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A MULTISCALE PARALLEL ALGORITHM FOR PARABOLIC
INTEGRO-DIFFERENTIAL EQUATION IN COMPOSITE MEDIA

FANGMAN ZHAI AND LIQUN CAO

Abstract. This paper studies the multiscale algorithm for parabolic integro-differential equations
in composite media combining with Laplace transformation. The new contributions reported
in this study are threefold: the convergence estimates with an explicit rate for the multiscale
solutions of the equations in general domains are proved, the boundary layer solution is defined
and the multiscale finite element algorithm which is suitable for parallel computation is presented.
Numerical simulations are then carried out to validate the theoretical results.
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1. Introduction

In this paper, we consider the parabolic integro-differential equations with rapid-
ly oscillating coefficients as follows:

ou (z,t xy Ous(z, t K x, Ou(z, s)
W(ti) - %(%(g)#) - %/O Bt - S)Gij(g)iaxj ds
(1) = f(z,t), (z,t) € Qx(0,T),

ut(z,t) = g(z,t), (x,t) € 90 x (0,7T),
U€($,0)=ﬂ0($), erv

where Q@ C R, n > 1 is a bounded convex polygonal domain or a bounded s-
mooth domain with a periodic microstructure. Here ¢ is a small periodic parameter.
aij (%), B(t), f(x,t), g(x,t) and tg(x) are given functions. We note that here and
in the sequel the Einstein summation convention is adopted on repeated indices.

Let £ = e~ 12 and we make the following assumptions:

(Ay) ai;(§), 4,5 =1,2,--- ,n are 1-periodic in &.

(AQ) Aij = ji, ’70‘77|2 < al](é)nlnj < ’Yl|77|2’ Y0,71 > 0, V(Ulﬂ?% T 77771) € R,
where g, y1 are constants independent of €.

(As) a;; € L>(Q),8 € L0,T), f € L*(0,T; L*(R?)),g € LW(O,T;H%@Q)),

Ug € HI(Q)

(Ay) Let @ = (0,1)™ be the reference cell and let @’ be a bounded domain in
R" with a C** boundary, 0 < < 1. Let Q CC Q', Q' = Ui:l (Em) be a union
of some subdomains, where for each D,,, D,, € C'* and D,,ND;, = () for m # k.
Assume a;; € CV(Dy),i,5 = 1,2,--+ ,n, for some 0 < v < 1,m = 1,2,---, L,
where L, u, v are constants independent of € (cf. [16]).

Remark 1.1. Under assumptions (Az)-(As), the well-posedness for the problem
(1) can be established ( see, e.g., [10, 12, 27]).
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The problem (1) has wide applications in heat conduction with memory effects,
nuclear reactor dynamics, blow-up problems in composite material or in porous
media(see,e.g.,[20, 22, 33, 35] and the references therein). For a special choice of
the kernel 3(t) = t*1/T'(a) (0 < a < 1), the integral term of (1) is actually the

1>

Riemann-Liouville fractional integral of the function %(a”(%)%ﬁ) (see,
e.g., [25, 28]). In this case, (1) is a linear integro-differential equation of fractional
order. These kinds of equations describe anomalous diffusion processes and the
wave propagation in viscoelastic materials (cf. [13, 17, 19, 26]), which have attracted
considerable attention of researchers in recent years (see, e.g.,[7, 8]). As a parameter
€ > 0 is small enough, the direct numerical simulation for the problem (1) is a hard
work because it would require a very fine mesh, a very small time step and the
massive storage of the numerical solutions at all time steps.

All kinds of homogenization methods are utilized to solve the partial differential
equations and the integro-differential equations with rapidly oscillating coefficients
(e.g., periodic, almost periodic, quasi-periodic and non-periodic). For instance,
about the homogenization methods concerning linear parabolic equations, we re-
fer to Bensoussan et al. [2] and Sanchez-Palencia [29] for periodic cases and to
Colombini and Spagnolo [6] for general non-periodic cases. Zhikov et al. [37] stud-
ied parabolic operators with almost periodic coefficients and derived convergence
results for the asymptotic homogenization. The homogenization method for the
nonlinear parabolic equations can be found in [24, 30].

Numerous simulation results have shown that the numerical accuracy of the
homogenization methods may not be satisfactory when e is not small enough (see,
e.g. [3, 32]). So we need to seek the multiscale methods to improve the numerical
accuracy. Bensoussan et al. [2] investigated the first-order multiscale asymptotic
method for the linear parabolic equations with oscillating periodic coefficients. For
the higher-order multiscale method for the linear parabolic equations, we refer
to Allegretto et al. [1]. Huang et al. [15] studied the multiscale method and
obtained the strong convergence results with an explicit rate for a kind of nonlinear
parabolic equations. On the other hand, various multiscale numerical approaches
are also available. Hou [14] and his collaborators first presented the multiscale finite
element method (MsFEM) for elliptic equations in composite materials or in porous
media. Efendiev et al. [4, 5, 9] developed the multiscale finite element methods, for
instance, GMsFEM, CEM-GMsFEM, NLMC and so forth. Ming and Zhang [21]
proposed the heterogeneous multiscale method(HMM) for parabolic problems.

To the best of our knowledge, few results of the multiscale methods for the prob-
lem (1) have been reported. In this paper, we will study the multiscale analysis and
computation for the problem (1). We notice that the classical multiscale asymptotic
method fails in the study of the problem (1), due to the integro-differential term in
the equation. Bensoussan et al. [2] first employed the Laplace transformation to in-
vestigate the homogenized method for an integro-differential equation of hyperbolic
type. Wang et al. [32] combined the Laplace transform method with the multiscale
method to study the coupled thermoelastic system in composite materials and de-
rived the first strong convergence results with an explicit rate of the second-order
multiscale solutions for the coupled thermoelastic system. In our recent work [36],
we used the Laplace transformation to discuss the multiscale analysis and compu-
tation for the dual-phase-lagging equation in composite materials. Inspired by the
above ideas, in this paper we use the Laplace transform method to discuss the mul-
tiscale analysis and algorithm for the problem (1). The procedure of our method is
briefly described. First, we employ the Laplace transform to transfer the original
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problem (1) into a steady state problem. Second, we present the multiscale asymp-
totic expansions of the solution for the steady state problem. Finally, we acquire
the multiscale approximate solutions for the original problem by the numerical in-
version of Laplace transform. It should be emphasized that the problems resulting
from the first step and second step could be solved simultaneously. So our method
is suitable for parallel computation.

