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OPTIMALITY CRITERIA AND DUALITY FOR NONLINEAR

FRACTIONAL CONTINUOUS-TIME PROGRAMMING

ALEKSANDAR JOVIĆ

Abstract. This paper addressed the fractional continuous-time programming problem. The
necessary and sufficient optimality conditions under generalized concavity assumptions are estab-
lished. Dual problem to the primal one and investigate duality relations between them are also
addressed.
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1. Introduction

Continuous-time programming problem originated from Bellman’s ”bottleneck”
problems, considered in [2]. Since its first detailed introduction into the litera-
ture by Tyndall [15], many authors have contributed to the subject. Optimality
criteria and duality theory, both in linear and nonlinear cases, have been investi-
gated extensively. Nonlinear problem was first investigated, in 1968 by Hanson [6],
Hanson and Mond [5] and in 1974 by Farr and Hanson [4]. Since then, a compre-
hensive bibliography has been produced. For more information, the reader refer to
[3, 12, 20, 21, 22, 23].

In this paper, we consider fractional continuous-time problem. The problem of
maximizing (or minimizing) the ratio of two real-valued functionals, subject to a
set of constraints, is known as a fractional optimal control problem in the area of
control theory. This class of problems is important for modeling various decision
processes in the field of economics, game theory and operational research. They
also often appear in some other contexts such as numerical analysis, approxima-
tion problems, facility location, optimal engineering design and information theory.
For the reasons mentioned, fractional continuous-time programming problems have
received major attention in the past thirty years, resulting into a comprehensive
literature, dealing with their various theoretical and computational aspects. For
recent results in this field, the reader is referred to [7, 8, 11, 13, 14, 16, 17, 18, 19].
In [13], optimality criteria is obtained for fractional continuous-time programming
problem. Charnes-Cooper transformation, convexity and perturbation functions
play a key role in these results. In papers [11, 19] fundamental tools were results
given in [3, 23]. In [1], Arutyunov et al. have pointed out that such results in [3, 23]
are not valid. Therefore, some results from aforementioned papers, unfortunately,
are also not valid. Most recently, in [10], the authors have provided new neces-
sary optimality conditions for nonlinear continuous-time programming problems
with scalar valued objective function. Numerical algorithms for linear fractional
continuous-time problem have been proposed in [16, 17]. In [16], the authors have
introduced the discrete approximation method to solve the primal and dual pair of
parametric continuous-time linear programming problems by using the recurrence
method and provided numerical examples. The main purpose in [17] was to develop
a discrete approximation method to solve a class of linear fractional continuous-time
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programming problems. Also, in mentioned paper, the authors have established an
estimate of the error bound and have provided numerical examples to demonstrate
the usefulness of this numerical algorithm.

Our aim in this paper is to provide necessary and sufficient optimality conditions
for nonlinear fractional continuous-time problem. In addition, we shall construct
duality model for the primal problem and prove suitable duality theorems.

The paper is organized in the following way. Some preliminaries about the prob-
lem are given in Section 2, where some important definitions are stated. In Section
3, necessary optimality conditions are obtained. Sufficient optimality conditions
are obtained under concavity and generalized concavity assumptions. In Section 4
and 5, dual problems are presented and certain duality results are obtained.

2. Preliminaries

Consider the following fractional continuous-time programming problem:

(FCTP)

max

∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

s. t. hi(t, x(t)) ≥ 0, i ∈ I = {1, . . . ,m} a.e. in [0, T ],

x ∈ L∞([0, T ];Rn),

where f : [0, T ]×Rn → R, g : [0, T ]×Rn → R, hi : [0, T ]×Rn → R, i ∈ I are given
functions. Here for each t ∈ [0, T ], xk(t) is the kth component of x(t) ∈ Rn. All
integrals are given in the Lebesgue sense. All vectors are column vectors. Inequality
signs between vectors should be read componentwise. B denotes the open unit ball
with centre at the origin, independently of the space or dimension. Let ΩP be the
set of feasible solutions of (FCTP),

ΩP = {x ∈ L∞([0, T ];Rn) : hi(t, x(t)) ≥ 0, i ∈ I, a.e. in [0, T ]} .

Let ε > 0 and x̂ ∈ ΩP . Suppose the following assumptions are valid:

(i) Functions f(t, ·) and g(t, ·) are continuously differentiable on x̂(t)+εB̄ a.e.
in [0, T ]. Functions f(t, ·) and g(t, ·) are Lebesgue measurable for each x,
and there exist numbers Kf > 0 and Kg > 0 such that

∥∇f(t, x̂(t))∥ ≤ Kf a.e in [0, T ],

∥∇g(t, x̂(t))∥ ≤ Kg a.e in [0, T ];

(ii) For each i ∈ I, the function hi(t, ·) is continuously differentiable on x̂(t)+εB̄
a.e. in [0, T ]. For each i ∈ I, the function hi(·, x(·)) is essentially bounded
in [0, T ] for all x ∈ L∞([0, T ],Rn) and there exists a number Kh > 0 such
that

∥∇hi(t, x̂(t))∥ ≤ Kh, i ∈ I, a.e in [0, T ].

