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LOW ORDER MIXED FINITE ELEMENT APPROXIMATIONS
OF THE MONGE-AMPERE EQUATION

JAMAL ADETOLA, BERNADIN AHOUNOU, GERARD AWANOU, AND HAILONG GUO

Abstract. In this paper, we are interested in the analysis of the convergence of a low order
mixed finite element method for the Monge-Ampere equation. The unknowns in the formulation
are the scalar variable and the discrete Hessian. The distinguished feature of the method is that
the unknowns are discretized using only piecewise linear functions. A superconvergent gradient
recovery technique is first applied to the scalar variable, then a piecewise gradient is taken, the
projection of which gives the discrete Hessian matrix. For the analysis we make a discrete elliptic
regularity assumption, supported by numerical experiments, for the discretization based on gra-
dient recovery of an equation in non divergence form. A numerical example which confirms the
theoretical results is presented.
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1. Introduction

In this paper, we analyze a linear finite element discretization of the elliptic
Monge-Ampere equation for smooth solutions on a convex polygonal domain. The
method is a variant of the method introduced in [15] for which numerical experi-
ments for both smooth and non-smooth solutions were reported in [20]. Let £ be
a convex polygonal domain in R? endowed with a triangulation 7, which is con-
forming and quasi-uniform. For the purpose of our analysis, we further assume the
triangulation to be uniform, i.e. two triangles sharing an edge form a parallelogram.
Let V}, denote the space of piecewise linear continuous functions on € and let ¥j
denote the space of piecewise linear continuous 2 x 2 matrix fields on €2. Our goal is
to seek an element u;, € Vj, which approximates the unique strictly convex C*(€2)
solution u (when it exists) of the problem

2u) = fin
) det(D*u) = fin €,

u = gondfd.
The right hand side function f € C2?(Q) is assumed to satisfy f > 0. The boundary
function g € C'(99) is also given and assumed to extend to a C*(Q) convex function.
Here we use det(D?u) to denote the determinant of the Hessian matrix D?u =

(8211,/(61'1'81']‘))1.7].:172.
The discrete problem is to find uy € V}, such that up = g, on 92 and

(2) /(f—detH(uh))vdx:O,VUE Vi N Hy (),

Q
where H (up,), the discrete Hessian of uy, is an element of 3, defined by
(3) / H(up) : pdx = / (DGrup) : pdx,Yu € Ty,

Q Q

The operator Gy, : Vi, — Vi, x V}, in (3) is taken as the weighted average gradient
recovery operator and is somehow a substitution for the gradient operator. The
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finite element function g is the standard finite element interpolation of the conti-
nuous function ¢ in V. For two matrices A and B, A : B denotes their Frobenius
inner product. We denote by &} the set of interior edges of Trand by Nj, the set
of vertices of 7. For a vector field v, Dv denotes its piecewise gradient vector, the
matrix field with rows the gradients of the corresponding components of v..

The Monge-Ampeére operator appears in a number of problems where the solution
is known to be smooth. For example, it appears in the study of von Kérman model
for plate buckling [5]. It is argued in [17] that for meteorological applications for
which legacy finite element codes are used for the discretization of other differential
operators, it could be advantageous to use a finite element discretization as well for
the Monge-Ampere operator. The readers are referred to [9, 21] and the references
therein for a review of numerical methods for Monge-Ampere type equations.

Problem (2) with the discrete Hessian (3) is equivalent to the following mixed
formulation: find (up,op) € Vi, x X such that up = gp, on 99

/(f —detoy)vdr =0, YveV,NHHQ)

(4) Q

/ op: pdr = / (DGrup) : pdx, Yu € Xy,
Q Q

Analysis of discretizations similar to (2) and (4) for cubic and higher order elements
were conducted in [20, 3]. Problem (2), with the gradient recovery operator replaced
by the piecewise gradient in a weak formulation of (3), was proposed in [15, 20] for
quadratic and higher order approximations, c.f. Remark 3.2 below. See also [20] for
a version with linear approximations. Related ideas can be found in [14, 10, 16, 11].
Our error analysis is based on the above formulation (4). We use the same argument
as in [20, 3].

In addition, we make a discrete elliptic regularity assumption for the discretiza-
tion based on a gradient recovery operator of the non divergence form of a linear
elliptic equation. We support this assumption with numerical experiments. The
linear elliptic equation considered is the linearization of the Monge-Ampere equa-
tion and can be written in both divergence and non divergence forms. A discrete
elliptic regularity approach for a linear equation in divergence form was first used
in [19] for interior penalty methods for the Monge-Ampére equation on a smooth
domain. It was recently used in [2] for a mixed method under an assumption of
elliptic regularity for the linearization of the continuous problem.

We show that the piecewise gradient of the recovered gradient of the finite ele-
ment solution converges at a rate O(h) to the piecewise gradient of the recovered
gradient of the interpolant in the L? norm with |In k| < p < 2|1n A, and the discrete
Hessian converges at a rate O(h) in the L norm.

