diam(ωa). Finally, we denoted by E the set of all edges ( faces )
of Th and by EI the set of all interior edges ( faces ) of Th.

We introduce the following spaces:

Vh = {vh ∈ L2(Ω), ∀T ∈ Th, vh|T ∈ (P1(T ))d, ∀e ∈ EI ,

∫

e

[vh]dσ = 0,

∀e edge ( face ) ⊂ Γ
∫

e

vhdσ = 0},

and
Mh = {qh ∈ L2

0(Ω),∀T ∈ Th, qh|T ∈ P1(T )},
In the sequel, we consider (uh, ph) ∈ (Vh)d ×Mh verifying: ∀vh ∈ (Vh ∩H1

0 (Ω))d,

(1.3)
∑

T∈Th

∫

T

A(∇uh).∇vh −
∑

T∈Th

∫

T

phdivvhdx =
∫

Ω

f.vhdx,

For abbreviation, we frequently write ‖.‖1,h,ω = {
∑

T∈Th,T⊂ω

‖.‖21,T }
1
2 and neglect

the domain when ω := Ω if there is no risk of confusion, and we denote by divh the
operator defined from

H(div; Th) := {σ ∈ (L2(Ω))d×d; ∀T ∈ Th, σ|T ∈ H(div; T )}
onto L2(Ω)d by:

∀T ∈ Th, divhσ = divσ on T.
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Furthermore, we define, using classical notations, the following residuals:




η2
1 : =

∑

T∈Th

‖divuh‖20,T ,

η2
2 : =

∑

z∈K
h2

z‖divh(A(∇uh)− phIdd) + f

− 1
meas(ωz)

∑

T∈Th,T⊂ωz

∫

T

(div(A(∇uh)− phIdd) + f)dx‖20,ωz
,

η2
3 : =

∑

E∈E
hE‖[(A(∇uh)− phIdd).nE ]‖20,E ,

η2
4 : =

∑

E∈E
h−1

E ‖[uh]e‖20,E ,

where [r.nE ] is the jump of r.nE across an interior element boundary of E ∈ EI ,
and is defined by [r.nE ] = 0 on Γ, and [vh]E is the jump of vh across an interior
element boundary of E ∈ EI , and is defined by (vh)|E on Γ.

In the sequel, we denoted by C, C0, C1, .. various positive generic constants not
dependent of {hT }T∈Th

and not necessarily the same.
Our main results is

Theorem 1.1. Let (uh, ph) ∈ (Vh)d ×Mh verifying (1.3), we have

|u− uh|1,h + ‖p− ph‖0,Ω ≤ C{
4∑

i=1

η2
i }

1
2 .

Moreover, for all T ∈ Th, for all E ∈ E, we have

‖divuh‖0,T ≤ C|u− uh|1,T ,

hz‖div(A(∇uh)− phIdd) + f

− 1
meas(ωz)

∑

T∈Th,T⊂ωz

∫

T

(div(A(∇uh)− phIdd) + f)dx‖20,ωz

≤ C{|u− uh|1,h,ωz + ‖p− ph‖0,ωz + hz‖f − 1
meas(ωz)

∫

ωz

fdx‖0,ωz},

∀E : = ∂T ∩ ∂K ∈ EI ,

h
1
2
E‖[(A(∇uh)− phIdd).nE ]‖0,E ≤ C{|u− uh|1,h,T∪K + ‖p− ph‖0,T∪K}

+C1{h2
T ‖f −

1
measd(T )

∫

T

fdx‖20,T +‖f − 1
measd(K)

∫

T

fdx‖20,K}
1
2 .

∀E := ∂T ∩ ∂K ∈ EI , h
− 1

2
E ‖[uh]‖0,E ≤ C|u− uh|1,h,T∪K ,

and

∀E := ∂T ∩ Γ, h
− 1

2
E ‖[uh]‖0,E ≤ C|u− uh|1,T .

2. Efficiency of the estimator

This section is devoted to the estimator efficiency. For this, we give the two fol-
lowing lemmas,the proof of the first lemma follows the ideas developed by Verfurth
[13]:
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Lemma 2.1. Let (uh, ph) ∈ (Vh)d×Mh, for all T ∈ Th, for all E := ∂T ∩∂K ∈ EI ,
we have

hz‖divh(A(∇uh)− phIdd) + f

− 1
meas(ωz)

∑

T∈Th,T⊂ωz

∫

T

(div(A(∇uh)− phIdd) + f)dx‖20,ωz

≤ C{|u− uh|1,h,ωz
+ ‖p− ph‖0,ωz

+ hz‖f − 1
meas(ωz)

∫

ωz

fdx‖0,ωz
}

and

h
1
2
E‖[(A(∇uh)− phIdd).nE ]‖0,E

≤ C{|u− uh|1,h,T∪K + ‖p− ph‖0,T∪K}
+C1{h2

T ‖f −
1

measd(T )

∫

T

fdx‖20,T + ‖f − 1
measd(K)

∫

T

fdx‖20,K}
1
2 .

We have also

Lemma 2.2. Let (uh, ph) ∈ (Vh)d ×Mh, for all T ∈ Th, for all E ∈ E, we have

‖divuh‖0,T ≤ C|u− uh|1,T ,

If E := ∂T ∩ ∂K ∈ EI , h
− 1

2
E ‖[uh]‖0,E ≤ C|u− uh|1,h,T∪K ,

and
If E := ∂T ∩ Γ, h

− 1
2

E ‖[uh]‖0,E ≤ C|u− uh|1,T .

Proof. First, it is clear that

‖divuh‖0,T ≤ C|u− uh|1,T .