For x ∈ ΩP , we also assume that

(1)

∫ T

0

f(t, x(t)) dt ≥ 0 and

∫ T

0

g(t, x(t)) dt > 0.
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3. Optimality conditions

In this section, we discuss the necessary and sufficient optimality conditions for
(FCTP). The following results do not appear in the literature when (FCTP) is
defined in L∞([0, T ];Rn).

Given b > 0 and x̂ ∈ ΩP , we will denote by Ib(t) the index set of all the b-active
constraints at x̂ ∈ ΩP , that is,

Ib(t) = { i ∈ I : 0 ≤ hi(t, x̂(t)) ≤ b },
for each t ∈ [0, T ]. For all i ∈ I, let us define the function δbi : [0, T ] → R as

δbi (t) =

{
1, i ∈ Ib(t)

0, otherwise.

We start with an optimality condition for auxiliary scalar continuous-time problem.
For each w ∈ R+ where R+ denotes the positive orthant of R, we consider the fol-
lowing auxiliary scalar continuous-time problem:

(SCTP)w max

∫ T

0

(f(t, x(t))− wg(t, x(t))) dt

s. t. hi(t, x(t)) ≥ 0, i ∈ I, a.e. in [0, T ].

The following lemma shows the connection between (FCTP) and (SCTP)w, and
plays a key role in proving the main result in this section.

Lemma 3.1. If a point x̂ ∈ ΩP is an optimal solution for (FCTP) then x̂ solves
(SCTP)ŵ, where

ŵ = max
x∈ΩP

∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

=

∫ T

0
f(t, x̂(t)) dt∫ T

0
g(t, x̂(t)) dt

.

Proof. Assume that x̂ maximizes ∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

but it does not maximizes∫ T

0

(f(t, x(t))− ŵg(t, x(t))) dt.

Then there exists x̄ ∈ Ω such that

0 =

∫ T

0

(f(t, x̂(t))− ŵg(t, x̂(t))) dt <

∫ T

0

(f(t, x̄(t))− ŵg(t, x̄(t))) dt.

Hence, ∫ T

0
f(t, x̄(t)) dt∫ T

0
g(t, x̄(t)) dt

> ŵ.

This means that ŵ is not the maximum value. Consequently, this contradicts the
hypothesis that it is the maximum value. Hence, x̂ also maximizes∫ T

0

(f(t, x(t))− ŵg(t, x(t))) dt.

Thus, the proof is complete. �
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Let

ϕ0(t, ξ) = −
∫ T

0

(∇f(t, x̂(t))− ŵ∇g(t, x̂(t)))T ξ dt < 0,

ϕi(t, ξ) = −hi(t, x̂(t))− δbi (t)∇hi(t, x̂(t))T ξ ≤ 0, i ∈ I,

ξ ∈ Rn,

(2)

be a system corresponding to the problem (SCTP), K = {0} ⊔ I, and

I(t, ξ) =
{
i : ϕi(t, ξ) = max

l∈K
ϕl(t, ξ)

}
, t ∈ [0, T ], ξ ∈ Rn.

Definition 3.1. (see [1]) System (2) is said to be regular when there exist a function
x̄(·) ∈ L∞([0, T ];Rn), real numbers R ≥ 0 and α > 0 such that for a.e. t ∈ [0, 1]
and for all ξ ∈ Rn with ∥ξ − x̄(t)∥ ≥ R, there exists a unit vector e = e(t, ξ) ∈ Rn,
satisfying

⟨∂ξϕi(t, ξ), e⟩ ≥ α ∀i ∈ I(t, ξ),
where ∂ξϕi denotes the partial subdifferential of ϕi at (t, ξ) in the sense of convex
analysis.

Let us recall the following constraint qualification from [10].

Remark 3.1. We say that x̂ satisfies the constraint qualification (MFCQ), if there

exists γ̄ ∈ L∞([0, T ];Rn) and b̂ > 0 such that, for almost every t ∈ [0, T ],

∇hTi (t, x̂(t))γ̄(t) ≥ β, i ∈ Ib̂(t),

for some β > 0.

Note that (MFCQ) is a continuous-time version of the Mangasarian-Fromovitz
constraint qualification. Now, we give necessary optimality conditions for (FCTP).

