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Abstract. Several convergence and stability issues of the balanced implicit
methods (BIMs) for systems of real-valued ordinary stochastic differential equa-
tions are thoroughly discussed. These methods are linear-implicit ones, hence
easily implementable and computationally more efficient than commonly known
nonlinear-implicit methods. In particular, we relax the so far known conver-
gence condition on its weight matrices ¢/. The presented convergence proofs
extend to the case of nonrandom variable step sizes and show a dependence
on certain Lyapunov-functionals V : R% — IR}‘_ The proof of L2-convergence
with global rate 0.5 is based on the stochastic Kantorovich-Lax-Richtmeyer
principle proved by the author (2002). Eventually, p-th mean stability and
almost sure stability results for martingale-type test equations document some
advantage of BIMs. The problem of weak convergence with respect to the test
class CbQ(N)(IRd,IRl) and with global rate 1.0 is tackled too.
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1. Introduction

There are plenty of numerical methods for systems of ordinary stochastic differ-
ential equations (SDEs)

(1) dX; = a(t,X;)dt+ Y V(t, X;)dW/

Jj=1

driven by standard one-dimensional Wiener processes W/ = (Wtj Jo<i<r and in-
terpreted in Ito sense (for the sake of simplicity of this representation), where
a,b’ € C°([0,T] x IRd,IRd). For an overview, e.g. see Kloeden, Platen and Schurz
[8], Milstein [10], Talay [18] or Schurz [13]. However, only a few of them can tackle
the problem of almost sure stochastic stability (as seen section 3) or of invariances
with respect to certain subsets of IR? as commonly met in mathematical finance
or biology. One of the successful approximation techniques in this respect is given
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by the class of balanced implicit methods (BIMs) as introduced by Milstein, Platen
and Schurz [11]. They follow the iteration scheme

(2)  Yipr = Y+ > W (tk, Y)AWL + Y (b, Vi) AW | (Vi — Yiy)
=0 =0
where AW/ = Wiijrl ~Wi, ¢ € C°([0, T]x R? IR"%) with the convention W = ¢t
and b°(t,z) = a(t, z) along discretizations
(3) 0<ty<t1 <.<tp<..<tp,<T

with both variable or constant step sizes Ay = ty4+1 — ti, finite, nonrandom (fixed)
terminal time T > 0 and maximum step size
(4) A = Apae = max [trt1 — trl.

=0,1,....,np—1
For the sake of abbreviation, we use the identities °(¢,z) = a(t,z) and W = ¢
throughout this paper. In fact, these numerical methods (2) can be implemented in
explicit form thanks to their linear-implicit structure. Therefore, they are easily and
efficiently implementable. They can guarantee enlarged stability regions compared
to the forward Euler methods with the matrix-valued weights ¢/ = 0,5 =1,2,...,m
(O denotes the d x d-zero matrix) contained in the family of BIMs (2). BIMs (2)
possess the one-step representations

m

(5) Yoult) = y+Myt)Y V(s,y)(W/ —W/) with
7=0
(6) My(t) = To+Y c(s,y)|W] —Wj|
7=0

while assuming the existence of M (t) for all 0 <t —s < dy < T and all y € R

and all s,t € [0,T], where I; denotes the d x d unit matrix of R%*?. Using the
one-step representation (5), the continuous polygonal representation of the scheme
(2) can recursively be written as

m
(1) You(t) = Yi+ Mt_k,lYk (t) Z O (t, Vi) (W) = Wi, ity <t <tpp

j=0
for all times ¢ € [0, 7], started at Yy = Yp,,(t0) = yo € IR?, where we have the
identity Yo7y0 (tk—i-l) = Y;fk,Yk (tk+1) = Yk+1 for all k = 07 1, e, — 1.

The main interest of this paper is to prove rigorously convergence and stability of
BIMs (2) applied to systems of SDEs (1). In detail we are going to discuss the issues
of almost sure stability, exponential p-th mean and weak V-stability, conditional
mean consistency with rate ro > 1.5, conditional mean square consistency with
rate 7o > 1.0, global L2-convergence with rate r, > 0.5 and weak convergence
of these methods for the test class Cg(ﬁ) with coefficients b7 € Cl?(,i) N Cgip along
nonrandom partitions of time-intervals [0, T] with both variable and constant step
sizes with maximum step size Ay < 6o < min(1,7). Due to the necessarily
immense volume, we refrain from a systematic comparison study comparing with
the pool of other, commonly known numerical methods in this paper. Such a more
laborious work is left to the future and needs extensive simulation studies.

The paper is organized as follows. After this introduction, Section 2 investigates
the class of BIMs (2) with respect to conditional mean and mean square consistency.
Thereafter, we study weak V-stability, exponential p-th mean and almost sure
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stability of them in Section 3. Thereafter, we deal with a p-th mean boundedness of
BIMs (2) which is needed to prove its maximum rate r,, = 1.0 of weak convergence
later. Global convergence issues are the main topic of the closing Section 5. First,
we present estimations of their L2-convergence rates using the axiomatic approach
by the stochastic Kantorovich-Lax-Richtmeyer principle as presented in Schurz [13,
14, 15, 16]. We close this paper with some remarks on weak convergence with global
rate 7, = 1.0 and implementation issues (i.e. how to choose the weights ¢/).

2. Conditional Mean and Conditional Mean Square Consistency

Consider the following definitions. Throughout the paper, fix the time interval
[0, T with finite and nonrandom terminal time T Let ||.||¢ be the Euclidean vector
norm on IR% and M([s, ]) the Banach space of (F,)s<u<s-adapted and continuous
stochastic processes X with finite norm || X || v, = supg<,<; E || X (s)]|3 < 4oc.

A numerical method Y with one-step representation_Y;y(t) is said to be mean
consistent with rate ro on [0, T] if 3 Borel-measurable function V : R — R} and 3
real constants Ko > 0, dp > 0 such that V(Fs, B(IRd))—measurable random variables
Z(s) with Z € M5([0,s]) and Vs,t: 0 <t —s < g

(8) E [Xs,2() (1) = Yo,z (DI Fsllla - < Ko/ V(Z(s)) (t—s)™.

Remark. It is well-known from Milstein [10] that the Euler methods are mean
consistent with rate 7o > 1.5 and moment control function V(z) = 1 + ||z||? for
SDEs (1) with global Lipschitz-continuous and linear growth-bounded coefficients
b

A numerical method Y with one-step representation Y; ,(¢) is said to be mean
square consistent with rate vy on [0, T] if 3 Borel-measurable function V : R% — RY
and 3 real constants Ko > 0,8y > 0 such that V(F,, B(IR?))-measurable random
variables Z(s) with Z € M([0,s]) and Vs,t: 0 <t —s <y

O (X200 Yoz ®IAE]) " < K JVEZE) @ -5

Remark. It is well-known from Milstein [10] that the Euler methods are mean
square consistent with rate ro > 1.0 and moment control function V(z) = 1 +
||z]|3 for SDEs (1) with global Lipschitz-continuous and linear growth-bounded
coefficients .

