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OPTIMALITY CRITERIA AND DUALITY FOR NONLINEAR
FRACTIONAL CONTINUOUS-TIME PROGRAMMING

ALEKSANDAR JOVIC

Abstract. This paper addressed the fractional continuous-time programming problem. The
necessary and sufficient optimality conditions under generalized concavity assumptions are estab-
lished. Dual problem to the primal one and investigate duality relations between them are also
addressed.
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1. Introduction

Continuous-time programming problem originated from Bellman’s ”bottleneck”
problems, considered in [2]. Since its first detailed introduction into the litera-
ture by Tyndall [15], many authors have contributed to the subject. Optimality
criteria and duality theory, both in linear and nonlinear cases, have been investi-
gated extensively. Nonlinear problem was first investigated, in 1968 by Hanson [6],
Hanson and Mond [5] and in 1974 by Farr and Hanson [4]. Since then, a compre-
hensive bibliography has been produced. For more information, the reader refer to
3, 12, 20, 21, 22, 23).

In this paper, we consider fractional continuous-time problem. The problem of
maximizing (or minimizing) the ratio of two real-valued functionals, subject to a
set of constraints, is known as a fractional optimal control problem in the area of
control theory. This class of problems is important for modeling various decision
processes in the field of economics, game theory and operational research. They
also often appear in some other contexts such as numerical analysis, approxima-
tion problems, facility location, optimal engineering design and information theory.
For the reasons mentioned, fractional continuous-time programming problems have
received major attention in the past thirty years, resulting into a comprehensive
literature, dealing with their various theoretical and computational aspects. For
recent results in this field, the reader is referred to [7, 8, 11, 13, 14, 16, 17, 18, 19].
In [13], optimality criteria is obtained for fractional continuous-time programming
problem. Charnes-Cooper transformation, convexity and perturbation functions
play a key role in these results. In papers [11, 19] fundamental tools were results
given in [3, 23]. In [1], Arutyunov et al. have pointed out that such results in [3, 23]
are not valid. Therefore, some results from aforementioned papers, unfortunately,
are also not valid. Most recently, in [10], the authors have provided new neces-
sary optimality conditions for nonlinear continuous-time programming problems
with scalar valued objective function. Numerical algorithms for linear fractional
continuous-time problem have been proposed in [16, 17]. In [16], the authors have
introduced the discrete approximation method to solve the primal and dual pair of
parametric continuous-time linear programming problems by using the recurrence
method and provided numerical examples. The main purpose in [17] was to develop
a discrete approximation method to solve a class of linear fractional continuous-time
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programming problems. Also, in mentioned paper, the authors have established an
estimate of the error bound and have provided numerical examples to demonstrate
the usefulness of this numerical algorithm.

Our aim in this paper is to provide necessary and sufficient optimality conditions
for nonlinear fractional continuous-time problem. In addition, we shall construct
duality model for the primal problem and prove suitable duality theorems.

The paper is organized in the following way. Some preliminaries about the prob-
lem are given in Section 2, where some important definitions are stated. In Section
3, necessary optimality conditions are obtained. Sufficient optimality conditions
are obtained under concavity and generalized concavity assumptions. In Section 4
and 5, dual problems are presented and certain duality results are obtained.

2. Preliminaries

Consider the following fractional continuous-time programming problem:

(FCTP) s. t. hi(t,z(t)) >0, iel={l,...,m}ae. in [0,T],

where f: [0, T] xR" - R, g: [0,T] xR® = R, h; : [0,T] xR™ = R, i € I are given
functions. Here for each ¢ € [0,T], xx(t) is the kth component of z(t) € R™. All
integrals are given in the Lebesgue sense. All vectors are column vectors. Inequality
signs between vectors should be read componentwise. B denotes the open unit ball

with centre at the origin, independently of the space or dimension. Let Qp be the
set of feasible solutions of (FCTP),

Op ={x € Loo([0,T;R™) : hi(t,z(t)) >0, i €1, ae. in [0,T]}.