Let us prove the second estimation. Let E := ∂T ∩ ∂K ∈ EI , since uh ∈ (Vh)d and
u ∈ (H1

0 (Ω))d, we have∫

E

{(uh)|T − u}dσ =
∫

E

{(uh)|K − u}dσ,

then

h
− 1

2
E ‖[uh]‖0,E = h

− 1
2

E ‖[uh − u− ce]‖0,E

≤ h
− 1

2
E (‖(uh)|T − u− ce‖0,E + ‖(uh)|K − u− ce‖0,E),

where

ce :=
1

measd−1(E)

∫

E

{(uh)|T − u}dσ =
1

measd−1(E)

∫

E

{(uh)|K − u}dσ.

Using trace lemma, and the fact that∫

E

{(uh)|T − u− ce}dσ =
∫

E

{(uh)|K − u− ce}dσ = 0,

we obtain

h
− 1

2
E ‖[uh]‖0,E ≤ h

− 1
2

E {‖(uh)|T − u− ce‖0,E + ‖(uh)|K − u− ce‖0,E}
≤ C|u− uh|1,h,T∪K .

If E ∈ E ∩ ∂T with T ∈ Th, and E ⊂ Γ, since u = 0 on Γ and
∫

E

uhdσ = 0, using

the same arguments, we have

h
− 1

2
E ‖[uh]‖0,E := h

− 1
2

E ‖uh‖0,E = h
− 1

2
E ‖uh − u‖0,E ≤ C|u− uh|1,h,T .
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3. Reliability of the estimator

Before proving the reliability of the estimator, let us recall the following [5]:

Theorem 3.1. There exist a linear mapping I : (H1
0 (Ω))d −→ (Vh)d ∩ (H1

0 (Ω))d,
bounded if domain and space range are endowed with H1-semi norms, which satis-
fies, for all φ ∈ (H1

0 (Ω))d:

{
∑

T∈Th

}h2
T ‖φ− Iφ‖20,T }

1
2 ≤ C|φ|1,Ω

and
{
∑

E∈E
h−1

E ‖φ− Iφ‖20,E}
1
2 ≤ C|φ|1,Ω.

In addition, there holds for all R ∈ (L2(Ω))d

∫

Ω

R(φ− Iφ)dx ≤ C|φ|1,Ω{
∑

z∈K
h2

z‖R− 1
meas(ωz)

∫

ωz

Rdx‖20,ωz
} 1

2 .

We need also the following technical lemma.

Lemma 3.1. There exists a linear mapping R : (Vh)d −→ (Vh)d ∩ (H1
0 (Ω))d,

satisfies the following estimate:

∀uh ∈ (Vh)d, ∀T ∈ Th, l = 0, 1, |uh −Ruh|l,T ≤ C
∑

E∈E,E∩T 6=∅
h

1
2−l

E ‖[uh]E‖0,E .

Proof. Let R the operator, defined by: ∀uh ∈ (Vh)d , Ruh is the unique element
of (Vh)d ∩ (H1

0 (Ω))d where

∀z ∈ K,Ruh(z) =
1

#Mz

∑

K∈Mz

(uh)|K(z),

and Mz := {T ∈ Th, z ∈ T}. Let T ∈ Th, we denoted by VT the set of the vertex
of T . On one hand, we have

∀z ∈ VT ∩ EI , |(uh)|T (z)−Ruh(z)| = | 1
#Mz

∑

K∈Mz

((uh)|T (z)− (uh)|K(z))|

≤ supK∈Mz
|(uh)|T (z)− (uh)|K(z)|

and

∀z ∈ E ∩ VT with E ⊂ Γ, |(uh)|T (z)−Ruh(z)| = |(uh)|T (z)| ≤ ‖[uh]E‖0,∞,E .

Since uh −Ruh ∈ P1(T ), we have

‖(uh)|T −Ruh‖0,∞,T = sup
z∈VT

|(uh)|T (z)−Ruh(z)| ≤
∑

E∈E,E∩T 6=∅
‖[uh]E‖0,∞,E ,

using the inverse inequality, we obtain

(3.1) ‖(uh)|T −Ruh‖0,∞,T ≤ C
∑

E∈E,E∩T 6=∅
h

1−d
2

E ‖[uh]e‖0,E .

On the other hand, using again the inverse inequality, we have

(3.2) ‖(uh)|T −Ruh‖l,T ≤ Ch
d
2−l

T ‖(uh)|T −Ruh‖0,∞,T .

Finally, by using (3.1)-(3.2), we obtain the result.
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Lemma 3.2. We have the generalized inf-sup condition:
for all ((u, p), (v, q)) ∈ ((H1

0 (Ω))d × L2
0(Ω))2,

|u− v|1,Ω + ‖p− q‖0,Ω ≤ C sup
(w,s)∈(H1

0 (Ω))d×(L2(Ω))d

APS

‖q‖0,Ω + |v|1,Ω
,

where

APS =
∫

Ω

((A(∇u)−A(∇v)).∇wdx−
∫

Ω

(p− q)divwdx +
∫

Ω

s div(u− v)dx.

Proof: Let (ŵ, q̂) ∈ (H1
0 (Ω))d×L2

0(Ω) the unique weak solution of Stokes problem

∆ŵ −∇q̂ = 0 and divŵ = p− q on Ω.

we set w = γ(u− v)− ŵ, with γ > 0. On one hand, we have
∫

Ω

((A(∇u)−A(∇v)).∇wdx−
∫

Ω

(p− q)divwdx

= γ

∫

Ω

((A(∇u)−A(∇v)).∇(u− v)dx− γ

∫

Ω

(p− q)div(u− v)dx

−
∫

Ω

∫

Ω

((A(∇u)−A(∇v)).∇ŵdx + ‖p− q‖20,Ω.

