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A LEAST-SQUARES STABILIZATION VIRTUAL ELEMENT
METHOD FOR THE STOKES PROBLEM ON POLYGONAL

MESHES

YANG LI, CHAOLANG HU AND MINFU FENG∗

Abstract. This paper studies the virtual element method for Stokes problem with a least-squares
type stabilization. The method cannot only circumvent the Babuška-Brezzi condition, but also
make use of general polygonal meshes, as opposed to more standard triangular grids. Moreover,
it is suitable for arbitrary combinations of the velocity and pressure, including equal-order virtual
element. We obtain the corresponding energy norm error estimates and L2 norm error estimates
for velocity. Finally, a series of numerical experiments are performed to verify the method has
good behaviors.
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1. Introduction

Recently, there has been increasing interest in developing numerical methods
that can make use of non-traditional meshes (e.g., polygons and polyhedra). In-
deed, the use of polygonal meshes brings a number of advantages, including more
efficient approximation of geometric data features, better domain meshing capabil-
ities, more robustness to mesh deformation, and others. Several numerical methods
for polygon meshes have been proposed, such as Hybrid High-Order method [1],
Mimetic Finite Difference(MFD) method [2], Weak Galerkin method [3–5], Virtual
Element method(VEM) [6].

Among them, the VEM follows the main ideas of MFD method [7–11]. By avoid-
ing the explicit expression of basis function and the use of quadrature formula, it
can handle the problem on general polygonal meshes. Indeed, virtual element space
contains space of polynomials, with addition of suitable non-polynomial functions.
The polynomial part is used to insure the consistency of the scheme, while the
non-polynomial part is used to insure the stability, see [6, 12] for details. So far,
the VEM has been used to solve various problems, such as elliptic [13] and par-
abolic equations [14], linear elastodynamics [15, 16], Cahn-Hilliard equation [17],
Stokes [18–28] and Navier-Stokes(N-S) equation [29]. In addition, several differen-
t numerical methods have been analysed, such as H(div) and H(curl)-conforming
VEM [30], discontinuous Galerkin VEM [31], nonconforming VEM [32, 33], mixed
VEM [34].

All these mixed virtual element methods are constructed in such a way that
only the velocity is approximated by a virtual element space while the pressure
discretization is based on a traditional finite element space. The basis of their
analysis is that the Babuška-Brezzi(B-B) condition must be satisfied, which is not
easy in some cases. In order to deal with this problem, how to combine VEM
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with stabilization method [35, 36] is an interesting problem. Recently, a stabilized
VEM for N-S problem has been proposed in [37], although numerical tests show this
method is stable, there is no theoretical analysis. In [38,39], the authors proposed a
SUPG-stabilized conforming/nonconforming VEM for convection-diffusion-reaction
problem. Moreover, a projection-based stabilized VEM for the Stokes problem has
been considered in [40], which constitutes a low-cost solver. Nevertheless, it’s only
weakly consistent.

As we know least-squares technique has been frequently used to simulate solu-
tions of partial differential equations. Its numerical stability is not sensitive to the
choice of spaces or meshes. In addition, it’s not subject to the B-B condition and
leads to a symmetric and positive definite algebraic system. We believe the attrac-
tive characteristics of the VEM and least-squares method should remain if both of
them are combined. This motivates us to consider the least-squares stabilization
VEM for solving the Stokes problem. The approximation of mixed formulations is
suitable for arbitrary finite element combinations of the two variables. That is, the
method is applicative when velocity is approximated by virtual element, regardless
of pressure is approximated by virtual element or traditional finite element. In
particular, when both velocity and pressure are approximated by classical finite
element pairs, the method becomes that proposed in [36] by Franca et al. We es-
tablish the stability and corresponding error estimates, including the energy norm
and the L2 norm for velocity. And several numerical tests confirm the theoretical
convergence results.

The structure of the paper is as follows. Section 2 states the Stokes problem and
its weak formulation. In Section 3, we outline the virtual element discretization
of the problem. Section 4 considers the stability of the proposed method. The
error estimates in the energy norm and the L2 norm for velocity are investigated
in Section 5. Section 6 gives some numerical tests which confirm the theoretical
results. Finally, we present short conclusions.

Notation Throughout the paper C will denote a common constant, that is
independent of the mesh size h. We use the standard notations for Sobolev space,
norm, and semi-norm. More specifically, given bounded Lipschitz domain D ⊂ Rd,
we define by W k,p(D) the space of all Lp integrable functions in D whose weak
derivatives less than or equal to order k are also Lp integrable. For p = 2, we
denote Hk(D) := W k,2(D), and we utilize ∥ · ∥k,D and | · |k,D to represent the
corresponding norm and semi-norm, respectively. In the Sobolev space Hk(D),
while (·, ·)k,D denote the corresponding inner product, and the standard L2(D)
inner product is denoted by (·, ·)D with corresponding norm ∥ · ∥0,D.

2. The continuous problem

Let Ω ⊂ R2 be a convex, bounded polygonal domain with homogeneous Dirichlet
boundary condition. We consider the Stokes problem:

(1)

 −ν∆u + ∇p = f in Ω,
∇ · u = 0 in Ω,
u = 0 on ∂Ω,

where u and p denotes the velocity and pressure fields, respectively. And f denotes
the external force, ν is a constant that represents the viscosity.
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We define the velocity vector space V and the pressure scalar space Q by

V := H1
0(Ω), Q :=

{
q ∈ L2(Ω) ∩H1(Ω) :

∫
Ω
q dΩ = 0

}
,

where we set Hs(Ω) := (Hs(Ω))d. We usually use bold fonts to indicate vector
variables, operators, and spaces throughout this paper.

A weak formulation of (1) reads as follows: find (u, p) ∈ V ×Q, s.t.

(2) B(u, p; v, q) = F (v, q), ∀ (v, p) ∈ V ×Q,

where we defined the operators

B(u, p; v, q) := −ν(∇u,∇v) + (p,∇ · v) + (q,∇ · u),
F (v, q) := (−f ,v).

Obviously, the bilinear form ν(∇u,∇v) is coercive and continuous on V × V, i.e.,

ν(∇v,∇v) ≥ ν∥v∥2
1 and |ν(∇u,∇v)| ≤ C∥u∥1∥v∥1, ∀ u,v ∈ V,

the bilinear form (q,∇·v) is continuous on V×Q and satisfies the inf-sup condition,

|(q,∇ · v)| ≤ C∥v∥1∥q∥0 and sup
v̸=0,v∈V

(q,∇ · v)
∥v∥1

≥ β∥q∥0 ∀ v ∈ V, q ∈ Q.

Therefore, the problem (2) has a unique solution (u, p) ∈ V ×Q; see [41] for the
details.

We now introduce on the product space V ×Q the bilinear form given by

(3) BCBB(u, p; v, q) := a(u,v) + b(p,v) + b(q,u) + c(u,v) + d(p, q) + e(u,v),

where the bilinear forms are defined as

(4)



a(u,v) := −ν(∇u,∇v),
b(p,v) := (p,∇ · v) − ντh2(∇p,∆v),
c(u,v) := −δ(∇ · u,∇ · v),
d(p, q) := τh2(∇p,∇q),
e(u,v) := ν2τh2(∆u,∆v),

and

(5) FCBB(v, q) := F (v, q) + τh2(−f , ν∆v − ∇q).

The weak formulation (2) can be equivalent rewritten as: find (u, p) ∈ V × Q,
such that,

(6) BCBB(u, p; v, q) = FCBB(v, q) ∀ (v, p) ∈ V ×Q.

Theorem 2.1. There exists a positive constant C1 such that for all (u, p) ∈ V×Q,

BCBB(u, p; −u, p) > C1∥∇u∥2
0 + τ

∑
K∈Th

h2
K∥∇p∥2

0,K .