Let e > 0 and & € Qp. Suppose the following assumptions are valid:

(i) Functions f(t,-) and g(t,-) are continuously differentiable on &(t)+cB a.e.
in [0,7]. Functions f(¢,-) and g(¢,-) are Lebesgue measurable for each z,
and there exist numbers K > 0 and K, > 0 such that

IVF(t(0)] < Ky aein[0,7),

Vg(t,z(t))|| < K4 a.ein [0,T];

(ii) Foreachi € I, the function h;(t, -) is continuously differentiable on #(t)+eB
a.e. in [0,7]. For each i € I, the function h;(-,z(-)) is essentially bounded
in [0,T] for all © € Lo ([0,T],R™) and there exists a number K} > 0 such
that

IVhi(t, 2(t)|| < Kn, i € I, aein [0,T).

For x € Qp, we also assume that

(1) /0 f(t,z(t))dt >0 and /0 g(t,z(t))dt > 0.
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3. Optimality conditions

In this section, we discuss the necessary and sufficient optimality conditions for
(FCTP). The following results do not appear in the literature when (FCTP) is
defined in L ([0, T]; R™).

Given b > 0 and % € Qp, we will denote by I,(¢) the index set of all the b-active
constraints at & € Qp, that is,

Lt)={iel:0<hi(t,2()) <b},

for each ¢ € [0, 7). For all i € I, let us define the function 6? : [0,7] — R as
1,1 € Iy(t
DTORE I
0, otherwise.

We start with an optimality condition for auxiliary scalar continuous-time problem.
For each w € R} where R, denotes the positive orthant of R, we consider the fol-
lowing auxiliary scalar continuous-time problem:

T
(SCTP), max /O (F(t (b)) — wglt, 2(1))) dt
s. t. hi(t,z(t)) >0, i€, ae. in[0,T].

The following lemma shows the connection between (FCTP) and (SCTP),,, and
plays a key role in proving the main result in this section.

Lemma 3.1. If a point & € Qp is an optimal solution for (FCTP) then & solves
(SCTP)y, where
T

I fe @) de [ Fa) dt

t
U [Tyt [T gt a)dt
Proof. Assume that & maximizes
Jo F(t, (1)) dt
Jo g(t.x(t))dt

but it does not maximizes
T
/0 (F(t 2(8)) — dg(t, 2(t))) dt.
Then there exists T € ) such that
T T
0= [ (6316~ g(t.20) di < [ (Ft,2(0) ~ ig(t. (1) .
0 0

Hence,
Jy ftawydr
Iy gt z(t)) dt

This means that @ is not the maximum value. Consequently, this contradicts the
hypothesis that it is the maximum value. Hence, Z also maximizes

/0 (f(t,z(t)) — wyg(t,z(t))) dt.

Thus, the proof is complete. O
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Let

i1, =~ [ (V10,5(0) ~ (0. 20))" €at <0,

Gi(t,€) = — h(t, &(t)) — 62 (t)Vhi(t, (1) "€ <0, iel,
£ eR”,

be a system corresponding to the problem (SCTP), K = {0} U I, and
T0,6) = {i: 66,6 = max 416}, 1€ [0.7], R

(2)

Definition 3.1. (see [1]) System (2) is said to be regular when there exist a function
Z(-) € Loo([0,T];R™), real numbers R > 0 and « > 0 such that for a.e. t € [0,1]
and for all £ € R™ with ||€ — Z(t)|| > R, there exists a unit vector e = e(t,£) € R™,
satisfying
(0c¢i(t,€), €) 2 a Vi € I(t,§),
where Og¢; denotes the partial subdifferential of ¢; at (t,€) in the sense of convex
analysis.
Let us recall the following constraint qualification from [10].

Remark 3.1. We say that & satisfies the constraint qualification (MFCQ), if there
exists 7 € Loo ([0, T]; R™) and b > 0 such that, for almost every t € [0,T],

VA (8, 2()7(t) > B, i € Li(b),
for some B > 0.