Our analysis is limited to uniform partitions of a convex polygonal domain so that
we can take advantage of a superconvergent approximation property for the gradient
recovery operator proved in [23], c.f. (11) below. We want to emphasize that
although we only give the analysis on uniform meshes, numerical results indicate
that the results may hold on general Delaunay triangulations. Elements of ¥j can
be required to be symmetric matrix fields to reduce the number of unknowns. The
analysis of this paper also holds in that case.

The rest of the paper is organized as follows. In Section 2, we present some
additional notation and preliminaries. In Section 3, we conduct the error estimate
for the discrete Monge-Ampeére equation. In section 4, we give numerical results for
a smooth solution to support our theoretical results. Some conclusions are drawn in



LOW ORDER MFEM OF THE MONGE-AMPERE EQUATION 671

section 5. In an appendix, we collect some detailed calculations and give numerical
results to support our discrete elliptic regularity assumption.

Remark 1.1. Part of this paper is based on the Ph.D. thesis of Jamal Adetola [1].
2. Preliminaries

For a subdomain S of € and a given real number 1 < p < oo, let Wk (8) denote
the Sobolev space with norm || - ||yyx» and seminorm | - |yyr.». The Sobolev space
WkP(8) reduces to the standard Lebesgue space LP(S) and its norm is denoted
| - [|rr(s) When k = 0. When p = 2, we denote simply W*?2(S) by H*(S) and the
corresponding norm is denoted || - || z+. In addition, we let Hg(S) be the subset of
H'(S) of elements with vanishing traces. Similarly, Wy ”(S) denotes the subset of
W¥P(S) of elements with vanishing traces.

Given a normed space X with norm ||.||x, let X? denote the space of vector
fields with components in X and let X2*2 denote the space of matrix fields with
each component in X. If X is finite dimensional of dimension N, then X? has
dimension 2N and X?2*?2 has dimension 4N. The inner products in L?(Q), L?(Q)?,
and L%(Q)%*2 are denoted by (-,-) and the inner products on L?*(9€2) and L?(9Q)?
are denoted (-,-). For 1 < p < 0o and v = (v;)2_, € W*P?(8)2, its norm is given by
(lollwee)? = (lvillwsrs)? + (v2llwe)?. Similarly o = (03;)7 =, € WHP(S)>*?
has norm given by (||o||ww.»)P = Zij=1(||0ij||wk,p)p.

Put [[v][we.ec =maxi—12 [[vi]lwr. and [|o]|wre = max; j—1,2 ||oi;]|wr.e.

Let n denote the unit outward normal vector to 9. For a matrix A with
entries A;;, recall that the cofactor matrix of A, denoted cof A, is the matrix with
entries (cof A);; = (—=1)"*7 det(A)? where det(A)? is the determinant of the matrix
obtained from A by deleting its ith row and its jth column. For two matrices
A = (Aij)ij=1,2 and B = (By;); j=1,2, their Frobenius inner product is given by

2
i,j=1
We define the divergence of a matrix field as the vector obtained by taking the
divergence of each row. We denote by hx the diameter of the element K and put

h = Ir(na%( hx. We assume that A < 1 and denote by h. the length of the edge e.
€Tn

We assume that the triangulation is conforming and quasi-uniform, i.e. there is a
constant C' > 0 such that h < Cpy for all K € T, where pg denotes the radius
of the largest ball inside K. Finally, we require that two triangles sharing an edge
form a parallelogram. Triangulations with the latter property are called uniform.
Constants are named and unless indicated, are independent of h and p.

For a scalar function v, Dv denotes its piecewise gradient vector when it is
defined. We will often use the inverse estimate [6, Theorem 4.5.11]

s—t+min(0,2 -2
(5) lenllwonry < Crb* =™ OS50 2y ).

for 0 <s<t,1<p,q<ooandz, €Vj. As explained in [2] the constant C; in (5)
is independent of h and p. In particular,

(6) ||Dvl| e < Crh™|v||pe, Vv € V.
Let I (v) denote the Lagrange interpolant of v € C'(£2). We have
(1) v = Invllwir < Coh®> 7 ||v|lwew, Yo € W3P(Q),5 = 0,1 and 2 < p < c0.

We will use the same constant Cy for constants arising from an interpolation es-
timate. We note that for v € C(Q) N W1P(Q) and p > 2 the interpolation and
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stability estimates
lv = Tnv||ze < Cohllv][wr.r
IDInvl[r < Collv][wrr,

(8)

hold [6, Corollary 4.4.24], where we use for simplicity the same constant Cs as in
the interpolation error estimate (7).

We make the abuse of notation of denoting by I, the matrix field with compo-
nents the corresponding Lagrange interpolants of the components of o. Again by
an abuse of notation, let I;,(Dv) denote the Lagrange interpolant of Dv € C(£2)2.
Applying (7) to each component of o — I;,0 we have

(9) ||O’ — IhO—HLP(K) S ZCQh%(HCTH‘/VZp,VO' S Wz’p(K)2X2 .