One can refer to [36, 42] for details. The continuity of BCBB and FCBB are s-
traightforward by using the Cauchy-Schwarz inequality. The problem (6) therefore
has a unique solution.
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3. The virtual element method

In this section, we discuss the stabilized virtual element discretization of (6). Let
{Th}h be a sequence of decompositions of Ω into general polygonal elements K. By
Eh and Vh, we denote the set of all edges e and vertices V of the decomposition Th,
respectively. For every element K and for every edge e, we set hK := diameter(K),
he := |e|. To approximate the solution of (6), we give the following mesh regularity
assumptions [12]:

Assumption 3.1. We suppose that for all h, each element K satisfies the following
assumptions:
• every element K is star-shaped with respect to all the points of a sphere of radius
≥ ϱhK ,
• the distance between any two vertexes of K is ≥ chK ,
where ϱ and c are positive constants.

Since we will mostly work on a generic element K, we will denote by aK(·, ·),
bK(·, ·), cK(·, ·), dK(·, ·), eK(·, ·) the restriction to K of the corresponding bilinear
forms defined in (4). First of all, we decompose into local contributions the bilinear
forms a(·, ·), b(·, ·), c(·, ·), d(·, ·), e(·, ·) and the norms ∥ · ∥V, ∥ · ∥Q by defining, for
all u,v ∈ V, p, q ∈ Q

a(u,v) =:
∑

K∈Th

aK(u,v), b(p,v) =:
∑

K∈Th

bK(p,v), c(u,v) =:
∑

K∈Th

cK(u,v),

d(p, q) =:
∑

K∈Th

dK(p, q), e(u,v) =:
∑

K∈Th

eK(u,v),

(7)

and

(8) ∥v∥V =:

( ∑
K∈Th

∥v∥2
V,K

)1/2

, ∥q∥Q =:

( ∑
K∈Th

∥q∥2
Q,K

)1/2

.

3.1. The virtual element discretization. Now, we introduce the local discrete
virtual element spaces corresponding to V and Q, a set of local projectors mapping
from these virtual element spaces into polynomial spaces, and finally, the related
global counterparts. First of all, using standard VEM notations, for k ∈ N, let us
define the spaces
• Pk(K): the set of polynomials on K of degree ≤ k,
• Bk(∂K) :=

{
ω ∈ C0(∂K) s.t. ω|e ∈ Pk(e), ∀ e ⊂ ∂K

}
,

and concerning geometric objects (and related items), we will use the following
notations. For a geometric object D of dimension d(d = 1, 2), we will denote by xD

its barycenter. Then we denote by Mk(D) the set of polynomials

Mk(D) :=
k∪

i=0
M∗

i (D) ⊆ Pk(D),

where M∗
i (D) :=

{(
x−xD

hD

)s

, |s| = i
}

, and s ∈ Nd is a multi-index with |s| =
s1 + ...+ sd and xs := xs1

1 ...x
sd

d .
Then, we introduce on each element K the original local virtual element space [6]:

(9) Wh(K) =
{
ωh ∈ H1(K) : ωh|∂K ∈ Bk(∂K) and ∆ωh ∈ Pk−2(K),∀K ∈ Th

}
.
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The corresponding degrees of freedom are chosen, always at the element level,
prescribing, for each ωh ∈ Wh(K),
(D1) the values of ωh at the vertices,
(D2) the values of ωh at k − 1 same interval points on e of K,
(D3) the moments 1

|K| (m,ωh)0,K , ∀ m ∈ Mk−2(K).
Similar to [12], for the L2-projection can be exactly computable by the DoFs, we

enlarge the previous space as follows:

(10) W̃ k
h (K) =

{
ωh ∈ H1(K) : ωh|∂K ∈ Bk(∂K) and ∆ωh ∈ Pk(K), ∀K ∈ Th

}
,

Remark 3.1. ( [12, 13]) For each element K and for all k the operators D1-D3
satisfy the following property:

{q ∈ Pk(K)} and {Di(q) = 0, i = 1, 2, 3} imply {q = 0},
it implies that on each element K we can easily construct a projection operator
from W̃ k

h (K) to Pk(K) that depends only on D1-D3 and is explicitly computable
starting from them, see [12,13] for details.

For any n ∈ N and K ∈ Th, we introduce some useful polynomial projections [12]:
• the H1 semi-norm projector Π∇

k,K : H1(K) → Pk(K),

(11)


(

∇(Π∇,K
k ωh − ωh),∇m

)
K

= 0, ∀ m ∈ Mk(K)

PK
0

(
Π∇,K

k ωh − ωh

)
= 0,

where let N be the number of vertices Vi of the element K and the projection
operator PK

0 : W̃ k
h (K) → P0(K) satisfies{

PK
0 ωh := 1

N

∑N
i=1 ωh (Vi) if k = 1,

PK
0 ωh := 1

|K|
∫

K
ωh dx if k ≥ 2.

• The L2 -projection Π0,K
k : L2(K) → Pk(K) defined by

(12) (Π0,K
k ωh,m)K = (ωh,m)K ∀ m ∈ Mk(K).

According to references [6,12,13], we point out that the operators Π∇
k,K , Π0,K

k and
Π0,K

k−1 can be computed using only the degrees of freedom.
For simplicity, we still use the same symbol for their extension for vector and

tensor functions.
Now we define the virtual element space V k

h (K) as the restriction of W̃ k
h (K)

given by [12]
(13)
V k

h (K) :=
{
ωh ∈ W̃ k

h (K) : (qk, ωh − Π∇,K
k ωh)K = 0,∀qk ∈ M∗

k−1(K) ∪ M∗
k(K)

}
,

and see again [12,13] that the set of linear operators D1-D3 are a set of degrees of
freedom for the virtual space Vh(K). Then by imposing boundary conditions, we
obtain the global spaces

Vh := {vh ∈ V : vh|K ∈ Vk
h(K), ∀ K ∈ Th},

Qh := {qh ∈ Q ∩H1(Ω) : qh|K ∈ V l
h(K), ∀ K ∈ Th, 1 ≤ l ≤ k}.

(14)

Now, we define the local discrete version for (3)-(6) as follows: find (uh, ph) ∈
Vh ×Qh s.t.
(15) BCBB,h(uh, ph; vh, qh) = FCBB,h(vh, qh), ∀ (vh, qh) ∈ Vh ×Qh,
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where
(16)
BCBB,h := ah(uh,vh)+bh(ph,vh)+bh(qh,uh)+ch(uh,vh)+dh(ph, qh)+eh(uh,vh),

FCBB,h := −
∑

K∈Th

(f ,Π0
k,Kvh)K −

∑
K∈Th

τh2
K(f , ν∆Π0

k,Kvh − Π0
k−1,K∇qh)K ,(17)

with
(18)

ah(uh,vh) := −
∑

K∈Th

[
ν(Π0

k−1,K∇uh,Π0
k−1,K∇vh)K

+SK
a ((I − Π∇

k,K)uh, (I − Π∇
k,K)vh)

]
,

bh(ph,vh) :=
∑

K∈Th

[
(Π0

k,Kph,Π0
k−1,K∇ · vh)K − ντh2

K(Π0
k−1,K∇ph,∆Π0

k,Kvh)K

]
,

ch(uh,vh) := −δ
∑

K∈Th

(Π0
k−1,K∇ · uh,Π0

k−1,K∇ · vh)K ,

dh(ph, qh) :=
∑

K∈Th

[
τh2

K(Π0
k−1,K∇ph,Π0

k−1,K∇qh)K

+SK
d ((I − Π∇

k,K)ph, (I − Π∇
k,K)qh)

]
,

eh(uh,vh) :=
∑

K∈Th

ν2τh2
K(∆Π0

k,Kuh,∆Π0
k,Kvh)K ,

where SK
a (·, ·) : Vh(K) × Vh(K) → R and SK

d (·, ·) : Qh(K) ×Qh(K) → R are any
symmetric, positive definite and computable bilinear form that guarantees [1]

(19) α∗a
K(vh,vh) ≤ SK

a (vh,vh) ≤ α∗aK(vh,vh) ∀ vh ∈ ker(Π∇,K
k ),

(20) β∗d
K(qh, qh) ≤ SK

d (qh, qh) ≤ β∗dK(qh, qh) ∀ qh ∈ ker(Π∇,K
k ),

for constants 0 < α∗ ≤ α∗ and 0 < β∗ ≤ β∗. It is straightforward to check that
definition (11) and properties (19,20) imply
•Consistency: for all h > 0 and for all K ∈ Th, it holds that

(21) aK
h (m,vh) = aK(m,vh) ∀ m ∈ (Pk(K))d,vh ∈ Vh(K),

(22) dK
h (m, qh) = dK(m, qh) ∀ m ∈ Pk(K), qh ∈ Qh(K).

