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A SECOND-ORDER EMBEDDED LOW-REGULARITY
INTEGRATOR FOR THE QUADRATIC NONLINEAR
SCHRODINGER EQUATION ON TORUS

FANGYAN YAO

Abstract. A new embedded low-regularity integrator is proposed for the quadratic nonlinear
Schrédinger equation on the one-dimensional torus. Second-order convergence in H” is proved
for solutions in C([0,T]; HY) with v > %, i.e., no additional regularity in the solution is required.
The proposed method is fully explicit and can be computed by the fast Fourier transform with
O(N log N) operations at every time level, where N denotes the degrees of freedom in the spatial
discretization. The method extends the first-order convergent low-regularity integrator in [I4] to
second-order time discretization in the case v > % without requiring additional regularity of the
solution. Numerical experiments are presented to support the theoretical analysis by illustrating
the convergence of the proposed method.

Key words. Quadratic nonlinear Schrodinger equation, low-regularity integrator, second-order
convergence, fast Fourier transform.

1. Introduction

This paper is concerned with the development of low-regularity integrators for
the quadratic nonlinear Schrodinger (NLS) equation on the one-dimensional torus,
ie.,

0 i0pu(t, x) + Oggu(t,z) = pu*(t,z), t>0 and 2 € T = [0, 27],

u(0, ) = u’(z).

where u : RY x T — C is a complex-valued unknown function with initial value
u® € HY(T), v > 0, and p € R is a given constant. The well-posedness of the
equation has been proved in [I].

Time discretization of the nonlinear Schrédinger equation has been considered
in many papers with different methods. In general, classical time discretizations
require the solution to be in C([0,7]; H**2) and C([0,7]); H'**) in order to have
first- and second-order convergence in H7, respectively, i.e., two additional deriva-
tives in the solution are required for every order of convergence. The convergence of
time discretizations under these (or stronger) regularity conditions has been proved
for the finite difference methods [I'7], operator splitting [2, B, IT], and exponential
integrators [4].

In practical computations, the initial data may be polluted by nonsmooth
noises from the measurements. Accordingly, the development of low-regularity
integrators which can reduce the regularity requirement of the solution and has
attracted much attention from numerical analysts. Ostermann and Schratz [I4]
proposed a new exponential-type integrator for the cubic NLS equation in the
d-dimensional space, and proved its first-order convergence in H” for solutions
in C([0,T); H'*'), with v > 4. In one dimension, Wu and Yao [I8] proposed

2
a new time discretization which has first-order convergence in H?Y for solutions
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LOW-REGULARITY INTEGRATOR FOR THE SCHRODINGER EQUATION 657
in C([0,T]; H?) with v > %, without requiring any additional regularity in the
solution. These articles are all concerned with first-order convergent low-regularity
integrators.

Knoller, Ostermann and Schratz [[4] proposed a second-order low-regularity
integrator which requires two and three additional derivatives in the solution in
one- and higher-dimensional spaces, respectively. In two- and higher-dimensional
spaces, the regularity requirement was relaxed to two additional derivatives by
Bruned and Schratz [3] and Ostermann, Wu and Yao [15] with different methods.

For convergence in L?, Ostermann, Rousset and Schratz [I2, 3] proved certain
fractional-order convergence of some filtered methods for solutions in C([0,T]; HY)
with v € (0,1]. Li and Wu [8] constructed a fully discrete low-regularity integrator
with first-order convergence in both time and space for solutions in C([0,7]; H').
Ostermann and Yao [I6] proposed a different fully discrete method with an error
estimate of O(727~2~¢ 4 N=7) for solutions in C([0,T]; H") with ~ € (1,1].

More recently, Wu and Zhao [[9, 20] introduced an embedded low-regularity
integrator for the Korteweg-de Vries (KdV) equation with first- and second-order
convergence in H7(T) for solutions in C'([0,7]; H**1) and C([0,T]; H"*3), respec-
tively. By using new harmonic analysis techniques, Li, Wu and Yao [g] proposed
a method for the KdV equation with %—order convergence in H” for solutions in
C([0,T]; HY) with v > 3, without requiring any additional derivatives in the so-
lution. For the modified KdV equation, Ning, Wu and Zhao [[1l] proposed a new
embedded low-regularity integrator and proved first-order convergence by requiring
the boundedness of one additional spatial derivative of the solution.