Recall that Gy, : V, — Vi x Vj denotes the weighted average gradient recovery
operator. For any vertex P € Ny, let wp := {7 € T, P € T} be the union of local
elements attached to P. For v, € V},, the recovered gradient at the vertex P is
defined by

(Gron)(P) ! / Doy,

 wpl

where |wp| is the measure of wp. The recovered gradient function is then defined
as

Ghon = Y (Gron)(P)¢p,
PeN,
where ¢p is the linear nodal basis function corresponding to P. It is known that this
definition is equivalent on uniform meshes to the polynomial preserving recovery
operator analyzed in [23]. Thus, if we assume that the mesh is uniform, as in [18,
Theorem 3.2], we have for all v € V}, and p > 2

(10) 1Ghollr < Csl|Dol o

Moreover, analogous to [12, Lemma 4.5], G}, is superconvergent in the sense that
for2<p<oo

(11) |Du — GpInul| e < Cah®|Jullyyss.

We will also need the simpler convergence estimate (using the same constant Cy
for convenience)

(12) ||DU—GhIhU,HLp S C4h‘|u||W2,p7

the proof of which is similar to the proof of (11), based on the Bramble-Hilbert
lemma.
Arguing as for the proof of [13, Theorem 3.2], we have for 2 < p < oo

||D*u — DGy Inul|ze < ||D*u — D(I(Du)||ze + ||D(In(Du)) — DGLInul| e
< Cohl||Dully2o + Crh™ |1 (Du) — GrInul|pe
< Osh||Dullwz» + C1h™ |1 (Du) — Dul| s
+ C1h7 Y| Du — GrInul|pe
< Coh||Dul|w2.» + CoC1h||Dul|yw2.r + C4C1R||u||ys.»
< (Co 4 CoC1 + C4Ch)h||ul|ws.»,

where in the first step we use a triangular inequality, (7) and (6) in the second step,
a triangular inequality in the third step, then (6) and (11) in the fourth. We put
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Cs = Cy 4+ CyC + Cy(C, and we have
(13) ||D?u — DG Inul|Le < Cshl|ullyws..
We have for v € V},
H div GthLp < ||DGh”U||Lp.
Analogous to [8, Lemma 3], c.f. the appendix,for v, € V;, N H}(Q) and p > 2
(14) ||GhUh - D'UhHLP < Cth diV(GhUh)HLp.
By Poincaré’s inequality and [8, Lemma 4], for all v € Vj, N H}(Q)
(15) v]l2 < Crl[Dvl[2 < Cs||DGRol| 2.

Since for p > 2, |[|DGpol|r2 < Cy||DGpo||Lr, it follows from (15) that if || DGrv|| e
0 for v, € Vi, N HE(Q), we have v, = 0. We shall consider the following norm on
Vi, NHE () for p > 2

(16) 10125, = DG

Let nx denote the outward normal to an element K of 75, and let v denote the
restriction of the field v on K. For any edge e C JK such that e = 0K N JL for
L € Ty, we define for a vector v the jump of v by [v]. = vk -nx +vr -nr. Ifeisa
boundary edge, i.e. e = K NN, we let [v]. = vk - nk.

3. Error analysis for smooth solutions

We need the following weak formulation of (1): find (u, o) € W4 (Q)x W2 (£))2*2
such that for all K € 7,

(0, )k + (div p, Du) i — (Du, pm)orc =0, V€ H'(Q)>?
(17) (deto,v) = (f,v), Yve Hi(Q)
u=g¢g on Jf.

It was proved in [3] that (17) is well defined. Also, if u is a smooth solution of (1),
then (u, D?u) solves (17). We first make an observation which will allow us to view
(4) as a variant of a method proposed in [15, 20].

Lemma 3.1. For p € ¥p, andv €'V,
(DGrv, p) = —(div p, Gpv) + (Gro, pn)oq.

Proof. Using an integration by parts
(div p, Gpo) = Z (divp, Gpo)g = — Z (u, DGpv) i + Z (Gro, png)or

KeTh KeTh KeTh
=— Z (1, DGpv) g + Z /[[uGhv]] ds + (Gpv, pn)aq.
KeTh ecg; V¢
Since p and Gpv are continuous, the result follows. O

Remark 3.2. It follows from Lemma 3.1 that for p € Xp
(H(U)v M) = —(diV/L, Ghv) + <Ghva ,Ufn>89a

which is the definition of the discrete Hessian given in [15] with Grv replaced by
Dv.
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In this paper, we make a discrete elliptic regularity assumption for the non
divergence form of the linearization of (1), c.f. Assumption 3.5 below. To partially
motivate such an assumption, we prove a discrete elliptic regularity assumption
for the divergence form of the linearization of (1). First we make a regularity
assumption about the continuous problem.

