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A PRIORI AND A POSTERIORI ERROR ESTIMATES FOR
BOUSSINESQ EQUATIONS

KARAM ALLALI

Abstract. This paper deals with an incompressible viscous flow problem,
where the Navier-Stokes equations are coupled with a nonlinear heat equation.
Existence and uniqueness results are established. Next, a finite element ap-
proximation of the problem is presented and analyzed. Error estimates are

obtained and a posteriori error estimate is given.
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1. Introduction

In this paper, we are interested in an incompressible viscous fluid governed by
Navier-Stokes equations, when they are coupled with a nonlinear heat equation
by the intermediary of the reaction source term. The considered model is the
system formed by the equations describing the flow, under the approximation of
Boussinesq. Within the framework of this approximation, we do not take account
of the variation of density. Therefore the density is regarded as constant in the
equation of mass conservation. The Boussinesq approximation was justified and
used to study some chemical phenomena as in [10, 11]. Numerical analysis and
finite element approximation of this model, in non stationary form, is studied in
[1, 9]. In this work, we are interested in a similar model, but in a stationary form.

Let € an open bounded convex domain of IR? (d=2,3), with Lipschitz continuous
boundary I' . In §2, we consider the following stationary model:

AT +uVT+ f(T)=0, in €,
—pAu+ (u.V)u+Vp= F(T), inQ,

div u =0,

u=0 and T=0, onlT,

where the unknown factors are speed u, the pressure p and the temperature T
the coefficient g (the viscosity of the fluid) is assumed to be positive. The data
are a regular function F' of IR to IR? (typically, the function F is a gravity force
proportional to the variations of density, therefore dependents on the temperature)
and an other regular function f of IR to IR’ (typically, the function f is the source
term of the reaction depending on the temperature and also on energy; usually this

Received by the editors April 12, 2004 and, in revised form, July 7, 2004.
2000 Mathematics Subject Classification. 65N30.
The author is grateful to Dr. A. Agouzal for valuable discussions.

179



180 K. ALLALI

function is obtained by the Arrhenius law). On datas, we assume that the first
and the second derivatives are bounded.

This model has been studied by using topological degree theory to prove the
existence results in [2] and by using mixed-dual variational formulation in two
dimensions in [6, 7], the authors of these last works introduced the gradient of
velocity and the gradient of temperature as unknowns, on which, they give some a
priori error estimates.

In the next section, we prove a result of existence and uniqueness of the continu-
ous problem. In the third section, Some usual finite element spaces are introduced,
for speed, for the pressure and for the temperature. A discrete problem is given, we
prove some error estimates on the speed, on the pressure and on the temperature.
Finally in the last section, a posteriori error estimate is given.

2. Existence and uniqueness

The variational form of the problem (P) can be written as following:

Find (u,p,T) € (H}(Q))? x L3(Q) x H(Q) such that

Yo € (H&(Q))d,u/QVu.Vudx—i—/Q[(u.V)u]vdx—/deiv vdz
= [, F(T)vdz,

Vg € L3(9Q), /quiv udx =0,

Vs € Hy(Q), /Q(VSVT +u.VT)dx + /Q f(T)sdz = 0.
First of all, we will rewrite the problem in an equivalent form, allowing us to prove
the existence of the weak solution. For that, we introduce the spaces:
V={ve (H;Q) div=0} and Y =V x H}().
Let A(.,.) the map defined by:
V((w,T), (v,s)) € Y2,

A((u,T), (v,$)) = /Q(/;Vqu + (u.V)uv)dr — /QF(T)vdx

+/QVT.Vsd;v+/Q(U.VT)sdx+/Qf(T)sd:v.

We consider the problem

Find(u,T) € V x Hg(Q),such that
(P1)
V(v,s) €V x Hy(Q), A((u,T),(v,s)) = 0.

It is easy to see that, if the triplet (u,p,T) € (HZ(2))? x LE(Q) x HL(Q)) is
solution of (PO0), then (u,T) is solution of (P1). Reciprocally, for any solution
(u, T) € V x H}(Q) of (P1), there exist a unique element p of L3(£2) such that the
triplet (u,p,T') is solution of (P0). To prove the existence of the solution for the
problem (P1), we need the following theorem:
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Theorem 2.1. Let X a separable Hilbert space, and A(.,.) a map defined from
X x X onto IR such that v — A(u,v) is a linear continuous mapping. Under the
following assumptions:

(1) There exist (v, ) € IR x IR such that

(2.1) VweX, A(v,v)>qlllk - Bllvllx-
(2) For any set (v,) of X converge weakly toward v, we have
(2.2) Ywe X;  lim A(vy,,w) = A(v, w),

the following problem:
(2.3) Find u € Xsuch that
’ Vv e X, A(u,v) =0

has at least a solution.