For the quadratic nonlinear Schrédinger equation on the one-dimensional torus,
Ostermann and Schratz [[4] proposed a low-regularity integrator with first-order
convergence in H? for solutions in C([0,T]; H”), v > 3. In the present paper, we
propose a new embedded low-regularity integrator with second-order convergence
in H" for solutions in C([0,T]; H"), v > 3. The construction of the method extends
the low-regularity integrators in [19] and [I5], which were originally proposed for the
KdV equation and cubic nonlinear Schrodinger equation, respectively. The proof
of convergence for the proposed method is based on harmonic analysis techniques.

The rest of this paper is organized as follows. The notations and the main
result are presented in Section 2. The construction of the low-regularity integrator
and the technical lemmas to be used in the convergence analysis are presented in
Section 3. The proof of the main theorem is presented in Section 4. Numerical
experiments are reported in Section 5. Some concluding remarks are presented in
Section 6.

2. Notations and main results

2.1. Some notations. We denote by (-,-) the inner product of L? = L?(T), i.e.,
(r9)= [ f@i@de,  figer
T
The Fourier transform ( fk)kez of a function f: T — C is defined by
~ 1 .
fr = %/Te_“mf(x) dz.

The inverse Fourier transform formula is given by

f(.’E) _ kaeikw.

kEZ
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The following standard properties of the Fourier transform are well known:
2

1122y = 2772 | fel, felr?
keZ
(fg>k: Z fk1§k27 fug€L2
k=ki+ko

We denote by H®, s > 0, the space of functions in L? such that their s-order
derivatives are also in L2, equipped with the following norm:

2 2 . .
HfHH& = HJE:JPHL2 = QWZ(l + k2)8|f/€|27 Js = (1 - a:r:v)?‘
kEZ
Further, we denote by 9, ! the operator defined in Fourier space as

@R e ik #0,
@ (9 f)k_{o if k=0

For the convenience of notations, we introduce the zero-mode operator Py :
L? — C, defined by
A 1
Pyf=fo=— x)dx,
of = fo oy /T f(=)

and we denote by PP the orthogonal projection onto the space of mean-zero functions

Pf=f—-Fhlf.

The following phase functions will be used in the convergence analysis:
(3) ¢ =k — ki — k3,
(4) ¢ = k* — ki — k3 — k3,
(5) ¢3 = k? — k7 — (ko + k3).
Furthermore, we define the following functions:

ez—l’ 220, e -z 7’12726, z #0,
6)  elz)=4 = b =1

L, z=0, - -, z=0.
2.2. The numerical method and the main result. Lett, =nr,n=0,1,...,L =

T /7, be a partition of the time interval [0,7] with a uniform stepsize 7 > 0. The
low-regularity integrator proposed in this paper for equation () is given by

(7) u"th = ®(u"),
with
S(u") = e”aiu"(l + 20 7% (Pyu™)?) — (ip + 4p>T Pou™) G (u™, u™)
+ i G (0, u™, 0 ™ - u™) — i TPy (({Elu")z - (p(2i702) + 1/}(2i78§))u”>
+ip*r Py (e*”ai (e”ai 8;1u")2 : z/)(QiTQ%)u")
;2
—ip® Py (G (05 'u™, 05 'u™)) - TPy + %8;1(?” (07 Gp(Pu™, Pu™), Pu™)

2 2
+ %am—l (az—l(ei'raiam—lun)2 X eiT@i]P;un) _ %eiTaiaz—l (6;1(8;111,”)2 . ]P’LL”)
2

2
+ K a—l(em—@iaw—lun)?’ _ %ew@iam—l(am—lun)3 + QiMQP()’U,n X 6;1Gn(aw—1un’un)’
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where the bilinear functional G, is defined by
Gnl(u,v) = z(eirazaz—lu _ ewagam—%) _ %eifag (07 u- 05 1)

0,

- 2 - 2
+ 7Pyu- €%y + 7Py - €%y — 7 Pyu - Pyv.