The new contributions in this study are threefold: to derive the convergence esti-
mates with an explicit rate of the multiscale approximate solutions for the problem
(1), to define the boundary layer solution and then to present a multiscale finite
element method which is suitable for parallel computation.

The remainder of this paper is organized as follows. In section 2, we first convert
the original problem (1) to a steady state problem by applying Laplace transfor-
mation, meanwhile the stability analysis of the weak solution for the steady state
problem is established. Then we present the multiscale asymptotic expansions of
the solution for the steady state problem with rapidly oscillating coefficients and
derive their convergence analysis. In section 3, we obtain the multiscale approxi-
mate solutions of the original problem (1) by employing the Riemann-sum formula
for the inversion of Laplace transformation. The error estimates of the multiscale
approximate solutions are proved. Furthermore, the boundary layer solution is de-
fined and the convergence results for the multiscale method in a bounded convex
polygonal domain are obtained. Section 4 is devoted to the finite element com-
putations for the related problems and the multiscale finite element algorithm is
proposed for the problem (1) in section 4. Finally, numerical test studies are carried
out to validate the theoretical results.

Throughout the paper, by C' we shall denote a positive constant independent
of . For each integer m > 0 and real p with 1 < p < oo, W™P?(D) denotes the
standard Sobolev space of real scalar functions with their weak derivatives of order
up to m in the Lebesgue space LP(D), where D is any domain in R . When p = 2,
we use H™(D) to stand for W™2(D).

2. Laplace transformation and the multiscale method for the steady s-
tate problem

In this section, we first transfer the original problem (1) into a steady state
problem by means of the Laplace transformation and give the stability analysis of
the weak solution for the steady state problem. Then the multiscale asymptotic
method for the steady state problem and their convergence results are presented.

2.1. Laplace transformation. For any p € C with a positive real part, i.e.
R(p) > 0, we use the Laplace transformation to the problem (1) and have

1+ 30 5 (05D FG ) i) = Flop), w €,

w(z,p) = g(x,p), =€ 09,

(2)

here F(x,p) = f(a:,p) + @o(x) and u°, B, f and § are the Laplace transformations
of u®, B, f and g, respectively.

Applying Propositions 4.1 and 4.3 in [34], one can prove that there exists a
unique solution ¢ € H'(Q) for the problem (2) for p € Xy, where p = ﬁi(p) and
Yog={2€C:z=0o0r |argz| <7 — 0} for § € (0,7/2). For the stability estimate
of the weak solution for the problem (2), we have the following lemma:
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Lemma 2.1. If assumptions (Az)-(A4) are satisfied, there exists a positive constant
C depending on 0, Q, vo and 1 such that

|F HLz(Q) 11+ B(p)|
3 / @ de < 1+ 2 4o )
(3) | R Ch e 1 ] ey,
IF117 2 ) Ip|
(@) /\W < (el
{|p||1+ﬂ( )| 1+ A 89)}
forallp = —L— 1+ﬁ( ;€ Yo\ {0}.
Proof. Suppose that 4° is the solution of (2). From (2), we have
ouc 0v e =
(5) / Zj(?ajj oz da:—!—p/ﬂu vdx:/ﬂde:z:, Yo € H} (),
~ - a _ s . .
W(he)re p= 1+6(p)’ F = T TSt and 9(x) is the conjugate of a complex function
v(z).

Given § € Hz (99), it follows from the trace theorem that there exists G € H'(Q)
such that v(G) = § and

(6) 1Gllars) < ClalL o

Let v =4 — G € H}(Q) in (5) and we obtain

OuE 04° - ot 8G =
a; d u® d i d u*G d
(7) / Ja 3 Jc—l—p/Q 4f dx = /aj&x]@ x—i—p/Qu x
—|—/Fu dx—/ﬁédx.
Q Q
We observe that

(8) (1+2cot 0)3(p) + R(p) > [P, VP € Ty,

and take the imaginary part and the real part of (7), respectively. It follows from
(Az), (6) and (8) that

N / Va2 da + |7 / 0% da < C{ V] 2@ 1313 oy

+|ﬂ|\us||L2(Q)||g|| + 16 2 @1 F [l 2oy + HF||L2(Q)||§J||H§(BQ)}-

HZ (09)

For p € ¥y \ {0}, using the Young’s inequality, we have

10) NVl gy < 31V iy + O, g

) O @ldl g oy < DN ) + OB
(12) O s oy | ey < cﬁnﬁnig(m + Pz, g,
(13) ClIF 2201l oy < 755 1F ey + CIFIAIE 3 -

Combined with (10)-(13), then (9) glves the following estimate,

(14) /|V1f|2dx+ \pI/IﬁEIde <C= IIFH%m) + C(|pl “)”9”22@9)

Pl
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Therefore, substituting p = 1+§(p) and F = %A(p) into (14), we complete the proof

of Lemma 2.1. O
2.2. Multiscale asymptotic method for the steady state problem. To be-

gin, we define the formal multiscale asymptotic expansions of the solution for the
steady state problem (2) as follows:

: : 9id(z,
(15)  iep) = 0, p) + N, (€ 25D
04’ (z, p) 0%i°(x, p)
~E _»~0 ’ 2 ’
(16) UQ(LL',]?) =u (l',p) + ENDtl(g) 81?@1 +e NOé1Q2 (5) axalaxag ’

where € = e 1z, cell functions Ny, (€), Naya, (), a1,a0 = 1,2, ,n are defined
on the reference cell @ = (0,1)" and satisfy the following equations in turn:

o) ONo, () _ 0
an { & (a5© 25 ) = - & (@i ©)), €€
No, (§) =0, £ €0Q.
0 ONua,0, ()Y _ 0
(a5 PNoge2Y) - — L (w10, (O Nau(©))
_a'a1j(§)aNaa7§j(§) — Qajan (f) + a:’;1o¢27 5 € Qa
Nala'z (E) = Oa 5 G aQ

The homogenized equation associated with equation (2) is as follows:

(18)

(19) —(1+ B(p))%(aij@)@%) +pu° = F(z,p), = € Q, R(p) > 0,

@%(z,p) = §(z,p), x €.