•Stability: there exist some positive constants α∗, α
∗ and β∗, β

∗, independent of
h, such that

(23) α∗a
K(vh,vh) ≤ aK

h (vh,vh) ≤ α∗aK(vh,vh) ∀ vh ∈ Vh(K),

(24) β∗d
K(qh, qh) ≤ dK

h (qh, qh) ≤ β∗dK(qh, qh) ∀ qh ∈ Qh(K),

in addition, due to the symmetry of SK
a (·, ·), SK

d (·, ·) and (11), it follows that
(25)
SK

a (uh,vh) ≤ (SK
a (uh,uh)) 1

2
(
SK

a (vh,vh)
) 1

2 ≤ α∗(aK(uh,uh)) 1
2 (aK(vh,vh)) 1

2 ,

(26) SK
d (ph, qh) ≤ (SK

d (ph, ph)) 1
2
(
SK

d (qh, qh)
) 1

2 ≤ β∗(dK(ph, ph)) 1
2 (dK(qh, qh)) 1

2 .

Remark 3.2. Conditions (19-20) essentially state that the stabilizing term SK
† (·, ·), † =

a, d scales as †K(·, ·) on the kernel of Π∇,K
k . For instance, following the most stan-

dard VEM choice (cf. [6, 12]), the choice of the bilinear form SK
† would depend on
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the problem and on the degrees of freedom. It will be sufficient to take the simple
choice

SK
a (·, ·) =: νhd−2

K

Ndof∑
i=1

χi(·)χi(·), SK
d (·, ·) =: τh2

K · hd−2
K

Ndof∑
i=1

χi(·)χi(·),

where χi(·) is the operator that selects the i-th degrees of freedom.

3.2. Preliminary results. We now present some preliminary results useful in the
sequel. We denote by D̃ the patch elements intersecting D. Then, we start by the
following approximation Lemma, that mainly comes from the Assumption 3.1 and
standard approximation results on polygonal domains (see for instance [6, 40,43]).

Lemma 3.1. Suppose that Assumption 3.1 is satisfied. For all ω ∈ Hs(Ω) and
K ∈ Th, there exists the polynomial functions Π0,K

k ω,Π∇,K
k ω, ωπ ∈ Pk(K) holds

∥ω − Π0,K
k ω∥m,K ≤ Chs−m

K |ω|s,K , m, s ∈ N,m ≤ s ≤ k + 1,

∥ω − Π∇,K
k ω∥m,K ≤ Chs−m

K |ω|s,K , m, s ∈ N,m ≤ s ≤ k + 1, s ≥ 1,

∥ω − ωπ∥0,K + hK |ω − ωπ|1,K ≤ Chs
K |ω|s,K , s ∈ N, 1 ≤ s ≤ k + 1.

Lemma 3.2. [40,43] Suppose that Assumption 3.1 is satisfied. For ω ∈ H1
0 (Ω) ∩

Hs(Ω) with 1 ≤ s ≤ k+ 1, there exists a ωI ∈ H1
0 (Ω) ∩Vh such that for all K ∈ Th,

we have
∥ω − ωI∥m,K ≤ C(ϱ, k)hs−m

K |ω|
s,K̃

m = 0, 1.

Lemma 3.3. [43, 44] Suppose that Assumption 3.1 is satisfied. Let K ∈ Th and
let vh ∈ V K

h be such that ∆vh ∈ Pk(K). There exists a constant Cinv, independent
of vh, h and K, such that (Lemma 10 in [43])

(27) Cinv∥∆vh∥0,K ≤ h−1
K ∥∇vh∥0,K ,

and the following inverse inequality holds: (Theorem 3.6 in [44])

(28) ∥∇vh∥0,K . h−1
K ∥vh∥0,K .

4. Stability

Now, let us define the following norm [36]:

(29) |||(u, p)|||2 := ν∥∇u∥2
0 + ∥p∥2

0 + τh2∥∇p∥2
0 + δ∥∇ · u∥2

0,

and to facilitate the presentation of the following analysis, we set

b̂h(vh, ph) :=
∑

K∈Th

(Π0
k,Kph,Π0

k−1,K∇ · vh)K ,

b̃h(vh, ph) := −
∑

K∈Th

ντh2
K(Π0

k−1,K∇ph,∆Π0
k,Kvh)K ,

(30)

i.e.
bh(vh, ph) = b̂h(vh, ph) + b̃h(vh, ph).

It is immediate to see that for all (uh, ph), (vh, qh) ∈ Vh ×Qh, there holds
|BCBB,h(uh, ph; vh, qh)| ≤ C|||(uh, ph)||||||(vh, qh)|||,
|FCBB,h(vh; qh)| ≤ C|||(vh, qh)|||.

(31)
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4.1. The weak inf-sup condition.

Theorem 4.1. (weak inf-sup condition) Assume that Assumption 3.1 is satisfied.
Then, there exist positive constants β1 and β2 such that

sup
vh∈Vh vh ̸=0

b̂h(ph,vh)
∥vh∥1

≥ β1∥ph∥0 − β2

( ∑
K∈Th

h2
K∥∇ph∥2

0,K

)1/2

∀ph ∈ Qh.

Proof. Firstly, by the surjectivity of the divergence operator, there exists a
w ∈ H1

0(Ω) such that

(∇ · w, ph) ≥ β1∥w∥1 ∥ph∥0 ∀ph ∈ Qh.

Let wI be the interpolant of w in Vh, and we can easily get ∥wI∥1 ≤ C∥w∥1.
Using the definition of the projection 12 many times, we have

sup
vh ̸=0∈Vh

b̂h(vh, ph)
∥vh∥1

= sup
vh ̸=0∈Vh

∑
K∈Th

(Π0,K
k−1∇ · vh,Π0,K

k ph)K

∥vh∥1

≥

∑
K∈Th

(Π0
k−1∇ · wI ,Π0

kph)K

∥wI∥1
=

∑
K∈Th

(∇ · wI ,Π0
k−1ph)K

∥wI∥1

≥

∑
K∈Th

(∇ · wI ,Π0
k−1ph)K

C∥w∥1
,

then, using triangle inequality, integration by parts and Lemma 3.2, we obtain

sup
vh ̸=0∈Vh

b̂h (vh, ph)
∥vh∥1

≥ −

∣∣∣∣∣ ∑K∈Th

(
∇ · wI , ph − Π0

k−1ph

)
K

∣∣∣∣∣
C∥w∥1

− |(∇ · (w − wI) , ph)|
C∥w∥1

+ (∇ · w, ph)
C∥w∥1

≥ −C
∑

K∈Th

∥∥ph − Π0
k−1ph

∥∥
0,K

− Ch ∥∇ph∥0 + β1 ∥ph∥0

≥ β1 ∥ph∥0 − β2

( ∑
K∈Th

h2
K∥∇ph∥2

0,K

)1/2

.

�

4.2. Well-posedness of discrete formulation.

Theorem 4.2. Assume that Assumption 3.1 is satisfied. For each (uh, ph) ∈ Vh ×
Qh, there is a positive constant β̂, such that

(32) inf
(uh,ph)∈Vh×Qh

sup
(wh,rh)∈Vh×Qh

BCBB,h

(
uh, ph; wh, rh

)
|||(uh, ph)||| · |||(wh, rh)|||

≥ β̂ > 0.