Although we focus on the analysis of the time discretization without consid-
ering spatial discretizations, we point out that the proposed time discretization in
(@) can be implemented with FFT in the practical computation.

The main theoretical result of this paper is the following theorem.

Theorem 2.1. We assume that the solution of (W) satisfies v € C([0,T); HY) for
some y > %, and consider the numerical solution u™, n=20,1,...,L, given by ().
Then there exist positive constants o and Cy such that for any stepsize T € (0, 9]

the following error bound holds:
(8) [u(tn, ) = u" [l < Cot?,
where the constants 1o and Co depend only on T and ||ul|c(jo,1);m7)-

For the simplicity of notation, we denote by A < B or B 2 A the state-
ment “A < CB for some positive constant C”, where C' may be different at each
occurrence but is always independent of 7 and n.

3. The construction of the scheme and some technical lemmas

In this section, we present the construction of the low-regularity integrator for
the quadratic Schrédinger equation, and then state some technical lemmas to be
used in the error analysis.

3.1. The construction of the scheme. By using Duhamel’s formula, we can
write the solution of the quadratic Schrodinger equation as

Wtni1) = % u(t,) — ip / eiltntr=(tn )02 2(4 4 g ds.
0

Then, by introducing the twisted function v(t) = e*”aiu(t), the formula above can
be expressed as

(9) U(tn+1) _ U(tn) _ iﬂ/ e—z’(tn-"—s)ai (ei(tn-‘ré‘)agv(tn + S))2 ds.
0

We are interested in the construction of a second-order convergent method for the

quadratic Schrodinger equation. To this end, we consider the following approxima-

tion to the term v(¢, + s) in (9):
R

v(t, + 8) (tn) — ipFn(v(tn), v(ts), 8),
where F,, is defined as
s — 2 i 2 i 2
(10) Fu(f,g.8) = / e MDD (IO f . i n 002 g) .
0

This type of approximations was proposed in [I[9] for the KdV equation. By insert-
ing this approximation into (H), we get

(11) V(tni1) = v(tn) — ipFn(v(tn), v(tn), 7) + L(v(ts)) + Ra(v(tn)),

where R (v(ty)) is the remainder term and I(v(t,)) denotes

I(v(t,)) := —2,u2/0 e iltnts)0; (ei(t”“)agv(tn) -ei(t"“)aiFn(v(tn),v(tn),s)) ds.
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First, we consider the term F, (v(t,,), v(t,), 7) in (). To simplify the notation,
we use v instead of v(t,) in the rest of this paper. Then, by applying the Fourier
transform to (D), we have

-
(12) Fn(U,U, T)k: = / Z oiltnts)o1 B, O, ds,
0 h=ki+ks

where 95, denotes the kth Fourier coefficient of v(t,) and ¢; is the phase function
defined in (B). Under condition k = ki + k2, the following relation holds:

(13) b1 = k* — k2 — k2 = 2k ko.

Hence, F,,(v,v,7) can be explicitly integrated. In particular, integrating it with
respect to s yields the following expression:

) 1 . .
Fn(U7U,7')k = Z {7 (eltn,+1¢1 _ eltn¢1) ’Oklﬁk2j| + 27090 for k # 0.

2ik1 k
k=K1 +k> 1h2

~ 1 . .
Fn(y’ v, 7-)0 - Z {Qik - (eztn+1¢1 _ eztn¢1) @kl ,ﬁkg] + 7_({)0)2.
0=k1+ks 12

The inverse Fourier transform of this expression gives that
(14)
1 ; 2 1 ; 2 . .
Fn(v, v, T) _ §e—ztn+163C (eztn+18§a$—1v) _ ie—nnaﬁ (eztnaiam—lv) + 279V — T(U0)2.