Note that (MFCQ) is a continuous-time version of the Mangasarian-Fromovitz
constraint qualification. Now, we give necessary optimality conditions for (FCTP).

Theorem 3.1. Let & be an optimal slution for (FCTP). Assume that (i), (ii)
and (MFCQ) are satisfied at & and that system (2) is reqular. Then, there exists
A € Lo ([0, T];R™) such that, for almost every t € [0,T],

/ o(t, 2(8)) iV £ (£, 5(1)) — / F(t5(1) dEVg(t, 2(1))
0 0

(3) . A
+> X)) Vhi(t, 2 (t) =0,
el
(4) Xi(t)hi(t, &(t) = 0, Ai(t) >0, i€l

Proof. Since & is an optimal solution of (FCTP), then by Lemma 3.1, & solves
SCTP,. Hence, by Theorem 3.5 in [10], there exists i € Lo ([0,T];R™) such that

(5) V(L&) — 0Vt &(t) + Y fu(t)Vhi(t,&(t) =0 ae. in [0, 7],
el

(6) Li(t)hi(t, () =0, i€l ae. in[0,T],

(7) fi(t) >0, i€l, ae. in [0,T],
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Now, multiplying all terms in (5) and (6) by

T
/ ot 5(0)) dt
0

and setting

T
Sat) = u(t) / ot 2(1)) dt,

we obtain
T
| atwawyavs. / F(t.2(0) dtVg(t. 5(1))
0
+Zx\ (t)Vh!(t,2(t)) =0 a.e. in [0,T],
el
and
)\z(t)hl(t,i'(t)) =0, )\Z(t) >0, 1€1, ae. in [O,T]
Thus, the proof is complete. ([

Remark 3.2. Assume that h;(t,-) is a concave function almost everywhere in [0, T],
i € I. We say that the constraint qualification (SCQ) holds, if there exist x € Qp
and b > 0 such that, for almost every t € [0,T],

hi(tvx(t)) > ﬁ» (RS I{}(t)v
for some > 0.
The qualification in the Remark above can be seen as a continuous-time version

of the Slater constraint qualification. In [10], Monte and Oliveira have showed that
(SCQ) is a sufficient condition for (MFCQ) under concavity assumption.

Corollary 3.1. Let & be an optimal slution for (FCTP). Assume that h;i(t,-) is a
concave function almost everywhere in [0,T], ¢ € I, (i), (ii) are satisfied at & and

that system (2) is regular. If (SCQ) holds, then there exists X € Loo([0,T]; R™)
such that, for almost every t € [0,T],

/09( B(1)) deV £ (2, 2 (1) /fm: )) diVg(t, i(1))

(8)
+> X Vh(t, () =0,
el
(9) Ni(O)hi(t, () =0, N(t) >0, iel.

As an illustration, we will consider the following example.
Example 3.1.
) de
)
hi(t,z(t)) > 0 a.e. in [0, 1],
ha(t,z(t)) > 0 a.e. in [0, 1],
z € Loo([0,1;R),



870 A. JOVIC

where f(t,z(t)) := 2t+2—2%(t), g(t, x(t)) := *D hy(t,z(t)) := z(t), ha(t,z(t)) :=
t+1—x(t). It can be easily verified that Z(¢) = 0 is an optimal solution for (P)
and I;(t) = {1} for b= 1. It is obvious that

Vf(t,i“(t)) =0, Vg(t,2(t)) =1, Vh(t,2(t)) = 1, Vha(t,2(t)) = —1.
Take %(t) = 5 a.e. in [0,1] and S = #. It follows

VhT(t,&(t)5(t) = % > B ae. in0,1],

i.e., constraint qualification (MFCQ) holds. Now, show that corresponding system
to (FCTP) is regular. Given £ € R, for almost everywhere in [0, 1],

¢O(ta€) = 67 ¢1(t,§) = _57 ¢2(t7£) =—-t—1.

