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MODIFIED TIKHONOV REGULARIZATION FOR IDENTIFYING
SEVERAL SOURCES

OLE LOSETH ELVETUN AND BJPRN FREDRIK NIELSEN

Abstract. We study whether a modified version of Tikhonov regularization can be used to identify
several local sources from Dirichlet boundary data for a prototypical elliptic PDE. This paper
extends the results presented in [5]. It turns out that the possibility of distinguishing between
two, or more, sources depends on the smoothing properties of a second or fourth order PDE.
Consequently, the geometry of the involved domain, as well as the position of the sources relative
to the boundary of this domain, determines the identifiability. We also present a uniqueness
result for the identification of a single local source. This result is derived in terms of an abstract
operator framework and is therefore not only applicable to the model problem studied in this
paper. Our schemes yield quadratic optimization problems and can thus be solved with standard
software tools. In addition to a theoretical investigation, this paper also contains several numerical
experiments.
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1. Introduction

We will study the following problem:
1 1
0 {3 = daom + 0l W s |

subject to

min
(fu)eF, X H1(Q)

—Au+eu=f in €,
(2) Ju

%:O Onﬁﬂ,

where F}, is a finite dimensional subspace of L2(Q), W : F}, — F}, is a linear regular-
ization operator, « is a regularization parameter, d represents Dirichlet boundary
data, € is a positive constant, n denotes the outwards pointing unit normal vector
of the boundary 02 of the bounded domain 2, and f is the source. Depending on
the choice of W, we obtain different regularization terms, including the standard
version W = T (the identity map).

The purpose of solving (1)-(2) is to estimate the unknown source f from the
Dirichlet boundary data v = d on 9f). Mathematical problems similar to this occur
in numerous applications, e.g., in connection with electroencephalography (EEG)
and electrocardiography (ECG), and has been studied by many scientists, see, e.g.,
[1,2,3,4,6,7,8,9,10, 11, 12, 13, 14, 15]. A more detailed description of previous
investigations is presented in [5].

In [5] we showed with mathematical rigor that a particular choice of W almost
enables the identification of the position of a single local source from the bound-
ary data. That paper also contains numerical experiments suggesting that two or
three local sources, in some cases, can be recovered. The purpose of this paper
is to explore the several sources situation in more detail, both theoretically and
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experimentally. Moreover, we prove that our particular choice of W, which will be
presented below, enables the precise recovery of a single local source.

2. Analysis

2.1. Results for general problems. Let us consider the abstract operator equa-
tion
(3) KhX = b7
where Ky : X — Y is a linear operator with a nontrivial nullspace and possibly
very small singular values, X and Y are real Hilbert spaces, X is finite dimensional
and b € Y. We will use the notation || - ||x and || - ||y for the norms induced by
the inner products of X and Y, respectively. (For the problem (1)-(2), Ky is the
forward operator
Ky :Fh—)L2(aﬂ), f+—>u|ag,

where F, is a finite dimensional subspace of L?(2), and u is the unique solution of
the boundary value problem (2) for a given f.)

Applying traditional Tikhonov regularization, with the regularization parameter
a > 0, yields the approximation

1 1
(@ xo = argumin { 3 [Kix - b3 + galxl }.
X
and, according to standard theory, the minimum norm least squares solution x* of

(3) satisfies
x* = lim x, = Ky'b € N(Kn) ™,
a—0

where N(K,)" denotes the orthogonal complement of the nullspace N (Kp) of Ky,
and K" represents the Moore-Penrose inverse of Kj,.
Throughout this paper we assume that

B={¢1, d2, ..., ¢n}

is an orthonormal basis for X and that

(5) Kh(¢:) # cKn(¢;) fori# j and c € R.

That is, the images under K} of the basis functions are not allowed to be parallel.

Note that (5) asserts that none of the basis functions belong to the nullspace N'(Kp)

of Ky. (For PDE-constrained optimization problems one can, e.g., choose basis

functions with local support. We will return to this matter in subsection 2.2.)
Throughout this text,

(6) P:X — N(Kp)*"

denotes the orthogonal projection of elements in X onto A (Kh)J'. In [5] we inves-
tigated whether a single basis function ¢; can be recovered from its image! K¢, .
More specifically, using the fact that Kn Ky = P, we observe that the minimum
norm least squares solution x; of

(7) Knx = Kno;

is

(8) x5 = Kn'(Kndj) = Po;.