Theorem 3.1. Let x̂ be an optimal slution for (FCTP). Assume that (i), (ii)
and (MFCQ) are satisfied at x̂ and that system (2) is regular. Then, there exists

λ̂ ∈ L∞([0, T ];Rm) such that, for almost every t ∈ [0, T ],∫ T

0

g(t, x̂(t)) dt∇f(t, x̂(t))−
∫ T

0

f(t, x̂(t)) dt∇g(t, x̂(t))

+
∑
i∈I

λ̂i(t)∇hi(t, x̂(t)) = 0,
(3)

λ̂i(t)hi(t, x̂(t)) = 0, λ̂i(t) ≥ 0, i ∈ I.(4)

Proof. Since x̂ is an optimal solution of (FCTP), then by Lemma 3.1, x̂ solves
SCTPŵ. Hence, by Theorem 3.5 in [10], there exists µ̂ ∈ L∞([0, T ];Rm) such that

(5) ∇f(t, x̂(t))− ŵ∇g(t, x̂(t)) +
∑
i∈I

µ̂i(t)∇hi(t, x̂(t)) = 0 a.e. in [0, T ],

(6) µ̂i(t)hi(t, x̂(t)) = 0, i ∈ I, a.e. in [0, T ],

(7) µ̂i(t) ≥ 0, i ∈ I, a.e. in [0, T ],

where

ŵ =

∫ T

0
f(t, x̂(t)) dt∫ T

0
g(t, x̂(t)) dt

.
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Now, multiplying all terms in (5) and (6) by∫ T

0

g(t, x̂(t)) dt

and setting

λ̂i(t) = µ̂i(t)

∫ T

0

g(t, x̂(t)) dt,

we obtain ∫ T

0

g(t, x̂(t)) dt∇f(t, x̂(t))−
∫ T

0

f(t, x̂(t)) dt∇g(t, x̂(t))

+
∑
i∈I

λ̂i(t)∇hTi (t, x̂(t)) = 0 a.e. in [0, T ],

and

λ̂i(t)hi(t, x̂(t)) = 0, λ̂i(t) ≥ 0, i ∈ I, a.e. in [0, T ].

Thus, the proof is complete. �

Remark 3.2. Assume that hi(t, ·) is a concave function almost everywhere in [0, T ],
i ∈ I. We say that the constraint qualification (SCQ) holds, if there exist x ∈ ΩP

and b̂ > 0 such that, for almost every t ∈ [0, T ],

hi(t, x(t)) ≥ β, i ∈ Ib̂(t),

for some β > 0.

The qualification in the Remark above can be seen as a continuous-time version
of the Slater constraint qualification. In [10], Monte and Oliveira have showed that
(SCQ) is a sufficient condition for (MFCQ) under concavity assumption.

Corollary 3.1. Let x̂ be an optimal slution for (FCTP). Assume that hi(t, ·) is a
concave function almost everywhere in [0, T ], i ∈ I, (i), (ii) are satisfied at x̂ and

that system (2) is regular. If (SCQ) holds, then there exists λ̂ ∈ L∞([0, T ];Rm)
such that, for almost every t ∈ [0, T ],∫ T

0

g(t, x̂(t)) dt∇f(t, x̂(t))−
∫ T

0

f(t, x̂(t)) dt∇g(t, x̂(t))

+
∑
i∈I

λ̂i(t)∇hi(t, x̂(t)) = 0,
(8)

λ̂i(t)hi(t, x̂(t)) = 0, λ̂i(t) ≥ 0, i ∈ I.(9)

As an illustration, we will consider the following example.

Example 3.1.

(P)

max

∫ 1

0
f(t, x(t)) dt∫ 1

0
g(t, x(t)) dt

h1(t, x(t)) ≥ 0 a.e. in [0, 1],

h2(t, x(t)) ≥ 0 a.e. in [0, 1],

x ∈ L∞([0, 1];R),
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where f(t, x(t)) := 2t+2−x2(t), g(t, x(t)) := ex(t), h1(t, x(t)) := x(t), h2(t, x(t)) :=
t + 1 − x(t). It can be easily verified that x̂(t) = 0 is an optimal solution for (P)

and Ib̂(t) = {1} for b̂ = 1
2 . It is obvious that

∇f(t, x̂(t)) = 0, ∇g(t, x̂(t)) = 1, ∇h1(t, x̂(t)) = 1, ∇h2(t, x̂(t)) = −1.

Take γ̄(t) = 1
2 a.e. in [0, 1] and β = 1

5 . It follows

∇hT1 (t, x̂(t))γ̄(t) =
1

2
≥ β a.e. in [0, 1],

i.e., constraint qualification (MFCQ) holds. Now, show that corresponding system
to (FCTP) is regular. Given ξ ∈ R, for almost everywhere in [0, 1],

ϕ0(t, ξ) = ξ, ϕ1(t, ξ) = −ξ, ϕ2(t, ξ) = −t− 1.

We have I(t, ξ) = {1} for ξ < 0, I(t, ξ) = {0} for ξ > 0 and {2} /∈ I(t, ξ). The
regularity of the system

ϕ0(t, ξ) = 3ξ < 0,

ϕ1(t, ξ) = −ξ ≤ 0,

ϕ2(t, ξ) = −t− 1 ≤ 0,

(10)

is verified with x̄ ≡ 0, R > 0 and α = 1
2 , for a.e. t in [0, 1], e = 1 for ξ > 0 and

e = −1 for ξ < 0. Indeed,

(1) ⟨∂ξϕ0(t, ξ), e⟩ = 3 ≥ α, for ξ > 0,

(2) ⟨∂ξϕ1(t, ξ), e⟩ = 1 ≥ α, for ξ < 0.