2.1. The main assumptions. The following list of assumptions is needed for a
thorough and rigorous analysis. Let all expressions K with subscripts below be non-
random real constants, and ||.||4x ¢ represents a matrix norm on IR which is com-
patible with the Euclidean vector norm ||.||¢ on IR%. Assume that the coefficients a
and b of SDEs (1) are Caratheodory functions such that a strong, unique solution
X = (Xt)o<i<r of related initial value problems for (1) with X € My([0,T]) exists
and, in particular, we have

(A1) 3 constants Kp = Kp(T), Ky = Ky (T) >0

(10) Vt e [0,T] Yz € R? : i”bj(t,x)ﬂfl < (Kp)*V(z),
(11) sup EV(X;) < _KV]E V(Xo) < +oo

0<t<T
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with appropriate Borel-measurable function V : R? — IR}F.

(A2) The forward Euler method YZ applied to Ito6 SDE (1) is assumed to be
mean consistent with rate T{JE > 1.5 and mean square consistent with rate
r¥ = 1.0 with respect to V with real constants K, KF §, > 0.

(A3) 3 real constants Ky = Ky (T) > 0, Ke = Ke(T') > 0 such that, for the
chosen weight matrices ¢/ € R**¢ of BIMs (2), we have

(12) vt € [0,7], Vo e R? - Z |F(t, ) (t,2)|]2 < (Ko)*V(x),
7,k=0
(13) Vs,t: 0<t—s <8, Vee R*  3IM,}(t) with || M, }()|laxa < Ku.

Remark. (A1) guarantees the existence of unique and continuous solutions to sys-
tems (1) with boundedness of moments along the function V. (A2) is needed to sim-
plify the proof-steps for mean, mean square consistency and global L?-convergence
by comparison with the behavior of related standard Euler methods. (A3) en-
sures that the BIMs (2) are well-defined (nonexploding) for maximum step sizes
Apaz < 0. The existence and boundedness of matrices M L(t) is guaranteed
with the choice of positive semidefinite weights ¢/. For example, one is tempted to
take nonnegative multiples of the positive semidefinite parts of the Jacobian ma-
trices Vb7 (t,x) or negative multiples of the negative semidefinite parts of Va(t,z)
in case of c?. The condition (12) is new compared to that in [11]. This allows
more flexibility. For example, one may numerically treat SDEs with vanishing drift
a(t,z) = 0 and diffusion term b’ (¢t,z) = o;(t)|z|* by BIMs with any bounded c°
and ¢ (t,x) = |o;(t)| - |#|*~! while a; € [0.5,1]. Another interesting example is
the Bessel-type diffusion

m

dX; = Y oi(t)V/XpodW] = izaf(t)dt+szj(t)\/)7tdwtj
j=1 j=1 J

—

with explicit solution X; = (v/Xo + W;)? if Xo > 0, m = 1 and o1 = 2. Such an
equation could successfully be treated by BIMs (2) with weights c’(¢,2) = 0 and
¢ (t,z) = |oj(t)|\/|z] which are unbounded (assuming o; € L?([0,T], B([0, T]), 1)
- the Banach space of Borel-measurable and square p-integrable functions f on
[0, 7).

2.2. Mean consistency of BIMs (2). Using the mean consistency of forward
Euler methods, we may establish the mean consistency parameters for the BIMs

(2)-

Theorem 2.1. Assume that (A1) - (A3) hold with a worst case rate r§¥ > 1.5,
control functional V and consistency constants KE and §y. Then the BIMs (2)
are also mean consistent with worst case rate rg > 1.5, control functional V' and
consistency constants oy and

(14) Ko < KF+Vm+1-Ky - Kc.

Proof. Suppose that (A1) - (A3) hold. Let Z(s) € Mj([0,s]). Recall that Y7 (t)
denotes the one-step representation of the standard Euler method and Y ,(¢) that
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of BIMs (2). Then, Vs,t:0 <t — s < dp, we have
1E [Xs,2(5) () = Y, 2(5) ()| Fs]lla

< B [Xoz09(8) = Y00 O1Fa + B 1Y) (1) = Yoz O1Fla
< KEVV(Z(s) (t s> +
T (M4 ) ()M 2 (8) = 1) S0 (5, Z(5))(WE = W) | o]
=0
KE\/V(Z(s)) (t—s)*? +
D2 B M) (0 (s, Z() (5, Z()WE = WE(WY = WI)|F]a
j,k=0
= KFVVZE) (-9 +
DS B M0 s 20 (5, )W = W] =W
j,k=0
= KEVVEE) (=9 +| DB M (1) (s, 2)als, 2)WE-WE (o)
k=0
< KEVVEZE)(E -9+ Ku Y [l (s. Z())als, Z(5))la(t - )2
k=0
< [Kéf VI + Earlme41)2( 3 14 (s, Z(s))als, Z(3))I3) ”2] (1~ )2
k=0
< (Kg;f + KnKovm + 1) VVIZ(5) (t — 5)3/?

thanks to triangle and Holder inequalities. Consequently, the BIMs (2) are mean
consistent with worst case rate ryp > 1.5 along V', hence the proof is complete. [

Remark. There is also a proof of mean consistency rate ry = 1.5 possible without
using the knowledge on the mean consistency rate r§’ > 1.5 of the related Euler
method. For details, see a forthcoming paper of the author. In fact, the standard
Euler method can have mean consistency rate ry = 2.0 as best achievable rate of
mean convergence (local weak convergence) under more restrictive conditions on
b/. However, in view of mean square convergence, this fact would not improve the
global mean square rate r, = 0.5. For further details, see Section 4.

2.3. Mean square consistency of BIMs (2). Similarly as before, we verify the
mean square consistency parameters of the BIMs (2).

Theorem 2.2. Assume that (A1) - (A3) hold with a worst case rate r¥ > 1.0,
control functional V and consistency constants K¥ and 8. Then the BIMs (2)
are mean square consistent with worst case rate ro > 1.0, control functional V' and
consistency constants g and

(15) Ky < KE+V3-(m+1) Ky - Ke.

Proof. Suppose that (A1) - (A3) holds. Let Z(s) be any (F,, B(IRY))-measurable
random variable with Z € M;([0,s]). Recall that Y7, (t) denotes the one-step
representation of the standard Euler method and Y; .(¢) that of BIMs (2). Then,
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Vs, t:0<t—s<Jdy, we have

1/2
(T8 11X, 20 (1) = Ya 20 (317

< (B0X 2O~V OBIE]) (B IV 00 Yoz @A)
< KP\V(Z(s)) (t—s)+
(B 1M OO, 20(®) — 1) S W (s Z) W W) 317])
j=0
= KEVVEZG) -9+
(B Mh (O (s, Z)W (s, ZE)IWE-WEW - w)l7])
7,k=0
= KEVVEZG) (o)
J J V|12 1/2
+(m H];O (s 2 (5, 2) W= WEWE =W _ )
< KPVVEE) (-9 +
o1 X (M0 s 2 s, BV whavi—wdy | )
7,k=0 i
< KPVVEZE) (-9 +
Mot D (s, 00 s 2) B [0V - v - )
4,k=0 '
< |KEVTZE)+(mr 0K (3 16, 20 (s, 26)IE) | - )
7,k=0
< (K +(m+ )V3K\EC)VV(Z() (t - 9)

thanks to Minkowski and Hélder inequalities, and the orthogonality of the Wiener
process components with 4th moments bounded by 3(t — s)? on intervals [s,t] C
[0,T]. Consequently, the BIMs (2) are mean square consistent with worst case rate
r9 > 1.0 along V, hence the proof is complete. (Il

Remark. There is also a proof of mean square consistency rate ro = 1.0 possible
without using the knowledge on the mean square consistency rate r¥ > 1.0 of the
related Euler method. For details, see a forthcoming paper of the author.