Proof. Let us mention that without the term f|jv||x in the inequality (2.1), this
theorem is the same as ([8] Th 1.2, page 280). For completeness, we give only
the main idea of the proof. Let a sequence (W, )m>1 a "basis” of X and X,, the
subspace of X spanned by (w;)i<i<m. We set ®,,, a mapping defined from X,,, onto
X by (P (u), w;) = alu,w;), 1 <i<m.

For any v € H,,, we have

(@(u),u) = (Yllullx = B) lullx.
If we set ||ul|x = v; it is sufficient to assume that yv— 3 > 0 to have (P, (u),u) > 0,
and then to be able to apply Brouwer’s Theorem , i.e.
Juy, € Hy, such that @, (ur,) = 0 and |y, ||x < v.

Therefore Ju* € H, such that u,,, (a subsequence of u,,) weakly converge to u*.
It is enough to use (2.2) and the fact that the finite linear combinations of w; are
dense in X, to prove the existence of the solution for the problem (2.3). O

Let the following assumptions:
(1) There exist (a,b) € (IR4)? such that

W) € (HH@)s5 | [ F(T)sdel < alTlualsho + Yol
Q
(2) There exist ¢ € IRy such that
V(T,v) € Hy() x (Hy ()% |/ F(T)vdz| < clvl1,o + dvlolT| e
Q

Theorem 2.2. Assume that a € [0,1] and 4u(1 — a) > d?, then the problem (P1)
admits a solution (u,T) in V x H}(Q).

Proof. We will apply the Theorem 2.1. For that, we set X =V x Hi(£2). By using
the compact embedding from H}(Q) onto L*(Q), we prove that the mapping A(.,.)
is continuous on X and it verifies the second assumption of Theorem 2.1 (same
arguments as [8], page 286). To prove the existence of the solution, it is enough to
prove that there exist two reals v € IRY and 3 € IR, such that

V(u,T) € X5 A(u,T), (u,T) 2 y(ITI o + [ulf o) = BIT o + lulf )"/

Since u € V, we have

Vv € VYT € Hj(Q), /

Q(u.V)u.vdx = / (u.VT)Tdx = 0.

Q
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Then
V(u,T) €V x H&(Q),

A((w, 1), (u,T)) = plulf g = clulio + (1 = a)|TR g = bIT

1,0 —dlul1.0|T| 0

> min(p, 1 —a)(|T[ o + [ul?.q) — 22maz(c,b)(|T; o + [ulf o)?
—d|ul1,0|T|1,0-

From the inequality 4(1 — a) > d?, we deduce that there exist a strictly positive
constant v, such that

Y(u,T) € V x Hy(QA((u, T), (u,T)) 2 (T o + [ulf o)

~22maz(e,b)(IT[; o + [ulf o)
By using the Theorem 2.1, we deduce that the problem (P1) admits at least one

solution in X =V x Hg (). |
We set
/(u.VT)sdx
Ny = sup Q2 )
we(HL @), (T,s)emi )2 [ulelTlLelsle
/(u.V)v.wdm
Ny = sup & )
(uww)e((HL @)D [ulnalvLelwlie
0, if f is an increasing function
B:= | @)= 1T = s)aa
sup otherwise
(T,s)e(HL())? T — Sﬁ,sz
and
/(F(T) — F(s))vdx
5= sup &

(Ts)e(HL Q)2 we@i @) 1T = slialvlie

Thanks to the compact embedding of Hg(Q2) onto L*(2), we prove easily that
N1, Ns, B and 7 are positive reals. Concerning the existence and the uniqueness,
we have the following Theorem:

Theorem 2.3. Under the following assumptions:

N b
51 M

QG[O,].[, 4:“(1_04)>d2 36[0,1[ and Ng%—‘f—ﬁ

the problem (P1) has a unique solution (u,T) € V x HJ ().