Next, we consider the term [(v) in (). Applying the Fourier transform, we
have

I(v) = =242 Z et 5 B (0,0, )k, ds.

From (IA) we see that the above formula can be written as

5 ‘ T L it 49)6n » n s
Ry =i [ Y e b, ds
O k=kythoths 2

-
. 1 ishs A a a
- z,uz/ E ———eltn 201593 4y 0y Dy, ds
O k=kyitko+hs

i
— 4427y / > @00 gy by, ds + 277 (60) 0k
O k=kyi+ke

= 1 () + Lo (v) + I3 (v) + 20372 (00) 2 O,
where ¢2 and ¢3 are phase functions defined in (8) and (8), i.e.,
G2 =k* — ki — K3 — k3, s =k*— ki — (ka + ks)*.
Note that
I (v) :i,uan (5‘;10, e~ itn0; [(e”"aiaglv)(e””azv)], 7'),

I3(v) = — 4p2 700 Fy (v, 0, 7).

We consider I 1,(v) in the following two cases.
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Case 1: k = 0. From the definition of I; (v) we see that
T
o 1 .
Il,O(U) = iﬂ2/ Z ﬁel(t"Jrs)(ik%ikgikg) Vkey Dk Dk AS.
0 0=k +ko+tks 12
Under the assumption 0 = k1 + ko + k3, we can express the phase function as
—k? — k3 — k3 = —2k3 + 2k ko.

We recall the following formula introduced in [I5]:
(15) / e t+h) gg = Tp(iTa) — 7'(6”ﬁ — 1)1/}(1'7‘&) + R(a, B8, 7),
0

where |R(a, 3,7)| < 73|8]2, ¢ and ¢ are defined in (B).
Utilizing this formula, choosing o = —2k2 and 3 = 2k; k2, we note that I; o(v)
is approximately integrable, with the following expression:

I o(v) = —iuQTP()((eit"ai@;lv)z - (p(2i702) + 1/)(22'7'85))(3“"851))
+ip’T Py (e‘”ag (eit"+18§ 6;11))2 )(2iT0%)e tn0; ) + Ra(v),
where

(16) Ro()I S 7% Y kallkal [0k, |6k, ok,
0=k1+ka+ks
k1 + ko + k3

Case 2: k # 0. By using the identity 1 = A

and symmetry, we can
decompose I 1% into the following two parts:

.
L= Z/~L2/ E 7kk B ei(tnts)92 Oy Dk Uty ds
O k—kythathks 12

1 .
+ 2ip? / o ——eiltnt9)®2 4y by iy, ds
0 k= k1+k2+k3 !

=: Ill,k + I12,k~
In the estimation of I 11,5, we consider the following decomposition of ¢s:
@2 = 2k1ke + 2k1ks + 2koks = 2ks(k1 + ka) + 2k1 k2.

By considering the two cases k1 + k2 = 0 and k1 + ko # 0, separately, we can further
divide Iy j into two parts, i.e.,

Ik = ik + Lk,

where
oiltnts)(—kI=k3) 5 & 5
Illak: = ip? Oge, Opy ds - g,
0 /ﬁkz
0= k +ka
ks
tn
Inb k=1 / 2 _itnF9)92 4 by by, ds.
) Kkiks©
k= k1+k2+ks
k1+ka2#0

Using (I2) and the formula of inverse Fourier transform, we obtain

Illa = _iMQPO(Fn(8;1U7 8;11]7 T)) : @k
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If @ # 0 then the expressions in (B) imply that

) i ] ei‘ra -1 i eira —1—3 aeiroz
To(iTa) — T(e B _ 1)¢(z¢a) =T T(e B _ 1) (iToz)QT
B ez"r(or‘rﬂ) -1 (eiTa _ 1) (eiTB _ 1)
T ira - (iTar)?