3. Stability of Balanced Implicit Methods

This section deals with the problem of numerical almost sure stability for certain
test equations and weak V-stability along Lyapunov-type functions.

3.1. Numerical weak V-stability. Introduce the following new definition.

A numerical method Y with one-step representation Y , () is said to be weakly
V-stable with real constant Kg = Kg(T) on [0,7] if V : R? — IR is Borel-
measurable and 3 real constant dy > 0 such that ¥(F,, B(IR?))-measurable random
variables Z(s) and Vs,t: 0 <t —s<§p <1

(16) E[V(Yezs)()IFs] < exp(Ks(t —s)) VI(Z(s)).
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Theorem 3.1. Assume that the numerical method Y started at a (Fo, B(IRY))-
measurable Yy and constructed along any (F)-adapted time-discretization of [0, T]
with maximum step size Apaz < 0o is weakly V -stable with 6y and stability constant
Kg on [0,T] Then

(17) IEV (Yo,v,(t))

(18) sup IEV (Yoy,(t))
0<t<T

< exp(KsT)IEV (Yy),
< exp([Ks]+T)EV(Yo)

where [+ denotes the positive part of the inscribed expression.

Proof. Suppose that ¢, <t < tgyq with Ay < §g. If IE V(Yy) = +00 then nothing
is to prove. Now, suppose that IE V(Yp) < 4+00. Using elementary properties of
conditional expectations, we estimate

EV(Yoy(t) = EE [V(Y,,v ()] F]
< exp(Ks(t—t;)) EV(Yy) = exp(Ks(t —t3) EV (Y, v () < -
(

t
< exp(Kst)-EV(Y) < exp([Ksl+t) - EV(Yy) < exp((Ksl+T)-E V(Yp)

by induction. Hence, taking the supremum confirms the claim of Theorem 3.1. [
Remark. Usually V plays the role of a Lyapunov functional for controlling the

stability of the numerical method Y.

Theorem 3.2. Assume that (A1) and (A3) with V(x) = p? + ||z||2 (p € IR some
real constant) hold. Then the BIMs (2) with Apas < 00 < min(1,T) are weakly
V -stable with stability constant

(19) Ks < Ky -Kp-2+Ky Kg)
and they satisfy global weak V -stability estimates (17) and (18).

Proof. Suppose that (A1) and (A43) hold with V(z) = p? + ||z||?>. Recall that
0<t—s<d <1. Let Z(s) be any (F, B(IR?))-measurable random variable.
Then

E [0 +IYs 20 [31F:] = B [0°+11Z(s)+M] 5 (8) DV (s, Z(s) (W] = W) |31 7]
0

= B0 +112(s) + ML, (Dals, Z(s))(t — 5) +

ML 0DV (s, Z()WE = WIEIF)

(s, 2) (W7 = W) 3]

IV

Il
-

1
- 24 SE [llz + M (t)a(s, z)(t—s) + M1 (t) —Z(s)

v (s, (W7 = W)

M=

1 _ _
+3 T [l + M H(t)als, 2)(¢ — 5) = ML) .
1 =Z(s

J
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= P2+ E[|z+MLt)als, 2)(t - )| 2| +

z=Z(s)

B (M) Y0 (s, )W W
=1 o

= PHIZEIE+2 B <2 M2 (0a(s2) >y, (= 5)+

FI[ME (tals, 2y ()% +

+) B[M0V (s, 2)|[5(W] = W)?) 20)
]:1 z= S

(14 2KnKp + K3 KB|(t—s)) - (0> + || Z(s)]12)
exp(2KmKp + K3 Kz](t —s)) - (0> + 1|1 Z(s)|[2),

hence the BIMs (2) are weakly V-stable with V(z) = p? + ||z[|3. It obviously
remains to apply Theorem 3.1 in order to complete the proof. (]

VANVAN

Remark. Interestingly, by setting p = 0, we gain also a result on numerical mean
square stability. However, for results on asymptotic mean square stability of BIMs,
see [12].

3.2. Exponential p-th mean stability. BIMs (2) offer a way to control the
numerical p-th mean stability behavior. This can be seen as follows. Let p # 0 be
a real number.

A numerical method Y with one-step representation Y; ,,(¢) is said to be (globally)
exponentially p-th mean stable with real constant K, = K,(T) if 3 real constant
8o > 0 such that V(F,, B(IRY))-measurable random variables Z(s) and Vs,t : 0 <
t—s< 50 < 1

(20) B [[[Ys,zs)@OIPIFs] < exp(Kp(t —s)) | Z(s)]].

Theorem 3.3. Assume that the numerical method Y started at a (Fo, B(IR))-
measurable Yy and constructed along any (F;)-adapted time-discretization of [0,T]
with mazximum step size Apar < 0o 1S exponentially p-th mean stable with dy and
stability constant K, on [0,T]. Then
(21) E Yo,y (1)l

(22) sup IE [|Yo,v, (t)I
0<t<T

exp(K,T)IE [ Yollg,

<
< exp([K ]+ T)E [[Yollg

where [.]1 denotes the positive part of the inscribed expression.

Proof. Suppose that ¢, <t < tp1 with Ay < 6. If IE ||Yp||5 = +o0 then nothing
is to prove. Now, suppose that IE ||Yo|5 < +oco. Using elementary properties of
conditional expectations, we estimate
E [[Yoy, (@)l = BB [[Y:, v, (8)llg]Fs]
< exp(Ep(t —tr)) - IE [[Yillg = exp(Kp(t —tx)) - E Yo, i, (B6)lG < -
< exp(Ept) - B [[Yol[y < exp([Kpl4t) - IE [[Yol[g < exp([Kp]+T) - IE [[Yo3

by induction. Hence, taking the supremum confirms the claim of Theorem 3.3. [
Theorem 3.4. Assume that (A1) and (A3) with V(z) = ||z||%, do < min(1,7),
V(t,x) = A (t,z)x hold and that X = (Xi)o<i<r satisfies (a.s.) the It6 SDE

(23) dX, = Ao(t,Xt)Xth—ZAj(t,Xt)Xtthj,

j=1
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with nonrandom IR -valued matriz coefficients AT of Caratheodory-type and there
are real constants K5, and K% satisfying Vt,s € [0,T] : 0<t—s <V € R?

EONA (¢ 2)laxa < Kh [(La— At @)t —$)) laxa < exp(K5(t— )

Then the BIMs (2) applied to SDE (23) with weights °(t,x) = —A%(t,z) and
dt,x) =0 (j=1,2,...,m), and step sizes

(25)  Ap < Aper < < min{LTa W g
- B

are exponentially p-th mean stable with p > 2 and stability constant

1 m KJ 2
B e
= 1—mp(p— 1)(K%)%2Amas

and they satisfy global p-th mean stability estimates (21) and (22) for p > 2.