We have Z(t,&) = {1} for £ < 0, Z(t,€) = {0} for £ > 0 and {2} ¢ Z(¢,£). The
regularity of the system

¢0(t7€) = 3§ <0,
(10) ¢1(t,€) = =€ <0,
¢2(t7£) =—t—1< Oa

is verified with Z =0, R > 0 and a = 1, for a.e. ¢tin [0,1], e = 1 for £ > 0 and
e = —1 for £ < 0. Indeed,

(1) (Oeo(t,€),e) =3 > a, for £ >0,

(2) (Oe1(t,€),e) =1>a, for £ < 0.

Further, the necessary optimality conditions are satisfied for A; () = 3 and Ay(t) =
0.

The next result establishes a sufficient optimality conditions for (FCTP). The
proofs of the main theorems will be based primarily on the concavity, convexity and
generalized concavity assumptions imposed on the functions involved, and will not
require the regularity condition. In the sequel we will use some of the basic prop-
erties of quasiconcave functions. For these, the reader is referred to Mangasarian
[9].

Theorem 3.2. Assume that there exist a feasible solution & for (FCTP) and A €
Lo ([0, T];R™) such that, for almost every t € [0,T],

/0 olt, 2(t)) iV (1, / F(t,8(8)) diVg(t, &(t))

(11)
+Z)\z i 7j"(t)):07

iel
(12) Xi(t)hi(t, &(t) = 0, Ai(t) >0, i€l
If the function f(t,-) is concave in its second argument at Z(t) almost everywhere
in [0,T], and g(t,-) is convex in its second argument at &(t) almost everywhere in
[0, T] and ;c; Ai(t)hi(t,-) is quasiconcave in its second argument at Z(t) almost

everywhere in [0,T), then & is an optimal solution for (FCTP).
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Proof. From x € Qp and (12), we have

Ai(@O)hi(t,2(t)) > M) hi(¢,2(t)) =0, i €I, Vo € Qp ae. in [0,T],

ie.
(13) > Xihi(t,x(t) =Y Ni(t)hi(t, 2(t), Vo € Qp ae. in [0,T].
icl i€l
Since Elel i(t)hi(t,-) is quasiconcave at x(t) = Z(t) almost everywhere in [0, 7],

(13) yields
(14) > X VR] (&) (x(t) — 2(t)) >0, Va € Qp, ae. in [0,T].

i€l
From (11) and (14), we obtain

(/ olt, 2(1)) dEV (1, / F(t2(8) deVg(t, (1 >>> (a(t) — (1)) <0,

Vz € Qp, a.e. in [0,7].

w(i)Z/OTg( ) dt, (& / f(t,

previous inequality can be written as

Setting

(Q,D(i)Vf(t,fc(t)) - @(i)Vg(t,ir(t)))T(x(t) —Z(t)) <0, Vz € Qp, ae. in [0,T].

Since f(t,-) and —g(t,-) are concave at &(t) almost everywhere in [0,T], (&) > 0
and (&) > 0 it follows

V(@) f(t,) — p(@)g(t, )

is concave at Z(t) almost everywhere in [0,T]. Therefore,

(@) f(t,2(1) — p(@)g(t,x(t) — (@) f(t, £(1) + @(2)g(t, 2(1)) <0,
Vz € Qp, a.e. in [0, 7.

Integrating the previous inequality from 0 to T, we have

/0 (B(@) (1 2(t)) — p(@)g(t, 2(t))) dt < 0, Va € Qp,

ie.
#) /T Flt,a(t)) dt < (@) /Tg(t,x(t)) dt, ¥z € Qp.
It follows OT ’
fOTf(t’ fo t, Vz € Qp.
Jo glt,a( fo dt
Thus & must be an optimal solution for (FCTP). O

Remark 3.3. Theorem 3.2 also holds under concavity assumption of

Z Ai(t)hi(t, )

icl
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In Example 3.1 note that #(t) = 0 a.e. ¢ € [0,1] and (A (2), Aa(t )) (3,0)
a.e. t € [0,1] satisfy (11)-(12). Also, functions f(t,-), g(t,-) and D, Ai(t)h ( )
satisfy assumptions of Theorem 3.2. Therefore, from Theorem 3.2 we see that Z is
optimal solution for the problem (P).