Since

γ

∫

Ω

((A(∇u)−A(∇v)).∇(u− v)dx ≥ cγ|u− v|21,Ω,

∫

Ω

((A(∇u)−A(∇v)).∇ŵdx ≤ c2|ŵ|1,Ω|u− v|1,Ω

≤ c2c3

2
|u− v|21,Ω +

1
2
‖p− q‖20,Ω

and

γ

∫

Ω

(p− q)div(u− v)dx ≤ γ‖p− q‖0,Ω‖div(u− v)‖0,Ω

≤ γ2‖div(u− v)‖20,Ω +
1
4
‖p− q‖20,Ω,

we obtain ∫

Ω

((A(∇u)−A(∇v)).∇wdx−
∫

Ω

(p− q)divwdx

≥ cγ|u− v|21,Ω −
1
4
‖p− q‖20,Ω − γ2‖div(u− v)‖0,Ω

−c2c3

2
|u− v|21,Ω −

1
2
‖p− q‖20,Ω + ‖p− q‖20,Ω.

which implie

(cγ − c2c3

2
)‖u− v‖21,Ω +

1
4
‖p− q‖20,Ω

≤
∫

Ω

((A(∇u)−A(∇v)).∇wdx−
∫

Ω

(p− q)divwdx + γ2‖div(u− v)‖20,Ω.

On the other hand, since

|w|1,Ω ≤ γ|u− v|1,Ω + |ŵ|1,Ω ≤ C(|u− v|1,Ω + |p− q|0,Ω),

and
s = div(u− v) ∈ L2

0(Ω),
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we deduce for cγ = c2c3 that
∫

Ω

((A(∇u)−A(∇v)).∇wdx−
∫

Ω

(p− q)divwdx + γ2

∫

Ω

sdiv(u− v)dx

≥ C(|w|1,Ω + ‖s‖0,Ω)(|u− v|1,Ω + ‖p− q‖0,Ω).

which implies

|u− v|1,Ω + ‖p− q‖0,Ω ≤ C sup
(w,s)∈(H1

0 (Ω))d×(L2(Ω))d

APS

‖q‖0,Ω + |v|1,Ω
.

With slightly modification of last argument we can prove more general results,
more precisely, let {Ωi}I

i=1 a domain decomposition without overlapping of Ω. We

introduce the bilinear form defined on (
I∏

i=1

(H1(Ωi))d)× L2(Ω) by

∀((u, p); (v, q)) ∈ ((
I∏

i=1

(H1(Ωi))d)× L2(Ω))2,

a((u, p); (v, q)) =
I∑

i=1

∫

Ωi

∇u.∇vdx−
I∑

i=1

∫

Ωi

pdivvdx +
I∑

i=1

∫

Ωi

qdivudx.

We have the following

Theorem 3.2. Let (X, M) two subspaces of
I∏

i=1

(H1(Ω))d and L2(Ω). We assume

that there exist two spaces (X, M) such that:

(1) X ⊂ X ⊂ ∏I
i=1(H

1(Ω))d and M ⊂ M ⊂ L2(Ω).
(2) There exist C > 0 such that

inf
q∈M

sup
v∈M

I∑

i=1

∫

Ωi

qdivvdx

‖q‖0,Ω{
I∑

i=1

|v|2Ωi
} 1

2

≥ C

(3)

If v ∈ X and {
I∑

i=1

|v|2Ωi
} 1

2 = 0 then v = 0.

Then, there exist a constant C2 such that, for all ((u, p); (v, q)) ∈ X ×M , we have

{
I∑

i=1

|u− v|2Ωi
} 1

2 + ‖p− q‖0,Ω ≤ C2 sup
(w,s)X×R

a((u, p); (w, s))− a((v, q); (w, s))

‖s‖0,Ω + {
I∑

i=1

|w|2Ωi
} 1

2

,

where

R := {q ∈ L2(Ω); there exist u ∈ X such that q = divu on Ωi, i = 1, .., I}.
Now we are able to prove the reliability of our estimator, more precisely, we have
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Theorem 3.3. Let (uh, ph) ∈ (Vh)d ×Mh verifying (2.1), we have

|u− uh|1,h + ‖p− ph‖0,Ω ≤ C{
4∑

i=1

η2
i }

1
2 .

Proof . Since (Ruh, ph) ∈ (H1
0 (Ω))d × L2

0(Ω), let us remark that

(3.1)





|u−Ruh|1,Ω + ‖p− ph‖0,Ω ≤
C sup

(v,q)∈(H1
0 (Ω))d×L2

0(Ω)

a((u, p); (v, q))− a((Ruh, ph); (v, q))
|v|1,Ω + ‖q‖0,Ω

,

where a(.; .) is defined by

∀((u, p); (v, q)) ∈ ((H1
0 (Ω))d × L2

0(Ω))2,

a((u, p); (v, q)) =
∫

Ω

A(∇u).∇vdx−
∫

Ω

pdivvdx +
∫

Ω

qdivudx.

On one hand, since divu = 0 on Ω, we have

|
∫

Ω

qdiv(u−Ruh)dx| ≤ C
∑

T∈Th

‖q‖0,T ‖divRuh‖0,T ,

using Lemma 3.1, we obtain

(3.2)
∀T ∈ Th, ‖divRuh‖0,T ≤ ‖divuh‖0,T + ‖divuh − divRuh‖0,T

≤ ‖divuh‖0,T + C
∑

e∈E,e∩T 6=∅
h
− 1

2
E ‖[uh]e‖0,e,

then

|
∫

Ω

qdiv(u−Ruh)dx| ≤ C‖q‖0,Ω{η2
1 + η2

4}
1
2 .

On the other hand, we have
∫

Ω

(A(∇u)−A(∇Ruh)).∇vdx−
∫

Ω

(p− ph)divvdx

=
∑

T∈Th

∫

T

(A(∇u)−A(∇uh)).∇vdx

+
∑

T∈Th

∫

T

(A(∇uh)−A(∇Ruh)).∇vdx−
∫

Ω

(p− ph)divvdx

= −
∑

T∈Th

∫

T

A(∇uh).∇vdx +
∫

Ω

phdivvdx

+
∫

Ω

fvdx +
∑

T∈Th

∫

T

(A(∇uh)−A(∇Ruh))∇vdx.