Proof. Suppose that (A1) and (A43) with V(z) = ||z||3 and §y < min(1,T) hold.
Recall that 0 <t — 5 < §y < min(1,T). Let Z(s) be any (Fs, B(R?))-measurable
random variable. Define M, ,(t) = I; — A°(t,z)(t — s) and v = /1/(p — 1). Then

E [V, 20 OIG1Fs] = E[I1Z(s)+M] 5, () DV (s, Z() (W] — WI)|[51F]
7=0

= (M 20 (Ta+ Y AT, 2D WF — W) Z(5) 1)
< oKt~ NIZGIGE I+ 3 A5, 2607 = Wl

= exp(pKiy(t — )| Z(s)|[E | IIId+ZA] 5. 2) (Wi = WI)llixal

= z=2Z(s)

Now, the expectation part at the right hand side is treated as follows. By using
an elementary inequality originating from Clarkson [4] and Beckner [3] applied to
the Banach space of random matrices with uniformly LP-integrable coefficients (cf.
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Section 4) one finds

m

B [l 3240, - Wil | _,,

1 )
= ElL+9z S A (s, W7 — W) |

j - z=Z(s)
1
I T ZAJ 5 AW =Wl |,
1~ 4 2 i _wiz)’
< B (1t mog DA (5. Z(9) [ealW - W)?)
j=1
m p/2
< B (L+mp - )Y (KR - wi)?)
Jj=1
< J]E exp (*mp(pfl)(Kfs)z(Wf] *W@jy)

p(p—1) (K3)? -
- (m 2 ng 1—mp(p — D)(KE)? Apnac . S))

for 0 <t —5 < Apaz < do < min(1,T,1/[mp(p — 1)(K%)?]). Exploiting this fact
after returning to the original estimation yields

Yoz () 3173 < ex (o Z T T R S O (LT

Therefore, the BIMs (2) are exponentially p-th mean stable for p > 2. It obviously
remains to apply Theorem 3.3 in order to complete the proof with K, as in (26).
O

Remark. Interestingly, we also gain asymptotic p-th mean stability of BIMs pro-
vided that Ky, < —25% (K 7)2 (compare with the simple onedimensional case
dX; = aXdt + 0 X;dW; when a + (p — 1)0?/2 < 0). Conditions (24) can be
guaranteed for negative semidefinite matrices A° and uniformly bounded A’ for
7 = 1,2,...,m. For practical implementation, one may also take the stabilizing,
negative semidefinite part of A° as weight matrix ¢ instead of the entire structure

of A0,

3.3. Numerical almost sure stability. In the following we discuss the almost
sure stability behavior of BIMs with both constant and variable step sizes with
respect to the trivial equilibrium 0 € R?. For this purpose, consider the following
definition.

A sequence Y = (Y,), N with Y, : (Q,F,, P ) — R? is called (globally)
asymptotically stable with probability one (or (globally) asymptotically a.s. stable)
if

i Yol = 0 (a.s)

for all Yy = yo € R?\ {0}, where yo € IR? is nonrandom, otherwise asymptotically
a.s. unstable.



CONVERGENCE AND STABILITY OF BALANCED IMPLICIT METHODS 207

Lemma 3.1. Let V = (V(n)), o v be a sequence of nonnegative random variables
V(n): (Q,F,,P) — R, with V(0) > 0 satisfying the recursive scheme

(27) Vin+1) = V(n)G(n)

where G(n) : (Q,Fy,IP ) — IRY are i.i.d. random variables with IE |In[G(n)]| <
+00. Then

V' (globally) asymptotically a.s. stable iff IE n[G(n)] <0 .

Proof. The main idea is to use the strong law of large numbers (SLLN) in conjunc-
tion with the law of iterated logarithm (LIL). Note that V possesses the explicit
representation

(28) Vin+1) = (ﬁ G(k)) V(0)
k=0

for all n € IN. Now, define

p:=IE [In(G(n))], Sn:= ilnG(k),
k=0

hence V(n + 1) = exp(S,+1)V(0) and E [S,] = nu for n € IN. By SLLN we may
conclude that
nkrfoo el (a.s.)

thanks to the IP -integrability of G(k). This fact implies that if 4 < 0 then S, —
—00, i.e. V(n) — 0asn tends to +o00 and if g > 0 then S,, — 400, i.e. V(n) — +oo
as n tends to +0o. Moreover, in the case p = 0, we may use LIL (at first, under
02 =Var(InG(k)) < +oo, later we may drop o < 400 by localization procedures)
to get

. . S’n. . n

liminf ———— = —o|, limsup ———— = |0,

n—+oo \/2nlnlnn B n—+oo V2nlInlnn N

hence lim,,, 4 o S, does not exist, and therefore

lim V(n) = lir_irrl exp(S,)V(0)

n—-—+00

does not exist either (a.s.). Thus, lim, . V(n) # 0 and the proof is complete.
(I

Now, consider the onedimensional test class of pure diffusion equations
(29) dXt = O'Xt th

as suggested by Milstein, Platen and Schurz [11]. Then, the following result provides
a mathematical evidence that their numerical experiments for BIMs (2) led to the
correct observation of numerical stability due to its asymptotic a.s. stability.

Theorem 3.5. The BIMs (2) with scalar weights c® = 0 and ¢' = |o| applied to
martingale test equations (29) for any parameter o € IR*\ {0} with any equidistant
step size A provide (globally) asymptotically a.s. stable sequences Y = (Yy), . IN-

Proof. Suppose |o| > 0. Then, the proof is an application of Lemma 3.1. For
this purpose, consider the sequence V' = (V(n)),.N = ([Yul),cN- Note that
Vin+1)=Gn)V(n), IE|InG(n)| < 400 and IE [In G(n)] < 0 since

E[|InGn)|] < (E[Gn)]>)Y? < In2)+ |o|VA and
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14+ |cAW,| + c AW, o AW,
1 = 1 ‘ = 1 ‘1 _-=""n
I [n G(n)] = I [n L5 (oA, } = [“ + 1+|0Awn|}
1 o AW, 1 o AW,
= B |1+ 220 4B (I f1- T
2 [n i oA, ] *3 {n 1+ AW, ]

1 cAW, \° 1 o AW, | \?
= -IE |1 ‘1 — | —= ‘ —E | ——— 0
2 [n (1+0AWn|> ] <73 (1+|0Awn|) <
with independently identically Gaussian distributed increments AW,, € N(0,A)
(In fact, note that, for all o # 0 and Gaussian AW,,, we have

A 2
0<1_(UVV”) <1

1+ |cAW,|

with probability one, hence, that AW,, has a nondegenerate probability distribution
with nontrivial support is essential here!). Therefore, the assumptions of Lemma
3.1 are satisfied and an application of Lemma 3.1 yields the claim of Theorem 3.5.
Thus, the proof is complete. ([

Remark. The increments AW,, € N(0,A,,) can also be replaced by multi-point
discrete probability distributions such as

P {AW, = +/A,} = %
2 1
or P {AW, =0} = 3 P {AW, = £1/3A,} = 5

as commonly met in weak approximations. In this case, the almost sure stability of
the BIMs as chosen by Theorem 3.5 is still guaranteed, as seen by our proof above
(due to the inherent symmetry of AW,, with respect to 0).

For variable step sizes, we can also formulate and prove a general assertion with
respect to asymptotic a.s. stability. Let Var(Z) denote the variance of the inscribed
random variable Z.