Here the homogenized coefficients a;; are calculated by

L e 0 @N(O
(20) =15 (! [a35(6) + au(®)

9Ex d¢.

Remark 2.2. The existence and uniqueness of the solution 4° € H(Q2) for the
homogenized steady state problem (19) can be proved for any —%— € Xy \ {0} (see,

1+5(p)
e.g., [34]).

Remark 2.3. As usual, 45(z,p) and 45(x,p) are called the first-order and the
second-order multiscale asymptotic solutions for the steady state problem (2).

Carrying out the inverse Laplace transform gives rise to the homogenized equa-
tion of the problem (2) in a space-time domain as follows:

ol (z,t) o ¢, oul(x,t) a [, oul(z, )
ot om (4 oz, )- o, /0 aiBlt = 8) =5, — ds
= f(x,t), (x,t) € Qx(0,T),
u’(z,t) = g(w,t), (x,t) €0Q x (0,T),
u’(2,0) = dg(z), =€

Next we give the convergence results of the multiscale asymptotic method for the
problem (2). Note that the boundary conditions of cell functions N, (£), Nayas (§)
defined in (17) and (18) are taken as the homogeneous Dirichlet boundary conditions
instead of the periodic conditions. Generally speaking, the normal derivatives of cell
functions with the homogeneous Dirichlet boundary conditions are not continuous

(21)
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on the boundary 9@ of the unit cell Q. To overcome this difficulty, we need to
assume the coefficient matrix (a;;) satisfies the following additional conditions:

(B1) aij =0,i#j,1,j=1,2,--- ,n.

(B3) ag, i = 1,2,---  n, are symmetric with respect to the middle superplanes
Ay, Ag, -+ Ay, of the reference cell @ = (0,1)™.

Under assumptions (A1) — (As) and (By) — (Bz), one can verify that the normal
derivatives of cell functions Nu,, Naja,, @1, @2 = 1,2, -+ n are continuous on the
boundary 9Q. For more details, we refer readers to [1, 3].

Proposition 2.4. Let 4°(x,p) and 0°(x,p) be the solutions to the problem (2) and
(19), respectively. Let u5(x,p) be the second-order multiscale asymptotic solution
defined in (16). Under assumptions (A1)-(As) and (By1)-(Bz), if 4° € H*(Q),
feH%Q) and p = ﬁi(p) € 3y \ {0} for some 0 € (0,7/2), we have the following
error estimates:

ne g 1 1+Bp R
(22) [4° — a3l L2 () < Ce> (7‘ i + 1>||UO||H4(Q),
Ip|
. L+ B@IE | (ol + 11+ 8@ Y, -0
(23)  [IV(a° = 43)[|L2(q) < Ce? T + 7 14”2 (),
( = |1+ B(p)|2 )

where C' is a constant independent of € and p.

Proof. From (2), (16)-(19), we obtain the following equation which holds in the
sense of distributions:
z, 0(uf — 45)

(24) 1+ ) g (a5 )+l —i5) = F(r.€.p), v e,

&vi a’Ej
where
. 0 2340 9340
F3 A =e(1 |:7 i'Naa i'Nal
2((E g p) 6( +ﬂ(p)) 8& (aj 1 2>8$j8$a18$a2 +a’J axalaxiaxj
ONa,as 2340 o*a°
1% 7, 'Na o ]
TR Owa OOy 2 G 0
oa° 0240
- pE(Na1 655041 + 5Noc1a2 axalaxaz) )
Under assumptions (A;)-(A4), applying Theorem 1.2 of [16] yields
(25) [Naillwre@) < C. [[Najasllwro(@) <C, ar,az=1,---n,

where C' is a constant independent of . We thus can prove

(26) 1B5 112200y < C2(11+ B + [p]) 184,

where C' is a constant independent of € and p.
For x € 092, we have

y N, 0 9220
(27) u (z,p) — u3(z,p) = _5N°‘1Wa1 - €2Na1azm

For any fixed p, following the lines of the proof of Theorem 1.2 ([23],p.124), we
get

(28) (R

= U (z,p).

PRTIN
ihon) S O 1870 11+ (c2,

where C' is constant independent of € and p.
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Using the stability estimates (3) and (4), together with (26) and (28), the esti-
mates (22) and (23) are proved. O

Proposition 2.5. Let 4°(z,p) and 4°(z,p) be the solutions of the problem (2)
and the homogenized equation (19), respectively. Suppose that 45(x,p) is the first-
order multiscale asymptotic solution defined in (15). Under the assumptions of
Proposition 2.4, we have the following error estimates:

(29) 45 — il r2(q) < Ce? (|1+ﬂ( )|+|p1) 12° £r2(02),
Ipl|1+ B(p)|2 3

(30) IV(@° — @5)|r2(0y < Ce? (|1 +1ﬂ(p)| + |p‘) 14°]] 113 62
Ip|Z[1+ B(p)]

where C' is a constant independent of € and p.