Proof. Let us consider an arbitrary (uh, ph) ∈ Vh×Qh and letX2 := ν∥∇uh∥2
0+

τh2∥∇ph∥2
0 + δ∥∇ · uh∥2

0.
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Firstly, we choose (wh, rh) = (−uh, ph). Using (19-20) and Lemma 3.3, we have

BCBB,h(uh, ph; −uh, ph)

≥
∑

K∈Th

[
ν∥Π0

k−1,K∇uh∥2
0,K + SK

a

(
(I − Π∇

k,K)uh, (I − Π∇
k,K)uh)

)
+ τh2

K∥Π0
k−1,K∇ph∥2

0,K + SK
d

(
(I − Π∇

k,K)ph, (I − Π∇
k,K)ph)

)
− ν2τh2

K∥∆Π0
k,Kuh∥2

0,K

]
≥
∑

K∈Th

[
min{1, α∗}ν

(
∥Π0

k−1,K∇uh∥2
0,K + ∥∇uh − Π0

k−1,K∇uh∥2
0,K

)
+ min{1, β∗}τh2

K

(
∥Π0

k−1,K∇ph∥2
0,K + ∥∇ph − Π0

k−1,K∇ph∥2
0,K

)
− Cν2τ∥∇uh∥2

0,K

]
≥
∑

K∈Th

[
min{1, α∗}ν

2
∥∇uh∥2

0,K + min{1, β∗}τh
2
K

2
∥∇ph∥2

0,K − Cν2τ∥∇uh∥2
0,K

]
,

and taking 0 < τ ≤ min{1,α∗}
4Cν , we have

BCBB,h(uh, ph; −uh, ph)

≥
∑

K∈Th

[
min{1, α∗}ν

4
∥∇uh∥2

0,K + min{1, β∗}τh
2
K

2
∥∇ph∥2

0,K

]
,

then using ∥∇ · uh∥0,K ≤ C̃∥∇uh∥0,K and taking 0 < δ ≤ ν
8C̃

, we get

BCBB,h(uh, ph; −uh, ph)

≥
∑

K∈Th

min
{

1
8
,
α∗

8
,
β∗

2

}(
ν∥∇uh∥2

0,K + δ∥∇ · uh∥2
0,K + τh2

K∥∇ph∥2
0,K

)
≥ C0X

2.

(33)

Secondly, setting (wh, rh) = (−vh, 0), we get

BCBB,h (uh, ph; −vh, 0)

= −ah(uh,vh) − b̂h(ph,vh) − b̃h(ph,vh) − ch(uh,vh) − eh(uh,vh),

and based on Theorem 4.1, for a given ph ∈ Qh there exists ṽh ∈ Vh such that

b̂h (ṽh, ph) ≥ ∥ṽh∥1

β1∥ph∥0 − β2

( ∑
K∈Th

h2
K∥∇ph∥2

0,K

)1/2
 ,

taking vh = ∥ph∥0

∥ṽh∥1

ṽh, that is ∥vh∥1 = ∥ph∥0, then using Young inequality yields

b̂h(vh, ph) ≥ β1∥ph∥2
0 − β2

( ∑
K∈Th

h2
K∥∇ph∥2

0,K

) 1
2

∥ph∥0

≥
(
β1 − β2

2
l0

)
∥ph∥2

0 − l0
4
∑

K∈Th

h2
K∥∇ph∥2

0,K ,
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i.e.,

−b̂h(vh, ph) ≤
(
β2

2
l0

− β1

)
∥ph∥2

0 + l0
4

( ∑
K∈Th

h2
K∥∇ph∥2

0,K

)
,

where l0 > 0 will be determined by the needs of later analysis. Thus, we can easily
obtain

BCBB,h(uh, ph; −vh, 0) ≤
∣∣ah(uh,vh) + b̃h(ph,vh) + ch(uh,vh) + eh(uh,vh)

∣∣
+
(
β2

2
l0

− β1

)
∥ph∥2

0 + l0
4

( ∑
K∈Th

h2
K∥∇ph∥2

0,K

)
.

(34)

Next, let’s analyze each terms in (34).∣∣ah(uh,vh) + b̃h(ph,vh) + ch(uh,vh) + eh(uh,vh)
∣∣

≤
(
min{1, α∗}ν∥∇uh∥0 + ντh∥∇ph∥0 + δ∥∇ · uh∥0 + ν2τ∥∇uh∥0

)
· ∥vh∥1

≤ β1

8
∥ph∥2

0 + CX2.

Then choosing l0 = 8β2
2

3β1
, we get

BCBB,h(uh, ph; −vh, 0) ≤
(
β2

2
l0

− 7β1

8

)
∥ph∥2

0 + CX2 + l0
4
h2∥∇ph∥2

0

= −β1

2
∥ph∥2

0 + CX2 + 2β2
2

3β1
h2∥∇ph∥2

0,

thus

(35) BCBB,h(uh, ph; vh, 0) ≥ β1

2
∥ph∥2

0 − CX2 − Cτh2∥∇ph∥2
0,

and we multiply (35) by 2
β1

,

(36) BCBB,h(uh, ph; 2
β1

vh, 0) ≥ ∥ph∥2
0 − C1X

2,

with a suitable positive constant C1. We define for an arbitrary (wh, rh) ∈ Vh ×Qh

(37) (wh, rh) := (−uh, ph) + 2C0

β1(C0 + C1)
(vh, 0) ∈ Vh ×Qh.

Then, we have

BCBB,h(uh, ph; wh, rh) ≥ C0

C0 + C1
∥ph∥2

0 + C2
0

C0 + C1
X2

≥ min{1, C0} C0

C0 + C1
|||(uh, ph)|||2,

(38)

and

|||(wh, rh)||| ≤ |||(uh, ph)||| + 2C0

β1(C0 + C1)
|||(vh, 0)|||

≤ |||(uh, ph)||| + C∥vh∥1 = |||(uh, ph)||| + C∥ph∥0

≤ C2|||(uh, ph)|||,

(39)

from (38) and (39), we conclude (32) with β̂ = min{1, C0} C0
C2(C0+C1) > 0.

�
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5. Error estimates for the discrete formulation

We will give some error estimates for our scheme and get the optimal error
estimate in this section.

5.1. Error estimate in energy norm.

Theorem 5.1. Assume that Assumption 3.1 is satisfied. Let (u, p) ∈ V ×Q be the
solution of (6) and (uh, ph) ∈ Vh × Qh be the solution of (15). Then, there is a
positive constant C independent of h such that

|||(u − uh, p− ph)||| ≤ C
(

∥u − uπ∥1 + ∥u − uI∥1 + h−1∥u − uI∥0

+ ∥p− pI∥0 + h∥p− pI∥1 + h∥p− pπ∥1 +N
)
,

(40)

where
N :=

∑
K∈Th

(
∥p− Π0

k−1,Kp∥0,K + hK∥u − Π0
k,Ku∥2,K + ∥u − Π0

k,Ku∥1,K

+ ∥∇ · u − Π0
k−1,K∇ · u∥0,K + hK∥f − Π0

k−1,Kf∥0,K

)
.

More specifically, assuming that f ∈ Hk−1(Ω), u ∈ V∩Hk+1(Ω) and p ∈ Q∩Hk(Ω).
Then, there exists a constant C independent of h such that
(41) |||(u − uh, p− ph)||| ≤ Chk(∥u∥k+1 + ∥p∥k + ∥f∥k−1).

Proof. Let (uI , pI) ∈ Vh ×Qh be the approximation to (u, p) satisfying Lemma
3.2 and (uπ, pπ) ∈ (Pk)d ×Pk be the approximation to (u, p) satisfying Lemma 3.1.

Firstly, we set
u − uh = (u − uI) + (uI − uh) =: θu + ξu,

p− ph = (p− pI) + (pI − ph) =: θp + ξp,

where θu, θp can be estimated by Lemma 3.2. Thus, we are just going to estimate
the rest.