Lemma 3.2. Let V = (V(n)), v be a sequence of nonnegative random variables
Vi(n): (0 F,,P) — IR, with V(0) > 0 satisfying the recursive scheme

(30) Vin+1) = V(n)G(n),

where G(n) : (Q,F,, P ) — ﬂ%i are independent random variables such that 3
nonrandom sequence b = (by), . v with by, — +00 asn — +00

3 Varn@H) g gy Zio B GH)

31
(31) b2 n—+o0 b

< 0.

k=0
Then V= (V(n))n—otoo 5 (globally) asymptotically a.s. stable sequence, i.e. we
have lim,_, - V(n) = 0 (a.s.).
Moreover, if

C oo 3 gim iz B In(G(R))

0
b% n—-+oo by, o

(32) *f Var(In(G(k))) .
k=0

then V.= (V(n))n—+o0o s (globally) asymptotically a.s. unstable sequence, i.e. we
have lim,,_, ;- V(n) = 400 (a.s.) for all nonrandom yo # 0.
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Proof. The main idea is to apply Kolmogorov’s SLLN, see Shiryaev [17], p. 389.
Recall that V' possesses the explicit representation (28). Now, define

n—1
Sp =Y InG(k),
k=0

hence V(n + 1) = exp(Sp+1)V(0) for n € IN. By Kolmogorov’s SLLN we may
conclude that

n—1
b S~ B o Lo B In(G(R)

n— 00 bn n—-+o0o bn n—-+oo bn

< 0 (a.s.)

thanks to the assumptions (31) of IP -integrability of G(k). This fact together with
b, — —+oo implies that S, — —oo (a.s.), i.e. V(n) — 0 as n tends to +o0o. The
reverse direction under (32) is proved analogously to previous proof-steps. Thus,
the proof is complete. ([l

Now, let us apply this result to BIMs (2) applied to test equation (29). For
k=0,1,...,np, define

1+ |cAW| + c AW,

(33) G(k) = oA

Theorem 3.6. Assume that 3 nonrandom sequence b = (b")neﬂ\f with b, — 400
asn — +o0o for a fized choice of step sizes A, > 0 such that
+oo n—1
Var(In(G(k IF In(G(k
SIVarto@) gy, Sie ()

< 0.
b% n—-+00 bn

k=0

Then the BIMs (2) with scalar weights ® = 0 and ¢* = |o| applied to martingale
test equations (29) with parameter o € IR* \ {0} with the fized sequence of variable
step sizes Ay, provide (globally) asymptotically a.s. stable sequences Y = (Y,), o v-

Proof. We may apply Lemma 3.2 since the assumptions are satisfied for the BIMs
(2) with scalar weights ¢ = 0 and ¢! = |o| applied to martingale test equations
(29). Hence, the proof is complete. O

Theorem 3.7. The BIMs (2) with scalar weights c® = 0 and ¢! = |o| applied to
martingale test equations (29) with parameter o € IR* \ {0} with any variable step
sizes Ay satisfying 0 < Apin < A < Apae provide (globally) asymptotically a.s.
stable sequences Y = (Y,), o [N

Proof. We may again apply Lemma 3.2. For this purpose, we check the assump-

tions. Define b, := n. Note that the variance Var(In(G(k))) is uniformly bounded

since AW, € N(0,A,,) and 0 < A,in < Ak < Ajae- More precisely, we have
Var(In(G(k))) < IE [In(G(k))]?

E [[{aw, >0p n(G(k))]* + E [I{aw, <oy In(G (k))]?

Pa[n(2)]? + E [In(1 + [cAW,])]* < palln(2)]” + E [In(exp(|o AW, |))]?

pu[In(2)]? + E [cAW,]? = p,[In(2)]? + %A, < pu[In(2)]? + 0%Anmas

IN A

for G(k) as defined in (33), where I;gy denotes the indicator function of the in-

VP {AW,, > 0}. Note that 0 < p, = v2/2 < 1 if

scribed set Q and p,
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AW,, is Gaussian distributed. Therefore, there is a finite real constant K§ <
(In(2))? + 02A 4z such that

+o0 too

Var(ln(G(k))) K2G G7r2
D S X = K <A
k=0 k=0

It remains to check whether

i Zkoo B I(G())

n—-+4oo n

< 0.

For this purpose, we only note that IE In(G(k)) is decreasing for increasing /Ay
for all £ € IN (see the proof of Theorem 3.5). Therefore, we can estimate this
expression by

E In(G(k)) < %IE) [ln‘l_( oV Aming )2” C K <0

1 + ‘0-\/ Amznf'

where ¢ € N(0,1) is a standard Gaussian distributed random variable and K the
negative real constant as defined above. Thus,

o E In(G(k))

lim < K& <.
n—-+4oo n
Hence, thanks to Lemma 3.2 (or 3.6), the proof is completed. (Il

4. Boundedness of p-th Moments of Balanced Implicit Methods

It is neccessary to verify the uniform boundedness of p-th moments of the out-
comes of BIMs (2) in order to prove the maximum possible rate r,, = 1.0 of global
weak convergence.

4.1. Three auxiliary lemmas. We begin with a random version of Clarkson-
Beckner inequality.

Lemma 4.1. Let X,Y be two elements of a Hilbert space (H,< .,. >p) equipped
with its scalar product < .,. >p, IR* as its set of scalars and naturally induced
norm | Z||g = (< Z,Z >g)"/?. Assume that

EX)E + Y] < +oo
for a p>2. Then, we have

E|X + Y|+ EX Y]
2

Proof. Define B := {X € (H,< .,. >g) : | X|5 = E (| X|%) < +oo}. Then

(B, ||I-ll3) forms a Banach space as a closed subset of H. Suppose that X, Y € B.

Sety=1/vp—T, 21 =X+Vp—1V, 20 = X = /p— 1V, s = (||z1]| 1 + || 22]| 1) /2
and ug = |||z1]| —||22]||/2. Then, Clarkson-Beckner inequality (see [4] and [3]) which
says that

(Il tulf+[1- UI")“Q (Il V@ =D/p=DulP + 1 = V(g =1)/(p - 1)U\”)”P
- 2

2

P p/2
(34) o< BOXIE+@-DIVIE)
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for all numbers u > 0,1 < p < ¢ and parallelogram identity on Hilbert spaces imply
that

(||X FYIP + X - Y||§,)1/p _ (IIX +y3Y |+ I1X - ﬁYII%)l/P

2 2
< (((1+’Y)IlzlHH/2+(1—W)IIZzHH/2)p+((1—W)H21IIH/2+(1+7)HZzIIH/2)p)1/"
- 2
<|U1 +yuel? + |u —W2|p)m’ < <|“1 +us|? +|ug — U2|2)1/2
2 - 2
211177 + [l2211; \ /2 12
= (PR = (10 + (- DIV )
Now, it remains to take the p-th power and expectation in order to arrive at (34).
Thus, the proof is complete. 0

Observe the following property of moments of Gaussian exponentials.

Lemma 4.2. Assume that X € N'(0,A). Then

1 1 212 1 o*A
- L —— _)
(35) Voe(-pm ) Bexp(eX?) < e < (i 57)

Proof. Define £ = X/\/K Note that £ € N(0,1). Calculate

1 +oo x2
E exp(0”X?) = B exp(0’AL%) = ——= / exp (UW— 3) dx
T J—00

T P S
= — exp| —(1=20°A)—)der = ————= < exp|——=——+
o) T 2 -2~ "\1—-202A
using the elementary inequality 1/(1—2) < exp(z/(1—2)) for z = 202A < 1. Thus,
the proof is complete. O

Linear-polynomial boundedness of Lipschitz continuous functions can be estab-
lished too. Let C,?(R)([O,T] x R% R') denote the set of all continuous functions

f:00,T] x R* - R! which are uniformly polynomially bounded such that
1f &)l < Ky - (14 [f]F)
for all 2 € IR?, where K >0 and k > 0 are appropriate real constants.