Proof. On the basis of (2), (15) and (17)-(19), the following equality holds in the
sense of distributions:

x O(aF — a5 o .
( 1))—|—p(u _ul):Fl(magap)a era

(31 ~(1+Bp) (az‘j(g)Tj

8l‘i
where
N ON; 0 0%40
e —(1 - P AT N — aF
(@ €0) =1+ 50| (ai + el + ge-(naly) = ai| 5
. 930 ou’

+(1+ /3(p))5aij(f)Na1(§)m —p€NalaTa1

For x € 012, we have

~E ~g 87],0
(32) 4 (x,p) — 4f(z,p) = fstW = @ (z,p), on IN.

Let we(x,p) = 4°(x, p) — 45 (z, p), following the lines of the proof of Lemma 2.1,
it is not difficult to verify that

f [Vws|* dz + [p] f [w|? dz < C||Vw?| 2o lleell

H? (09)
(33) +Cplljwe|| L2 Q)H%HHZ(BQ +m Jo Fruw dw‘
< — p
Tva | Ja Fivede| P =50

Similar to (10) and (11), taking into account the estimate of ¢, on 99 ([23],p.127),
we find

(34) ClIVw|| 2 (@) lle | < 2lIVee|faq) + C2elld®NFs gy

H? (09)

(35) Ol el 3 gy < B i2agey + C2PENE o -
From the definition (2) of af;, it is obvious that

i)
ON; 3] . B
/Q (am + ajp—= o, + — 96, —(ar;N;) — aij) d¢ = 0.
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It follows from Lemma 1.6 of [23] and the Young’s inequality that

b | Jo Frws da| < Ce(U4 B sy 0 s o
< Ce(U+ ) 8 llrs(o) (|1 20y + V0200

(36) (1+|p|)

< Ce? ||A0HH3 @ + Bllwe)2. 0
+Ce? (1+ Ifﬂ) ”uO”HS(Q 4||Vw ||L2(Q)

Using Lemma 1.6 of [23] and the property of ¢. on 90 ([23],p.127) again, we
deduce that

37 7‘/ dx‘<C52 1+ |p))||a°
(1) il L 1+ )10 o
This inequality together with (34)- (36) yields
(+1pD?,
(39) [ v e [ o < cEE il
Q Q
Since p = 1+£ =) in (38), we finally acquire (29) and (30), which completes the

proof of Proposition 2.5. O
3. The multiscale asymptotic solutions for the original problem (1)

In this section, we use the inverse transform to 45 (z,p) and 45(x,p) defined in
(15) and (16) to give the multiscale asymptotic solutions for the original problem
(1). To begin, we recall that the inverse Laplace transform of a function 4(x,p)
given by

1 Y+i00
(39) u(e,t) = £ M aep) =5 [ ePatp)dp
27T Jy—ico
where p =y +if3, v = R(p), 8 = 3(p), R(p) > 0.
Since it is very difficult to obtain the analytical formula of (39), we compute
(39) numerically by the Riemann-sum approximate formula (see, e.g., [31]):

4.7

evtrl . inmw
40 t [ ? My "] _ 2L
(10)  ule,t) = m+zm+ ol A==
In the real computation, we take a truncated function for the Riemann-sum
formula as follows:

(41) un (@, t) = ew[ a(z, ) +§RZ e 7+“ﬂ (_1)@.

Hence the first-order and the second-order multlscale approximate solutions for the
original problem (1) are defined as

uj N () = %{% [ﬁo(ﬂ%]?o) + sNal(g)M}

ZL’QI

(42)

N . 840 (z, i
FR Y [0, p5) + &N, (§) 2522 (-1)7
and
¢ ~ u (x 240 (x,
(43) sy (1) = 5 {3 [0, 0) <N (€) G20 42N (O 55 52

~ 94° (z, j 074" (z,p; i
R Y (802, py) + eNay () 252 4+ 22 No 0, (§) 522 (1)},

0T oy 0T oy

Wherepj:47+zt ,j=0,1,--- N.



550 F.M. ZHAI AND L.Q. CAO

Next we derive the convergence results of the first-order and the second-order
multiscale approximate solutions (42) and (43) for the problem (1). To this end,
we first introduce the following lemma:

Lemma 3.1. (see Lemma 3.2 of [36]) If u € W™1(0,t*; H*(Q)) and m,s € N,
then it holds

_Cc

S(p)™

where C is a constant independent of p, (p) # 0.

(44) [a(z, p)las @) <

Theorem 3.2. Let u®(x,t) be the solution of the problem (1), and let 4°(x,p) and
u®(x,t) be the solutions of the homogenized equation (19) and (21), respectively.
Suppose that ug)N(x,t) is the second-order multiscale asymptotic solution defined
n (43). Ifu® € W2H0,t*; HY(Q))NW L2 (0,t*; HY(Q)), u® € W21(0,t*; HY(Q))N
Whee(0,¢*; HY()), B € WEL(0,t*) and 1+ B(p) # 0 for R(p) > 0, assumptions
(A1)-(A4q) and (B1)-(B2) are satisfied, then we have the following estimates:

1

(45) ||us(x,t*) - U;I\](x,t*)”LQ(Q) S 0(65 _|_ N)7
* 3 * 1 1
(46) IV (uf (%) = w5 (2Dl 22y < O + 50),

where C' is a constant independent of € and N, but dependent on t*.

Proof. Tt follows from (40) that

et inm " 4.7
(41wt = S [0 ) e
n=1
Combining (16) and (43), we have
(48)
* € * e [t ~E ol ~E inm
1) — sy, 1%) = {3l (e, 7) — 05 )]+ R L [y + )
—05(z,y + BN AR Y A (a oy + (D), =
n=N+1

Given v € W2Y(0,t*; H4(Q)), u* € W2Y(0,t*; H (Q)), B € Wh(0,t*), it
follows from Lemma 3.1 that

(49) la(z, )l a0) < ﬁ> 6% (z, )|l 1 () < RIOIEE 1B(p)| < RIOIE

Together with (22) of Proposition 2.4, (49) gives

62 (x, ) — a5(x,7) | L2(q) < Cez,
N 1
H%2[<xv+%w%@v+@ﬂxlw < et
(50) =1 L2(9)
Ha% Stz + -] <€
n=N+1

L2(Q)
We thus have
1

[ (2, 8%) — sy (2, )| 12y < C (e + <)
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| L

%0

(a) (b)

FIGURE 1. (a) Interior subdomain g of a whole domain .  (b)
The boundary layer €.