According to the result of Theorem 4.2, it is obvious that

C|∥(ξu, ξp)|∥ · |∥(wh, rh)|∥
≤ BCBB,h(ξu, ξp; wh, rh) = BCBB,h(uh, ph; wh, rh) −BCBB,h(uI , pI ; wh, rh)
= FCBB,h(wh, rh) − FCBB(wh, rh) +BCBB(u, p; wh, rh) −BCBB,h(uI , pI ; wh, rh)
= [a(u,wh) − ah(uI ,wh)] + [b(rh,u) − bh(rh,uI)] + [d(p, rh) − dh(pI , rh)]

+ [c(u,wh) − ch(uI ,wh)] + I,

(42)

where,
I := [b(p,wh) − bh(pI ,wh)] + [e(u,wh) − eh(uI ,wh)] + [FCBB,h(wh, rh) − FCBB(wh, rh)]

=: I1 + I2 + I3,

let’s observe the relationship between I1, I2 and I3:
I1 : = b(p,wh) − bh(pI ,wh) = b(p,wh) − bh(p,wh) + bh(p− pI ,wh)

=
∑

K∈Th

[
(p− Π0

k−1,Kp,∇ · wh − Π0
k−1,K∇ · wh)K + bK

h (p− pI ,wh)

− ντh2
K(∇p,∆wh − ∆Π0

k,Kwh)K

]
,
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I2 : = e(u,wh) − eh(uI ,wh) = e(u,wh) − eh(u,wh) + eh(u − uI ,wh)

=
∑

K∈Th

[
ν2τh2

K(∆u − ∆Π0
k,Ku,∆Π0

k,Kwh)K + eK
h (u − uI ,wh)

+ ντh2
K(ν∆u,∆wh − ∆Π0

k,Kwh)K

]
,

and

I3 := FCBB,h(wh, rh) − FCBB(wh, rh)

=
∑

K∈Th

[
(f ,wh − Π0

k,Kwh)K − ντh2
K(f ,∆Π0

k,Kwh)K + ντh2
K(f ,∆wh)K

+ τh2
K(f,Π0

k−1,K∇rh − ∇rh)K

]
=
∑

K∈Th

[
(f − Π0

k−1,Kf ,wh − Π0
k,Kwh)K + τh2

K(f − Π0
k−1,Kf , (Π0

k−1,K − I)∇rh)K

+ ντh2
K(f ,∆wh − ∆Π0

k,Kwh)K

]
,

by adding I1-I3 and according to (1), we obtain

I =
∑

K∈Th

[
ν2τh2

K(∆u − ∆Π0
k,Ku,∆Π0

k,Kwh)K + eK
h (u − uI ,wh)

+ (f − Π0
k−1,Kf ,wh − Π0

k,Kwh)K + τh2
K(f − Π0

k−1,Kf ,Π0
k−1,K∇rh − ∇rh)K

+ (p− Π0
k−1,Kp, (I − Π0

k−1,K)∇ · wh)K + bK
h (p− pI ,wh)

]
,

then using Cauchy-Schwarz inequality and Lemma 3.3, we have the following esti-
mate

|I| ≤ C
∑

K∈Th

(
hK∥u − Π0

k,Ku∥2,K + ∥p− Π0
k−1,Kp∥0,K + ∥u − uI∥1,K

+ ∥p− pI∥0,K + hK∥p− pI∥1,K + hK∥f − Π0
k−1,Kf∥0,K

)
· |||(wh, rh)|||.

(43)

Then, according to the consistency assumption (20) and continuity of a, ah, we
have

|a(u,wh) − ah(uI ,wh)| =

∣∣∣∣∣ ∑
K∈Th

(aK(u − uπ,wh) + aK
h (uπ − uI ,wh))

∣∣∣∣∣
≤ C(∥u − uπ∥1 + ∥u − uI∥1) · |||(wh, rh)|||,

(44)

similarly, we can get

|d(p, rh) − dh(pI , rh)| =

∣∣∣∣∣ ∑
K∈Th

(dK(p− pπ, rh) + dK
h (pπ − pI , rh))

∣∣∣∣∣
≤ Ch(∥p− pI∥1 + ∥p− pπ∥1) · |||(wh, rh)|||,

(45)
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for the other terms of (42), we have

|b(rh,u) − bh(rh,uI)| = |b(rh,u − uI) + b(rh,uI) − bh(rh,uI)|

=

∣∣∣∣∣ ∑
K∈Th

[
(rh,∇ · uI)K − ντh2

K(∇rh,∆uI)K − (Π0
k,Krh,Π0

k−1,K∇ · uI)K

+ ντh2
K(Π0

k−1,K∇rh,∆Π0
k,KuI)K

]
+ b(rh,u − uI)

∣∣∣∣∣
=

∣∣∣∣∣ ∑
K∈Th

[
(rh − Π0

k−1,Krh,∇ · uI − Π0
k−1,K∇ · uI)K

− ντh2
K(∇rh,∆uI − ∆Π0

k,KuI)K

]
+ b(rh,u − uI)

∣∣∣∣∣,
then using the fact Π0

k,Kq = q,∀q ∈ Pk(K), we have

∣∣(rh − Π0
k−1,Krh,∇ · uI − Π0

k−1,K∇ · uI)K

∣∣
≤ ChK∥rh∥1,K · ∥(I − Π0

k−1,K)(∇ · (uI − uπ))∥0,K

≤ ChK∥rh∥1,K · (∥u − uI∥1,K + ∥u − uπ∥1,K) ,

by Lemma 3.3, we get∣∣ντh2
K(∇rh,∆uI − ∆Π0

k,KuI)K

∣∣ ≤ C∥∇rh∥0,K · ∥(uI − uπ) − Π0
k,K(uI − uπ)∥0,K

≤ C(∥u − uI∥1,K + ∥u − uπ∥1,K) · hK∥∇rh∥0,K ,

due to uI ∈ Vh ⊂ V = H1
0(Ω), we have u − uI ∈ H1

0(Ω) and ∆uI |K ∈ Pk(K), then
similar to the analysis of [38,39] and using Lemma 3.3,

|b(rh,u − uI)| =
∣∣−(∇rh,u − uI) − ντh2(∇rh,∆(u − uI))

∣∣
≤ C

[
h−1∥u − uI∥0 +

∑
K∈Th

(
h∥∆u − ∆Π0

k,Ku∥0,K

+ h∥∆Π0
k,Ku − ∆uI∥0,K

)]
· h∥∇rh∥0

≤ C
[
h−1∥u − uI∥0 +

∑
K∈Th

(
h∥u − Π0

k,Ku∥2,K + ∥u − Π0
k,Ku∥1,K

+ ∥u − uI∥1,K

)]
· h∥∇rh∥0,

therefore, we have

|b(rh,u) − bh(rh,uI)| ≤ C
∑

K∈Th

[
∥u − uI∥1,K + h−1

K ∥u − uI∥0,K + ∥u − uπ∥1,K

+ h∥u − Π0
k,Ku∥2,K + ∥u − Π0

k,Ku∥1,K

]
· |||(ξu, rh)|||.

(46)
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And similarly

|c(u,wh) − ch(uI ,wh)| = |c(u,wh) − ch(u,wh) + ch(u − uI ,wh)|

=
∣∣∣ ∑

K∈Th

[
−δ(∇ · u,∇ · wh)K + δ(Π0

k−1,K∇ · u,Π0
k−1,K∇ · wh)K

]
+ ch(u − uI ,wh)

∣∣∣
=
∣∣∣ ∑

K∈Th

δ(∇ · u − Π0
k−1,K∇ · u,Π0

k−1,K∇ · wh − ∇ · wh)K + ch(u − uI ,wh)
∣∣∣,

≤ C
( ∑

K∈Th

∥∇ · u − Π0
k−1,K∇ · u∥0,K + ∥u − uI∥1

)
· |||(wh, rh)|||.

(47)

Therefore, combining (42) with (43)-(47), we obtain

|||(ξu, ξp)|||

≤ C
[
∥u − uπ∥1 + ∥u − uI∥1 + h−1∥u − uI∥0 + ∥p− pI∥0 + h∥p− pI∥1

+ h∥p− pπ∥1 +
∑

K∈Th

(
∥p− Π0

k−1,Kp∥0,K + hK∥u − Π0
k,Ku∥2,K

+ ∥u − Π0
k,Ku∥1,K + ∥∇ · u − Π0

k−1,K∇ · u∥0,K + hK∥f − Π0
k−1,Kf∥0,K

)]
.

(48)

Hence, we can obtain the results (40)-(41) by using the above estimates and Lemma
3.1-3.2.