Lemma 4.3. Assume that f € C’g(m)([O,T] x IR, IR") with constants k > 0 and K
is uniformly Lipschitz continuous with constant Ky, i.e.

(36) vt e [07T}7 Va,y € le Hf(tax)_f(tay)ul < KLHw_yHl'
Then, there exist constants Ky = Kyp)(p, T, Ky, K1) such that vt € [0,T] Va €
R?
(37 fo)l < 27OTVPR G (L flz) < Ky (L [l2]f)TP
for all p > 1, where the real constants Ky,) can be estimated by
(38) 0 < Ky < 20797 max{K; K.}
Proof. Estimate

0 < lfE2)l < [If @O+ 11 z) = fE0)l < Ky + Kz

< max{Kp, K}(1+ lefi) < 20792 max{Ky, Kp}(1+ [|=]})"/".

Therefore, constant Kj(,) can be chosen as in (38). Thus, the proof is complete.
|
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Remark. In fact, it suffices that supg<;<7 [|f(¢, z4)[l; < +oo for some z, € R?

and f is Lipschitz continuous in = € R? with constant K, (t) which is uniformly
bounded with respect to t € [0,T]. However, Kj,) may depend on & too.

2. Uniform boundedness of p-th moments. Consider BIMs (2) with both
variable or constant step sizes Ap < A, Where A,,q. sufficiently small. Let
ent[p] be the maximum integer which is smaller than or equal to the inscribed real
number p (i.e. such that ent[p] +1 > p > ent[p], ent[p] € IN for all p € IR, ). Then,
uniform boundedness of p-th moments can be established as follows.

Theorem 4.1. Assume that BIMs (2) with step sizes Ak < Apae < 1 and

(39) ent[ ](Qent[2] — 1)mKM(Kg(2)) Apaz <1

2

satisfy (A3), IE Yo" < +o0 for ap > 2k > 2, and
(40) vt e [0,T), Vo e R |V (t,2)F < (Kj))*(1+ |lz]3)-

Then, all 2ent[p/2]-moments of BIMs (2) are uniformly bounded and, more pre-
cisely, for allk =0,1,...,nr and all k € IN with 2k < ent[p|, we have

(41) BV < BEL+[Y:lE" < exp(Katr) B[+ [[Yo] 7"
< exp(KaeT)IE 1+ || Yol[3]"

with appropriate real constant

m KJ )
(42) Koo < KEup|2Kgo)+ (26— 1mKMZ Kiey

1-26(2k—1)m K3, (K7 )2 Ak S

Proof. Define vy(k) :=IE [||Yy|/%] for all £ =0,1,...,np. First, note that
vo(k+1) = B [|[Yi+ MYy, (thar) DV (b, Yi) AW
7=0

1 _ . )
= SE[IYe+ MYy (thgr)altn, Yi)Ag + Z oy (e )V (e, Vi) AW |15] +
j=1
SIE([1Vi + M,y (tea)a(te, Yi) Ag — Z o ()Y (b, Yi) AW 1),

Second, apply the random version of Clarkson-Beckner inequality as stated by (34)
in Lemma 4.1 and obtain

’Uo(k’ + 1) <

m _ . . p/2
<||Yk+ i yk(tk+1)a(tkaYk)AkH?ﬂ-(P—1)|\2Mtk,1yk(tk+1)bj(tk’Yk)Awﬁ||?z) -

j=1
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Under (A3) this implies

wk) = B[V
(43) < B (I3 + 2KulVelallaCti, Y lade + K3 lla(te, Vi) 1347 +
5 N 2 2P/
Hp = mE DIV (b, Vi) I3(AW7)?)
j=1
() = B (I + (0 VI [ 2K Ky A + K (K2 A% +

+(p — )mK3, Z(Kg@))z(AW’gﬂ )”2.

Third, repeat the previous estimation for all exponents 2k with 0 < 2k < ent[p]
instead of p. This leads to inequalities (44) for 2k < ent[p| instead of p. Define

vp(k) = [ + || V|| ]p/2 for all k = 0,1,...,ny. In particular, we are interested
in vag(k) = IE [1 + [|Yk|?]% for all K = 0,1,...,ny and all k € [0,ent[p/2]]. For
simplicity, suppose that x € IN. Apply the binomial theorem in order to estimate

% "~ [ ent p/2
) = EL e = 3 () e g
n=0
for all x € [0, ent[p/2]] NIN. Set Cg =( b(2)) (AW]) . Adding the inequalities (44)
for all 2n < 2k < ent[p] instead of p, multiplied by the related binomial coefficients,
leads to

’UQ,Q(]f + 1)

m
B (1 Vi )L+ 250 By A+ B ()23 + (25— 1)m I3 3 (]
j=1

IA

IA

m
I (14 4l13) exp (2Ka Kfio) A+ (25— DmE3 > ()
j=1

IA

(1 V3) e (26K Ky ) T oo (2~ 1), )| 7]

IN

I
1=

B (142113 "exp (2K ar ko) Ap) [T [exp (s(2n—1)mick (16, 2 A(€])?)]
with i.i.d. fi € N(0,1), thanks to monotonicity of expectations, tower property of
conditional expectations and independence of increments AW} = /Ay ;.. Fourth,
suppose that the constants 02 := k(2k —1)mK?%, (Kg(g)) satisfy 202A, < 1. Apply
Lemma 4.2 with o? to treat the latter estimate. This implies that

(45) 0 < BV < valk+1) < van(k)exp (cn(h))

where the coeflicients cy are given by

(Kg(g))z )
(2K — 1)mK]2VI(K] )24

CH(]C) = IiKM <2Kg(2)+(2/€ - l)mKM Z 1_2n Ak.
j=1

Therefore, (vg)k=0,1,... ny 1S governed by a linear homogeneous inequality (45) whose
maximum solution can be estimated by the discrete variation-of-constants formula
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(i.e. discrete Gronwall-Bellman Lemma) as proven in [12] and applied in [14, 15, 16].
Thus, we arrive at

0 < B Vlly < vaclk+1) < van(k)exp (Kool < var(0)exp (Katisn ).

This gives the estimates (41) with constants K, estimated as in (42). Note that
Ky, is increasing for increasing x, hence Ky, < K, and the uniform boundedness
of all 2k-moments of BIMs (2) is obtained for all x € [0, ent[p/2]] provided that

E [|Yo]|S"") < +00. Thus, the proof is complete. O

5. Convergence of Balanced Implicit Methods

This section presents results on the convergence of BIMs (2) applied to SDEs
(1) with variable step sizes on fixed time-intervals [0, T].

5.1. L?-convergence of balanced implicit methods. Define the pointwise L2-
error for the numerical method Y approximating the stochastic process X by

N\ 172
(46) () = (B X (t) — You(t)]3)
for all t € [0,7T], and the uniform (weak) L*-error by
N\ 1/2
(47) ws(t) = (S0 B Xowy(5) = You(s)I3)
0<s<t

for all t € [0,T]. Let [K]+ be the positive part of inscribed expression K and [K]_
the negative part of K such that K = [K]y — [K]_.