As 1+ B(p) # 0 for R(p) > 0, then (1 + B(p))~! is uniformly bounded for
R(p) > 0. It follows from (49) and (23) of Proposition 2.4 that

V(a5 (z,v) — a5(z, 7))Lz < Cez,
H {» {3 (2,7 + 52) — i,y + 22))(-1)"}

H R 5 @G+ 2 1)

< Ces,
L2(Q)

(51)

<
L2(Q)

Z\Q

Therefore, using (51), we complete the proof of Theorem 3.2. Throughout the
proof, C'is a constant independent of ¢ and N, but may depend on t*. O

Following the lines of the proof of (45) and (46), we get the following convergence
results for the first-order multiscale approximate solution:

Theorem 3.3. Let ui’N(m,t) be the first-order multiscale approrimate solution
defined in (42). Under the assumptions of Theorem 3.2, ifu® € W31(0,t*; H3(Q))N
Wheo(0,t*; HY(Q)), u® € W21(0,t*; HY(Q)) N W (0,t*; H1(2)), we have

(52) (2, £) — (2, )2y < O + ),
19 (e, #7) = o, )l 22y < C(eF + %),

where C' is a constant independent of € and N, but dependent on t*.

We have to state that, in order to prove Theorems 3.2 and 3.3, one needs the
assumption 4° € H*2(Q), s = 1,2, where @° is the solution of the homogenized
equation (19). However, for a general bounded convex polygonal domain, the con-
dition 4° € H**2(Q), s = 1,2 may not be satisfied. To overcome this difficulty,
we resort to the boundary layer solutions [1]. To this end, we first introduce some
notations. Let Qg = U.cree(z + Q) C Q, where I, = {z € Zne(z+ Q) C Q},
dist(00,08) > 2¢, and the boundary layer Q; = Q\ Q. They are illustrated in
Figure 1:(a) and (b).
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We define the boundary layer solutions for the problem (1) given by

e,b 8’&
P B 5) - e [ o D a
(53) ? flz,t), (z,t) € Oy x (0, T)
uz:N(x,t) =g(z,t), (x,t) €N x(0,T),
uSh (@, t) = ud y(z,),  (2,t) € (00 NOQ) x (0,7),
ui?\,(m,()) =to(x), x €y,

where ug y(z,t), s = 1,2 are given in (42) and (43), respectively.

Remark 3.4. The existence and uniqueness of the boundary layer solutions can be
established under assumptions (Az)-(A4) (see, e.g.,[10, 12, 27]).

We define the multiscale asymptotic solutions for the problem (1) in the following
way:

ug
(54) UsE,N(l"t) = { ué:

Next we give the convergence theorem for the multiscale asymptotic solutions
U y(2,p)(s = 1,2) for the problem (1).

Theorem 3.5. Suppose that ) C R™, n > 1 is a bounded convex polygonal domain.
Let u®(x,t) be the weak solution of the problem (1) and let U (x,p) be the multi-
scale asymptotic solutions given in (54). If f € L?(0,T; L2(Q)) NHY0,T; H*(Q)),
g € L®(0,T; Hz(0N)), 1y € HT(Q), s = 1,2, where Qo CC Q, Q1 = Q\ Q,
dist(0, OQ) > 2¢, then it holds

1

N>’ s=1,2,

(55) lus (@, %) = US (@, 8) ey < C (% +
where C' is a constant independent of € and N, but dependent on t*.

Proof. We divide our proof into two parts. First, we derive the error estimates for
the multiscale asymptotic solutions U y (z,p), s = 1,2 in a subdomain . Second,
we give the error estimates of the boundary layer solutions using the trace theorem
and then get the error estimates of US y(x,p), s = 1,2 in a whole domain Q. To
begin, we introduce the following subdomains:

QO ={xeQ:ifdist(x,00) >¢/2}, K.={z e Q:if dist(z,00) < 2¢},
K. ={x € Q:if e < dist(x,00) < 2¢}.

Since Qg CC ' CC , under the assumptions of this theorem, using the interior
regularity of elliptic equations(see, e.g.,[18]), we deduce that 4 € H*t2(Q)), s =
1,2, where 4° is the solution of the homogenized equation (19). Define the cutoff
function m.(x) as follows:

me € D(Q), m. =0, if dist (z, 69) e, me=1, if dist (z,00) > 2,

(56) flome <0, i=1,2,
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Let
A . 00 (x,
i) = (2, p) + eme(a)Na, (€) 25 L)
. . 01 (x,p) 9%4° (x, p)
e _ ~0 ’ 2 ?
02(xap) =u (ZE,p) + EmE(x)NOu (g) axal +e€ ma(x)NOqOQ (5) axalawoq .