Hence, we can choose o = 2k3(k1+k2), 8 = 2k1 k2, and use (3F) to get the following
expression:
2 ei7¢2 -1

Ly == —— e
2 S kkﬁlkg(k‘l + k‘g)

k370

2 (e2iTk1k2 _ 1) (621:7']{}3(/{)14—]62) _ 1)

iy
D)
e ks Rhikaks (b + ke)?

ity N
é2 vklvk2vk3

it A A A 5
. gltn®2 Oty Ok Uky + Rk (V),

where

(17) Rap(0) S7° Y

k=k1+k2+ks3

|k1kaks|

I EPTTTE)
|k| 1 2 v3

The first term on right-hand side can be integrated explicitly. From () we derive
that

. 1 . .
F,(Pv,Pv,7), = — (e2”5"+1klk2 — ezzt"klh) Vg, Ve -
n( >k Z 2Zk1 k2 k1 Pka
k=kq1+k2
Therefore, the second term on right-hand side can be written as

2 eQirkgfc_l dit kip
itn k3 N
- — e Fo(Pv,Pv, 7). 0k,
2r £ kksk?
k=k+ks

which is the kth Fourier coefficient of the function
9
B o F, (07 F Py, Py, ), Po).
-
Hence, we obtain

2
Illb _ ,LL2 e~ ity —‘,-5)82a (8 ( i(tn -l,-s)82a ) . ei(tn-‘rs)agpv)

S=T

s=0
+ e 0, (0, ' Fy(Po, Pu, 7), Po).
T

We rewrite [12 ) as

(18) fl?,k = Ja + Jbv
where
1 .
J, = 22,u / Tez(thrs)% ﬁklﬁkg'{)ka ds,
0 k= k1+k2+k3 !

1 .

Jy = —2ip? / Z TGW"JFS)% gy Dy ds - V-
O k=kythy !

By using the symmetry among k1, k2 and k3, we can rewrite J, as

212 / (1 1 1
J, = —
0

k1+k2+k3

) i(tnts)e2 Oy Vkoy Uk dS.
k= k1+k2+k
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In particular, J, can be integrated explicitly by using the identity

1 1 1 b9
—t—+—= :
kl kQ kg 2]171]{?2]{33
with
@ 3 1 itni1de _ nitnd
J, == (el nt192 _ gitn 2) @h@h@ks.
3 b Tt e kk1koks

Jp can be expressed as follows by using the definition of F;, in (I2):
Jy = 2ip?00.F 0, F (0, v, v, 7) (k).
Combining with the above formulas and taking inverse Fourier transform, we obtain
h2:%;4@ﬁﬁﬁ@4®mﬁ@ﬁ@f@1i;+%ﬁ%@fﬂﬂg%wJ)
To summarize, we obtain the following formula:
(19) V(tny1) = " (v(tn)) + Ra(v(tn)) + Ra(v(tn)) + Ra(v(tn)),
where ®"(v) is defined by
" (v) = v — (ip + 4p>100) Fy (v, v, 7) + ip® F, (05 Mo, e itn [(e"t”ai o, ') (eit"aiv)], 7)
+ 20272 (00)?v — i1 Py ((e“"ai 8;11))2 . (@(21’7&%) + 1/)(2i782))e“"6§11>
+ i’ Py (e‘”ag (e”’“rlag 6;111)2 . ¢(2i78§)e“"8§ v)

P12
— i Po(Fo(0; 0,07 '0,7)) - Po + -0, P (9,1 Fu(Bo, P, 7). Po)

2 S=T
+ %e—i(tn—i-s)aiaz—l (a@—l(ei(tn—i-s)aﬁazv—lv)Q _ei(tn—&-s)@f]P),U) )

s=0
(20)

2 o
+ %e—i(thrs)ag aw—l (ei(tn+s)a§ 096_11))3‘

; + 2ip* 000, F (0, 1o, v, 7).

By dropping the remainders Rq(v(t,)), Ra(v(t,)) and R3(v(t,)), we obtain the
following numerical scheme: For any given v™, compute

(21) U"+1:¢’"(v”), n=0,1,...,L; o =uy.

Substituting u" := €%y into (2) yields the numerical scheme in ().