We define, for almost every t € [0, 7], the index set of all the binding inequality
constraints at & € Qp as

Aty={ieI : h(t,2(t)) =0}.
Following the same approach, we obtain sufficient conditions for (FCTP) without

complementary slackness condition.

Theorem 3.3. Let & be a feasible solution for (FCTP). Assume that h;(t,-) is
quasiconcave for all i € A(t) in its second argument at &(t) almost everywhere in

[0,T] and there exists A\ € Lo ([0, T]; R™) such that, for almost every t € [0,T],

T
| sty / Ft.3(1)) diVg(t, 5(1)
(15) 0
+Z>\i hi(t,z(t)) = 0,
el
(16) Xi(t) >0, i€ A(t), \i(t) =0, i eI\ At).

If the function f(t,-) is concave in its second argument at &(t) almost everywhere
in [0,T] and g(t,-) is convex in its second argument at &(t) almost everywhere in
[0,T], then & is an optimal solution for (FCTP).

Proof. For any feasible x,
hi(t,z(t)) > hi(t,2(t)) =0, i € A(t), a.e. in [0,T].
By the quasiconcavity h;(t,-), we have
VAT (t,2(t))(z(t) — () >0, i € A(t), a.e. in [0,T].
Since A;(t) >0, i € A(t), a.e. in [0,T], we obtain
(17) > N@OVAL(t&(t)(x(t) — £(t) > 0, Vo € Qp, ae. in [0,T].
i€A(t)

From (15) and (17), we have
T

T
( / o(t, 2(8)) eV £ (8, 5(t / F(t (1)) diVg(t, (1 >>> (x(t) — #(t)) < 0,
Vz € Qp, ae. in [0,7T], i.e

(V(@)V [t 2(t) — @(2)Vg(t, (¢ ))) (x(t) —2(t)) <0, Vx € Qp, a.e. in [0,T].
Since f(t,-) and —g(t,-) are concave at Z(t) almost everywhere in [0,T], ¥(Z) > 0
and ¢(2) > 0 it follows ¢(z) f(t,-) —p(£)g(t, -) is concave at £(t) almost everywhere
in [0,7]. As in the proof of Theorem 3.2, we conclude that

(@) f(t,2(t) — p(B)g(t, x(t)) — (@) f (£, 2(2) + 0(2)g(t, £(t)) <O,
Vz € Qp a.e. in [0,T].
Integrating the previous inequality from 0 to T', we obtain
Jy fto)dt _ Jy f(t,5(0) dt
foT g(t, a( fo ) dt’

Thus & must be an optimal solutlon for (FCTP). O
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4. Wolfe type dual model

In this section, we introduce first dual model and prove appropriate duality
theorems. Let

T
O, = { (2) € LuOTHRY % &™) 5 [ gft,u0) de¥ £t ut0)

/ftu ) dtVg(t,u(t)) + > Xi(t)Vhi(t,u(t)) =0,

i€l
Xi(©)hi(t,u(t)) =0, Ai(t) >0, : €1, ae. in [O,T]}.

We consider the following Wolf type dual problem of (FCTP):

(DFCTP1) min M
fo g(t,u(t))dt

subject to (u,\) € Qp,,

where Qp, is feasible set for (DFCTP1).

Theorem 4.1. Let x and (u,\) be feasible solutions for (FCTP) and (DFCTP1).
Further, assume that the function f(t,-) is concave in its second argument at u(t)
almost everywhere in [0,T], g(t,-) is convez in its second argument at u(t) almost
everywhere in [0,T] and Zlel i(t)hi(t,-) is quasiconcave in its second argument
at u(t) almost everywhere in [0, T] Then,

Jo Fta@)de _ fy f(tu() dt
foT g(t,x( fo dt

Proof. Since z and (u, \) are feaslble for (FCTP) and (DFCTPl), respectively,
Xi(®)hi(t, z(t) > Xi(@)h;(t,u(t)) =0, i eI, ae. in 0,77,

i.e.