Further, the necessary optimality conditions are satisfied for λ̂1(t) = 3 and λ̂2(t) =
0.

The next result establishes a sufficient optimality conditions for (FCTP). The
proofs of the main theorems will be based primarily on the concavity, convexity and
generalized concavity assumptions imposed on the functions involved, and will not
require the regularity condition. In the sequel we will use some of the basic prop-
erties of quasiconcave functions. For these, the reader is referred to Mangasarian
[9].

Theorem 3.2. Assume that there exist a feasible solution x̂ for (FCTP) and λ̂ ∈
L∞([0, T ];Rm) such that, for almost every t ∈ [0, T ],∫ T

0

g(t, x̂(t)) dt∇f(t, x̂(t))−
∫ T

0

f(t, x̂(t)) dt∇g(t, x̂(t))

+
∑
i∈I

λ̂i(t)∇hi(t, x̂(t)) = 0,
(11)

λ̂i(t)hi(t, x̂(t)) = 0, λ̂i(t) ≥ 0, i ∈ I.(12)

If the function f(t, ·) is concave in its second argument at x̂(t) almost everywhere
in [0, T ], and g(t, ·) is convex in its second argument at x̂(t) almost everywhere in

[0, T ] and
∑

i∈I λ̂i(t)hi(t, ·) is quasiconcave in its second argument at x̂(t) almost
everywhere in [0, T ], then x̂ is an optimal solution for (FCTP).
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Proof. From x ∈ ΩP and (12), we have

λ̂i(t)hi(t, x(t)) ≥ λ̂i(t)hi(t, x̂(t)) = 0, i ∈ I, ∀x ∈ ΩP a.e. in [0, T ],

i.e.

(13)
∑
i∈I

λ̂i(t)hi(t, x(t)) ≥
∑
i∈I

λ̂i(t)hi(t, x̂(t)), ∀x ∈ ΩP a.e. in [0, T ].

Since
∑

i∈I λ̂i(t)hi(t, ·) is quasiconcave at x(t) = x̂(t) almost everywhere in [0, T ],
(13) yields

(14)
∑
i∈I

λ̂i(t)∇hTi (t, x̂(t))(x(t)− x̂(t)) ≥ 0, ∀x ∈ ΩP , a.e. in [0, T ].

From (11) and (14), we obtain(∫ T

0

g(t, x̂(t)) dt∇f(t, x̂(t))−
∫ T

0

f(t, x̂(t)) dt∇g(t, x̂(t))

)T

(x(t)− x̂(t)) ≤ 0,

∀x ∈ ΩP , a.e. in [0, T ].

Setting

ψ(x̂) =

∫ T

0

g(t, x̂(t)) dt, φ(x̂) =

∫ T

0

f(t, x̂(t)) dt,

previous inequality can be written as(
ψ(x̂)∇f(t, x̂(t))− φ(x̂)∇g(t, x̂(t))

)T
(x(t)− x̂(t)) ≤ 0, ∀x ∈ ΩP , a.e. in [0, T ].

Since f(t, ·) and −g(t, ·) are concave at x̂(t) almost everywhere in [0, T ], ψ(x̂) > 0
and φ(x̂) ≥ 0 it follows

ψ(x̂)f(t, ·)− φ(x̂)g(t, ·)
is concave at x̂(t) almost everywhere in [0, T ]. Therefore,

ψ(x̂)f(t, x(t))− φ(x̂)g(t, x(t))− ψ(x̂)f(t, x̂(t)) + φ(x̂)g(t, x̂(t)) ≤ 0,

∀x ∈ ΩP , a.e. in [0, T ].

Integrating the previous inequality from 0 to T , we have∫ T

0

(ψ(x̂)f(t, x(t))− φ(x̂)g(t, x(t))) dt ≤ 0, ∀x ∈ ΩP ,

i.e.

ψ(x̂)

∫ T

0

f(t, x(t)) dt ≤ φ(x̂)

∫ T

0

g(t, x(t)) dt, ∀x ∈ ΩP .

It follows ∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

≤
∫ T

0
f(t, x̂(t)) dt∫ T

0
g(t, x̂(t)) dt

, ∀x ∈ ΩP .

Thus x̂ must be an optimal solution for (FCTP). �

Remark 3.3. Theorem 3.2 also holds under concavity assumption of∑
i∈I

λ̂i(t)hi(t, ·).
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In Example 3.1 note that x̂(t) = 0 a.e. t ∈ [0, 1] and (λ̂1(t), λ̂2(t)) = (3, 0)

a.e. t ∈ [0, 1] satisfy (11)-(12). Also, functions f(t, ·), g(t, ·) and
∑

i∈I λ̂i(t)hi(t, ·)
satisfy assumptions of Theorem 3.2. Therefore, from Theorem 3.2 we see that x̂ is
optimal solution for the problem (P).

We define, for almost every t ∈ [0, T ], the index set of all the binding inequality
constraints at x̂ ∈ ΩP as

A(t) = { i ∈ I : hi(t, x̂(t)) = 0} .
Following the same approach, we obtain sufficient conditions for (FCTP) without
complementary slackness condition.