Assumption 3.3. Let ¢ be the solution of

(18) —div((cof D*u)D¢) =1 in Q, ¢ = 0 on ON.
Forr € LP(Q), p > 2, the weak solution ¢ of (18) is in WP (Q) and
(19) ¢llw= < Cro(D*u)plir | e,

for a constant Cyo which depends on D?*u. Moreover, if r € HY(Q) N C(2), then
D¢ € C(2)2.

It is known that (19) holds when € is smooth [7] and when  is a plane rect-
angular domain [1]. As for the C' continuity of ¢, it is known that when § is
an acute triangular domain [4, Section 4.1], for r € H'(Q), ¢ € H3(Q), hence
D¢ € (H?(2))2. Thus D¢ € C(Q)%

Lemma 3.4 (A discrete elliptic regularity result). Let r € LP(Q) N HY(Q) N
C(Q),p > 2 and let v € V;, N Wy P (Q) solve
(20) ((cof D*u)Dv, Dw) = (r,w),Vw € Vj, N WP ().
We have

[0l (7y < Crr(D*wpllr|zs,
for a constant C1, which depends on D?u.
Proof. By Assumption 3.3, ¢ € W2P(Q) and

|ollw2r < Crop||r|| Lo

Let P, : Wy (Q) — Vi, N W, P() be the projection defined by

((cof D*u)DPy,z, Dw) = ((cof D*u)Dz, Dw), Yw € VN W, (Q), E + 1o 1.
p q

For z € W2?(2) we have div ((cof D?>u)Dz) € LP(Q2) and for w € Wy ()
((cof D*u)Dz, Dw) = (div ((cof D*u)Dz), w).

We have, c.f. for example [6, (8.5.4)],
(21) | Phw — w|lwi.r < Cra(D*u)h|jw|wes for w e WHP(Q) N W, P (),

for a constant C15 which depends on D?u.
Analogous to the proof of (13), we have using (12), (8) and the continuity of D¢

(2)
1D*¢ — DGrIndl|re < [|D*¢ — D(In(D9))||Lr + || D(I4(D)) — DGInd||Lr
<||gllw2r + Cao||Do| w1 + C1h™ | In(Dp) — Grlpnd||Le
<||llw2r + Co| |[DY|lwr» + C1h ™| I1(D) — D[ 1o
+ C1h7 Y| D¢ — GiInd|| Lo
< (1+ C)l[Bllwzr + CLCo|9][w2e + C1C4||0| w2
< Cizl|9llwer,
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with C13 = 1+ Cy + C1Cs + C1Cy. We have by (22) and (21)
IDGLPuoILr < ||DGLPu¢ — DGLInd| v + ||DGrlng — D*¢||1o + || D*¢|| 1o
< O H|GR(Prg = Ind)llee + || DGRING — D¢l Lo + [| D¢ | Lo
< C\Csh™Y|D(Prg — Ing)|| e + (1 + Cus)|[o w2
< C1C3h™ Y ||DPy¢ — Dé||1r + C1C3h™ || D — DI
+ (14 Ci3)l[¢llw2.r
< CiC3C12|¢llwar + C1C30:||9][w2r + (14 Cis)l|¢][w2s-

Therefore for a constant Cy4 := C1C3(C12(D?*u) + Cy) + 1 + O3 which depends on
D?u, we have

(23) |DGLPh¢||rr < Cral|ollwzs.
We obtain H’U”WLP('T;L) < Ciy||dllw2r. We have ||¢]lwzr < Ciop||r||ee by (19),
from which the result follows. [l

We will not use the above discrete elliptic regularity result in this paper. What
is needed is the discrete elliptic regularity assumption below. Numerical results
supporting such an assumption are given in the appendix. The solvability and
error estimates for (25) is the main difficult part. With estimates such as (21)
for a suitable projection for the non divergence form of the equation, the proof of
the discrete elliptic regularity assumption would be similar to the one proved in
Theorem 3.4.

Since div cof D?u = 0, div((cof D*u)D¢) = r in Q can be written

(24) A:D*¢=rinQ,

where

A = cof D?u.
We next consider a discretization of the above form (24), known as non divergence
form, of the linearization of (1).

Assumption 3.5 (Discrete elliptic regularity for non divergence form). For r €
LP(Q),p > 2, there exists a unique v € Vi, N Wol’p(Q) which solves

(25) (A: H(v),w) = (r,w),Yw € V;, N W, (Q).
Moreover
(26) [0ll5710(q) < Crs(D*u)p]ir| L,

()

for a constant Cy5 which depends on D?u.
The proof of the following lemma is the same as the proof of [2, Lemma 2.3].