First, Using lemma 3.1, it is clear that

(3.3) |
∑

T∈Th

∫

T

(A(∇uh)−A(Ruh))∇vdx| ≤
∑

T∈Th

|uh−Ruh|1,T |v|1,T ≤ Cη4.|v|1,Ω.



A POSTERIORI ERROR ESTIMATOR OF QUASI-NEWTONIAN STOKES FLOWS 229

Since (uh, ph) satisfies (2.1), by elementwise integration by parts, we infer
∑

T∈Th

∫

T

A(∇uh).∇vdx−
∫

Ω

phdivvdx−
∫

Ω

fvdx

=
∑

T∈Th

∫

T

A(∇uh).∇(v − Iv)dx−
∫

Ω

phdiv(v − Iv)dx−
∫

Ω

f(v − Iv)dx

=
∑

T∈Th

∫

T

(−div(A(∇uh)− phIdd) + f)(v − Iv)dx

+
∑

E∈E

∫

E

[(A(∇uh)− phIdd).nE ](v − Iv)dσ,

Recall that [r.nE ] is the jump of r.nE across an interior element boundary of E ∈ E ,
and is defined by [r.nE ] = 0 on Γ. From Cauchy inequality and using theorem 3.1,
we conclude

(3.4) |
∑

T∈Th

∫

T

A(∇uh).∇vdx−
∫

Ω

phdivvdx−
∫

Ω

fvdx| ≤ C(η2
2 + η2

3)
1
2 |v|1,Ω.

Finally, since

|u− uh|1,h ≤ |u−Ruh|1,Ω + |uh −Ruh|1,h ≤ |u−Ruh|1,Ω + Cη4,

using (3.1)-(3.4), we obtain the result.

4. Applications.

4.1. Nonconforming Approximations. We consider the discrete problem:




Find (uh, ph) ∈ (Vh)d × Ṁh such that:

∀vh ∈ (Vh)d,
∑

T∈Th

∫

T

A(∇uh).∇vhdx−
∑

T∈Th

∫

T

phdivvhdx =
∫

Ω

fvhdx,

∀qh ∈ Ṁh,
∑

T∈Th

∫

T

qhdivvhdx = 0,

where
Ṁh := {qh ∈ L2

0(Ω); ∀T ∈ Th, {vh}|T ∈ P0(T )}.
We assume that, for all vh ∈ (Vh)d and T ∈ Th, the matrix A(∇vh)|T is matrix
with constant components. It is clear that this problem has unique solution (uh, ph)
([4],[10]), moreover (uh, ph) satisfies (1.3) and

∀T ∈ Th, divuh = 0 on T.

Let Π : (H1
0 (Ω))d −→ (Vh)d the linear operator defined by:

∀v ∈ (H1
0 (Ω))d,∀E ∈ E ,

∫

E

(Πv − v)dσ = 0.

First, we have

Lemma 4.1. The linear operator Π satisfies, for all v ∈ (H1
0 (Ω))d and for all

T ∈ Th:

∀sh ∈ (P0(T ))d×d,

∫

T

sh.∇(v −Πv)dx = 0,

∀qh ∈ P0(T ),
∫

T

qhdiv(v −Πv)dx = 0,
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and

∀R ∈ (L2(Ω))d, |
∑

T∈Th

∫

T

R(v −Πv)dx| ≤ C|v|1,Ω{
∑

T∈Th

h2
T ‖R‖20,T }

1
2 .

Proof First, let v ∈ (H1
0 (Ω))d and sh ∈ (P0(T ))d×d, by elementwise integration by

part, we infer
∫

T

sh.∇(v −Πv)dx = −
∫

T

(v −Πv)divshdx +
∫

∂T

(v −Πv)sh.ndσ

=
∫

∂T

(v −Πv)sh.ndσ = 0.

Again, by elementwise integration by part, we infer

∀qh ∈ P0(T ),
∫

T

qhdiv(v−Πv)dx = −
∫

T

∇qh.(v−Πv)dx+
∫

∂T

qh(v−Πv).nT dσ = 0.

Let R ∈ (L2(Ω))d, since

‖v −Πv‖0,T ≤ ChT |v|1,T ,

we have

|
∑

T∈Th

∫

T

R(v −Πv)dx| ≤ C|v|1,Ω{
∑

T∈Th

h2
T ‖R‖20,T }

1
2 .

Modification of the last arguments give to us the following

Theorem 4.1. Let (uh, ph) ∈ (Vh)d × Ṁh the solution of the the problem (Ph) ,
we have

|u− uh|1,h + ‖p− ph‖0,Ω ≤ C{η2
4 +

∑

T∈Th

h2
T ‖f‖0,T } 1

2 .

Moreover, for all T ∈ Th, for all E ∈ E , we have

If E := ∂T ∩ ∂K ∈ EI , h
− 1

2
E ‖[uh]‖0,E ≤ C|u− uh|1,h,T∪K ,

If E ⊂ ∂T ∩ Γ, h
− 1

2
E ‖[uh]‖0,E ≤ C|u− uh|1,T ,

and

hT ‖fh‖0,T ≤ C{|u− uh‖1,T + ‖p− ph‖0,T + hT ‖f − fh‖0,T }.

Proof . Let us recall that ( see Lemma 3.2. ):

(4.1)





|u−Ruh|1,Ω + ‖p− ph‖0,Ω ≤
C sup

(v,q)∈(H1
0 (Ω))d×L2

0(Ω)

a((u, p); (v, q))− a((Ruh, ph); (v, q))
|v|1,Ω + ‖q‖0,Ω

,

As in Theorem 3.3, since divuh = 0 on T ∈ Th, on one hand:

(4.2) |
∫

Ω

qdiv(u−Ruh)dx| ≤ C‖q‖0,Ωη4.
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On the other hand, we have
∫

Ω

(A(∇u)−A(∇Ruh)).∇vdx−
∫

Ω

(p− ph)divvdx

=
∑

T∈Th

∫

T

(A(∇u)−A(∇uh)).∇vdx−
∫

Ω

(p− ph)divvdx

+
∑

T∈Th

∫

T

(A(∇uh)−A(∇Ruh)).∇vdx

= −
∑

T∈Th

∫

T

A(∇uh).∇vdx +
∫

Ω

phdivvdx +
∫

Ω

fvdx

+
∑

T∈Th

∫

T

(A(∇uh)−A(∇Ruh))∇vdx.