(57)
Here we only prove Theorem 3.5 for the case s = 1. The case s = 2 can be
proved similarly. From (17)-(19),(56)-(57), we have

(g)  Jnau() XRG04y 4 fo i (2. p) — 05 (2. p)0() d
= J1( ), Vve H(Q),
where ¥(x) denotes the conjugate of the complex function v(z), and
Ji(0) = = Jome() [ (aig(€) + ain(§) B — a7, | 250 50 gy
-0 —mg(x))[(a”( )+azk(§)‘91§g§> afy | 25 ) g
—fg me(z) — Dag; (¢ (¢ >8Na1(£) 94° (z,p) ag(z) de
(

0T qy
om.(z Bu z,p) 0v(x
_fg ()]f)N() (p)a()d

€ bz, Ora,

— Jo eme()ai; (€)Na, (€) G2 252 g

P Joeme(2)aij (§)Noy (O “garPo(a) de,  §= .
Using (17), (20) and the Green formula, we have
= Jame(2) {%‘ (&) + ain(§) Z5E — %] gt 55 da
= Ja 6"5;&‘”) [aij (&) + aix ngf) - aij} %%’p) o(x) dx
e fome(@) g a1 (6) + aun(§) 2P — %} 002 () dr
+ Jome(@) [ais(€) + ain(§) 25 — a3, | Zm S o(w) da
= Jo 2559 [ais (©) + ain(©) 25 — a7, | 25D 0(x) da
+ Jome(@)aig(©) + ain(€) 25 - aj; | T i) da.
By setting h(z,§) = 58775;(7”) (aij (&) + air(€) azgéig) ar ) from (20) and (56),

one can verify that h(x, &) satisfies all conditions of Lemmas 1.5 and 1.6 of [23]. It
follows from the above Lemmas that

-1 Om.(z) ON; *
‘5 Joe555, [<“ij T Gik g, — Gij az Grvde

< Ce el g2 ey vl 112 (1) < Ce ||U0||H3(Q')||U||H3(Q)-

(60)

(61)

Using Lemma 1.6 of [23] again, we get

ON, " 24
‘fgma(m) [(aij + aiggl — a }6‘2 o7 Udl“

(62) 4
< Ce|a®| ms ) [v] 2 (-

From (25) and (56), applying Lemma 1.5 of [23] gives
AN, 04° (z,p) v (x
| Jo 1= me)) [ (a5 (€) + i (§) 5l — ;| 2R LD
ION; % | 00° (z,p) v (z
63) = | fie. (1= me(@) (a5 (6) + aun(§) B — apy] 25222 5 ag

ERNTN
< Ol g ey lvll e (k. < Ce|[a°]| a2 vl o)
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‘ fQ(mE(JU) - 1)‘%’;‘(5) 6Na1(§) 8u° (x,p) 8v(x) Az

(64) 9E; 0T qy ox;
< C||ﬁo||H1(KE)HU||H1(KE) < 055||UO||H2(Q)||UHH3(Q)7
and
ome I ] A~
. | Jo e 558 aiy N - 32 | < Ol el ey

< Ces ||UO||H2(Q')||UHH3(Q)
Thanks to (25) and (56), we have

0%00(x, p) OV ~
(66) ‘/sms az] (5) axafax]) 62:1)(31.%‘ SCEHUOHHQ(Q/)||’U||Hé(Q),

94 (z, p)

0%y

67 [7 [ emet@)ay(©Na ©

It follows from (59) to (67) that

o(@) da| < CIRl o o ol 2 -

2 1 ~ N ~
(68) 1 ()] < C{=2 (113 (ry + 18 2ol g ey + Bl 2o 1ol 2o

where C' is a constant indeApendent of € and p. R
It is obvious that 4 — 05 € HZ () thanks to (56) and (57). Setting v = 4° — 65
in (58) and following the lines of the proof of (9), we get

Jo VIaE =652 dw + |p) [, |45 — 65| dw < | T (@5 — 65)]
(69) < Cet (a0 oy + 180 mr2 (o) 165 — 05 | 1 )
+CIPlel| 80 2 135 — 65| 22(), B € So.

Using the Poincaré inequality and the Young’s inequality, we have

[ vt =P e [ o - P
Q Q
(10 < ClI sy + 1021+ 1)

Furthermore, we use the Sobolev imbedding inequality in (70) and obtain

|V (a5 — 65)>dz + (]p] + 1)/ |0 — 05)% dz
Q Q

(71) < O sy + 1% 2> (1 + [BD)e,
consequently,
(72) (|8 = 65l 20 < CUE N ms ey + 12°]| 2 () e 2,
1
A 3
. . RN Gt 1)
(73)  IV(a® = 07)|l2e) < CUla" s + 107 m2 () ————¢2.
11+ 5(p)l2

Given dist(9Q, 98) > 2¢, combining (56) and (57) implies

1

(74)  [17° = aillz2(00) < CUIE sy + 18°]| rr2() Je 2,

N|=

11+ B(p)| + |p|
(75) V(@ — a5) |l z20) < CUIE° N 3oy + ||”360||H2(Q))< —— > £z.
11+ B(p)|=

[N
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Under the assumptions of this theorem, repeating the process of the proof of
Theorem 3.2, we get

£ * € * 11

(76) ||’I,L ($7t ) - ULN(CC,t )HLz(QO) S 0(52 + N)’
* € * 1 1

(77) Hv(ua(x,t )_Ul’N(.’E7t ))||L2(Qo) S 0(52 +N)

Using the trace theorem gives

* b * * *
e G, £°) = e ) iy < Ol 8) = 5 )y oo

* * 1 1
(78) < u(a %) = uf (@, ) a0 < C(e7 + 5)-
This estimate together with (76), (77) and the triangle inequality leads to

[u(z,t*) = UL (@, ) 1) < lluf (2, 7)) — uf n (2, )| 510

79 1
(79) I (@, 1) — 6, ) 12y < Cle? + ).

Similar to the proof of (79), we have
* * 1 1
(80) [ (2, %) — US y (a0, )| 1) < O (% + <)

Therefore, it completes the proof of Theorem 3.5. Throughout the proof, C is a
constant independent of € and IV, but may depend on ¢*. ([

Remark 3.6. It should be mentioned that, if we take B(t) = t*~1/T(a)(0 < a < 1)
in (1), then the condition 3 € W11(0,t*) in Theorem 3.2 is not satisfied. However,
since B(p) = p%, we only need to change (49) to |B(p)| < W in the proof of
Theorem 8.2. So we can also prove (45) and (46). Furthermore, we can prove
that Theorems 3.2, 3.3, 3.5 are also valid for the integro-differential equation of
fractional order with rapidly oscillating coefficients.