Lemma 3.6. For p > 2 and q such that 1/p+1/q =1, we have

r
rllLr < C1e SUP ) reVy
s < G sup (720 y
o |[xllze
XEVh
Irllzr < Cis  sup M, r e Vi, N HY(Q),
w0 Ixllze
Xth,ﬂHé(Q)

where we use the same constant Cy7 in both estimates for convenience.
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Lemma 3.6 also holds for matrix valued fields. One starts with a converse Holder
inequality for matrix fields

s 1 1
27)  nller = stip |(M||L)|7 n € (LP(2))**?, » + p =1,1<p< oo
H#0 q
pE(L1(2))2*2

We give the proof of (27) in the appendix. One then uses projections as in the
proof of [2, Lemma 2.3] to obtain

) 1 1

(28) Illee < Crg sup WL e, 1Ly
o |l P q
HED

Our strategy is to use the discrete elliptic regularity approach taken in [19]. In
the remainder of the paper, we assume p satisfies

(29) [Inh| <p <2|Inh|,p> 2.

For results which do not necessarily use (29), we will state when the constants do
not depend on p. We can now analyze the discretization (4). We are interested in
finding the solution (wp,nr) € Vi, x Xy, satisfying

(30) (1, 1) = (DGrwn, p), Y € .
It follows from Holder inequality and the Lax-Milgram lemma that, given wy, € Vp,
the discrete Hessian of wy,
f{@ﬂh)::inh,

is well defined by (30).
Lemma 3.7. There exists a positive constant C17 > 1 such that for wy, and z, € Vj,

[H (wn) — H (20|~ < Crrllwn = 2ull5710q)-
Proof. Let wy, and z, € V3. By (30) we have forp >2 and 1/g=1—-1/p

|(H (wn) — H(zn), )| = |(DGr(wn — z1), )|
< |DGr(wh = zn)l|Le |l La-

Since by definition, || DG (wp — zp)||re < ||wp — zhﬂwl,p(m, by (28) we have

1H (wn) = Hz)llze < Crollwn — 2l
By an inverse estimate and since p satisfies (29) we have

_2
[|H (wn) = H(zn)|[L < C1h™7|[H(wn) — H(zp)||r < Crzllwn = 2[5 0y

where C17 = max{ C1Ci¢exp(2),1} where we note that as h <1, |Inh| = —Inh
and since |Inh| < p < 2|Inh|, hr = exp(—2/plnh) = exp(2|Inh|/p) < exp(2).
]

For p > 0 we define
Bi(p) = {(wn,mn) € Vi X By lwn = Dyullgga g,y < 25 I — Inolle < p}.
We also define
Zn = {(wp, ) € Vi X T, wp, = gpon I, (wp, np) solves (30) } and
Bi(p) = Bn(p) N Zn.

Lemma 3.8. We have Bp(p) # 0, for h sufficiently small and p = Cighl|ullw4.,
for a positive constant C1g > 0 independent of h. More precisely, we have ||H (Ipu)—
Ino| L~ < Cighl|u|lwie with o = D?u.
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Proof. Let ny, € ¥, denote the discrete Hessian of I u given by (30). We show that
(Inu,np) € Br(p) for h sufficiently small and p = Cigh||ul|y4.~ for a constant Cig.
By (30), (nn, p) = (DGrIpu, p) Y € Ey,. Therefore

(77h - Ih07 /’(‘) = (77h -0, /J') + (U - Ih07 /’(‘) = (DGhIhu - D2U,/.L) + (U - Ih07 /’(‘)

It follows from (28) that for p > 2
I = InollLe < Ci6(|[DGrInu — D*ul|Le + |[Ino — ol|Ls).
Therefore by (9), (13) and since 0 = D?u
Inn — Inol|e < Ci6Cshllullwsr + 2C16C2h> ||ullwa.r
< (01605Hu||ws,p + 201602Hu||w4,p)h.
By an inverse estimate and since p satisfies (29) we have
_2
[mh = InollLee < C1h™7 |Inn — Inol|Le < C1Ci6(Cs + 2C3) exp(2)h|ullw+.»,

from which the result follows with Cig = C1C16(Cs + 2C2) exp(2) max(|©2, 1), and
we recall that n, = H([pu). O

As in [3], we consider the linearized problem : find (wp,n,) € Vi, N HE x
(M, 1) = (DGrwp, p)Vu € By,
(A:np,v) = (f,v), Yo € Vi, N Hy(Q)
wy, = gp on L.

By the strict convexity of u, wy, is well defined and n, = H(wp). We can therefore
define the mapping T : V), x 3, — Vi, x Xp by

T(wh,nn) = (Ta(wn, mn), T2 (W, nn))
where T7 (wp, ) and To(wy, np) satisfy
(31) wp, — Ti(wp, ) =0 on 99N
(32) (To(wh,mn), 1) = (DGRT1(wh, Mk ), 1), Vi € S,
(33) (A H(wp, — Ty (wp,mn)),v) = —(f,v) + (det gy, v),¥ v € Vi, N Hy (Q).

A fixed point of T with wy, = gp on 0N is a solution of the nonlinear problem (4).
Since To(wn,np) = H(T1(wp,n)), we have the following corollary of Lemma 3.7.

Lemma 3.9. For p >0 and (w1, m) and (ws,1n2) in Br(p), we have

(34)  [Ta(wr,m) — Ta(wz, m2)l| e < Crzl[Ti(wr,m) — To(wz, 1)1 (75,
where Cy7 is the constant defined in Lemma 3.7.