Theorem 5.1. Assume that (A1) - (A3) with control function V, constants K&,
K¥ Ky, Ko, Kg and 5o < min(1,T) hold, the coefficients b (j = 1,2,...,m) are
uniform Lipschitz-continuous with Lipschitz constant Kgspr such that

(48) vt € [0.7], Yoy e BT ) |V (t,2) =¥ (t.)ll7 < Kdullz —yla

j=1
Furthermore, let X be conditionally mean square contractive, i.e. 3 real constant
KX such that, for all 0 <t — s < 6y < min(1,T) and all (Fs, B(IR"))-measurable
random variables Y (s), Z(s) with Y, Z € Ms([0, s]), we have

19) (BUXoy® - Koz WIHF]) " < exp( (- )Y ()~ Z()la

Then the BIMs (2) applied to SDEs (1) with (nonrandom) variable step sizes A, <
do are globally mean square converging with worst case rate ro = 0.5 on time-
intervals [0,T]. Moreover, their pointwise L?-error eo and uniform (weak) L*-error
us satisfy the universal estimates

exp((KZ 4 p?)t)e2(0)+

(50) e2(t) < X 2 )
exp(2(Kg +p° — Kg)t) — 1

t Amam

+ngxp(KS )\/ Q(P'CX ,02 Fs) A%

exp([K& + p?]+t)ua(0)+

(51) us(t)

IN

exp(2(K& +p? — Kg)t) — 1

Amax
2(KE+ 7 —Ks)

+K, eXP([KS]+t)\/



CONVERGENCE AND STABILITY OF BALANCED IMPLICIT METHODS 215

on [0,T], where p > 0 is any real constant and

1
Ky = ;\/K3 + K3(0® + K3p) - VIEV (o) - exp(([KE]- + [Ks]-) Amaa),
Ks = Ky-Kp-(2+ Ky -Kp),
KO = K()E+WKN[K07
Ky = KF+V3-(m+1)-Ky-Ke.

Proof. Tt only remains to apply the axiomatic approach as presented and proven
in [14, 15, 16]. We know about V-stability with constant Kg from Theorem 3.2
(or Theorem 4.1 with V(x) = (1 + ||z|3)", Ks < Ka, for £ > 1, mean consistency
with constant K and worst case rate rg = 1.5 from Theorem 2.1 and mean square
consistency with constant K5 and worst case rate 7o = 1.0 from Theorem 2.2.
Furthermore, the diffusion part of SDEs (1) is mean square Holder-continuous with
Holder exponent 7y, = 0.5 due to assumption (A1l). Therefore, all conditions of
the stochastic Kantorovich-Lax-Richtmeyer principle proven by Schurz [14, 15, 16]
are met. Hence, the global mean square rate rq = ro 47y, —1.0 = 0.5 is established
together with the universal estimates (50) and (51). For example, see Theorem 3.1
in [15] or Theorem 2.1 in [14]. Thus, the proof is complete. O

Remark. In Milstein, Platen and Schurz [11] one finds a proof for L2-convergence
of BIMs (2) with equidistant step sizes Ay = T//N and control functions V(z) = 1+
lz||3. In contrast to that paper, here we allow variable step sizes Ay < Appar < 5o
and other functions V (z) (different from 1+ ||z||3) by our proof. Moreover, we show
the dependence of the error estimates on all constants K and functions V' as well
as on the length of the integration interval [0, 7.

5.2. How to choose the weight matrices ¢/. Suppose one is only interested
in weak convergence, i.e. the convergence of BIMs with respect to appropriate test
functions F : R? — IR' or path-dependent functionals F : C°([0,7],IRY) — IR'.
Then, of course the weights ¢/ (j = 1,2, ...,m) should be set to be the zero matrix
O in order to not destroy the global rate of weak convergence r,, = 1.0 compared to
the forward or backward Euler methods. In general, it is an open problem whether
it is possible to construct higher order weakly converging methods (2) which exploit
nonzero random weights ¢/ with j > 1 and still guarantee r,, = 1.0. It is rather
obvious that we have a crude estimate r,, > 0.5 due to our previous L2-analysis (e.g.
apply Lyapunov-inequality) under the commonly met assumptions for BIMs (2).
For general path-dependent functionals F', the weights ¢/ need to be chosen more
carefully. A detailed discussion requires further research. Anyway, it is advicable
that the weights should be chosen such that numerical stability (i.e. in almost sure,
weak or p-th moment sense) is achieved. Suppose that b € C°([0,T] x R? — IR%)
and

AL+ |lz][7) < [[(VV (8, 2)0"(t, 2)|[7 < 3()(1 + [|2]17)
with ¢1, co € L?([0,T], B([0,T)), 1), where Vb’ represents the Jacobian matrix of b’
with respect to the variable z € R, If || V¥ (¢, z)b*(t, )| |4 € CO([0,T] x IRd,IRi)
and [V (t,7)]y is a positive semidefinite matrix part and [V’ (t,z)]_ a negative
semidefinite matrix part of the Jacobian Vb’ (t,z) for all 0 <t < T and all z € R?
then a recommendable choice of ¢/(t, x) is given by

A(t,z) = 0.5Va(t,x), d(tz) = [VV(t,2)]y +[VV(t,z)]_ (j=1,2,..,m)
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due to the stability and boundedness assertions from previous sections while main-
taining the convergence in L?-sense. However, moment-stable approximations can
already be obtained by BIMs (2) with vanishing weights ¢/ = O (j = 1,2, ...,m).

5.3. Weak convergence of balanced implicit methods for C’g(n)(IRd,IRl).

For approximations in the weak sense, one should rather take the weights ¢/ = O for
j=1,2,...,m to guarantee the maximum rate of weak convergence. More degree of
freedom is in the choice of c?. A preferrable choice is c°(¢,z) = 0.5Va(t, x) due to a
reasonable replication of the p-th moment stability behavior of such BIMs compared
to the underlying SDEs. This choice would also coincide with linearly drift-implicit
midpoint and trapezoidal methods for bilinear SDEs. Let C’f)(ﬂ) (IRd, ]Rl) denote

the set of all [-times (I € IN) continuously differentiable functions f : R? — R'
with uniformly bounded derivatives up to I-th order such that

max{|f ()|, [V (@)lla, V2 f@)llaxar -} < Kp- 1+ []5)

for all z € ]R"l7 where Ky and x are appropriate real constants.

Theorem 5.2. Assume that (Al) and (A3) with V(x) € CE(H)(le,ZRi_) hold,
IE |Yy||*® < +o0 for an integer k > 1, all coefficients a,b’ € C’g(ﬁ)([O,T] x IR%, IR%)

of SDE (1) are Lipschitz-continuous with Lipschitz constants Ki with respect to
both variables t,x and

m
(52) Vte[0,T)Vee R Y [|CO%ta) ()5 < (Ko)'(1+[|=]1).