First, we have

(4.3) |
∑

T∈Th

∫

T

(A(∇uh)−A(Ruh))∇vdx| ≤ Cη4.|v|1,Ω.

Since (uh, ph) is solution of discrete problem, we have

(4.4)





∑

T∈Th

∫

T

A(∇uh).∇vdx−
∫

Ω

phdivvdx−
∫

Ω

fvdx

=
∑

T∈Th

∫

T

A(∇uh).∇Πvdx−
∫

Ω

phdiv(Πv)dx−
∫

Ω

fvdx

=
∫

Ω

f(Πv − v)dx ≤ C|v|1,Ω{
∑

T∈Th

h2
T ‖f‖20,T }

1
2 ,

Finally, since

|u− uh|1,h ≤ |u−Ruh|1,Ω + |uh −Ruh|1,h ≤ |u−Ruh|1,Ω + Cη4,

using (4.1)-(4.4), we obtain the upper bound.
The lower bound can be proved using the same arguments as in section 2, and

so the details are omitted.

4.2. Dual Mixed Approximation. In this section, we assume that there exist
a function φ : IRd×d −→ IR such that:

∀α ∈ IRd×d, A(α) = φ(‖α‖)α.

The mixed dual formulation of continuous problems is [9]: Find (t, σ, u, p, ζ) ∈
(L2(Ω))d×d ×H(div; Ω)× (L2(Ω))d × L2(Ω)× IR such that




∀s ∈ (L2(Ω)d×d,

∫

Ω

A(t).sdx−
∫

Ω

σ.sdx−
∫

Ω

ptrace(s)dx = 0,

∀(τ, q) ∈ H(div; Ω)× L2(Ω), −
∫

Ω

τtdx−
∫

Ω

qtrace(t)dx

−
∫

Ω

u.divτdx +
∫

Ω

ζtrace(τ)dx = 0,

∀(v, η) ∈ (L2(Ω))d ×R, −
∫

Ω

vdivσdx +
∫

Ω

ηtrace(σ)dx =
∫

Ω

f.vdx.

In this section, we give a priori and a posteriori error estimates without using the
two-fold saddle point theory [9].
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Lemma 4.2. The mixed problem has unique solution

(t, σ, u, p, ζ) ∈ (L2(Ω))d×d ×H(div; Ω)× (L2(Ω))d × L2(Ω)× IR,

where,
t = ∇u , σ = A(u)− pIdd , u = u , p = p and ζ = 0,

and (u, p) is the weak solution of model problem.

Proof . It is clear that (t, σ, u, p, ζ), where

t = ∇u , σ = A(u)− pIdd , u = u , p = p and ζ = 0,

is weak solution of mixed problem. Let us prove the uniqueness.
Let (ti, σi, ui, pi, ζi), i=1,2, be two weak solutions of mixed problem, we set:

t = t1 − t2 , σ = σ1 − σ2 , u = u1 − u2 , p = p1 − p2 and ζ = ζ1 − ζ2.

First, we have

∀(v, η) ∈ (L2(Ω))d × IR,−
∫

Ω

vdivσdx +
∫

Ω

ηtrace(σ)dx = 0,

which implies

divσ = 0 on Ω and
∫

Ω

trace(σ)dx = 0.

Since ∀(τ, q) ∈ H(div; Ω)× L2(Ω),

−
∫

Ω

τtdx−
∫

Ω

qtrace(t)dx−
∫

Ω

u.divτdx +
∫

Ω

ζtrace(τ)dx = 0,

for τ = σ, and using the fact that

divσ = 0 and
∫

Ω

trace(σ)dx = 0,

we have

trace(t) = 0 and
∫

Ω

t.σ = 0.

By choosing the test function s = t in the first equation, we obtain∫

Ω

(A(t1)−A(t2)) : (t1 − t2)dx = 0,

and then t = t1 − t2 = 0. Again, by choosing the test function s = σ + pIdd in
the first equation , we obtain σ + pIdd = 0 on Ω. By choosing s = Idd in the first
equation, we have ∫

Ω

trace(σ)dx + d

∫

Ω

pdx = 0,

which implies p ∈ L2
0(Ω), and since σ ∈ H(div; Ω), then d∇p = −divσ = 0, which

implies p = 0 and then σ = 0.
Finally, Let (w, q) ∈ (H1

0 (Ω))× L2
0(Ω) the weak solution of

−∆w +∇q = u and divw = 0 on Ω,

we set τ = ∇w − qIdd, it is clear that

τ ∈ H(div; Ω)
∫

Ω

trace(τ)dx = 0 and − divτ = u on Ω.

since

∀β ∈ H(div; Ω) ;
∫

Ω

udivβdx + ζ

∫

Ω

trace(β)dx = 0,
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we have, using β = τ and β = Idd as test function:

u = 0 and ζ = 0.