Proof. Recall that for a € [0,1] and 4u(1 — a) > d?, the problem has a solution.
We will prove then the uniqueness.
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Let (u1,T1) and (ug,T») two solutions of the problem (P1).
we have

Ty — To3 o

= — fQ<’U,1VT1 — ’U,QVTQ)V(Tl — TQ)d.’I} — fQ<f<T1) — f(TQ))(Tl — Tg)d.’L’

= — / (’LL1V(T1 - Tg))(Tl - Tg)dx - / ((U1 - UQ)VTQ)(Tl - Tg)dl'
Q Q

- /Q (F(T2) — F(T2))(T1 — Ty)da

< Nijur — ug|1.0|Teli0|Th — Tal,0 + BITi — T2|§’Q~

Then
(2.4) Ty =T

1,0 < &|T2|1,Q|U1 — usl1 0.
We have also
plur = uali o + [ol(ur.V)ur — (u2.V)uo](ur — uz)dzx
= [(F(Ty) — F(T3)).(u1 — up)da.
By noticing that
/ (u1.V)(ug — ug)(u1 — ug)dx = 0,
we obtain !

(2.5) pluy — uslf g < Nafuslt olur — uali o + F|T1 — Tolralur — usli o
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However (ug,T») is solution of the problem (P1); we have the following estimates:

b
lug|i a0 < and |Tz|1,0 < T—a
—a

=lo

By using (2.4)-(2.5), we deduce

N b | 9
=—|u1 —u .
1-81-a ! 2lLe

C —
pluy — uslf g < N2;|u1 —wlig+ ¥

Then, with the assumption
C N1

No— +7——=
2M+’Yl_61_a

we obtain: u; = ug, and by the inequality (2.4), we get: T1 = Tb.

< py

3. Presentation of the discrete problem

Let S an operator defined by:
S (H-HQ)? — (Hy ()7,
g —w,
where the couple (w, q) is the solution in (H3(2))? x L3(£2) of Stokes problem
—pAw+Vg=g in

divw =0 in €,
w=0 on I.
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Let Sg the function ¢ in the couple (w,q). Let L an operator defined by:

L: (H™Y(Q)) — Hy(9),
h—Q,

where @ is the solution in H}(Q) of the problem

—AQ =h inQ,
Q=0 onT.

Finally, we introduce the operator H defined by:
H:Y = (Hj(Q)? x Hy(Q) — Y = (Hg ()" x Hj(Q),

V=@ws) — HV)=V—-(S(F(s) — (v.V)v),—L(f(s) + v.Vs)).

The continuity and the differentiability of this operator are easy to be verified
thanks to the Sobolev embeddings. It is easy to verify that if the triplet (u,p,T) of
(H(2))? x LE(Q) x HE(Q) is a weak solution of the problem (P) then H(U) = 0
with U = (u,T). Reciprocally, for any solution U = (u,T") of equation H(U) = 0,
there exist a unique p € LZ(Q) such that the triplet (u,p,T) is a weak solution of
the problem (P).

We assume that the couple U = (u,T) is a nonsingular solution of the equation
H(U) =0, in such way that DH(U) € Isom(Y,Y).
By writing the operator DH (U) explicitly, for all V = (v, s) € Y,

DH(U).V =V — (S| F'(T)s — (u.V)v — (v.V)u], —L[f'(T)s + u.Vs + v.VT)),

and by using the compactness of the nonlinear terms, we verify that the assumption
of non-singularity is equivalent to say that the only solution (w,q,s) € Y of the
following problem:

Yo € (H}(Q))4, u/QVw.Vvdx—i—/Q[(u.V)w—i— (w.V)ulvdx

— [ agdiv vdx = | F'(T)svdz,
Q
Vr € L3(9Q), / rdivwdz = 0,
Q

Vz € Hi (Q), /

(VsVz+ [w.VT +u.Vs|z)dx + / f(T)zsdz = 0,
Q Q

is the solution zero. By the local inversion Theorem, the non-singularity assump-
tion implies a local uniqueness of the solution U.

For all values of the real parameter h > 0, we consider three spaces X, M}, and
W), such that

Xy C (HY )T, My, € L3(Q) and W), € HY(R),
we set
Vh = {Uh, v‘]h S Mha b(Qh,Uh) = 0}7

and we assume that it satisfies the following assumptions:
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(1) For all 0 < o <1, there exist a linear continuous operator P, from H?(2)N
L3(Q) onto Mj, such that

Vg € H?(Q) N L§(Q), |lg — Pralloe S h7g

o,Q)
d . . .
(2) For all - < o < 1, there exist a linear continuous operator Z; from
(H'7(Q))4 N (HL(Q))4 onto X}, such that
Vu € (H7(Q) N (Hy ()4, lu—Thulre S W7 ulito0.
(3) There exist a constant 3 independent of h, such that
Van € My, 3vp, € Xp, such that (div vn, qn)o,0 = Bllanllo.ellvnl1,0-
d
(4) For all 5 < o < 1, there exist a linear continuous operator 7; from
H'7(Q) N H () onto W}, such that
VI e H7(Q)N Ho(Q), T —inT e S A7 |T]ivo0-

We introduce now three spaces X;,, M} and W}, such that the previous assump-

tions are satisfied. For that, we assume that the open w is polyhedric and we assume
a regular triangulations family 75, of w (see [[5] Chapter 3, Parag. 3]), where for all
h the triangulation 7} is d-simplexes set of diameters bounded above by h. For all
K of 75, we define by Py(K) the polynomial space of total degree < k on T, where
k is a strictly positive real.