Theorem 3.3. Let x̂ be a feasible solution for (FCTP). Assume that hi(t, ·) is
quasiconcave for all i ∈ A(t) in its second argument at x̂(t) almost everywhere in

[0, T ] and there exists λ̂ ∈ L∞([0, T ];Rm) such that, for almost every t ∈ [0, T ],∫ T

0

g(t, x̂(t)) dt∇f(t, x̂(t))−
∫ T

0

f(t, x̂(t)) dt∇g(t, x̂(t))

+
∑
i∈I

λ̂i(t)∇hi(t, x̂(t)) = 0,
(15)

λ̂i(t) ≥ 0, i ∈ A(t), λ̂i(t) = 0, i ∈ I \A(t).(16)

If the function f(t, ·) is concave in its second argument at x̂(t) almost everywhere
in [0, T ] and g(t, ·) is convex in its second argument at x̂(t) almost everywhere in
[0, T ], then x̂ is an optimal solution for (FCTP).

Proof. For any feasible x,

hi(t, x(t)) ≥ hi(t, x̂(t)) = 0, i ∈ A(t), a.e. in [0, T ].

By the quasiconcavity hi(t, ·), we have

∇hTi (t, x̂(t))(x(t)− x̂(t)) ≥ 0, i ∈ A(t), a.e. in [0, T ].

Since λ̂i(t) ≥ 0, i ∈ A(t), a.e. in [0, T ], we obtain

(17)
∑

i∈A(t)

λ̂i(t)∇hTi (t, x̂(t))(x(t)− x̂(t)) ≥ 0, ∀x ∈ ΩP , a.e. in [0, T ].

From (15) and (17), we have(∫ T

0

g(t, x̂(t)) dt∇f(t, x̂(t))−
∫ T

0

f(t, x̂(t)) dt∇g(t, x̂(t))

)T

(x(t)− x̂(t)) ≤ 0,

∀x ∈ ΩP , a.e. in [0, T ], i.e.,(
ψ(x̂)∇f(t, x̂(t))− φ(x̂)∇g(t, x̂(t))

)T
(x(t)− x̂(t)) ≤ 0, ∀x ∈ ΩP , a.e. in [0, T ].

Since f(t, ·) and −g(t, ·) are concave at x̂(t) almost everywhere in [0, T ], ψ(x̂) > 0
and φ(x̂) ≥ 0 it follows ψ(x̂)f(t, ·)−φ(x̂)g(t, ·) is concave at x̂(t) almost everywhere
in [0, T ]. As in the proof of Theorem 3.2, we conclude that

ψ(x̂)f(t, x(t))− φ(x̂)g(t, x(t))− ψ(x̂)f(t, x̂(t)) + φ(x̂)g(t, x̂(t)) ≤ 0,

∀x ∈ ΩP a.e. in [0, T ].
Integrating the previous inequality from 0 to T , we obtain∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

≤
∫ T

0
f(t, x̂(t)) dt∫ T

0
g(t, x̂(t)) dt

, ∀x ∈ ΩP .

Thus x̂ must be an optimal solution for (FCTP). �
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4. Wolfe type dual model

In this section, we introduce first dual model and prove appropriate duality
theorems. Let

ΩD1 =

{
(u, λ) ∈ L∞([0, T ];Rn × Rm) :

∫ T

0

g(t, u(t)) dt∇f(t, u(t))

−
∫ T

0

f(t, u(t)) dt∇g(t, u(t)) +
∑
i∈I

λi(t)∇hi(t, u(t)) = 0,

λi(t)hi(t, u(t)) = 0, λi(t) ≥ 0, i ∈ I, a.e. in [0, T ]

}
.

We consider the following Wolf type dual problem of (FCTP):

(DFCTP1) min

∫ T

0
f(t, u(t)) dt∫ T

0
g(t, u(t)) dt

subject to (u, λ) ∈ ΩD1 ,

where ΩD1 is feasible set for (DFCTP1).

Theorem 4.1. Let x and (u, λ) be feasible solutions for (FCTP) and (DFCTP1).
Further, assume that the function f(t, ·) is concave in its second argument at u(t)
almost everywhere in [0, T ], g(t, ·) is convex in its second argument at u(t) almost
everywhere in [0, T ] and

∑
i∈I λi(t)hi(t, ·) is quasiconcave in its second argument

at u(t) almost everywhere in [0, T ]. Then,∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

≤
∫ T

0
f(t, u(t)) dt∫ T

0
g(t, u(t)) dt

.

Proof. Since x and (u, λ) are feasible for (FCTP) and (DFCTP1), respectively,

λi(t)hi(t, x(t)) ≥ λi(t)hi(t, u(t)) = 0, i ∈ I, a.e. in [0, T ],

i.e.

(18)
∑
i∈I

λi(t)hi(t, x(t)) ≥
∑
i∈I

λi(t)hi(t, u(t)), a.e. in [0, T ].