4. The finite element computations for the related problems

4.1. The finite element method for solving the homogenized equation.
In this section, we will give the finite element method for solving the homogenized
equation (19) with complex coefficients. The finite element method of cell func-
tions N, (€), Najas(€), a1,a2 = 1,--- ,n can be found in [1, 3]. Without loss of
generality, we assume that g(x,p) = 0. The variational form of problem (19) is as
follows:

(81) a(@’,v) + p(i,v) = (F,v), Vv € Hy(Q),
where a(w,v) = [ af;(1 + 3(1)))37“;59—; dz and (w,v) = [, wodz.

Let S, C H}(Q) be the linear Lagrangian finite element space. The finite element
approximation of (81) is to find 4 € S, such that:

(82) a’(’agyvh) +p(/&9uvh) = (F; Uh), v/Uh S Sh~
Let {¢; é\’:le be a set of basis of the finite element space S), and let @) =
Np
> a;¢;(z). Then the discrete system for (82) is as follows:
j=1

Ny, Nn
(83) > ajales, én) +p Y 0i(b,6k) = (Féx), k=1,--+ N
j=1 j=1
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Setting p = A +A2i, aj = a;+iby, a,";l(1+B(p)) = Yu+ifr, k1 =1,2,--+ ,n, j =
1723 T 7Nha F(:Evp) = fl(x) +Zf2($) and i = \% 7]-7 we get

Np, Np,

D (a; +bji)(c(dy, on) +id(¢, 61)) + D (M1 + Aai)(a; + byi) (65, bn)
o —
(84) J:(f1+f2i7¢k), k=1,2,--- Ny, J
where
e 01) = Jo Yim g 525, d(@, 8n) = [y Bum 5ot G2 d,
3 k=1,2,--- Np, Im=1,2,--- ,n.
Set

C = (c(¢j,0i))NuxNws D = (d(dj,0:)) Nisnvis M = (95, 0i)) Ny x Ny »
a = (a17"' ’aNh)T7 ﬁ = (blv"' 7bNh)T’ Fy = ((f17¢1)a"' 7(f1)¢Nh))T7
Fy = ((f27¢1)a T ’(f27¢Nh))T'

Hence we need to solve the following linear discrete system:
C + )\1M -D — )\QM o _ F1
D+ XM CH+MM 8 ) \ F )’

4.2. Multiscale finite element method for the original problem (1). Based
on the above results, we now present the multiscale finite element method for solving
the parabolic integro-differential equation with rapidly oscillating coefficients. It
consists of the following steps:

Step 1. Compute numerically cell functions Ny, (§), Naja,(€), 1,00 =1,2,--- 0
defined in (17) and (18) on the reference cell Q.

Step 2. For any fixed t* € (0,7T), solve numerically a set of homogenized
equations (2) with different constant coefficients p; = ‘if + i%, j=01,--- N
over a whole domain {2 in a coarse mesh. It should be mentioned that here they
are solved in parallel.

Step 3. Let 49 be the finite element approximate solution of 4°, where h is the
mesh size in a whole domain ). Calculate the higher-order derivatives ’&2 by using
the finite difference method. For more details, we refer to [3].

Step 4. Based on the multiscale asymptotic expansions (15) and (16) for the
steady state problem (19), we get the first-order and the second-order multiscale
asymptotic solutions @5 (z,p;) and 45(z,p,), s =0,1,--- , N, respectively.

Step 5. Using formulas (42) and (43) to compute the first-order and the second-
order multiscale numerical solutions for the original problem (1).

Step 6. Solve numerically the boundary layer equation (53) in a subdomain
Qy C Qin a fine mesh.
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Except for Step 6, the multiscale finite element scheme is given by

(85) u (1) —eﬁ [1u (x, —i—?RZu x )}
N T, g th Po w\T5 Pj
. et 1 . .
up N () = {§[u2<x,po> + N2 (€)1, o))
(86) +%Z (2, p5) + ENE(€)3, 85 (2, )] (-1)7 },
et

e « L. X
ug " (@, 1) =S { Sl (. o) + eN (€)35,, i (. o)

+ €2Ng?a2 (f)éwalwaz ﬂ%(x,po)]

+§RZ (z,p;) + N (€)ds, ) (2, )

(87) +62N§fa2 (€)@, 2 (~1)

0,k  eh ho,h . . .
where u,”, ui ]\}) and uy3?"" are the homogenized numerical solution, the first-

order and the second-order multiscale numerical solutions, respectively. 49 (x,p;),
N!o(&) and Nho_ (€) are respectively the finite element solutions of problems (19),
(17) and (18) for different p; = ‘tf + Zt*, j =0,1,---,N. 5%1112(%%) and
0e, Tay @9 (2, p;) denote the first-order and the second-order finite difference quo-
tients of ﬂ% (x,p;), respectively. ho and h denote the mesh sizes of the reference cell

Q@ and a whole domain €2, respectively.

Remark 4.1. If No, (€), Naya, (&) € H3(Q), the standard finite element methods
give the error estimates of N0 (&), NLo, (€) and @ as follows:

[e5Ne %)
(88) INay = Natllza@) < Chg, IV (Nay = Na?)lz2@) < Cho,
(89) ||Na1a2 - Ng?a2||L2(Q) < Ch(z)’ HV( araz T a1a2)||L2(Q) < Chy,
where C' is a constant independent of ho, N (¢), Néj?az (&) € Wiy (Q) and W, (Q)
is the linear finite element space. Furthermore, if 1° € H*1(Q) we have
(90) a0 — ﬁ%HL?(Q) < C(l + \17|)hk+1Ha0||Hk+1(Q)7
(91) V(@ — Uh)”LZ(Q <C(1+ |P\)hk||u | x1 (@)

where C is a constant independent of h and p, p = 1+/5’(p) € ¥ \ {0}, 2° € S,(Q)

and Sy, is the finite element space consisting of kth-degree elements.