Let the space W}, defined as following:
Wy, ={T, e C°(Q) N Hy(Q), VK €Ty, Ty, € Pi(K)}.

This space verifies the assumption (4) as in [5]. We denote by I, the operator
defined as following;:

I = (CO() — (Wh)?
F=(f1,..,fa) — InF = (inf1, .., infa)

where i}, is the classic Lagrange interpolation operator.

Example 1 In dimension d=2, we set

Xp = {vn € (C°(Q)* N (H3(Q))?, VK € T, vnx € (Pa(K))%},

Mh = {Qh S L(Q)(Q)7 VK ¢ 771’ q}l|K € PO(K)}

Example 2 In dimension d=2, we set

Xn = {on € (C°(Q)* N (Hy(Q)*, VK € T, vnjx € (P2(K))%},

My, ={qn € L§(Q)UC’(Q), VK € Tp, qnjx € Pi(K)}.

Example 3 For all T of 7, of vertices a;, 1 < i < d + 1, we note by \; the
barycentric coordinate associated to the vertices a; and by n; the normal vector
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on the face not containing a;. We set Pr the space engendered by the polynoms of
(P(T))¢ and by the functions

d+1
J=1j#i
We set then
Xy, = {vp € (COQ)" N (Hy(Q)?, VK €Ty, vpk € Px},
Mh = {qh S L%(Q) UCO(Q)a VK € %7 q}L‘K S Pl(K)}
In the three examples above, the assumptions (1)-(3) are satisfied and the constant
3 is independent of h ([3],[8]).

We will specify the approximation of the nonlinear terms F' and f. A continuous
function T being known on the nodes of the interpolation operators I}, and iy, we
can calculate the quantities F'(T") and f(7') in the nodes, and then to construct the
interpolates of F'(T") and of f(T"). More precisely, we define F}, and f, by:

Fh . (CO(Q))d I Xh

s — Fp(s) = In(F(s)) = In(F(ins))
and

fh : CO(Q) e Wh

s — fu(s) = in(f(s)) = in(f(ins))-
It is easy to verify that for all continuous functions s and ¢ on (2, the differentials
DFy(s)q and D fr(s)q are written as following;:

DFy(s)q = In[F'(s)q] = In[F'(ins)ing],
Dfn(s)qg = in[F'(5)q] = in[F'(ins)ing].
Moreover, if F(s) € (H°(2))? and f(s) € H°(Q) , with g < o <2, we have

1E(s) = Fu(s)llo.o < Ch7[[F(s)lo.0 and [[f(s) = fa(s)llo,o < CA7[|f(s)lls.0-

We can write the discrete problem in the following variational form:
Find a triplet (up,pn,Th) € Xpn X My x W), such that

Yoy, € Xy, ,u/ Vuh.Vvhd:c+/(uh.V)uh.vhdx
Q Q

— div vy, dx = Fn(Ty)vpde,
(Py) /Qph h /Q h(Th)vn

Yqn € My, / qn div updzr = 0,
Q

Vs € Wy, /(VThVSh + up.VThsp)dx —|—/ fr(Th)spdz = 0.
Q Q

To study this system, we will rewrite it in same manner as the continuous problem
form. For this goal, we introduce the operators S, and Ly, the discrete analogues
of the operators S and L. More precisely:

S : (Hfl(Q))d — Xy,
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where the couple (wp, gp,) is the solution in X}, x M), of Stokes problem:

Yo, € Xy, u/ Vwy, . Vupdr — / qn div vy, dx =< g,vp, >,
Q Q

Vry € My, / rp, div wpdx = 0.
Q

The operator Ly is defined by:

Ly : (HX()) — Wy,
h — Qn,

where @}, is the solution in W}, of the following problem:
Vsy, € Wy, VQh.VShdl‘ =< h, Sp > .
Q

‘We have
V(g,s) € (H Q) x H Q) [Sngll1.a < Cllgllz-1 (o)
and [ Luslia < Cllsla o)

Moreover, if S(g) € (H°(Q))? and L(s) € H? (), with g < o <2, we have

1(S = Sw)gllie < Ch77H([Sgllo,0 + ([[Sgllo-1.0)
and
I(L = Lu)s|lie < Ch77H|Ls|o0.
Finally, we introduce the operator Hj, defined from the space Y onto Y by:
Hy, Y = (Hg ()4 x Hy(Q) — Y = (Hg(Q))? x Hy (%),

V=(v,8) — Hp(V) =V — (Sp( F(s) — (v.V)v), —Lp(f(s) + v.Vs)).