�

5.2. Error estimate for velocity in L2 norm. To obtain the L2 error estimate
of u, the following dual problem is discussed: [45]

(49)

 −ν∆Φ + ∇ψ = u − uh, in Ω,
∇ · Φ = 0 in Ω,
Φ = 0 on ∂Ω,

where (Φ, ψ) ∈ [H2(Ω) ∩ H1
0(Ω)] × [H1(Ω) ∩L2

0(Ω)]. Let Ω be a convex polygon in
R2, similar to the statement in [40,45,46], it satisfies

(50) ∥Φ∥2 + ∥ψ∥1 ≤ C∥u − uh∥0.

Theorem 5.2. Assume that the same assumptions of Theorem 5.1, then there holds

(51) ∥u − uh∥0 ≤ Chk+1 (∥u∥k+1 + ∥p∥k + ∥f∥k−1) .

Proof. Let (ΦI , ψI) ∈ Vh×Qh and (Φπ, ψπ) ∈ (Pk)d×Pk be the approximations
to (Φ, ψ) satisfying Lemma 3.1 and Lemma 3.2, respectively. Then, combining the
fact ∇ · Φ = 0, it is clear from (49) that

∥u − uh∥2
0

:= a(Φ,uh − u) + b(ψ,uh − u) + b(ph − p,Φ) + c(Φ,uh − u) + d(ψ, ph − p)
+ e(Φ,uh − u) + ντh2(u − uh,∆(uh − u)) + τh2(∇(ph − p), ν∆Φ − ∇ψ).

(52)

Next, by taking (v, q) = (ΦI , ψI) in (6), (vh, qh) = (ΦI , ψI) in (15) and combining
(52) with the above equations and using the symmetry of a, c, d, e, we can easily
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get

∥u − uh∥2
0 := a(Φ − ΦI ,uh − u) + b(ψ − ψI ,uh − u) + b(ph − p,Φ − ΦI)

+ c(Φ − ΦI ,uh − u) + d(ψ − ψI , ph − p) + e(Φ − ΦI ,uh − u)
+ [a(ΦI ,uh) − ah(ΦI ,uh)] + [b(ψI ,uh) − bh(ψI ,uh)]
+ [c(ΦI ,uh) − ch(ΦI ,uh)] + [d(ψI , ph) − dh(ψI , ph)]
+ ντh2(u − uh,∆(uh − u)) + τh2(∇(ph − p), ν∆Φ − ∇ψ) +H,

(53)

where we set

H := [b(ph,ΦI) − bh(ph,ΦI)] + [e(ΦI ,uh) − eh(ΦI ,uh)]
+ [FCBB,h(ΦI , ψI) − FCBB(ΦI , ψI)] ,

and using the definition of projection and (1), we can easily rewrite as

H := b(ph − p,ΦI) − bh(ph − p,ΦI) + e(uh − u,ΦI) − eh(uh − u,ΦI)

+
∑

K∈Th

[
(p,∇ · ΦI − Π0

k−1,K∇ · ΦI)K + ν2τh2
K(∆u − ∆Π0

k,Ku,∆Π0
k,KΦI)K

+ (f ,ΦI − Π0
k,KΦI)K − τh2

K(f ,∇ψI − Π0
k−1,K∇ψI)K

]
.

First, using the triangle inequality, the inverse estimates in Lemma 3.3, the proper-
ties of Lemma 3.1-3.2 and the continuity of projection Π0

k,K , we have the following
estimate ∑

K∈Th

∥∆Π0
k,KΦI∥0,K

≤
∑

K∈Th

(
∥∆Π0

k,K(ΦI − Φ)∥0,K + ∥∆(Π0
k,KΦ − Φ)∥0,K

)
+ ∥∆Φ∥0

≤ C
∑

K∈Th

h−1
K ∥Π0

k,K(ΦI − Φ)∥1,K + C∥Φ∥2 ≤ C∥Φ∥2 ≤ C∥u − uh∥0,

(54)

then using the continuity of projection and Φ − ΦI ∈ V, we have

|b(ph − p,ΦI) − bh(ph − p,ΦI) + b(ph − p,Φ − ΦI)|

=
∣∣∣ ∑

K∈Th

[
((ph − p) − Π0

k−1,K(ph − p),∇ · ΦI − Π0
k−1,K∇ · ΦI)K

− ντh2
K(∇(ph − p),∆ΦI)K + ντh2

K(∇(ph − p),∆Π0
k,KΦI)K

− (∇(ph − p),Φ − ΦI) − ντh2(∇(ph − p),∆(Φ − ΦI))
]∣∣∣

=

∣∣∣∣∣ ∑
K∈Th

[
((I − Π0

k−1,K)(ph − p), (I − Π0
k−1,K)(∇ · ΦI − ∇ · Φ))K

− (∇(ph − p),Φ − ΦI)K + ντh2
K(∇(ph − p),∆Π0

k,KΦI)K

]
− ντh2(∇(ph − p),∆Φ)

∣∣∣∣∣
≤ Ch2∥p− ph∥1 · ∥u − uh∥0,
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and

|e(uh − u,ΦI) − eh(uh − u,ΦI) + e(Φ − ΦI ,uh − u)|

= |
∑

K∈Th

[
ν2τh2

K(∆(uh − u),∆ΦI)K − ν2τh2
K(∆Π0

k,K(uh − u),∆Π0
k,KΦI)K

+ τh2(ν∆(Φ − ΦI), ν∆(uh − u))
]
|

=

∣∣∣∣∣ν2τh2(∆(uh − u),∆Φ) −
∑

K∈Th

ν2τh2
K(∆Π0

k,K(uh − u),∆Π0
k,KΦI)K

∣∣∣∣∣
≤
∑

K∈Th

ν2τh2
K

(
∥∇ · ∇(uh − Π0

k,Ku)∥0,K + ∥∆Π0
k,Ku − ∆u∥0,K

)
· ∥u − uh∥0

≤ C
(
h∥u − uh∥1 + hk+1∥u∥k+1

)
· ∥u − uh∥0,

and for other terms of H, we have∣∣∣∣∣ ∑
K∈Th

(p,∇ · ΦI − Π0
k−1,K∇ · ΦI)K

∣∣∣∣∣
=

∣∣∣∣∣ ∑
K∈Th

(p− Π0
k−1,Kp,∇ · ΦI − Π0

k−1,K∇ · ΦI)K

∣∣∣∣∣ ≤ Chk+1∥p∥k · ∥u − uh∥0,

∣∣∣∣∣ ∑
K∈Th

ν2τh2
K(∆u − ∆Π0

k,Ku,∆Π0
k,KΦI)K

∣∣∣∣∣ ≤ Chk+1∥u∥k+1 · ∥u − uh∥0,

∣∣∣∣∣ ∑
K∈Th

(f ,ΦI − Π0
k,KΦI)K

∣∣∣∣∣ =

∣∣∣∣∣ ∑
K∈Th

(f − Π0
k,Kf ,ΦI − Π0

k,KΦI)K

∣∣∣∣∣
≤ Chk+1∥f∥k−1∥u − uh∥0,

and∣∣∣∣∣ ∑
K∈Th

τh2
K(f ,∇ψI − Π0

k−1,K∇ψI)K

∣∣∣∣∣
=

∣∣∣∣∣ ∑
K∈Th

τh2
K(f − Π0

k−1,Kf ,∇ψI − Π0
k−1,K∇ψI)K

∣∣∣∣∣
≤ C

∑
K∈Th

hk+1
K ∥f∥k−1,K · (∥ψ∥1,K + ∥ψI − ψ∥1,K) ≤ Chk+1∥f∥k−1 · ∥u − uh∥0,

hence, we have

(55) |H| ≤ Chk+1 (∥u∥k+1 + ∥p∥k + ∥f∥k−1) · ∥u − uh∥0.

Next, by applying the continuity together with (21) twice, we get
|a(uh,ΦI) − ah(uh,ΦI)|

=

∣∣∣∣∣ ∑
K∈Th

(
aK(uh − uπ,ΦI − Φπ) − aK

h (uh − uπ,ΦI − Φπ)
)∣∣∣∣∣

≤ C (|u − uh|1 + |u − uπ|1) · (|Φ − ΦI |1 + |Φ − Φπ|1)

≤ Chk+1 (∥u∥k+1 + ∥p∥k + ∥f∥k−1) · ∥u − uh∥0,

(56)
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similarly, using the same technique, we have
|d(ph, ψI) − dh(ph, ψI)|

=

∣∣∣∣∣ ∑
K∈Th

(
dK(ph − pπ, ψI − ψπ) − dK

h (ph − pπ, ψI − ψπ)
)∣∣∣∣∣

≤ Ch2(|p− ph|1 + |p− pπ|1) · (|ψ − ψI |1 + |ψ − ψπ|1)

≤ Chk+1(∥u∥k+1 + ∥p∥k + ∥f∥k−1) · ∥u − uh∥0.