LSince Ky has a nontrivial nullspace, it is by no means obvious that ¢; can be recovered from
its image Ky (¢;).
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Furthermore, provided that the linear regularization operator W : X — X is defined
by

(9) W(]ﬁz = ||P¢z||X¢z for ¢ = 1,2,...,717

it follows from (8), the orthonormality of the basis B = {¢1, ¢2,. .., ¢,} and basic
properties of orthogonal projections that

Wlxs = W™'Pg;
=W " (Poy, i)y &

i=1

=W " (Po;,Poi)y ¢

i=1
" Poi )
= P Iy TS . 11 i
E_;( % Pailx )

B - P, P: )
10 = IP¢; ’ )
(10) | ¢)J”X;(HP¢7HX IPo: || x X(ZS

Consequently, the minimum norm least squares solution x7 of (7) is such that

(11) Jj € argmax (Wflx}‘(i))7

i€{1,2,...,n}
where W~'x*(i) denotes the i’th component of the Euclidean vector [Wflx;?]g €
R™. Here, [W™'x}]5 denotes the coordinate vector of W~'x* relative to the basis
B. That is, using our notation,

W_lx; = Z W_lx;k» (7) ;.
i=1

The property (11) implies that we almost can recover the basis function ¢; from its
image Kp¢;: Compute the minimum norm least squares solution x; of (7). Then
j is among the indexes associated with the largest components of [W_lxj] . For
further details, see Theorem 4.2 in [5]. We write almost because the maximum
component of [W™'x}]s may not be unique.

Based on these findings, we defined Method I in [5] as: Compute

(12) W1k,

where x,, is the outcome of applying standard Tikhonov regularization (4), and
the operator W is defined in (9). (Assume that ¢; is a basis function with local
support. Then the discussion above shows that a local source equaling ¢; almost
can be recovered by Method I from its image Kn¢;.)

2.1.1. Uniqueness. We will now show that we can replace “€” in (11) with equal-
ity if (5) holds, i.e., the maximum component of [Wflx;]g is unique.

Theorem 2.1. Assume that the basis B for X is orthonormal and that (5) holds.
Then the minimum norm least squares solution x; of (7) is such that

j = argmax (Wflx;f(i)),
ie{1,2,....,n}

where W is defined in (9).
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Proof. Recall the expression (10) for W~'x7 and the definition (6) of the projection
P. From the Cauchy-Schwarz inequality we know that

( Po; Po; )
IPe;llx " IPoillx /) x

with equality if, and only if, there is a constant ¢ such that P¢; = cP¢;.
Let

<1,

(13) PV: X — N(Kp)
denote the orthogonal projection mapping elements of X onto N (Ky), i.e.,
PN=1-P,

where I is the identity mapping. Assume that P¢; = cP¢; for some ¢ € R. The
orthogonal decomposition

¢i = Poi + P,
yields that

We have thus proved the implication
(14) P, =cPo; = Knp; = cKnoy,
or, equivalently,

Kh¢i 7& CKh¢j = P(bl 7& CP¢j-
Consequently, if (5) holds, then

Po; Po; ) ’ o
, <1 foris##j.
’(HP%‘IIX IPoillx / x
The result now follows from (10). O

This result only shows that we can recover the individual basis function ¢; from
its image Kn¢;. Nevertheless, the numerical experiments in [5] indicate that Method
I also is capable of identifying more general local sources from Dirichlet boundary
data. We will discuss this issue in more detail in subsection 2.1.3 below.

Remark. We mention that the opposite/inverse implication of (14) also holds:
Assume that Ky¢; = cKp¢;. Then, see (8),

Poi = Kn' (Knghi)
=K' (cKno;)
= cKp'(Kne;)
= cPg;,
which together with (14) leads to the conclusion
Pp, = cPgp; <= Kinoi = cKno;.



744 O.L. ELVETUN AND B.F. NIELSEN

2.1.2. Several sources. Since Theorem 2.1 asserts that the maximum component
of [W’lxj]g is unique, it makes sense to use the linearity of the problem to extend
Theorem 2.1 to cases involving several basis functions:

Corollary 2.1.1. Let {j1, jo,..., jr} C {1,2,...,n} be an index set and assume
that (5) holds. Then the minimum norm least squares solution x* of

(15) Knx = Kn(¢j, + ¢j, + -+ &5.)
satisfies
(16) W_lx* = W—lle + W_lx;f2 4t W_lx;r,
where

jo= argmax (W7x* (7)),

! iefi2,m) ( i ))

([ Py, Po;
an W, =Pl Y (o o). &
5o = 1Pl 2 o, T oot )

*

forq=1,2,...,r. Here, X]

. denotes the minimum norm least squares solution of
Khx = Ko, forq=1,2,...r.