It should be noted that this mapping is continuous differentiable from X, x W,
onto Xp x Wy. In addition, the system (Pp) is written now in equivalent form
H;,(Uy) = 0, where Uy, = (up,Tr). The assumption of compatibility allows to cal-
culate the pressure py in Mjy, in a unique manner.
the formulation above makes it possible to study the problem (P,) by using the
discrete implicit function Theorem according to [8]:

TheoLem 3.1. We assume that there exist a couple Uy € X; x Wy such that
DH(Up) € Isom(Xp, x Wy, X, x Wp,). We assume

€h = ||H(Uh)||((Hg(sz))dng(sz)a
Yo = [[(DH(Un)) Ml (X0 x Wi, X0 x W)

Ap(v)=  sup  [[DHp(Un) = DHp(Vi)|l2(xp Wi, X0 x W)
Vi €B(Th,v)
where
BUn,v) ={Vh € Xpy x Wp; ||Up — Wally <v}
If we have

29 A (2vnen) < 1,
for all v > 2ypep such that v Ap(v) < 1, there exists a unique solution Uy, of the
equation Hy(Up) = 0, verifying:

|Un = Unlly <v.
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Moreover, we have the estimate:

U = Tnlly < —2— |

> m Hh(Uh)||Y~

In the next, we assume that the triplet (u,p,T') solution of the continuous prob-
lem has the following regularity:

we (H°(Q)? pe HYQ) and T € H°(Q),
where g <o <2,

3.1. Existence, uniqueness and a priori error estimate. First of all, we have
the following technical proposition whose the proof is similar to Bernardi et al ([2],
lemma 3.12; page 917).

Proposition 3.1. We have
1F"(T)qn — In(F"(T))gnllo.0

3.1 lim sup -0
(31 h—0 g, e, llan 1,9
and
! T _ / T

(3.2) fm sup L@@ — i Tanlloa _

h—0g,ew, llanll1,0
Moreover, for all (rp,qn) € W7. We have
(3.3) I (F'(r) — F'(inT))anllo.o < Cllrn — inT|l1.allanll1.0,
(34) lin(f'(rn) = £/ GaT)anlloo < Cllrn = inTlh.allgnl.o
and
(3.5) ITn(F(ra) — F(si))llo.0 < Cllr — sallo,o-

In the next, let U}, the element of X}, x W}, defined by
Uy, = (Zhu,inT) € Xp x W,
Lemma 3.1. There exist a constant hg such that, for all h < hg, we have
DH(U}) € Isom(Xp, x Wy, Xp, x Wp).
Moreover, vy, is bounded above by a constant v independent of h.

Proof. An immediate consequence of the not-singularity of the continuous solution
is that there is a positive constant C' such that, for all W}, = (wp, sp) € Xp, X Wh,

IDHU)Whlly = C[Whlly-
the lemma will be proved, if we prove:

(3.6) lim sup IDH(U).- Wi, — DHp(Up)-Wh|ly = 0.
h—=0 W), e Xy x Wi, | Wh || <1

Remark that for all couples V = (v,r) and W = (w, q) of Y, we have
DH,(V).W = (w=Sp[ I[F'(r)q]—(v.V)w—(w.V)v], g— Ly [in[f (7)q)]+v.Vq+w.VT]).
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For Uy, = (Tpu,inT) and Wy, = (wp, qn) € X, x Wy, we have
DH,(TUn). Wy, = DH,(U). Wi+

((S = Sp)[ F'(T)qn — (u.V)wp, — (wp.V)u), (Ly, — L)[f(T)qn + ©v.Van + wy . VT)])