3.2. Some technical estimates. In this subsection we present two technical es-
timates which will be used in the error estimation.

Lemma 3.1 (Kato-Ponce inequality, [6]). Let f,g € H" for some v > 5. Then
the following inequality holds:

1 gllz S W f e gl

Lemma 3.2 (Some trilinear estimates).
(i) Assume that f, g, h are functions in H', and
|T(f7g7h)|§ Z |k1||k2||fk1”gk2||hk3|
0=k1+ko+k3
Then the following estimate holds:

T 9, LS N e gl (1]l
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(i) Assume that f,g,h € HY with v > %, and

. |k1koks| 5 . 2
k=k1+ka+k3

Then the following estimate holds:
1TCf g, W)l S L f el gl Al e
Proof. We denote
F)=>"e™fil,  gla)=>_e™lgl,  hlx) = e*|hyl.

kEZL keZ keZ

Then f,.(t) = | fx(t)| and the following identities hold (for all s > 0):
117 =20y (L + K1 fil® = IIf e,
kEZ
1317 =gl
1R]1Z =lAll3.

(1) The condition guarantees that

|T(fvgvh)| 5 Z |k1‘|k2| ‘fk1||§k2||ﬁk3|
0=Fk1+ka+k3

1 o
= 5 [1V17+ Vg,
T JT

where the last equality is obtained by using the definition of the Fourier transform.
Then, by using Holder’s inequality and (22), we obtain

T(f, 9, M S e NGl el e = 1L £ ern gl e 1l
(ii) The following result can be obtained by using Plancherel’s identity:

1Tl | 30 T kel L (0113, (0,
k=k1+ka+ks#0

S H‘v“? |V|§ ! |V|BHLOO((O)T);H’Y—1)'
Since v — 1 > %, the following result holds according to Lemma B
IT(f, 9 D) o S WP N NGl e Bl 1 = 11 F 1l Nl gl | el v

(22)

gl
)l L2 ((0,T);12)

4. Proof of Theorem 21

By considering the difference between (E1) and ([¥), we obtain the following
error equation:
(23) V(tps1) — 0"t E LT+ @ (v(ty,)) — @"(v"), foralln=0,1,...,L,
where
L" =Ri(v(tn)) + Ra(v(tn)) + Ra(v(tn))
is the consistency error.

For v > %, the following estimate is a consequence of (@), (1) and Lemma
B2:

(24) IR2(v(ta) 7 + [ Ra(v(ta)) [+ < CT2,
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where the constant C' depends only on ||ul| s ((0,7); )
The specific expression of Rq(v(t,)) can be found by comparing (8) with (I),
which imply that

Ri(v(tn)) = Ru1(v(tn)) + Riz(v(tn)),

where
2

R (v(t m/ _Z(tn+8)a2 (t"+s)aiv(tn+8)) ds

O

2
i [ e 2 (0 (o) — inB (v(ta), v(t),5) ) ) ds,
O
2

Rua(v(ta)) =ipi® | et (o2, (o(ta), () ) ) ds

0
The term Rq1(v(t,)) can be rewritten as

Rir(v(tn)) = — ip / et (It (1, 4 ) = v(tn) + B (v(tn), Vltn), 5))
0

- giltn )0 (v(tn + 8) + v(tn) — ipFy (v(tn), v(tn), 5))) ds.
From (8) and (M) we can obtain the following estimate:
|v(tn + ) — v(tn) + ipnFn (v(tn), v(tn), s) || ;-
= H — i /S e~ i(ta )0} (ei(t“*t)aﬁ (v(tn +1) — v(tn)) eita )07 (v(tn +1t)+ v(tn))> H
< 7llo(ty +0 t) — v(tn)||a Jv(tn + 1) + v(tn)| m-
Furthermore, by using (8), () and Lemma B, we derive that
[o(tn +t) = v(ta) L S I En(v(tn + ), v(ta + 8), )| Lo rr S Tl T o
The following result can be obtained by combining the estimates above:
[Ru1(w(ta)) L= nr < CT2,

where the constant C' depends only on ||u||ze((0,7);r+). The term Rya(v(t,)) can
be estimated by using Lemma BT, i.e.,