Since ∑
i∈I

λi(t)hi(t, ·)

is quasiconcave at u(t) almost everywhere in [0, T ], (18) yields

(19)
∑
i∈I

λi(t)∇hTi (t, u(t))(x(t)− u(t)) ≥ 0, a.e. in [0, T ].

Inequality (19) and (u, λ) ∈ ΩD1 imply(∫ T

0

g(t, u(t)) dt∇f(t, u(t))−
∫ T

0

f(t, u(t)) dt∇g(t, u(t))

)T

(x(t)− u(t)) ≤ 0,

a.e. in [0, T ].

Setting

ψ(u) =

∫ T

0

g(t, u(t)) dt, φ(u) =

∫ T

0

f(t, u(t)) dt,
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previous inequality can be written as(
ψ(u)∇f(t, u(t))− φ(u)∇g(t, u(t))

)T
(x(t)− u(t)) ≤ 0, a.e. in [0, T ].

Since f(t, ·) and −g(t, ·) are concave at u(t) almost everywhere in [0, T ], ψ(u) > 0
and φ(u) ≥ 0, it follows

ψ(u)f(t, ·)− φ(u)g(t, ·)
is concave at u(t) almost everywhere in [0, T ].
Therefore,

ψ(u)f(t, x(t))− φ(u)g(t, x(t))− ψ(u)f(t, u(t)) + φ(u)g(t, u(t)) ≤ 0,

a.e. in [0, T ].

Integrating the previous inequality from 0 to T , we have∫ T

0

g(t, u(t))dt

∫ T

0

f(t, x(t))dt−
∫ T

0

f(t, u(t))dt

∫ T

0

g(t, x(t)) dt ≤ 0,

i.e. ∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

≤
∫ T

0
f(t, u(t)) dt∫ T

0
g(t, u(t)) dt

.

�

Theorem 4.2. Let x̂ be an optimal slution for (FCTP). Assume that (i), (ii),
(MFCQ) are satisfied at x̂, system (2) is regular and let all the conditions of
Theorem 4.1 be fulfilled for all feasible solutions of (FCTP). Then, there exists

λ̂ ∈ L∞([0, T ];Rm) such that (x̂, λ̂) is an optimal solution for (DFCTP1) and

max
x∈ΩP

∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

= min
(u,λ)∈ΩD1

∫ T

0
f(t, u(t)) dt∫ T

0
g(t, u(t)) dt

.

Proof. Since x̂ is an optimal solution of (FCTP), we conclude from Theorem 3.1

that there exists λ̂ ∈ L∞([0, T ];Rm) such that, for almost every t ∈ [0, T ],∫ T

0

g(t, x̂(t)) dt∇f(t, x̂(t))−
∫ T

0

f(t, x̂(t)) dt∇g(t, x̂(t))

+
∑
i∈I

λ̂i(t)∇hi(t, x̂(t)) = 0,
(20)

λ̂i(t)hi(t, x̂(t)) = 0, λ̂i(t) ≥ 0, i ∈ I.(21)

We conclude that (x̂, λ̂) ∈ ΩD1 . Hence, from Theorem 4.1 that the feasible solution
of (FCTP) becomes optimal solution for (DFCTP1). Thus the optimal values of
(FCTP) and (DFCTP1) are equal. �

Theorem 4.3. Let x̂ and (û, λ̂) be optimal solutions for (FCTP) and (DFCTP1),
respectively. Assume that the function f(t, ·) is concave in its second argument at
û(t) almost everywhere in [0, T ], g(t, ·) is convex in its second argument at û(t)

almost everywhere in [0, T ] and
∑

i∈I λ̂i(t)hi(t, ·) is quasiconcave in its second ar-
gument at û(t) almost everywhere in [0, T ]. Then, (FCTP), (DFCTP1) have the
same optimal values and x̂ = û.
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Proof. From Theorem 4.2 it follows that there exists λ̂ such that (x̂, λ̂) constitutes
an optimal solution of (DFCTP1) and

(22)

∫ T

0
f(t, x̂(t)) dt∫ T

0
g(t, x̂(t)) dt

=

∫ T

0
f(t, û(t)) dt∫ T

0
g(t, û(t)) dt

.

Suppose on the contrary that

(23) x̂ ̸= û.

Then from Theorem 4.1, for all feasible points x, (u, λ) for (FCTP) and (DFCTP1),
respectively, we obtain

∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

≤
∫ T

0
f(t, u(t)) dt∫ T

0
g(t, u(t)) dt

.

By hypothesis (23), it must be

∫ T

0
f(t, x̂(t)) dt∫ T

0
g(t, x̂(t)) dt

<

∫ T

0
f(t, û(t)) dt∫ T

0
g(t, û(t)) dt

.