Lemma 3.10. We have for h sufficiently small

(35) |2 = T4 (L, 10 g ) < Cro(o)h

(36) [Ino — To(Ipu, I50)|| L < Cog(0)h,

for o = D*u and positive constants Crg and Cyy which depends on o.

Proof. Since Ty(Ipu, Ino) = Inu on 09, we have v = Inu — Ty (Ipu, Ino) € Vi N
HY(Q). For wy, = Iu and ny, = I, using (33) , det D?u = det o = f, and discrete
elliptic regularity, we have

(37) [ Ipw — T (Thu, IhU)HWl,p(Q)S 015(D2u)p|| deto — det Ino|| .
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Since on each element K, det [0 — deto =
have

1 (cof(Ino) 4 cof(0)) : (Ino — o), we
| det Ino — det o|| pr(xy < Cotl|det Io — det o || poo (i)
<201 || 1ho + ol () |1 Tho = 0| Lov (k)

where Cy; = max(|Q|,1/4). Since I}, is a linear finite element interpolation, we
have ||Ino||L~ <||o||L>. Therefore, using (9)

(38)
|| det I;,0 — det 0’||Lp(K) < 4Co ||0’||Loo ||Ih0‘ — O‘HLoo(K) < 802102||0'||Looh2||0'||wz,oo.
This implies by (37) and (29) that

HIhu — Tl(Ihu, IhO' S 1602102015”0‘”[100 ||O‘||W2,ooh2| In hl

)HWL’Z(Q)
We conclude that there exists a constant C19 which depends on o such that
([ Tpu — Ty (Thu, IhJ)HWL,,(Q)g Cho(o)h,
for h sufficiently small. By Lemma 3.7 and (30) we have
[H (Inu) = To(Inu, 1no) |z < Crzllnu = Ti(Int, 1n0) |l q) < C17C10(0)h.
By triangular inequality, we have :

[ Ino — To(Inu, Ino)||Le < ||Ino — H(Ipu)||pe + ||H (Ipuw) — To(Ipu, Ino)||pee.
Since we proved in Lemma 3.8 that ||H (Ipu) — Ino||p= < Cigh||ullw4., we obtain
Hno — To(Ipu, Ino) || e < Cah,
where Cyp = Cisl|ul|wae + C17C19(0). O

Lemma 3.11. For h sufficiently small and for (wi,m1) and (we,n2) in Bp(p),
p > Cish||u|lwa., we have

T3 (w1, m) = Ti (w2, m2) 5710y < CozplInh| [ln — n2[ e,
for a positive constant Coy which depends on D?(u).

Proof. The proof is analogous to the one of [3, Lemma 3.10]. Using (33), we have
with A = cof D?u

(A: H(Th (w1, m) — Th(w2,n2)),v) = (A : H(wi — wz),v) — (det m — det na, v).

By [3, Lemma 2.4], on each element K we have

1 1
detn; — det py = cof <27]1 + 2772> s (m—m2).

Therefore, on each element K and using o = D?u, H(w;) = 1, we have

(cof D?u) : (ny —12) — (detmy — det ) =
1 1
((cof D?u) — cof (2771 + 2772)) s (m—n2)
1 1
= cof (U 5 2772> s (m —n2)

1 1 1 1
= cof (0 —Iho + §Ih0 —3m + §Ih0 - 27]2) 2 (m —m2).
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We have

<

1 1 1 1
cof (0 —Iho+ =Ipo— =1 + =Ipo — =12
2 2 2 2 Lo ()

lo = Tuollzoe sy + 31700 =l + 5100 = malliee e
< 2Cs|Jullwa.<h?® + p.
Therefore,
[|(cof D>u) = (1 = n2) + et — det na||zr < (2Cs||ullwa.ch® + p)[Im — 02| Lo-
Therefore, by discrete elliptic regularity and (29)

T3 (w1, m) = T1 (w2, n2) 71,0 )
< C15(D*u)pl|(cof D?u) : (1 — 12) + det gy — det o || e
< 2015(D%u)| In h|(2Cs ||ul|wa. h? + p) max(|Q, 1)||n1 — ma| 1o

The result follows for h sufficiently small. We assumed that p > Cighllul|w4.,
since by Lemma 3.8 By, (p) # 0 for p = Cigh||u|[yya.0c- O

Lemma 3.12. Let p = 4Cq3(D?u)h where Ca3(D?u) = max(Cig|ulyw 1.0, C1g,Cag).
For h sufficiently small, the mapping T leaves invariant the ball By(p). That is,
for (wp,mn) in Br(p), we have
(39) Ty (wn, nn) — IhuHWLP(Q) <p
(40) T2 (wh,mn) — Inol|Le < p.
Proof. Let (wn,npn) € Bp(p). Recall that Hwh—IhuHWl,p(Q)g pand ||y —Ino||Lee<
p. We have by triangle inequality, Lemmas 3.11 and 3.10
T3 (why nn) = Inullgr.o @) < 1T (wny mn) = T (Tnw, 1n0) |70 o
1T (I, 140) = Dl
< 4023h| In h|H77h — IhU||Loo +C1gh.