(57)

For the other terms of (53), we have

|b(ψI ,uh) − bh(ψI ,uh)|

=

∣∣∣∣∣ ∑
K∈Th

[
bK(ψI ,u) − bK

h (ψI ,u) + bK
h (ψI ,u − uh) − bK(ψI ,u − uh)

]∣∣∣∣∣ ,
where ∣∣bK(ψI ,u) − bK

h (ψI ,u)
∣∣

=
∣∣(ψI ,∇ · u − Π0

k−1,K∇ · u)K − ντh2
K(∇ψI ,∆u − ∆Π0

k,Ku)K

∣∣
≤ ∥ψI − Π0

k−1,KψI∥0,Kh
k
K∥u∥k+1,K + ντhk+1

K ∥ψI∥1,K∥u∥k+1,K

≤ Chk+1
K ∥u∥k+1,K(∥ψ∥1,K + ∥ψI − ψ∥1,K)

≤ Chk+1
K ∥u∥k+1,K · ∥u − uh∥0,K ,

and Moreover, we have∣∣bK
h (ψI ,u − uh) − bK(ψI ,u − uh)

∣∣
=
∣∣∣(ψI ,∇ · (u − uh) − Π0

k−1,K∇ · (u − uh))K − ντh2
K(∇ψI ,∆(u − uh)

− ∆Π0
k,K(u − uh))K

∣∣∣
≤ ∥ψI − Π0

k−1,KψI∥0,K∥u − uh∥1,K + ντh2
K∥ψI∥1,K

(
∥u − Π0

k,Ku∥2,K

+ ∥Π0
k,Ku − uh∥2,K

)
≤ C(hK∥u − uh∥1,K + hk+1

K ∥u∥k+1,K) · ∥u − uh∥0,K ,

therefore

(58) |b(ψI ,uh) − bh(ψI ,uh)| ≤ Chk+1(∥u∥k+1 + ∥p∥k + ∥f∥k−1) · ∥u − uh∥0.

Moreover, we have
|c(uh,ΦI) − ch(uh,ΦI)|

=

∣∣∣∣∣ ∑
K∈Th

(cK(u,ΦI) − cK
h (u,ΦI) + cK

h (u − uh,ΦI) − cK(u − uh,ΦI))

∣∣∣∣∣
=

∣∣∣∣∣ ∑
K∈Th

[
− δ(∇ · u,∇ · ΦI − Π0

k−1,K∇ · ΦI)K

− δ(∇ · (u − uh),∇ · ΦI − Π0
k−1,K∇ · ΦI)K

]∣∣∣∣∣
≤ C(hk+1∥u∥k+1 + h∥u − uh∥1) · ∥u − uh∥0,

(59)
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then, estimating the rest terms of (53)

(60) |a(Φ−ΦI ,uh −u)| = |ν(∇(Φ−ΦI),∇(uh −u))| ≤ Ch∥u−uh∥1 · ∥u−uh∥0,

|b(ψ − ψI ,uh − u)|
=
∣∣(ψ − ψI ,∇ · (uh − u)) − ντh2(∇(ψ − ψI),∆(uh − u))

∣∣
≤ C∥ψ∥1 ·

(
h∥uh − u∥1 + h2∥uh − Π0

k,Ku∥2 + h2∥Π0
k,Ku − u∥2

)
≤ C

(
h∥uh − u∥1 + hk+1∥u∥k+1

)
· ∥u − uh∥0,

(61)

(62) |c(Φ−ΦI ,uh −u)| = |δ(∇·(Φ−ΦI),∇·(uh −u))| ≤ Ch∥uh −u∥1 ·∥u−uh∥0,

(63) |d(ψ−ψI , ph −p)| = |τh2(∇(ψ−ψI),∇(ph −p))| ≤ Ch2∥p−ph∥1 · ∥u−uh∥0,

then similar to the analytical technique above, we have

(64)
∣∣ντh2(u − uh,∆(uh − u))

∣∣ ≤ C(h∥u − uh∥1 + hk+1∥u∥k+1) · ∥u − uh∥0,

(65)
∣∣τh2(∇(ph − p), ν∆Φ − ∇ψ)

∣∣ ≤ Ch2∥p− ph∥1 · ∥u − uh∥0.

Hence, by using the above (55)-(65), Lemma 3.1-3.2 and Theorem 5.1, the proof is
concluded.

�

6. Numerical experiments

In this section, we consider some numerical experiments to test the actual per-
formance of the method. In order to compute the VEM errors, we consider the
computable error quantities:
• H1-norm for velocity: eu,1 =

√ ∑
K∈Th

∥∇u − Π0
k−1,K∇uh∥2

0,K ,

• L2-norm for velocity: eu,0 =
√ ∑

K∈Th

∥u − Π0
k,Kuh∥2

0,K ,

• L2-norm for pressure: ep,0 =
√ ∑

K∈Th

∥p− Π0
k,Kph∥2

0,K .

In the experiments, we consider the computational domains Ω = [0, 1]2. The
square domain Ω is partitioned by the following sequences of polygonal meshes:
• T 1

h : Hexagons mesh with h = 1/8, 1/16, 1/32, 1/64, 1/128;
• T 2

h : Distorted hexagons mesh with h = 1/8, 1/16, 1/32, 1/64, 1/128;
• T 3

h : Triangle mesh with h = 1/8, 1/16, 1/32, 1/64, 1/128,
as shown in Figure 1.

hexagons mesh distorted hexagons mesh triangle mesh

Figure 1. Sample meshes: T 1
h (left), T 2

h (center) and T 3
h (right).
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We consider problem (1) with ν = 1. The stabilization parameters τ, δ are
selected. The exact solutions are

u =
(

cos(2πy) sin2(2πx) sin(2πy)
2

,−cos(2πx) sin2(2πy) sin(2πx)
2

)
,

p = π2 cos(2πy) sin(2πx),
then we can obtain Dirichlet boundary data and source term f by exact solutions.

We show its exact and numerical solutions on T 1
h . Moreover, we test the case

without the least-square stabilization terms, i.e. τ = δ = 0, as shown in Figures
2-4 below.

(a) exact solution u1 (b) exact solution u2 (c) exact solution p

Figure 2. Exact solutions u and p on T 1
h for h = 1/64.

(a) exact solution u1 (b) exact solution u2 (c) exact solution p

Figure 3. Numerical solutions u and p on T 1
h for τ = δ = 0.1, h = 1/64.

Tables 1-3 and Table 4 below show that error estimations and convergence rates
for stabilization VEM on hexagonal mesh T 1

h and distorted hexagons mesh T 2
h ,

respectively.

Table 1. Numerical results of the CBB scheme on hexagonal
mesh T 1

h for order=1.
1/h

τ = 1, δ = 0 τ = 0.1, δ = 0.1

eu,0 rate eu,1 rate ep,0 rate eu,0 rate eu,1 rate ep,0 rate

8 0.1656 2.2786 1.5163 0.1355 2.1351 1.2987
16 0.0363 1.77 1.0418 0.91 0.3812 1.61 0.0256 1.95 1.0056 0.88 0.2667 1.85
32 0.0124 1.82 0.5574 1.06 0.2751 0.55 0.0069 2.22 0.5287 1.09 0.1074 1.54
64 0.0054 1.02 0.2840 0.83 0.1498 0.75 0.0017 1.71 0.2631 0.86 0.0335 1.43

128 0.0020 1.72 0.1398 1.21 0.0612 1.53 0.0004 2.31 0.1318 1.18 0.0115 1.83
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(a) numerical solution u1 (b) numerical solution u2 (c) numerical solution p

Figure 4. Numerical solutions u and p on T 1
h for τ = δ = 0, h = 1/64.