(18) > Xkt (1) =Y Ni(®hi(t u(t), a.e. in [0, 7).
i€l i€l

Since

> ilt)hi(t, )
icl
is quasiconcave at u(t) almost everywhere in [0, 7], (18) yields

(19) > X VA (tu(t)(z(t) — u(t)) >0, ae. in [0, 7.
i€l
Inequality (19) and (u, A) € Qp, imply
T

(/ o(t, u(t)) div £(t, u(t) / St u(t)) diVg(t, u(t >>> (2(t) — u(t)) <0,
a.e. in [0, 7.

Setting

w<u>=/OTg< u(t)) dt, plu /ftu
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previous inequality can be written as

(W) VF(tu() = )Vt u(t)) (x(t) — u(t) <0, ae. in [0,7].

Since f(t,-) and —g(t,-) are concave at u(t) almost everywhere in [0, 7], ¢(u) > 0
and p(u) > 0, it follows

¢(u)f(ta ) - ap(u)g(t, )

is concave at u(t) almost everywhere in [0, 7.
Therefore,

(u) f(t,2(t) — p(u)g(t, x(t)) — P(u) f(t,u(t) + e(u)g(t, u(t)) <0,
a.e. in [0,T].

Integrating the previous inequality from 0 to 7', we have

T T T T
/0 o(t, u(t))dt / F(t2(t))dt — / £t ut))dt / ot 2(t)) dt < 0,

I F(ta(t) fo t,u(t)) t.
fng(tv (t)) fo t,u(t)) di

i.e.

O

Theorem 4.2. Let & be an optimal slution for (FCTP). Assume that (i), (ii),
(MFCQ) are satisfied at &, system (2) is regular and let all the conditions of
Theorem 4.1 be fulfilled for all feasible solutions of (FCTP). Then, there exists
A € Loo ([0, T); R™) such that (&, \) is an optimal solution for (DFCTP1) and

,x(t)) dt , ) dt
max fo— min fo—
w€e [Tyt a(t))dt  (@Neo, [T gt u(t)) dt

Proof. Since & is an optimal solution of (FCTP), we conclude from Theorem 3.1
that there exists A € L ([0, T]; R™) such that, for almost every ¢ € [0, 7],

/ olt, 2(1)) dV £ (1, / F(t.5(8)) dEVg(t, 2(1))
(20) 0
el
(21) Xi(B)hi(t, 2(t)) =0, Ai(t) >0, i€l

We conclude that (Z, 5\) € Qp,. Hence, from Theorem 4.1 that the feasible solution
of (FCTP) becomes optimal solution for (DFCTP1). Thus the optimal values of
(FCTP) and (DFCTP1) are equal. O

Theorem 4.3. Let & and (i, \) be optimal solutions for (FCTP) and (DFCTP1),
respectively. Assume that the function f(t,-) is concave in its second argument at
(t) almost everywhere in [0,T), g(t,-) is convex in its second argument at G(t)
almost everywhere in [0,T] and ), , Ni()hi(t,) is quasiconcave in its second ar-
gument at 4(t) almost everywhere in [0,T]. Then, (FCTP), (DFCTP1) have the
same optimal values and & = .
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Proof. From Theorem 4.2 it follows that there exists A such that (Z, \) constitutes
an optimal solution of (DFCTP1) and

At))dt fo (t,a(t))dt

T
(22) Jo )
(t)) dt fo (t,a(t))dt

I

H>

Suppose on the contrary that
(23) &4

Then from Theorem 4.1, for all feasible points z, (u, A) for (FCTP) and (DFCTP1),
respectively, we obtain

I F(t () fo t,u(t)) t.
fng(t’ t)) fo tyu(t)) di

By hypothesis (23), it must be

Jy fea@)ar _ J) fta)dt
Jo gt a@)de [ g(tac)) de

This inequality contradicts (22). Therefore, & = . O

Example 4.1. As an illustration, we will consider the following dual model (D1)

for (P) :

Jy (2t +2— (1)) dt
T gt

min

1 1
s.t. — 2u(t) / Mt — e ®) / (2t + 2 — u*(t))dt + A1 (t) — Xa(t) = 0, a.e. in [0,1],
0 0

A (t)u(t) = a.e. in [0, 1],
Xo(t)(t+1—u(t)) =0, a.e. in[0,1],
Ai(t) >0, i=1,2, ae. in [0,1],

u € Loo([0,1];R), (A1, A2) € Loo([0,1];R?).