For h sufficiently small, 4Ca3h|Inh| < 1/4 and by construction Cigh < p/4. There-
fore

1 1 p
T (wh, n) — Ihu”{’/i//l;p(g) < ZP"’ 17 < B}

<p.
This proves (39). By triangle inequality
T2 (wn,mn) = Inol|Lee < [ T2(wh,mn) — To(Inw, Ino)|| Lo + | To(Inu, Ino) — Ino|| L.

Thus, by Lemma 3.9
T2 (wh, nn) = Inoll Lo < Crzl|Ta(wh, nn) — To(Inw, 1n0) |l5p1.5 o) +C20h
S 4017023h| ln h|||77h — IhO'HLoc +C2()h.

Furthermore, for h sufficiently small and since ||np, — Ino|lL=< p

1 1
T2 (why1h) — Ino||Le< Prrse

This proves (40). O

Lemma 3.13. The mapping T is continuous on Bp(p) for p as defined in Lemma
3.12.
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Proof. Let (wy1,n1) and (w2, n2) in By(p). We have by Lemmas 3.9 and 3.11, for h
sufficiently small
T3 (w1, m) — T (w2, n2) 71,0 () T T2 (w1, m) — Ta(wa, m2) || Lo <
(Cr7 + DT (wi, m) — Ta(wz, m2)lli1.0 () < 4(Cr7 + 1)Ca2Cosh| Inhf[[ny — n2| Lo
< 2{n1 = 2| Lee,

which proves the result. ([
Now, we are ready to show the well-posedness of the discrete problem (4).

Theorem 3.14. The discrete problem (4) has a unique solution (up, o) in Bp(p)
for h sufficiently small and p as defined in Lemma 3.12.

Proof. By Lemma 3.13, T is continuous on Bj(p) and by Lemma 3.12, T maps
By, (p) into itself. Therefore by the Brouwer fixed point theorem it has a fixed point
(wp,mp) in Bp(p). Assume that there exist two fixed points (w},n}) and (w3, n?)
of T. We then have T (w},n}) = wi and Ty (w3, n?) = wi. Also, Ta(wi,nt) =n}
and Tx(w?,n?) = n;. For h sufficiently small, by Lemmas 3.7 and 3.11

T2 (wh, my) = To(wi, ni) | L < Caz||Ta(wh, mi) — Ta (Wi, 02) 1.0 (o

1
< 2t — 21l e
< 2l = mille
Therefore
1
||77}1L - niHL"OS Cl7||wllz - wi”Wl,p(Q)S 1”77/% - U%LHLW-
We conclude that n} = n? and thus w} = w?. (|

With the previous preparation, we are now in a perfect position to present our
main error estimation.

Theorem 3.15. Let (u,0) € W4 (Q) x W2(Q)2*2 be the unique strictly convex
solution of (1) and let (up,op) the unique solution in By (p) of (4) for h sufficiently
small and p = 4C19h. We have

||Ihu - uh”’Wl,p(Q) < C'24(u)h
HO’ — UhHLOO S 025(u)h

Moreover, ||u — up||wi2 = O(h).

Proof. By Theorem 3.14, which states that the solution is in By, (p), the definition
of Bp(p), the choice of p and with Cyy = 4Ca3 and depends on u, we have ||I,u —
uhHWl,p(Q) < 024(U)h

Similarly, ||In0 — op|| =< Ca4(u)h. By a triangular inequality and using (9), we
obtain ||o — || < Cas(u)h, for a constant Cas(u).

By (15), (5), p > 2 we have

[[Tnu — up||r2 < Cs||DGR(Inu — up)||L2 < CsC1|[DGR(Inu — up)||Le
= C’gC1||Ihu — 'LLh”’Wl,p(Q)é 0861C24(U)h.

With a similar argument, ||DIpu— Dup||r2 = O(h). Thus by a triangular inequality
and (7) we obtain ||[Ipu — ul|p2 = O(h) and ||DIyu — Dul|r2 = O(h) which gives
‘|U7uh||W1,2 :O(h) O
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Remark 3.16. The analysis may extend with a few technicalities to three dimen-
sions. We mention that the definition of uniform meshes is different in dimension
3 and dealing with cof o — cof n requires the mean value theorem. For the extension
to general domains, one may use the penalty approach to the boundary conditions
proposed in [19].

4. Numerical results

In this section, we present a numerical example to verify and validate the theo-
retical results. To solve the nonlinear problem, we solve the discrete problem (2)
using Newton’s method. Although we only established the theoretical results on
uniform meshes, we want to show with an example that the method works for gen-
eral unstructured meshes. We consider two different types meshes: regular type
uniform meshes and Delaunay meshes.