Table 2. Numerical results of the CBB scheme on hexagonal
mesh T 1

h for order=2.
1/h

τ = 1, δ = 0 τ = 0.1, δ = 0.1

eu,0 rate eu,1 rate ep,0 rate eu,0 rate eu,1 rate ep,0 rate

8 0.0861 1.4073 1.4404 0.0501 1.0405 0.7920
16 0.0126 2.25 0.3623 1.58 0.3371 1.70 0.0047 2.77 0.2569 1.63 0.1395 2.03
32 0.0012 3.91 0.0726 2.72 0.0475 3.32 0.0005 3.65 0.0662 2.30 0.0300 2.60
64 0.0001 3.04 0.0164 1.82 0.0079 2.20 6e-5 2.66 0.0161 1.73 0.0069 1.81

128 1e-5 4.18 0.0041 2.39 0.0017 2.60 8e-6 3.57 0.0041 2.36 0.0017 2.40

Table 3. Numerical results of the CBB scheme on hexagonal
mesh T 1

h for order=3.
1/h

τ = 1, δ = 0 τ = 0.1, δ = 0.1

eu,0 rate eu,1 rate ep,0 rate eu,0 rate eu,1 rate ep,0 rate

8 0.0266 0.5876 0.5192 0.0216 0.5057 0.2600
16 0.0017 3.21 0.0782 2.36 0.0643 2.44 0.0014 3.17 0.0661 2.38 0.0342 2.37
32 9e-5 4.91 0.0092 3.63 0.0069 3.77 9e-5 4.65 0.0086 3.44 0.0043 3.52
64 5e-6 3.60 0.0010 2.66 0.0008 2.68 5e-6 3.45 0.0010 2.62 0.0004 2.82

128 3e-7 4.86 0.0001 3.66 0.00008 3.85 3e-7 4.75 0.0001 3.57 0.00005 3.65

Table 4. Numerical results of the CBB
scheme with τ = 0.1, δ = 0.1 on distorted
hexagons mesh T 2

h for order=1, 2, 3.
1/h order τ = 0.1, δ = 0.1

eu,0 rate eu,1 rate ep,0 rate

8 0.1429 2.115 1.5112
16 0.046571 2.02 1.1814 1.05 0.51355 1.94
32 1 0.014708 1.77 0.63691 0.95 0.16361 1.75
64 0.0039511 1.92 0.31852 1.01 0.046279 1.84

128 0.0010295 1.95 0.15978 1.00 0.012444 1.90

8 0.06686 1.2246 0.793
16 0.012342 3.05 0.40492 1.99 0.25149 2.07
32 2 0.0016408 3.10 0.11042 1.99 0.055013 2.33
64 0.00020654 3.02 0.027247 2.04 0.011852 2.24

128 3.5226e-05 2.56 0.0069229 1.98 0.0029794 2.00

8 0.039838 0.73001 0.4911
16 0.0036908 4.29 0.13101 3.10 0.092532 3.01
32 3 0.00028852 3.90 0.019896 2.89 0.015577 2.73
64 1.8365e-05 4.02 0.0024378 3.06 0.0021388 2.90

128 1.3474e-06 3.78 0.00033696 2.87 0.00039827 2.44

We also take corresponding tests for traditional triangle mesh T 3
h . Tables 5-7

below show the numerical results for order=1,2,3. Table 8 below shows the error
estimates and convergence rates without the least-square stabilization terms, i.e.,
τ = δ = 0.
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Table 5. Numerical results of the CBB scheme on triangle
mesh T 3

h for order=1.
1/h

τ = 1, δ = 0 τ = 0.1, δ = 0.1

eu,0 rate eu,1 rate ep,0 rate eu,0 rate eu,1 rate ep,0 rate

8 0.0660 1.3352 0.6784 0.0547 1.2693 0.4207
16 0.0200 1.72 0.7148 0.90 0.3005 1.17 0.0167 1.71 0.6895 0.88 0.0994 2.08
32 0.0079 1.34 0.3774 0.92 0.1876 0.68 0.0045 1.89 0.3534 0.96 0.0303 1.72
64 0.0030 1.39 0.1890 1.00 0.0847 1.15 0.0015 1.97 0.1778 0.99 0.0097 1.63

128 0.0010 1.70 0.0922 1.04 0.0299 1.50 0.0003 1.99 0.0890 1.00 0.0032 1.59

Table 6. Numerical results of the CBB scheme on triangle
mesh T 3

h for order=2.
1/h

τ = 1, δ = 0 τ = 0.1, δ = 0.1

eu,0 rate eu,1 rate ep,0 rate eu,0 rate eu,1 rate ep,0 rate

8 0.0089 0.434 0.268 0.0090 0.439 0.254
16 0.0011 3.04 0.115 1.92 0.067 2.00 0.0011 2.97 0.119 1.878 0.066 1.95
32 0.0001 3.03 0.029 1.99 0.017 2.02 0.0001 2.999 0.031 1.968 0.017 1.99
64 2e-05 3.01 0.007 2.00 0.004 2.01 2e-05 3.00 0.008 1.991 0.004 2.00

128 2e-06 3.00 0.002 2.00 0.001 2.00 2e-06 3.00 0.002 1.998 0.001 2.00

Table 7. Numerical results of the CBB scheme on triangle
mesh T 3

h for order=3.
1/h

τ = 1, δ = 0 τ = 0.1, δ = 0.1

eu,0 rate eu,1 rate ep,0 rate eu,0 rate eu,1 rate ep,0 rate

8 0.0117 0.4137 0.2099 0.0140 0.4788 0.2598
16 0.0013 3.16 0.0850 2.28 0.0502 2.06 0.0013 3.40 0.0856 2.48 0.0487 2.42
32 0.0001 3.61 0.0128 2.73 0.0089 2.50 0.0001 3.72 0.0122 2.80 0.0081 2.59
64 8e-6 3.80 0.0017 2.88 0.0013 2.81 7e-6 3.86 0.0016 2.92 0.0011 2.85

128 5e-7 3.93 0.0002 2.96 0.0002 2.94 4e-7 3.95 0.0002 2.97 0.0001 2.95

Table 8. Numerical results on triangle mesh T 3
h for τ = δ = 0 and order=2.

1/h eu,0 rate eu,1 rate ep,0 rate
8 0.07 1 1.0e+16*21

16 27.40 -8.68 1334 -10.08 1.0e+16*8645 -8.72
32 379666.25 -13.76 47365122 -15.12 1.0e+23*3.1 -11.83
64 1.0e+13*1.41 -25.15 1.0e+15*3.6 -26.19 1.0e+31*4.2 -26.995

128 1.0e+13*0.0002 12.76 1.0e+15*0.001 11.73 1.0e+27*1.5 14.76

As can be seen from the above Figures 2-4 and Tables 1-8, the least-square
stabilization terms we add are indispensable and our method is effective. Then,
the log-log curves of the error quantities for both velocity and pressure versus the
mesh sizes h are shown in Figures 5-7. From these figures, the desired results can
be observed.
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Figure 5. Behaviour of eu,0 on T 1
h , T 2

h and T 3
h for τ = 0.1, δ = 0.1

and order=1, 2, 3.
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Figure 6. Behaviour of eu,1 on T 1
h , T 2

h and T 3
h for τ = 0.1, δ = 0.1

and order=1, 2, 3.
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Figure 7. Behaviour of ep,0 on T 1
h , T 2

h and T 3
h for τ = 0.1, δ = 0.1

and order=1, 2, 3.

7. Conclusions

In this paper, we considered a least-square stabilization virtual element method
for the Stokes problem on general polygonal meshes. The VEM approximation,
which includes both the standard Galerkin terms and the stabilization terms, has
been described in detail. This method can not only circumvent the Babuška-Brezzi
condition, but also make use of general polygonal meshes, as opposed to more stan-
dard triangular grids. Based on appropriate assumptions of coefficients and meshes,
the stability and optimal error estimates in energy norm and L2 norm for velocity
were obtained. The numerical experiments agree with the theoretical analysis. The
ideas can also be used to solve other problems, which will be considered in our
future work.
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