+(Sh®, Lptp),
where
b = F/(T)qh — Ih( F/(T)qh) — ((u — Ihu).V).wh - (th)(u - Ihu)
and
¢ =f(T)an —in(f'(T)an) — (u — Tpu).Vap — wp. V(T i T).
The lemma will be proved, if we prove the convergence toward 0 of the two terms
appearing in the last formula.
1) Let us recall that if Co; and Coy are respectively compacts of (H~1(22))¢ and
of H=1(Q2), we have

lim sup [[(S—Sh)glli,o=0
h—>Og€COI

and

lim sup |[(L — Ln)gl1,0 =0.
h—0 geCoy

However, the unit ball image of Y = (HE(Q))¢ x H}(Q) by the mapping
(w,8) — F'(T)s — (u.V)w — (w.V)u
is a compact of (H~1(Q))¢, and its image by the mapping
(w,s) — f'(T)s +u.Vs+w.VT
is a compact of H~1(Q2). We deduce that
lim sup (S = Sp)( F'(T)sp, — (u.V)wy, — (wp.Vu)|1.0 =0

h—=0 W, =(wn,s1),[[Whly <1
and

lim sup (L = Lp)(f(T)sn +u.Vsp +wp.VT)|1,0 = 0.
h=—=0 W, =(wn,s1),[|Wh|ly <1

2) By using (3.1)-(3.2), and
hlino T —inT |10 = hlino lu—Zhull1o =0,

we obtain
lim [|S,® = lim ||L =0.
hl OH h ||1Q hl 0” h¢||1,9

Finally, by using the two results, we obtain the lemma.
Lemma 3.2. There exist hy > 0 and a constant C such that
Vh < hy, Vv >0; Ap(v) <Cv.
Proof. Remark that, for all V}, = (vp,,7p,) and Wy, = (wp, ¢) in X, X Wp,, we have
DHy(TU1).Wy, — DHy (Vi) Wi = (Spn, L),
where

n= Ia[(F'(rn) — F'(in))qn) — ((vn — (Zpu).V).wp, — (wp.V)((vn — (Zpu)
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and
¢ = —in[(f'(rn) = '(in))an] = (vn — Tpu).Vap — wp.V(r, — i T).
If we assume that
|Zhu — ull1,0 + |T = inT 1,0 < 2v,
by using the stability of the operators Sj, and L, and (3.3)-(3.4), we deduce easily,
that there exist hy > 0 and a constant C, such that

Vh < hy, Vv >0, Ap(v) <Cu.

Lemma 3.3. There exist a constant depending only on (u,p,T), such that
en = [1HUn)l (g @yaxmi) < Ch77 1
Proof. From the equation H(U) = 0, we deduce that
Hy(Un) =Un = U = ((Sh = S)( F(T) = (u.V)u), (L = Lp)(f(T) + u.VT))

—(Shv, Lys),
where
v= F(T)—-L(F()) - (u.V)u+ (ZTpu.V).Ipu
and
s = f(T) - fh(T) + u. VT — Thu Vi, T,
then

en < C{|T = inT|l1.0 + lu — Znull1,0 + [I(S — Sp)( F(T) — (u.V)u)|l (a1 (0
(L = La)(f(T) + w.VTD)| gz o) + ISell o1 @)a, @y vl -1y

I Lnll o1, 52 I8 H2-1(0)-
By using the regularity of (u,T'), we have
IT —irllie < Ch7HTloe  and |lu—Thulie < Ch7Hlu

o,
Since
T=-L(f(T)+uVT) and u=S(FT)— (uVu),
we have
I(L = Lu)(f(T) + w.VT)| g1y < Ch7 Y L(F(T) + u.VT)|lg0 = Ch7 | T||o0
and
1(S = Si)(F(T) = (w.¥)u)| g1 ya < Ch7 ™ ([Jullo.q + Ipllo—1.0)-

Finally, by using the stability of the operators Sj and Ly, the regularity of the
(u,T), the following equalities:

(u.V)u—(Zpu.V).(Zpu = (u—Zpu).V).u+(u.V).(u—Zpu) — ((u—Zpu).V).(u—Zpu)
and
u. VT — ThuVipr T = (u — Zpu). VT + u.V(T — i, T) — (v — Zpu) V(T — i, 1),
we obtain
ILall 2oz ), m2 @ I8l z-1@) < Ch? (1T |lo + llullo.0)
and

1Skl 21 ),z @y [0l r-1@pe < ChH|IT o + llullo.g)-
By using the estimates above, we prove the lemma. O
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Theorem 3.2. Let (u,p,T) the solution of the problem (P) verifying the assump-
tions of reqularity. there exist a real H such that for all h < H, the discrete problem
admits a solution Uy = (up,Ty) € Xp x Wy. However, this solution verifies the
following estimate:

lu—unl1.0+ P —pallog + 1T = Thllio < Ch7E

Proof. We will apply the discrete implicit function Theorem. First of all, for h
rather small, we have

DHh(Uh) S Isom(Xh X Wh, Xp X Wh)
By using the lemmas (2.2) and (2.3), we deduce that there exist a H such that
Vh < H, 2’VhAh(2'7h€h) <1,

in a manner that the discrete problem admits a solution (uy, T}). Finally, by using
the compatibility assumption of spaces (X, M}), we deduce that there exist a
unique element pp of M) such that (up,pn,Tr) will be solution of the problem
(Py,). However

lu —un|li,0+ |7 — Thll1,0 < Cep.