Proof. Since xj = KhT(Kh(ﬁjq): Pg;,, see (8), the linearity of Kj, Kn and W imply
that

W Ix* = WKL T (Kngy, ) + WKL (Kngy,) + - - + WKL (Khg;, )

(18) = W_1P¢j1 + W_1P¢j2 + tt + W_1P¢j7.
_ —1 % —1_ * —1_ %
=W7x; +Wx), +-- -+ W x] ,
and the result therefore follows from Theorem 2.1 and (10). O

Roughly speaking, Corollary 2.1.1 shows that W—'x* can be written as a sum
(16) of vectors which achieve their maximums for the correct indices. Consequently,
if the index subsets associated with the significantly sized components of the Eu-
clidean vectors, see (18),

(19) [W_1P¢j1]37 [W_lp(b]é]B? ceey [W_1P¢j'r‘]8

are disjoint, then this corollary shows that we can recover all the vectors ¢;,, ¢js,, ...,
¢j, from Kn(¢j, + ¢4, + -+ + ¢;,). This indicates that Method I in many cases
should be able to identify several sources. Nevertheless, the content of the vectors
(19) depends on the projection P, and the properties of this projection is problem
dependent. Below we will explore this issue in more detail for our model problem
(1)-(2), but we remark that: W~ is a simple “diagonal” operator (9). Hence, if
the supports of [Po;, 15, [Poj,ls, ---, [Po;.]s are disjoint, then the source identi-
fication will work well. Moreover, in cases which are such that the line segments
between different sources are not completely contained in the underlying domain
Q, one would expect that these supports are almost disjoint. This discussion thus
suggests that non-convex domains, with sources in different “pockets”, may yield
better identification results than problems involving convex regions.
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2.1.3. Composite local sources. So far we have only studied local sources con-
sisting of a single basis function. Let us now consider a local source which is a sum
of several basis functions, i.e.,

(20) [=a1¢j, + a0, + -+ a9,
where ai, ag,...,a, are constants. Can we roughly recover such a source from its
image Ky f7

As in the analysis leading to Corollary 2.1.1, we find that the minimum norm
least squares solution x* of

Khx = Kh(a1¢;, + az¢j, +asgj, -+ ar¢;,)
is such that
(21) W ix* = alW_lxj1 + a2W_1X;-2 + 4 aTW_lx;y..

Consequently, if ¢;,, ¢;,,..., ¢;, are basis functions with neighboring local sup-
ports, then alwflle, a2W’1x;2, ey aTW’lx;r will all achieve their maximums
(or minimums) in these neighboring supports. We thus expect that W=1x* roughly
will recover the composite local source (20).

If the right-hand-side b in (3) does not belong to the range of Ky, then the
analysis of the potential recovery of a local source becomes even more involved.

Typically, one would consider the problem
KhX = f),

where b represents the orthogonal projection of b onto the range of K. Assuming
that there exists a composite function f in the form (20) such that

(22) Knf = b,

the discussion above suggests that W—!'x* can yield an approximation of f. Here,
x* is the minimum norm least squares solution of

Khx = b(= Kin(a1¢;, +ax¢j, +az -+ ard;,)).
Whether W—!x* also yields an approximation of the true local source, and not only
the function f satisfying (22), will definitely depend on how “close” b is to the
range of K, and the ill-posed nature of (3).

In the numerical experiments section below we primarily study cases where the
right-hand-side b in (3) does not belong to the range of Kn: The synthetic obser-
vation data d in (1) was generated by solving the forward problem on a finer grid
than was used in the inversion process.

2.2. Results for elliptic source problems. We will now study the PDE-
constrained optimization problem (1)-(2). Let us discretize the unknown source f
in terms of the basis functions

1
¢i = 75X
X0, [l L2(0)
(23) =AYV X, i=1,2,...,n,
where Qy, s, ...,Q, are uniformly sized disjoint grid cells, X, denotes the char-
acteristic function of Q; and A = || = |Q2] = ... = |Q,]. That is, the space X

associated with (3) is

X = Fh = span{¢1, ¢23"'7 ¢n}c L2(Q)

and thus consists of piecewise constant functions. (In appendix A we explain how
such basis functions also can be employed when € = 0, i.e., when the PDE in (2) is
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Poisson’s equation.) Throughout this paper we assume that Q and the subdomains
Qy, Qa,...,Q, are such that (5) holds. Note that the (abstract) norm || - | x, used
in subsection 2.1 above, in this concrete case “becomes” the standard L?-norm
| - ll2(). Similarly, the norm | - ||y “becomes” the standard L?-boundary-norm
|l - lz2(a0), compare (1) and (4).