In the numerical example, we choose the test function as u(z,y) = e(@*+y*)/2,
Thus f(z,y) = (1 + 22+ y?)e@ 1) and g(z,y) = e@ +v*)/2. The initial guess is
obtained by solving the mixed finite element approximation of the problem

Aug =2+/f, in U wug = g on 09,

that is (2) with the determinant operator replaced by the trace operator and f

replaced by 21/f.
To summarize the numerical results, we consider the following four different

(discrete) norms:
D06: ||U—UhHLoo, D1€: ||Du—DuhHLoo,

Die =||Du — Grup||pe, Dse= HDQu —opllnee-

TABLE 1. Numerical result on regular type uniform meshes.

Dof Dye order Dqe Order Dfie Order Dse Order
289 | 1.54e-03 | 0.00 | 2.32e-01 | 0.00 | 1.77e-02 | 0.00 | 5.97¢e-01 | 0.00

1089 | 3.68¢-04 | 2.16 | 1.21e-01 | 0.98 | 4.86e-03 | 1.95 | 3.26e-01 | 0.91

4225 | 9.02e-05 | 2.07 | 6.21e-02 | 0.99 | 1.28e-03 | 1.97 | 1.71e-01 | 0.95
16641 | 2.23e-05 | 2.04 | 3.15e-02 | 0.99 | 3.30e-04 | 1.98 | 8.79e-02 | 0.97
66049 | 5.56e-06 | 2.02 | 1.58e-02 | 1.00 | 8.36e-05 | 1.99 | 4.46e-02 | 0.99

TABLE 2. Numerical result on Delaunay meshes.

Dof Dye order Die Order Die Order Doe Order

139 | 2.76e-03 | 0.00 | 2.44e-01 | 0.00 | 2.37e-02 | 0.00 | 6.51e-01 | 0.00

513 | 6.98¢-04 | 2.11 | 1.26e-01 | 1.02 | 6.97e-03 | 1.87 | 3.22¢-01 | 1.08
1969 | 1.78e-04 | 2.03 | 6.45e-02 | 0.99 | 1.80e-03 | 2.02 | 1.65e-01 | 1.00
7713 | 4.40e-05 | 2.05 | 3.27¢-02 | 1.00 | 4.44e-04 | 2.05 | 7.34e-02 | 1.18
30529 | 1.08e-05 | 2.03 | 1.64e-02 | 1.00 | 1.04e-04 | 2.11 | 2.66e-02 | 1.48

We display the numerical convergence history in Tables 1 and 2 for regular type
uniform meshes and Delaunay meshes respectively. From those two tables, we can
see that the L errors for o converge at the rate O(h) indicated in Theorem 3.15.
We also observe that L errors for Du converge at a rate O(h). This confirms the
rate O(h) for the L? error for Du. The recovered gradient converges to the exact
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FIGurE 1. (p+ 1)Z(p)/(pZ(p)) as a function of p on a uniform
mesh (left) and on an unstructured mesh.

gradient at a superconvergent rate O(h?). The experimental rate for the L error
in u is O(h?). This suggests that our L? error estimate is suboptimal.

5. Conclusion

In this paper, we proposed a linear finite element method for solving the Monge-
Ampere equation with a smooth solution and using a mixed finite element formula-
tion. The Hessian matrix is calculated using the gradient recovery technique. The
theoretical results are verified with a numerical example.

6. Appendix

6.1. Proof of the duality relation (27). The proof is analogous to the scalar
case c.f. [22, p. 130]. Let n € (LP(2))**2,1 < p < oo and choose ¢ such that
% + % =1. And let p € (L9(Q))?*2. We have
(41) |t )l < [l |l | za-
Recall that for x € R, sgn(z) = 1 if > 0, sgn(xz) =0 if x = 0 and sgn(z) = —1 if
x < 0. For ¢,7 in {1,2} we define

Mg = |pig|» sgn(piz)-
Then [1;;[P = |1i;|9 = nijpij. Hence n;; € LP(Q) and ||n;||zs = ||pij]|7 . Therefore

2 2 . 2
Inll7e = 3202 Imisllee = 30520 llniillze = llullZe. That is, [Inllee = [lpllz.
Next,

2 2
1 =
()= /Qmjmy' = > lullts = ullfe = lullzallullf" = [lnllzallnllZ,

ij=1 ij=1
= |lullzellnl|zr-
This completes the proof.

6.2. Numerical evidence of discrete elliptic regularity for non divergence
form Assumption 3.5. We take

(42) u(z) = exp((af +23)/2),

from which we compute A = D?u. The solution v is taken as sin(mz)sin(mzs).
The right hand side function r» was computed from A and v. Numerical evidence
indicate that (25) is solvable.
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Let Z(p) :||7"||Lp/||v|\fw71,p(9). Should the discrete elliptic regularity hold as
predicted, the ratios (p+1)Z(p)/(pZ(p)) should be equal to 1. In Figure 1 we plot
this ratio as a function of p on a uniform mesh and on an unstructured mesh. The
results confirm our predictions.
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