Which prove the uniqueness of the mixed problem.
To be able to state the discrete mixed formulation, we introduce the finite ele-

ments spaces:

X1,h = {s ∈ (L2(Ω))d×d : s|T ∈ (P0(T ))d×d ∀T ∈ Th},
Mσ

1,h := {τ = (τij) ∈ H(div, Ω) : (τi,1.τi,d)|T ∈ RT0(T ) = (P0(T ))d + xP0(T )

i = 1, .., d, ∀T ∈ Th},
Mh = {qh ∈ L2(Ω), qh|T ∈ P0(T ), ∀T ∈ Th, },

and
Mu

h := {v ∈ (L2(Ω))d , v|T ∈ (P0(T ))d, ∀T ∈ Th}.
The discrete mixed problem is




Find (th, σh, ph, uh, ζ) ∈ X1,h ×Mσ
1,h ×Mh ×Mu

h × IR such that

∀sh ∈ X1,h,

∫

Ω

A(th).shdx−
∫

Ω

σh.shdx−
∫

Ω

phtrace(sh)dx = 0,

∀(τh, qh) ∈ Mσ
h ×Mh, −

∫

Ω

τhthdx−
∫

Ω

qhtrace(th)dx

−
∫

Ω

uh.divτhdx +
∫

Ω

ζhtrace(τh)dx = 0,

∀(vh, η) ∈ Mu
h × IR, −

∫

Ω

vhdivσhdx +
∫

Ω

ηtrace(σh)dx =
∫

Ω

f.vhdx,

To prove the existence, uniqueness of discret solution and to obtain a priori and a
posteriori error estimate. We consider first, the discrete problem:

(Ph)





Find (uh, ph) ∈ (Vh)d × Ṁh such that:

∀vh ∈ (Vh)d,
∑

T∈Th

∫

T

A(∇uh).∇vhdx−
∑

T∈Th

∫

T

phdivvhdx

=
∫

Ω

fhvhdx,

∀qh ∈ Ṁh,
∑

T∈Th

∫

T

qhdivvhdx = 0,

where
Ṁh := {qh ∈ L2

0(Ω); ∀T ∈ Th, vh|T ∈ P0(T )},
and

∀T ∈ Th, fh =
1

mes(T )

∫

T

fdx on T.

Theorem 4.2. The discret problem (Ph) has unique solution (uh, ph) ∈ (Vh)d×Ṁh.
Moreover, if the weak solution (u, p) of continuous problem satisfies

σ := A(u)− pIdd ∈ (Hs(Ω))d×d ∩H(div; Ω),

with s ∈]0, 1], we have

|u− uh|1,h + ‖p− ph‖0,Ω ≤ C(hs‖σ‖s,Ω + {
∑

T∈Th

h2
T ‖f‖20,T }

1
2 ).

Let us remark that the solution (uh, ph) of (Ph) does not satisfies (1.3), but the
modification of the last arguments give the following
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Theorem 4.3. Let (uh, ph) ∈ (Vh)d × Ṁh the solution of the the problem (Ph) ,
we have

|u− uh|1,h + ‖p− ph‖0,Ω ≤ C{η2
4 +

∑

T∈Th

h2
T ‖fh‖2T }

1
2 + {

∑

T∈Th

h2
T ‖f − fh‖20,T }

1
2 .

Moreover, for all T ∈ Th, for all E ∈ E , we have

If E := ∂T ∩ ∂K ∈ EI , h
− 1

2
E ‖[uh]‖0,E ≤ C|u− uh|1,h,T∪K ,

If E :⊂ ∂T ∩ Γ, h
− 1

2
E ‖[uh]‖0,E ≤ C|u− uh|1,T ,

and
hT ‖fh‖0,T ≤ C{|u− uh‖1,T + ‖p− ph‖0,T + hT ‖f − fh‖0,T }.

To study the mixed formulation and to adapt the a posteriori error estimator to
it, we set

∀T ∈ Th, σh = A(∇uh)− phIdd − fh × (x− xg)
d

, on T,

where xg is the barycenter of T and by using the notations:

∀f, g ∈ Rd, (f × g)ij = figj , i, j = 1, .., d.

We have

Lemma 4.3. The tensor σh satisfies

σh ∈ H(div; Ω) , −divσh = fh on Ω and
∫

Ω

trace(σh)dx = 0.

Proof: Remark that
∀T ∈ Th, σh ∈ (RT0(T ))d,

Let e = ∂T1 ∩ ∂T2 ∈ EI and vh ∈ (Vh)d such that:

∀f ∈ E ,

∫

f

vhdσ = δf
e .

Since

∀T ∈ Th, ∀vh ∈ Vh,

∫

T

fh × (x− xg)
d

.∇vhdx = 0,

and using Green formula, we have:

[σh.n]e =
∫

e

[σh.n]vhdσ =
2∑

i=1

{
∫

Ti

(σh.∇vh + vhdivσh)dx}

=
2∑

i=1

{
∫

Ti

(A(∇uh)− phIdd − fh × (x− xg)
d

).∇vh −
∫

Ti

fhvhdx

=
2∑

i=1

{
∫

Ti

A(∇uh).∇vh −
∫

Ti

phdivvhdx−
∫

Ti

fhvhdx} = 0,

then σh ∈ H(div, Ω). Finally, it is clear that −divσh = fh on Ω, and since

∀T ∈ Th, divuh = 0 on T,

we have∫

Ω

trace(σh)dx =
∑

T∈Th

{
∫

T

α((|∇uh|)divuhdx−d

∫

T

phdx−
∫

T

fh × (x− xg)
d

dx = 0.

Concerning the existence and the uniqueness of mixed discrete problem solution,
we have:
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Theorem 4.4. Let (uh, ph) ∈ (Vh)d×Ṁh the unique solution of the discrete problem
(Ph). We set

∀T ∈ Th, th = ∇uh, on T,

∀T ∈ Th, uh =
1

mesd(T )

∫

T

uhdx, on T.

Then (th, σh, ph, uh, ζ = 0) ∈ X1,h ×Mσ
1,h ×Mh ×Mu

h × IR is the unique solution
of the following mixed problem:





Find (th, σh, ph, uh, ζ) ∈ X1,h ×Mσ
1,h ×Mh ×Mu

h × IR such that

∀sh ∈ X1,h,

∫

Ω

A(th).shdx−
∫

Ω

σh.shdx−
∫

Ω

phtrace(sh)dx = 0,

∀(τh, qh) ∈ Mσ
h ×Mh, −

∫

Ω

τhthdx−
∫

Ω

qhtrace(th)dx

−
∫

Ω

uh.divτhdx +
∫

Ω

ζhtrace(τh)dx = 0,

∀(vh, η) ∈ Mu
h × IR, −

∫

Ω

vhdivσhdx +
∫

Ω

ηtrace(σh)dx =
∫

Ω

f.vhdx,

Proof . First, recall that σh ∈ Mσ
h . Using lemma 4.1, we have:

∀(vh, η) ∈ Mu
h × IR,−

∫

Ω

vhdivσhdx +
∫

Ω

ηtrace(σh)dx =
∫

Ω

f.vhdx.