This inequality contradicts (22). Therefore, x̂ = û. �

Example 4.1. As an illustration, we will consider the following dual model (D1)
for (P) :

min

∫ 1

0

(
2t+ 2− u2(t)

)
dt∫ 1

0
eu(t) dt

s.t.− 2u(t)

∫ 1

0

eu(t)dt− eu(t)
∫ 1

0

(2t+ 2− u2(t))dt+ λ1(t)− λ2(t) = 0, a.e. in [0, 1],

λ1(t)u(t) = 0, a.e. in [0, 1],

λ2(t)(t+ 1− u(t)) = 0, a.e. in [0, 1],

λi(t) ≥ 0, i = 1, 2, a.e. in [0, 1],

u ∈ L∞([0, 1];R), (λ1, λ2) ∈ L∞([0, 1];R2).

All conditions of Theorem 4.2 are fulfilled. It can be easily verified that (û, λ̂1, λ̂2) =
(0, 3, 0) is optimal solution of preceding problem. Also, (P) and (D1) have the same
optimal values.
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5. Lagrangian type dual model

In this section, we introduce a second dual model and prove appropriate duality
theorems. Let

ΩD2 =

{
(u, λ) ∈ L∞([0, T ];Rn × Rm) :∫ T

0

g(t, u(t)) dt

(
∇f(t, u(t)) +

∑
i∈I

λi(t)∇hi(t, u(t))

)

−
∫ T

0

(
f(t, u(t))−

∑
i∈I

λi(t)hi(t, u(t))

)
dt∇g(t, u(t)) ≤ 0,

λi(t)hi(t, u(t)) ≤ 0, λi(t) ≥ 0, i ∈ I, a.e. in [0, T ]

}
.

We consider the following second Lagrangian type dual problem of (FCTP):

(DFCTP2) min

∫ T

0

(
f(t, u(t))−

∑
i∈I λi(t)hi(t, u(t))

)
dt∫ T

0
g(t, u(t)) dt

subject to (u, λ) ∈ ΩD2 ,

where ΩD2 is feasible set for (DFCTP2).

Theorem 5.1. Let x and (u, λ) be feasible solutions for (FCTP) and (DFCTP2).
Further, assume that the function f(t, ·) is concave in its second argument at u(t)
almost everywhere in [0, T ], g(t, ·) is convex in its second argument at u(t) almost
everywhere in [0, T ] and

∑
i∈I λi(t)hi(t, ·) is quasiconcave in its second argument

at u(t) almost everywhere in [0, T ], then∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

≤
∫ T

0

(
f(t, u(t))−

∑
i∈I λi(t)hi(t, u(t))

)
dt∫ T

0
g(t, u(t)) dt

.

Proof. Since x and (u, λ) are feasible for (FCTP) and (DFCTP2), respectively,

λi(t)hi(t, x(t)) ≥ 0 ≥ λi(t)hi(t, u(t)), i ∈ I, a.e. in [0, T ],

i.e.

(24)
∑
i∈I

λi(t)hi(t, x(t)) ≥
∑
i∈I

λi(t)hi(t, u(t)), a.e. in [0, T ].

Put

ψ(u) =

∫ T

0

g(t, u(t)) dt, φ(u) =

∫ T

0

f(t, u(t)) dt

and

η(u) = −
∫ T

0

∑
i∈I

λi(t)hi(t, u(t)) dt ≥ 0.

Since ∑
i∈I

λi(t)hi(t, ·)
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is quasiconcave at u(t) almost everywhere in [0, T ], ψ(u) > 0 and (24) imply

(25) ψ(u)
∑
i∈I

λi(t)∇hTi (t, u(t))(x(t)− u(t)) ≥ 0, a.e. in [0, T ].

From (25) and (u, λ) ∈ ΩD2 , we obtain

(ψ(u)∇f(t, u(t))− φ(u)∇g(t, u(t))− η(u)∇g(t, u(t)))T (x(t)− u(t)) ≤ 0,

a.e. in [0, T ], i.e.,

(ψ(u)∇f(t, u(t))− (φ(u) + η(u))∇g(t, u(t)))T (x(t)− u(t)) ≤ 0,

a.e. in [0, T ]. Since f(t, ·) and −g(t, ·) are concave at u(t) almost everywhere in
[0, T ], ψ(u) > 0 and η(u) ≥ 0, it follows

ψ(u)f(t, ·)− (φ(u) + η(u)) g(t, ·) is concave at u(t) and a.e. in [0, T ].

Therefore,

ψ(u)f(t, x(t))− (φ(u) + η(u))g(t, x(t))− ψ(u)f(t, u(t)) + (φ(u)

+ η(u))g(t, u(t)) ≤ 0, a.e. in [0, T ].

Integrating the previous inequality from 0 to T , we have∫ T

0

g(t, u(t)) dt

∫ T

0

f(t, x(t)) dt

−
∫ T

0

(
f(t, u(t))−

∑
i∈I

λi(t)hi(t, u(t))

)
dt

∫ T

0

g(t, x(t)) dt

−
∫ T

0

∑
i∈I

λi(t)hi(t, u(t)) dt

∫ T

0

g(t, x(t)) dt ≤ 0.