Note that the basis functions (23) are L2-orthonormal and have local support.
From the latter property, and the fact that P : X — A (Kh)J‘ is an orthogonal
projection, it follows that we can write (10) in the form

i n Po; Po;
W5 = IPo; 2o ( e ) "
; aLMZ 1Posllia@) TPoillor ) e

Z [P

P¢jv P¢i)L2(Q) d)z

|L2(Q
Z ||P¢z||L2(Q d)ja(bi)Lz(Q) d’i
=AY / Po; dx ¢;
ZIIP@IILz(m 034w ¢

1
Po;llL2(0)

n

1
_|_A_1/2 7/ Po. dx ¢;.
2 TPoTiry Jo PO

i=1,i#j

— A | Porar o,

Recall that
Po; € N(Kn)" C X = span{¢y, da, ..., bn},
and that the functions in X are piecewise constant. Consequently,

/ Po; dex = AP¢p;(z;) for any z; € €,

Q;

and we conclude that

W—1 x _ A1/2 Po;(2;)

P;llr2(e)
. Po;(2)
(24) + Al/? — Ty,
2, oo
where z1 € Qq, 20 € Qo, ..., 2z, € Q, are arbitrary points in these subdomains.

Alternatively, we can express W_lx;f in terms of the projection PV onto the
nullspace N (Ky,), see (13). More specifically, from (24) and the orthogonal decom-
position ¢; = P¢p; + PNgbj it follows that

ATV2 — PN (2)

\/ 1- HPNQSJ'”%Z(Q)
(25) — A2 zn: PR,
i=1,i#j \/ 1- |‘PN¢’£||%2(Q)

Here we have used the facts that ¢;(z;) = A~Y/2 and that ¢;(z;) = 0 for i # j, see
(23).

Wikt = A2
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From Theorem 2.1, (24) and (25) it follows that
P (z: P (z;
;(2;5) > 9;(2) for i # j,
IPillLz@) ~ IPille(e
AT -PYi() | —PY%()

VI P9 e 1= P2,

which show that the dominance of the j’th component of the Euclidean vector
[W_lx;‘»]g is determined by the projections P¢; or Pp; of ¢; onto N(Kh)J‘ and
N (Kp), respectively. As discussed in connection with (10) and Theorem 2.1, we can
recover ¢; from its image Ky¢; by identifying the largest component of [W’lxj] B-
Furthermore, the present analysis reveals that to what degree W_lx;f yields a

for i # 7,

“smeared out/blurred” approximation of ¢; depends on how fast Pe;(2;) (or PNp;(2;))
decays as a function of the distance between €2; and €2;. This decay also determines
to what extent Method I can identify several local sources, see Corollary 2.1.1.

2.2.1. Properties of the projections. Motivated by the investigation presented
above, we will now explore the mathematical properties of the orthogonal projec-
tions P¢; and PNgZ)j, see (6) and (13). To this end, consider the forward operator

Kh :Fh—>L2(8(2), f}—>u|aQ,

associated with (1)-(2). Here, u is the solution of the following variational form of
the boundary value problem (2): Determine u € H?(Q2) such that

/(—Aqueu)ﬁdo::/fgdx Ve € LA(Q),
Q Q

g—zzo on 0f).

This rather non-standard variational form is employed for the sake of simplicity.
If we define

(26) Voo{1/J€H2(Q):A1/J+61/1€X,1/)?ﬁOoné)Q},
then the nullspace of K}, can be characterized as follows
(27) N(Kn) ={g=-Av + e, v € Voo} .

Any function r € NV(Ky)™" satisfies

/ rqgdz =0 Vqe N(Ky)
or !
(28) /Qr~(—A¢+e¢) dr =0 Vi € V.
We may, in view of Green’s formula/integration by parts, say that r is a discrete
very weak solution of
(29) —Ar+er=0.

(Any member of N'(K,)™" C X is piecewise constant, and (29) is thus not meaningful

for such functions.) We here use the word discrete because r € N (Ky)" C X and
X is finite dimensional.
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Recall that x} = P¢; € N(Kp)™, see (8) and (6), and we conclude that the
minimum norm least squares solution x; of (7) is the best discrete approximation
of ¢; satisfying, in a very weak sense,

(30) —AP¢j + €P¢j =0.

In other words, provided that € = 0, P¢; is the best discrete very weak harmonic
approximation of ¢;.

Having characterized P¢;, we turn our attention toward PN¢j. Since PNgbj be-
longs to N (Kp), it has a “generating” function 7; € Vj, see (26) and (27):

PN¢j = —A’Tj + €Tj.