5. Numerical Examples

To validate the proposed multiscale algorithm, we do numerical simulations for
the following case studies. We consider the 3-D integro-differential equations with
rapidly oscillating coeflicients as follows:

out(x, ous( as out(x, s
%—%(ai (%) 333 aij 6) a(x] )ds
(92) = f(x, (z,t) € Q x (0, T)

t),
us(x,t) = g(x,t), (x,t) € 92 x(0,T),
us(z,0) = uo(z), =€,
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(b)

FIGURE 2. (a) A whole domain Q.  (b) The unit cell Q.

where a whole domain {2 is the union of periodic cells as shown in Figure 2:(a), the
reference cell Q = (0,1)? is as shown in Figure 2:(b). Here ¢ = 1.

In the following numerical example, we choose 3(t) = e ¢, f(x,t) = e, g(z,t) =
0 and @y(z) = 0. Let a;j1 denote the value of a;; in the inside sphere of @, and let
a0 denote the value of a;; in the other part of (), where §;; is a Kronecker symbol,
1,j=1,2,3.

Case 5.1 Ai50 = 10061‘3‘7 Qi1 = 10(51']‘, t, = 0.5.

Case 5.2 aij0 = 1006@', Aij1 = 51']" te = 0.5.

To show the numerical accuracy of the proposed method, we need to seek the
exact solution of the problem (92). However, it is extremely difficult to find out the
exact solution of (92). To this end, we replace u®(z,t) with its numerical solution
in a fine mesh and at a small time step. We now implement the tetrahedron par-
tition for  in a fine mesh, which is such that the discontinuities of the coefficients
a;j(%) approximately coincide with faces of tetrahedron, and use linear Lagrangian
elements to solve problem (92). We get the full-discrete system for (92) by using
the backward Euler scheme and choose the time step At = 0.001 in this example.
It should be emphasized that, in real applications, it is not necessary to solve the
original problem in a very fine mesh and at a small time step.

For solving numerically cell problems (17), (18) and the homogenized equation
(19), we implement respectively the tetrahedron partitions for @ and 2, and use
linear Lagrangian elements. We use the formulas (85),(86) and (87) to compute the
homogenized solution and multiscale approximate solutions for the problem (92)
with V = 100. The computational costs are listed in Table 1.

TABLE 1. Comparison of the numbers of elements and nodes.

original equation | cell problem | homogenized equation
number of elements 129002 2006 24576
number of nodes 25044 461 4913

Figure 3-4 show the numerical results for u°(x,t), u5(x,t), u§(x,t) and u(z,t)
at time t* = 0.5 at the intersection z = 0.625 in Cases 5.1 and 5.2.

In Table 1, we can see that the proposed scheme requires much less compu-
tational cost compared to the finite element method. Moreover, since the direct
finite element simulation is advanced step by step in time, the successive values
of the solution have to be stored due to the existence of the integro-differential
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FIGURE 3. In Case 5.1: (a) the homogenized solution u° in a coarse
mesh; (b) the first-order multiscale numerical solution u§; (c) the
second-order multiscale numerical solution u§; (d) the solution u®
in a fine mesh.
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FIGURE 4. In Case 5.2: (a) the homogenized solution u° in a coarse
mesh; (b) the first-order multiscale numerical solution u§; (c) the
second-order multiscale numerical solution u§; (d) the solution u®
in a fine mesh.
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TABLE 2. Comparison of the computational errors.

leoll (o) Me1ll (o) ez (o) Meoll (1) lTexll() Me2l1)
=l oy w10 w1l 0) llwes sl sl oy
Case 5.1 | 0.12413 | 0.12250 | 0.10922 | 0.35390 | 0.29608 | 0.15661
Case 5.2 | 0.34468 | 0.34652 | 0.10612 | 0.94608 | 0.93626 | 0.19930
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FIGURE 5. (a) Case 5.1, the evolution of relative errors in the
L?(Q)-norm; (b) Case 5.1, the evolution of relative errors in the
H'()-norm.(c) Case 5.2, the evolution of relative errors in the
L?(Q)-norm; (d) Case 5.2, the evolution of relative errors in the
HY(Q2)-norm.

term. However, the proposed method requires only the solution of a finite set of
independent steady problems, which can be computated in parallel.

Without confusion we continue to use u®(x, t) to denote its numerical solution in a
fine mesh. For simplicity, let u°(z,t) denote the homogenized finite element solution
based on (85) in a coarse mesh, and u§(z,t),u§(x,t) be the first-order and the
second-order multiscale finite element solutions based on (86) and (87) respectively.
Set eg = uf(z,t) — ul(x,t), e = us(x,t) — us(z,t), ea = u®(x,t) — u§(x,t). For
convenience, we define:

5 ) 1/2 “ ) 1/2
o = ( [ WelBmya) sy = ([ el at) "
0 0

The relative errors of the homogenized numerical solution, the first-order and
the second-order multiscale finite element solutions in L?(0,t*; L?(€2))-norm and
L2(0,t*; HY(Q))-norm in Cases 5.1 and 5.2 are listed in Table 2. The numerical
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results reported in Table 2 demonstrate that the second-order multiscale finite ele-
ment method yield more high-accuracy numerical results than the homogenization
method and the first-order multiscale finite element method on the same mesh.
Therefore, we conclude that the multiscale method not only save computing re-
sources greatly but also provide satisfactory numerical accuracy for solving 3-D
integro-differential equation with rapidly oscillating coefficients.

Figure 5 shows the evolution of the relative errors of approximate solutions in
L2(2)-norm and H!(2)-norm with respect to time ¢ in Cases 5.1 and 5.2, where
abscissa axis is variable of time, ordinate axis is the relative error. We observe
Figure 5 and conclude that our method is stable and highly accurate for solving
parabolic integro-differential equations with rapidly oscillating coefficients.
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