On the one hand, since ∀T ∈ Th, trace(th) := divuh = 0 on T , we have

∀qh ∈ Mh ,

∫

Ω

qhtrace(th)dx = 0,

and, using Green formula, we have:

∀τh ∈ Mσ
h ,

∫

Ω

τh.th +
∫

Ω

uhdivτhdx =
∑

T∈Th

{
∫

T

τh.∇uhdx +
∫

T

uhdivτhdx}

=
∑

T∈Th

∫

∂T

τh.n . uhdγ

= 1
2

∑

T∈Th

∫

∂T

τh.n . [uh]dγ = 0.

On the other hand ∀sh ∈ Xh,

∫

Ω

φ(‖th‖)th.shdx−
∫

Ω

σh.shdx−
∫

Ω

phtrace(sh)dx

=
∫

Ω

(φ(‖th‖)th − σh − phIdd)shdx

=
∫

Ω

sh.
fh × (x− xg)

d
dx = 0.
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Then (th, σh, ph, uh, ζ = 0) ∈ X1,h×Mσ
1,h×Mh×Mu

h×IR is solution of the following
problem:



Find (th, σh, ph, uh, ζ) ∈ X1,h ×Mσ
1,h × Ṁh ×Mu

h × IR such that

∀sh ∈ X1,h ,

∫

Ω

A(th).shdx−
∫

Ω

σh.shdx−
∫

Ω

phtrace(sh)dx = 0,

∀(τh, qh) ∈ Mσ
h ×Mh ,−

∫

Ω

τhthdx−
∫

Ω

qhtrace(th)dx

−
∫

Ω

uh.divτhdx +
∫

Ω

ζhtrace(τh)dx = 0,

∀(vh, η) ∈ Mu
h ×R ,−

∫

Ω

vhdivσhdx +
∫

Ω

ηtrace(σh)dx =
∫

Ω

f.vhdx.

The uniqueness of discrete solution can be proved using the same ideas as in Lemma
4.2, we need only to prove that If (uh, ζ) ∈ Mu

h × IR satisfies:

∀βh ∈ Mσ
h ,

∫

Ω

uhdivβhdx +
∫

Ω

ζtrace(βh)dx = 0,

then (uh, ζ) = (0, 0).
Let (w, q) ∈ (H1

0 (Ω))d × L2
0(Ω) the weak solution of

−∆w +∇q = uh and divw = 0 on Ω,

we set τ = ∇w − qIdd, it is clear that

τ ∈ H(div; Ω) and − divτ = uh on Ω.

Since τ ∈ (Hs(Ω))d×d ∩H(div; Ω) with s > 0, we can define the equilibrium inter-
polation Πhτ of τ on Mσ

h [2]. We set

τh = Πhτ − 1
d×measd(Ω)

(
∫

Ω

trace(Πhτ)dx)Idd,

we have
divτh = divΠhτ = −uh and

∫

Ω

trace(τh)dx = 0,

By choosing βh = τh and βh = Idd as test function , we obtain (uh, ζ) = (0, 0).

Lemma 4.4. Let (uh, ph) ∈ (Vh)d × Ṁh the solution of nonconforming discrete
problem and
(th, σh, ph, uh, ζ) ∈ X1,h × Mσ

1,h × Mh × Mu
h × IR the solution of discrete mixed

formulation, we have

|u− uh|1,h + ‖p− ph‖0,Ω ≤ ‖σ − σh‖0,Ω + ‖t− th‖0,Ω + ‖p− ph‖0,Ω

≤ C{|u− uh|1,h + ‖p− ph‖0,Ω}+ {
∑

T∈Th

h2
T ‖f‖20,T }

1
2 .

Proof . On one hand, since

∀T ∈ Th, th = ∇uh and ph = ph on T,

we have
‖t− th‖0,Ω + ‖p− ph‖0,Ω = |u− uh|1,h + ‖p− ph‖0,Ω,

and then

|u−uh|1,h+‖p−ph‖0,Ω ≤ {‖σ−σh‖0,Ω+‖t−th‖0,Ω+‖p−ph‖0,Ω}+{
∑

T∈Th

h2
T ‖f‖20,T }

1
2 .

On the other hand, since

∀T ∈ Th, σh = A(∇uh)− phIdd − fh × (x− xg)
d

, on T,



A POSTERIORI ERROR ESTIMATOR OF QUASI-NEWTONIAN STOKES FLOWS 237

we have

‖σ − σh‖0,Ω ≤ C{|u− uh|1,h + ‖p− ph‖0,Ω + {
∑

T∈Th

h2
T ‖f‖20,T }

1
2 ,

Using the last inequalities, we have:

‖σ−σh‖0,Ω+‖t−th‖0,Ω+‖p−ph‖0,Ω ≤ C{|u−uh|1,h+‖p−ph‖0,Ω}+{
∑

T∈Th

h2
T ‖f‖20,T }

1
2 .

In the sequel, we set

∀T ∈ Th, th = ∇uh, on T,

∀T ∈ Th, uh =
1

mesd(T )

∫

T

uhdx, , on T,

where (uh, ph) ∈ (Vh)d × Ṁh is the unique solution of the discrete problem (Ph).