Then by using the lemma (2.3), we obtain
1,0+ T —Thl1,0 < Cho 1.

lu — up

The estimates over the pressure is obtained by using the compatibility of spaces
(Xh, Mp) and (3.5) ( [2], Prop 3.8, page 907). O

4. A posteriori error estimate .
Let F' an operator defined as following:
F:Y = (H}(Q)? x L3(Q) x HY Q) — Y* := (H Q) x L3(Q) x H1(Q)),
such that
V(v,q,5) € (H5(2))? x L§(Q) x Hy(Q),

< F(u,p,T),(v,q,8) >= u/ Vu.Vudr + / (u.V)u.vde — / F(T).vdx
Q Q

Q
—/pdiv vdw—i—/ qdiv udx
Q Q

—|—/§lVT.Vsdx+/Q(u.VT)sdx+/Qf(T)sdx.

It is obvious that the triplet (u,p,T) € (Hg(Q2))¢ x L(Q) x HZ () is solution of
the problem P if and only if F(u,p,T) = 0.
Assume that the triplet (u,p,T) € (HE(Q))? x LE(Q) x H}(Q) is a regular solution
in the sense that
DF(u,p,T) € Isom((Hg ()? x L§(Q2) x Hg(Q), (H~' () x L§(2) x H (%))
and
DF is Lipschitz-continuous in (u,p, T).

Let (up,pn,Th) € Xp x My, x Wy, a triplet, not necessary solution of the discrete
problem. Assume that

Jim |, p, T) = (unpu, T0) |y = 0.
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By using the proposition 2.1 of Verfurth [13]. We have, for h rather small:

(41) N(u,p.T) = (unpn, Ti)lly < 20/(DF (u,p, 7)) lzvyy ) | F (uns pn, Tn)|

For all K € 7, we note by 0K a set of internal edges (faces), by n. the exterior
normal vector on e, by [v]. the jump function v on the edge (face) e and by A(K)
the triangles union (tetrahedrons) having a common vertex with K. Let X, (K) a
set of v, € X} having support in A(K). We define by the same manner the sets
M, (K) and Wy (K). We assume that

(1) There exist an operator P, of L3(£2) onto M}, such that
Vg e Lg(Q);  [[Puallog < Cllalloo-
(2) There exist an operator iy, of H(2) onto W}, such that
Vs € Hy(Q), VK € Tp;  linslio < Clslie  and ||s — ipsllo,x < Chi|ls|liacr)-
(3) There exist an operator Ij, de (H}(€2))? onto (W},)? such that
Yo € (Hp(Q)%, VK € Tp; |Ihvlio < Clv

The finite element spaces used before verify the assumptions (1)-(3) ([4],[12]).
We set

Y *.

1o and [[v—=Ipvllox < Chi|v|li,ax)-

erk: = hill —pAup + (up.V)un.un + Vpn — F(Th)|§ 5 + [ldiv unl[f &
6uh
+ Z he”[*ﬂan Je + [ph]eneug,e,
eCOK €

oT,
e2, i = il = ATy +un.VTy + f(TW)lS c + Y hell[an]eH%,e,

€

eCOK
,u/ Vuh.Vvh—l—/(uh.V)uh.vh—/phdiv vh—/F(Th)vh
— Q Q Q Q
€1,K ‘= sup ,
v €Xp (K) |vh|1,A(K)
/qhdz’v up,
EQ,K = Sup 97
aneMn (k) anlo,a)
and
/VTh.Vshdx—l—/(uh.VTh)shdx—i—/ f(Th)Shd.’L‘
€35 = sup 2 Q .
spEWL(K) |5h|1,A(K)