All conditions of Theorem 4.2 are fulfilled. It can be easily verified that (4, A, 5\2) =
(0, 3,0) is optimal solution of preceding problem. Also, (P) and (D1) have the same
optimal values.
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5. Lagrangian type dual model

In this section, we introduce a second dual model and prove appropriate duality
theorems. Let

Qp, = {(u, A) € Lo([0, T|; R™ x R™)

T
/Og(t,u(t)) <Vftu )+ S M) )))

i€l

_/T< ) =S n) >dth(t u(t)) <0,

i€l

N hi(tu(t) <0, \i(t) > 0,i€1, ae. in [O,T]}.

We consider the following second Lagrangian type dual problem of (FCTP):

Jo (Ftu() = Sicp Mil®)ha(t ult))) dt
I g(t,ult)) dt

(DFCTP2) min

subject to  (u,\) € Qp,,

where Qp, is feasible set for (DFCTP2).

Theorem 5.1. Let 2 and (u, \) be feasible solutions for (FCTP) and (DFCTP2).
Further, assume that the function f(t,-) is concave in its second argument at u(t)
almost everywhere in [0,T], g(t,-) is convex in its second argument at u(t) almost
everywhere in [0,T] and )., Xi(t)hi(t, ) is quasiconcave in its second argument
at u(t) almost everywhere in [0,T], then

Jo fEo@dt _ fy (St fz@x@mmﬂm»ﬁ.
f0>tt Iy o dt

Proof. Since x and (u, A) are feasible for (FCTP) and (DFCTP2), respectively,
Xi(®)hi(t, z(t)) > 0> Ni(t)hi(t, u(t)), i€, ae. in 0,77,

(24) S XNhi(ta(t) =) Ni(Hha(t,ult), a.e. in [0,7].
el el
Put
vi) = [ gttu®)ar, ol /.mu
and
/ > Al ))dt > 0.
el
Since

Z /\i(t)hz(t )

el
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is quasiconcave at u(t) almost everywhere in [0, 7], ¥(u) > 0 and (24) imply

(25) (u) > XN()VA] (8, u(t))(2(t) — u(t)) > 0, ae. in [0,T].
i€l
From (25) and (u, \) € Qp,, we obtain
(D () V f(t,u(t) — p(u)Vg(t, ut) — n(u)Vg(t, u(t)" (@(t) = u(t)) <0,
a.e. in [0,T7, i.e.,
W)V F(t,u(t)) = (p(w) +n(w) Vg(t,u(t)" (@(t) —u(t)) <0,

(u
a.e. in [0,7]. Since f(¢,-) and —g(¢,-) are concave at u(t) almost everywhere in
[0,T7, ¥(u) > 0 and n(u) > 0, it follows

+

)
Y(u)f(t,-) — (p(u)
Therefore,

Pu) f(t,2(t) — (p(u) +n(uw)g(t, =(t)) — P (u) £t u(t) + (p(u)
+ n(u))g(t, u(t)) <0, a.e. in [0,T].

n(w)) g(t,-) is concave at u(t) and a.e. in[0,T].