Lemma 4.5. Let (uh, ph) ∈ (Vh)d × Ṁh the solution of nonconforming discrete
problem and
(th, σh, ph, uh, ζ) ∈ X1,h ×Mσ

1,h ×Mh ×Mu
h × IR be the solution of discrete mixed

formulation, we have

‖u− uh‖0,Ω ≤ C{|u− uh|1,h + {
∑

T∈Th

h2
T ‖th‖20,T }

1
2 ,

and
∀T ∈ Th, hT ‖th‖0,T ≤ C{‖t− th‖0,T + ‖u− uh‖0,T }.

Proof . One one hand, since

∀T ∈ Th, th = ∇uh and uh =
1

measd(T )

∫

T

uhdx on T,

we have

∀T ∈ Th, uh = uh +∇uh × (x− xg) = uh + th × (x− xg) on T,

then

‖u− uh‖0,Ω ≤ ‖u− uh‖0,Ω + ‖uh − uh‖0,Ω ≤ C{|u− uh|1,h + {
∑

T∈Th

h2
T ‖th‖20,T }

1
2 .

On the other hand, following [12], let bT the bubble function on T with maxT bT = 1.
Then the norms ‖.‖0,T and ‖bT .‖0,T are equivalent on (P1(T ))d×d!, and so

‖th‖20,T ≤ C

∫

T

th(bT th)dx = C{
∫

T

(t− th)(bT th)dx +
∫

T

t(bT th)dx.

since
∫

T

div(bT th)dx = 0 and uh ∈ (P0(T ))d, we have
∫

T

t(bT th)dx =
∫

T

∇u.(bT th)dx = −
∫

T

udiv(bT th)dx =
∫

T

(uh − u)div(bT th)dx,

now using the inverse inequality ‖div(bT th)‖0,T ≤ Ch−1
T ‖th‖0,T , we have

hT ‖th‖0,T ≤ C{‖t− th‖0,T + ‖u− uh‖0,T }.

Now, we are able to give a priori and a posteriori error estimator for mixed
formulation, more precisely, on one hand, using Theorem 4.1 and Lemma 4.4, we
have
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Theorem 4.5. Let (th, σh, ph, uh, ζ) ∈ X1,h ×Mσ
1,h ×Mh ×Mu

h × IR the solution
of discrete mixed formulation, we have If the weak solution (u, p) of continuous
problem satisfies

A(u)− pIdd ∈ (Hs(Ω))d×d ∩H(div; Ω),

with s ∈]0, 1], we have

‖u−uh‖0,Ω+‖σ−σh‖0,Ω+‖t−th‖0,Ω+‖p−ph‖0,Ω ≤ C(hs‖σ‖s,Ω+{
∑

T∈Th

h2
T ‖f‖20,T }

1
2 ).

On the other hand, using Theorem 4.3, Lemmas 4.4 and 4.5, we have

Theorem 4.6. Let (th, σh, ph, uh, ζ) ∈ X1,h ×Mσ
1,h ×Mh ×Mu

h × IR the solution
of discrete mixed formulation, we have

‖σ − σh‖0,Ω + ‖u− uh‖0,Ω + ‖t− th‖0,Ω + ‖p− ph‖0,Ω

≤ C{η2
4 +

∑

T∈Th

h2
T ‖fh‖20,T +

∑

T∈Th

h2
T ‖th‖20,T }

1
2 + {

∑

T∈Th

h2
T ‖f − fh‖20,T }

1
2 .

Moreover, for all T ∈ Th, for all E ∈ E , we have

hT ‖th‖0,T ≤ C{‖t− th‖0,T + ‖u− uh‖0,T }.

If E := ∂T ∩ ∂K ∈ EI , h
− 1

2
E ‖[uh]‖0,E ≤ C|t− th|0,T∪K ,

If E :⊂ ∂T ∩ Γ, h
− 1

2
E ‖[uh]‖0,E ≤ C|t− th|0,T ,

and
hT ‖fh‖0,T ≤ C{|t− th‖0,T + ‖p− ph‖0,T + hT ‖f − fh‖0,T },

where uh is defined by:

∀T ∈ Th, uh = uh + th × (x− xg) on T.

4.3. Finite Element Pressure Gradient Stabilization. In this subsection, we
consider the Galerkin weighted least squares stabilizations (GLS) for our model
problem ( see e.g [3]). First, we set

Wh = (Vh ∩H1
0 (Ω))d and Nh = Mh ∩H1(Ω).

The discrete problem is

(Ph)





Find (uh, ph) ∈ Wh ×Nh such that:

∀vh ∈ Wh,

∫

Ω

A(∇uh).∇vhdx−
∫

Ω

phdivvhdx =
∫

Ω

fvhdx,

∀qh ∈ Nh,

∫

Ω

qhdivvh +
∑

T∈Th

δT

∫

T

∇ph.∇qhdx =
∑

T∈Th

δT

∫

T

f.∇qhdx

where, for all T ∈ Th, C1h
2
T ≤ δT ≤ C2h

2
T .

The discrete problem has unique solution (uh, ph) ∈ Wh × Nh which satisfies
(2.1) and uh ∈ (H1

0 (Ω))d. Using Theorem 1.1, we have the following

Theorem 4.7. Let (uh, ph) ∈ (Wh)d ×Nh the unique solution of (Ph), we have

|u− uh|1,Ω) + ‖p− ph‖0,Ω ≤ C{
3∑

i=1

η2
i }

1
2 .

Moreover, for all T ∈ Th, for all E := ∂T ∩ ∂K ∈ EI , we have

‖divuh‖0,T ≤ C|u− uh|1,T ,
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hz‖divh(A(∇uh)− phIdd) + f−
1

meas(ωz)

∑

T∈Th,T⊂ωz

∫

T

(div(A(∇uh)− phIdd) + f)dx‖20,ωz

≤ C{|u− uh|1,h,ωz + ‖p− ph‖0,ωz + hz‖f − 1
meas(ωz)

∫

ωz

fdx‖0,ωz
},

and

h
1
2
E‖[(A(∇uh)− phIdd).nE ]‖0,E ≤ C{|u− uh|1,h,T∪K + ‖p− ph‖0,T∪K}
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