[Riz(w(ta)) L rr S Tl Fa(vtn), v(ta), )|l e s S 720 Lo 1o
The two estimates above imply the following result:

(25) 1L || Loern < CT,

H~

where the constant C' depends only on ||ul| Lo ((0,7): )
In view of (I) and (M), the functional ®" defined in (20) can be rewritten
into the following integral form:

(26) Q" (v) = v — ipFy(v,v,7) + I(v) — Ra(v) — Ra(v).
Using the definition of F,, in (), we have
Fo(v(tn),v(tn),7) — Fp(v", 0", 7)
2

o /T o itn+s)0} (ez‘(tn+s)8§ (v(tn) — Un)) dt

0

Y /T o iltnts)d? (ei(tn+s)a§ (v(tn) _ ,Un) ) ei(tn—&-s)aiv(tn)).

0
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The following inequality can be obtained by applying the Kato-Ponce inequality in
Lemma BT

|En (v(tn), v(tn), 7) — Fn(v"™, 0", 7)|| oo v
S rlv(tn) = "o g + Tl0(tn) = 0™ || oo v 0 ()| Lo -

The other term can be estimated in a similar way. Specifically, the following result
holds for any ~ > %:

1 (v(tn)) = 1) rr < CT([[0(tn) = 0" |z + [[0(tn) = 0" [ 100 114)

where the constant C' depends only on |[u| Lo ((0,7;7+). The following estimate can
be obtained by combining (E4) with the estimates above:

(27)
127 (v(tn)) — @" (V") | o> < (L4 COT)|[0(tn) = 0" Lo prr + CTl|v(tn) = 0" |7 v
where the constant C' depends only on ||ul| Lo ((0,7): )

Substituting (ZH) and (22) into the error equation in (E3), and applying discrete
Gronwall’s inequality, we obtain the following error estimate:

lo(tna) = v, < O,

where the constant C' depends only on [|u|| e ((0,7);~). This proves Theorem ET.
O

5. Numerical experiments

In this section, we present numerical experiments to illustrate the convergence
of the proposed method under different regularity conditions. We consider the
quadratic nonlinear Schrédinger equation (W) with the following initial value:

‘6a;,N | _’YUN . N .
(28)  wup(z) := N with U™ =rand(N, 1) + irand(N, 1),
where ~y is chosen to determine the regularity of the initial data, and the pseudo-
differential operator |0, |7 for v > 0 is defined as: for Fourier modes | =
—N/2,...,NJ/2-1,

. o,
(192 1 W)l{o if1=0.

UYN are uniformly distributed random variables in [0, 1] + [0, 1]. This choice of the
initial data guarantees u® € H" and therefore v € C([0,T]; H").

The errors of the numerical solutions with v = % and v = 2 are presented
in Figure 1, where the spatial discretization is performed with a Fourier spectral
method using FF'T based on the grid points z; = j%" for j =0,1,...,N =25 The
numerical results in Figure 1 indicate that the proposed method has the second-
order convergence in the H” norm for initial data in H”. This is consistent with

the theoretical result proved in Theorem .
6. Conclusion

We have constructed a low-regularity integrator for the quadratic NLS equation
on the one-dimensional torus based on harmonic analysis techniques. The proposed
low-regularity integrator can be implemented with FFT using the Fourier spectral
method with O(Nlog N) operations at every time level. Theoretically, we have
proved that the proposed low-regularity integrator has second-order convergence in
H" for solutions in C([0,T]; H"), for any v > %, i.e. no additional regularity in the
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Temporal discretization error

10F 1

[Juw — w" || g

10" 10°
T

FIGURE 1. H”-norm errors of the numerical solutions at T" = 2
for various different 7 and +y, with N = 26 degrees of freedom in a
spatial discretization using the Fourier spectral method.

solution is required. The numerical experiments are consistent with the theoretical
analysis.
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