§=0
Then the subclass of BIMs (2) with weights ¢/ (t,z) = O for j = 1,2,...m (i.e.
BIMs with nonrandom weights) is weakly converging with rate r, = 1.0 with respect
to the test class f € CE(H)(le,lRl). More precisely, for all test functions f €

C’g(ﬁ) (le, lRl) for which the standard Euler method weakly converges with rate rf =
1.0, there is a real constant K., = K,,(T, Ks,b7) such that
(53) | B f(X7) = B f(Yor)| < K- (_max

e

B 1+ Yill5)) - Ao
where the mazimum step size Apq. satisfies the condition

(54) 26(4k — DmE3 (K} ) Apaz < 1

with constants KZ(2)
f)-

Proof. Recall that the forward Euler methods weakly converge with worst case
global rate rZ = 1.0 and error-constants KX = KE(T) > 0 under the given as-
sumptions (see Milstein [10] and Talay [18]). Let f € Cg(m) (IR, IR') have uniformly
bounded derivatives satisfying

max (1£@)], 1V £@) 4, IV @)llaxa) < Kp(1+ 2 ) < K1+ fl2])

chosen as in (38) for all j=1,2,....,m (i.e. for b’ instead of

with constant Ky. Moreover, for such functions f, one can find an appropriate real
constant KZ = KE(T, f,b7) such that it satisfies the conditional estimates of the
local weak error

IE [f(Xs.2(t) = f(YsEm(t))]’ < Ky (U [l )3 - (8 = 5)?

)
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for sufficiently small 0 <t — s < Ajpae < 0g and z € IRd, and the global weak error
E [f(Xox(T)) = f(Voo (M| < Ky - 1+ [l2llg") - T+ Amaa,
for sufficiently small A0 < §p < min(1,7). Now, define the auxiliary functions
u:[0,T] x R - R' by
u(s,z) = B f(Xsa(tre))

for 0 < s < tg41. Suppose that 0 < Ay < 09 < min(1,7"). For simplicity, assume
that X and Y are constructed on one and the same complete probability space
(which does not exhibit a real restriction due to Kolmogorov’s extension theorem).
Then, by following similar ideas as in Milstein [10] extended to the variable step
size case, we arrive at

olths1) 1= |IE [ (Xo,un () = F(You(8))]

‘Z ( u(tivy, Xe,y; (tiv1))] = B [u(tivr, Y, v, (¢ z+1))]) +

I [/ (Xuyi ()] = B [f (Yo, (b))

IA

im]m[ (tists Xo, v (tis1)) — ultisn, Yo, v (bipn )| Bl | +

I [ [/ (Xuy, (b41)) = F (Vi (b)) o]

IN

z_:na B fulti1, X vi(ti10)) = ultion, Yy, (i) F)| +

+ZIE ’]E tiv1, Yy (tir1)) — wltivr, Yoy, (tig1)) | Fe] | +

B [IB [ (X, (b)) = £y () ]| +

T [ [£(V v, (t141)) = (Vigovi (tes0) 1

IN

k
E . AIEA 2
K- gmax (1T [Yi[3) - 30 AT+

w —
1=U,1,...

+ZIE\IE (b1, Yy (b)) — ultisn, Yo, v, (tis)| Fe]| +

I [T [£(V v, (t41)) = f (Vigovi (tes0) 1
E . . . .
Kw i:OrlrlanJrl(l +IE ”Y;Hd ) trt1 Apaz + ml(k) + mz(k)

Y SOUN

where  m (k) ZIE ‘E tiv1s Yooy, (i) = wltivn, Ya, v, (ti1)) | Fe, |

ma (k) \IE Yy, () = £ (Yo (b)) o]

Next, we analyze the remaining terms m; and ms. For this purpose, suppose that
g€ C’g(ﬁ) (IRd, IRl). Then, the expressions m, and mo have only terms of the form
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E |[E [Q(thyk (te+1)) — 9(Ye, vi (bk+1))|Fe.]|- Thus, it remains to estimate them by
KkAi with constants K. Note also that M; ,(t) = Id—cO(S, x)(t—s) is nonrandom,
Yi, vi (tk+1) = Yi+1 by definition, and

dso(t) == Y, () = Yiu(t) ()Y (s, ) (Wi — Wit —s).
7=0

Now, we obtain

m(k) :==E |E [g(Y;?y, (tk41)) — 9(Ve i (trs1)) | Fe, ]
= E|E[<Vg(Ya), Yy, (tes1) — Yo, v, (trs1) >a |Fe ]+
IE [< Vg(m (tes1)) = Va(Yr), Yi¥ v (teg1) = Yo v (brs1) >a 12,

= E|< VQ(Y/C)’IE [dtk,Yk (tk+1)|ftk] >aq +

+IE [< V2g(n2(tig1)) (m (te+1) — Ya), dey i (tis1) >a | F,]

= E|< Vg(Yk;),]E [dtkyyk (tk+1)|‘7:tk] >d +

+IE [6; < V2g(n2(trs1))dy v, (tes1)s diy v (brgn) >a | Fo]

= E| < Vg(Yy), Mt;,lYk (tk+1)co(tk, Yi)a(te,Yr) >4 Ai +

IE [0 < VZg(n2(tis1))de, vi (trr1)s dey vy (trs1) >a | Fe]

/2 1/ 2
< Ku(BIVa00IE) " (B It ialte vol3) A
1/ 1/2
+ (B (12 (2t 41) ded) " (B [y v (i) 1)
1/4
< K (BIV0a) (B I Yida v)l) a7 +
1/4 1/2
(B 0V29 02 (b)) sl (T [l () 2]
3/2 4 1/2 2
< PR KyEKo(B [+ Vl3]) A2+

3/4
V322 m + 1) H, K K (B [+ Vi) A

< PPEKyKe(U+ VB (m o+ 1) KyKe) - (_max B[+ §7) A7

.....

where 7(t) is an intermediate value between Yt]xiYk (t) and Y3, v, (), ie. n(t) =
Y. + Gk(thiYk (t) — Y, v, (t)) with scalar 8, € [0,1]. Therefore, we may conclude
that
ma (k)

< PPK Ky KoL+ V3 (m + 1)*P Ky Ke)(_max B [L+ Vi 7)) A2

< 2K Kp Ko+ V3 (m+ 1) 2Ky Ke)(_max 1B [1+ Vi )t Amas,

.....
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and
ma (k)
< 22K KyKe(1+V3 (m+1)3/2KMKC)(‘—glﬁX

veey

kIE [1+ ||Y;5+1 ||§K])AkAmaz

Consequently, for all k& = 0,1,...,ny — 1, the weak error g of BIMs (2) with
nonrandom weights ¢ must satisfy

co(tk+1) < Ku(tesr) 'i:gnlax k_IE 1+ HYH-IHT] “Amaz

IN

Kw(T) ’ i= ma}r(LT—llE [1 + ”Y1+1H§H] “Amag-
where K, (t) < (KE 4+ 232K Ky Ko(14+V3 (m+1)32K)y Ke))t. The p = 4x-
moments of the BIMs (2) with vanishing weights ¢/ (j = 1,2,...,m) and sufficiently
small step sizes A < A, 4, are uniformly bounded, as seen by Theorem 4.1. Thus,
weak convergence with worst case rate r,, > 1.0 can be established under the given
assumptions of Theorem 5.2, hence the proof is complete. ]

Remark. Theorem 5.2 says that the BIMs with nonrandom weights have the
same rate of weak convergence as the forward Euler methods have. For further
details and more general classes of functionals F', see Talay [18]. One can also find
estimates of K, which are monotonically increasing in K, thanks to Theorem 5.2.
Therefore, we obtain uniform weak convergence with respect to all test functions
fe C’l?(n) (R?,IR') which have boundedness constants bounded by Ky <c < +oo.

BIMs are implementable very easily while gaining numerical stability compared
to explicit methods (as that of Euler-Maruyama) and maintaining the same con-
vergence rates as their explicit counterparts. Thus, we can justify them as a useful
and remarkable alternative to the most used numerical methods for SDEs.
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