Theorem 4.1. There exist hg, such that, for all h < hg, we have

2 3
1 1
[ (un, pns Tn) = (w,p, Dlly <CO- DY )2+ OO0 Y €x)?).
i=1 KT, i=1 KeTy

Moreover, we have

e1,k < C(lu—unliam) + P = prloam) + T = Thliam)+
1
(ZKeA(K) hi | F(Th) — Fh(Th)Hg,K)%

ea,x < C(lu —upliak) + P — prloay + 1T — Thli,am)+

1
g,K)2

Cream) Millf(Th) — fu(Th)
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and
Vi=1,.,3, i,k < O(Jlu —unli,ay + 1P — prloac) + 1T — Thli,ak)-
Proof. Remark that, for all (v,q,s) € Y, we have
< F(un,pn, Th), (v,q, 8) >=< F(un,pn, Th), (v — Inv,q — Prq, s — ips) >

+ < F(uh7ph7Th)a ([h’U, Phq7ih3) > .
By using the stability of the operators I, P, and ij, we have

. 3
sup < F(un,pn, Th), (Inv, Prq, ins) > < Z Z &2 )3,
(v,9,5)€Y ||(U, q, S)HY im1 KeT, ’
By using Green formula, we have

< F(un,pn, Th), (v — Inv,q — Phq, s — ips) >

Z {/ —vAuy, + (uh V)’U,h up + Vpp — (Th))(v — Ihv)d
KeTy,

0
+ [ andiv e+ 3 [(ng+ om0 = To)da)

eCOK

+ Z {/ —ATy +up.VTh + Von + f(Th)) (s — ips)dx

KET,

6T
+ Z / 311}; )(s —ins)dx}.

eCOK
From the following inequalities:

v —=Ipollo,x < hillvlliam, v —1Invlloe < hé%H”Hl,A(K)
and .
s —insllo,e < héllsll1,ax)-
We deduce
. 2
sup < F(up,pn,Th), (v — Inv,q — Prq, s —ips) > < C(Z Z 6?,;()%.
W 10,4 5)ly 2. 2.

Finally, by using the relation (4.1). We have

M

| (wns pr, Tn) — (u,p, T)|ly < C((Z Z €i)? + Z Z K)?).

=1 KeTy =1 K€Ty,

Now we will prove the opposite inequalities. First of all, by using the continuity
and the equality F(u,p,T) = 0, we have

Vi=1,.,3, ik < C(lu—unliamy + P —prloam) + 1T = Thli,am))-

Let bk the bubble function on K such that mazgbg =1 [13]. We set
vg = —ATy +up VT + fr(Th)

and
wi = b (—ATy, 4+ up. VT, + fr(Th)) € Hg ().
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By using the norms equivalence ||.||o, x and ||bx .||, x over functions space with finite
dimension, we have

<O / oxcwicde + | f(Th) — fa(Th)
K

0,K -
However
/vade:/ VTh.Vdex—l—/ (up, VTh + fr(Th))widx
K K K

and

/ VT Nwgdx + / (u.VT + f(T))wgdx = 0.
K K
Then

/KvaKda: = /K V(T, — T).Vwgdx + /K((uh —uw).V(T, —T)+uNV(T, —T)

+(up — u). VT widr + /K(fh(Th) — f(Ty))dz + /K(f(Th) — f(T))wkdx.
We obtain
/ vgwrdr < C{|lu —up|x + |T — Th
K

v Hlwkll g + 1 f(Th) — fu(Th)|

0,K-

Finally:
lwi|1,x < Chigtwkllo,x < Chi v lo,sc-
So
hK” — ATy, +up VT, + f(Th)HO,K

< C{lu—uplx +|T = Thlr,x } + bl f(Th) — frn(Th)llo.x-

Let e an internal face (edge) of K and b, the bubble function of K zero over
0K /e. By using the extension operator P, : C%(e) — C°(K, U K_) [13], we have
I3, < [ 9T o

one <% = | one e One

PE(S)dO' = PE(S)dO'

= / (VTh.Vpe(S) + AuhPe(s))dx,
KLUK_

oTy

one Je-
By using the same arguments as before, we obtain

where s = |

/ (VT,.VP.(s) + AupP.(s))dx
KUK _
= fK+UK7 (VT VP.(s) + (up. VT, + f(Th))P.(s)dz
—/ (=ATy +u. VT, + f(Th))P.(s)dz
KUK _

< C{llu —unlli,a) + 1T = Th

Lo} [Pe(s)1,0

+| = ATy + un. VT + f(Th) 0,0l Pe(s)]0,0-
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However
1Pe)lln s or < IPe(s)llo.reor < Che *[s]o
So
RISl < CC )
therefore
eax < C(| l1,A(k))
(Y BT - AR
KEA(K)
Finally, by the same arguments, we have the following inequality:
ek < C(| l1,a(k))
Z 3 ||F (Th) — Fh(Th)H(%,K)%
KEA(K)
O
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