Inequalities ∫ T

0

m∑
i=1

λi(t)hi(t, u(t)) dt ≤ 0

and (1) also imply

(26)

∫ T

0

g(t, u(t)) dt

∫ T

0

f(t, x(t)) dt

−
∫ T

0

(
f(t, u(t))−

∑
i∈I

λi(t)hi(t, u(t))

)
dt

∫ T

0

g(t, x(t)) dt ≤ 0.

Hence ∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

≤
∫ T

0

(
f(t, u(t))−

∑
i∈I λi(t)hi(t, u(t))

)
dt∫ T

0
g(t, u(t)) dt

.

Thus, the proof is complete. �

Theorem 5.2. Let x̂ be an optimal solution for (FCTP). Assume that (i), (i-
i), (MFCQ) are satisfied at x̂, system (2) is regular and let all the conditions of
Theorem 5.1 be fulfilled for all feasible solutions of (FCTP). Then, there exists

λ̂ ∈ L∞([0, T ];Rm) such that (x̂, λ̂) is an optimal solution for (DFCTP2) and

max
x∈ΩP

∫ T

0
f(t, x(t)) dt∫ T

0
g(t, x(t)) dt

= min
(u,λ)∈ΩD2

∫ T

0

(
f(t, u(t))−

∑
i∈I λi(t)hi(t, u(t))

)
dt∫ T

0
g(t, u(t)) dt

.
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Proof. Since x̂ is an optimal solution of (FCTP), we conclude from Theorem 3.1

that there exists λ̂ ∈ L∞([0, T ];Rm) such that, for almost every t ∈ [0, T ],
(27)

∇f(t, x̂(t))−
∫ T

0
f(t, x̂(t)) dt∫ T

0
g(t, x̂(t)) dt

∇g(t, x̂(t)) +
∑
i∈I

λ̂i(t)∇hi(t, x̂(t)) = 0 a.e. in [0, T ],

(28)

∫ T

0

m∑
i=1

λ̂i(t)hi(t, x̂(t)) dt∇g(t, x̂(t)) = 0, a.e. in [0, T ],

(29) λ̂i(t) ≥ 0, i ∈ I, a.e. in [0, T ].

Now, multiplying all terms in (27) by∫ T

0

g(t, x̂(t)) dt > 0

and summing by (28) we conclude that (x̂, λ̂) ∈ ΩD2 . Hence, from Theorem 5.1 that
the feasible solution of (FCTP) becomes optimal solution for (DFCTP2). Thus the
optimal values of (FCTP) and (DFCTP2) are equal. �

Theorem 5.3. Let x̂ and (û, λ̂) be optimal solutions of problems (FCTP) and (D-
FCTP2), respectively. Further, assume that the function f(t, ·) is concave in its
second argument at û(t) almost everywhere in [0, T ], g(t, ·) is convex in its second

argument at û(t) almost everywhere in [0, T ] and
∑

i∈I λ̂i(t)hi(t, ·) is quasiconcave
in its second argument at û(t) almost everywhere in [0, T ]. Then, (FCTP), (DFCT-
P2) have the same optimal values and x̂ = û.

The proof of Theorem 5.3 is similar to the one of Theorem 4.3.

Example 5.1. Consider the following dual model (D2) for (P):

min

∫ 1

0

(
2t+ 2− u2(t)− λ1(t)u(t)− λ2(t)(t+ 1− u(t))

)
dt∫ 1

0
eu(t) dt

s.t. (λ1(t)− λ2(t)− 2u(t))

∫ 1

0

eu(t)dt

+ eu(t)
∫ 1

0

(
u2(t) + λ1(t)u(t) + λ2(t)(t+ 1− u(t))− 2t− 2

)
dt ≤ 0, a.e. in[0, 1],

λ1(t)u(t) ≤ 0, a.e. in[0, 1],

λ2(t)(t+ 1− u(t)) ≤ 0, a.e. in [0, 1],

λi(t) ≥ 0, i = 1, 2, a.e. in [0, 1],

u ∈ L∞([0, 1];R), (λ1, λ2) ∈ L∞([0, 1];R2).

All conditions of Theorem 5.2 are fulfilled. It can be easily verified that (û, λ̂1, λ̂2) =
(0, 3, 0) is optimal solution of preceding problem. Also, (P) and (D2) have the same
optimal values.
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6. Conclusions and future directions

The auxiliary tool employed in the derivation of necessary optimality criteria
and duality, is a new version of Karush-Kuhn-Tucker-type optimality condition-
s for scalar problem. Sufficient optimality conditions were given under concavity
and generalized concavity assumptions. It would be also of interest to see how the
similar approach can be extended to investigate optimality conditions and duali-
ty theory for the nonsmooth fractional continuous-time problems. Unfortunately,
some of the main results from bibliography for multiobjective-programming prob-
lems are not valid. For more information, see [1]. Therefore, an important direction
of future work is to develop optimality criteria and duality results for multiobjec-
tive continuous-time problems. Also, there does not exist a numerical algorithm to
solve the nonlinear continuous-time fractional programming problem. To this end,
the necessary and sufficient conditions in this paper are good starting points.
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