Integrating the previous inequality from 0 to T', we have

T T
/ olt, u(t)) dt / F(t () di
0 0

T T
- / (f(t,ua))—Zwmi(au(w)) dt / gt () dt

Inequalities

and (1) also imply

T T
/0 g(t,u(t))dt ft,x(t))dt

0

(26) . .
- / (f(t,u<t>> — ST N Ohlt,ul ))) dt / glt,a(t)) dt <0
0 iel
Hence T
fo fo ( ) U - Zie[ )‘i(t>hi(tvu(t))) dt.
Iy Ndt fOTg(t,u(t))dt
Thus, the proof is complete. (I

Theorem 5.2. Let & be an optimal solution for (FCTP). Assume that (i), (i-
i), MFCQ) are satisfied at &, system (2) is regqular and let all the conditions of
Theorem 5.1 be fulfilled for all feasible solutions of (FCTP). Then, there exists
A€ Loo(]0,TY; Rm) such that (&, ) is an optz'mal solution for (DFCTP2) and

I f Ndr S (f () ZMA ()ha(t, u(t))) dt
rGQP f g t {E( ))dt (u,)\)GQD2 fo dt .
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Proof. Since & is an optimal solution of (FCTP), we conclude from Theorem 3.1
that there exists A € L ([0, T]; R™) such that, for almost every t € [0, 7],
(27)

R f(t,2(1))dt
Vftat) - L —" "V A =0 a.e. in [0,T
f(t,2(1)) OTg(t,j:(t))dt +§ &(t)) [0, 77,
T m
(28) i Zj\i(t)hi(tj(t))dth(t,i"(t)):0, a.e. in [0, 7],
(29) X\i(t) >0, iel, ae. in[0,T].

Now, multiplying all terms in (27) by

T
/ gt 3(t)) dt > 0
0

and summing by (28) we conclude that (, \) € Qp,. Hence, from Theorem 5.1 that
the feasible solution of (FCTP) becomes optimal solution for (DFCTP2). Thus the
optimal values of (FCTP) and (DFCTP2) are equal. O

Theorem 5.3. Let & and (i, \) be optimal solutions of problems (FCTP) and (D-
FCTP2), respectively. Further, assume that the function f(t,-) is concave in its
second argument at 4(t) almost everywhere in [0,T], g(t,-) is convex in its second

argument at U(t) almost everywhere in [0,T]| and ), ; Xi(t)hi(t,-) is quasiconcave
in its second argument at 4(t) almost everywhere in [0,T]. Then, (FCTP), (DFCT-
P2) have the same optimal values and & = .

The proof of Theorem 5.3 is similar to the one of Theorem 4.3.
Example 5.1. Consider the following dual model (D2) for (P):

[ (2t +2 —u2(t) = M(t)u(t) — Aa(t)(t + 1 — u(t))) dt
Jo et dt

min

s.t. (A1 () — Aa(t) — 2u(t)) / 0 g

0
1
+ ev® / (u2(t) + M (H)u(t) + X ()t + 1 —u(t)) — 2t — 2) dt <0, ae. inf0,1],
0
A(Hu(t) < a.e. in[0, 1],
Ae(t)(t+1—wu(t)) <0, a.e. in0,1],
Ai(t) >0, i =1,2, a.e. in [0,1],
u € Loo([0,1;R), (A1, A2) € Loo([0, 1];R?).
All conditions of Theorem 5.2 are fulfilled. It can be easily verified that (4, A, 5\2) =

(0,3,0) is optimal solution of preceding problem. Also, (P) and (D2) have the same
optimal values.
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6. Conclusions and future directions

The auxiliary tool employed in the derivation of necessary optimality criteria
and duality, is a new version of Karush-Kuhn-Tucker-type optimality condition-
s for scalar problem. Sufficient optimality conditions were given under concavity
and generalized concavity assumptions. It would be also of interest to see how the
similar approach can be extended to investigate optimality conditions and duali-
ty theory for the nonsmooth fractional continuous-time problems. Unfortunately,
some of the main results from bibliography for multiobjective-programming prob-
lems are not valid. For more information, see [1]. Therefore, an important direction
of future work is to develop optimality criteria and duality results for multiobjec-
tive continuous-time problems. Also, there does not exist a numerical algorithm to
solve the nonlinear continuous-time fractional programming problem. To this end,
the necessary and sufficient conditions in this paper are good starting points.
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