Choosing r = P¢; = ¢; — PNqu in (28) yields that this “generating” function must
satisfy the following discrete weak version of a fourth order PDE: Find 7; € Vi
such that

(31) /Q(—ATj +erj) (—AY +ep)dx = /Q oj - (“AY +ep)dx VY € Vo,

where we have invoked the fact that ¢; has the local support €;, see (23). Note
that, with € = 0, (31) roughly? becomes the standard discrete, using a somewhat
peculiar discretization space Vpg, weak version of the inhomogeneous biharmonic
equation with homogeneous boundary conditions:
AQTJ‘ = A¢j in Q,
(32) o aTj
T on
The solution of a second or fourth order elliptic PDE depends significantly on
the size and shape of the involved domain 2. Hence, (30) and (31) show that
the aforementioned decaying properties of P¢; and PN¢j depend on € and the
position of the true source relative to the boundary 99). Hence, the “sharpness” of
the reconstruction/recovery W’lxj of ¢;, as well as the possibility of identifying
several sources with Method I, will depend on the geometrical properties of €2 —
each domain must be studied separately. This issue is explored in more detail in
the numerical experiments section below.

=0 on 99.

3. Methods IT and III

If we apply weighted Tikhonov regularization to (3), we obtain the regularized
solutions

1 1
(33) Zg, —argmin{2|Khzb|§/+2a||Wz||§(},

where, in this paper, the regularization operator W is defined in (9). In [5] we also,
in addition to Method I described above, introduced the following two schemes for
identifying sources:

: Method IT Defining y = Wz, we obtain from (33),

.1 _ 1
(31) yo = argmin { 1IKW "ty ~ BIE + Jalylk |
y

2The function ¢;, see the right-hand-side of the PDE in (32), must be sufficiently differen-
tiable and supp(¢;) C €; in order for (31) to be the weak version of (32) (when e = 0). The
basis functions defined in (23) do not satisfy the necessary regularity conditions because they are
discontinuous.
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which is Method II. Theorem 4.3 in [5] expresses that the minimum norm
least squares solution y; of

KeW™ly = Knob;,

satisfies

y .
5 I~ o
IPo;l1x | x
where x} is the minimum norm least squares solution of (7). Recall that
y; =lima—0yja, where

¢; — <|lg; — W' Ix,

.1 _ 1
Yo = agmin { 1Ky Ko 3+ Jalylic .
y

Consequently, (35) shows that, for small « > 0, a scaled version of Method
IT can yield more accurate recoveries than Method I of the individual basis
functions from their images under K. (Method I is defined in (12).)
: Method III This method is defined by (33), i.e., the outcome of the scheme
is z,. Note that there is a simple connection between methods IT and III:
(36) Zo = W ly,.

Hence, a result similar to (35), though not that strong, also holds for
Method III, see [5] for further details.

3.1. Several sources. Let us briefly comment on Method II's ability to localize
several sources. Similar to (15) we consider

KhW_ly = Kh((bjl + ¢j2 + 4+ ¢j7')7
which has the minimum norm least squares solution
y'= (Khwil)TKh(ZSjl + (KhW*l)TthﬁjQ + 4 (Khwfl)TKh(bjT

(37) =y, Ty, t o +¥,
where y7 , for s = 1,2,...,r, represents the minimum norm least squares solution
of

KhW ™y = Kngy,.
Since yj , for s = 1,2,...,r, satisfies an inequality in the form (35), we conclude
that y* is a sum of vectors which can yield better recoveries of the individual
basis function from their images under K}, than Method I. We therefore expect that
Method IT can separate several local sources whenever Method I can do it.
Invoking (36) leads to a similar type of argument for Method III’s ability to
identify two, or more, sources. We omit the details.

4. Numerical experiments

We avoided inverse crimes by generating the synthetic observation data d in (1)
using a finer grid for the state v than was employed for the computations of the
inverse solutions: hiorward = 0.5 * Ainverse, Where Agorward and Ripverse are the grid
parameters associated with the meshes used to produce d and the inverse solutions,
respectively. More specifically, on the unit square we employed a 64 x 64 mesh
for the forward computations and a 32 x 32 grid for computing the unknown w
by solving (1)-(2). Except for the results presented in example 4, a coarser mesh,
16 x 16, was applied for the unknown source f in the numerical solution of (1)-(2).

The triangulations of the non-square geometries were obtained by “removing”
grid cells from the triangulations of the associated square domains. We used the
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FicUre 1. Example 1. Comparison of the true sources and the
inverse solutions for an L-shaped and square-shaped geometry. The
regularization parameter was o = 1076,

Fenics software to generate the meshes and the matrices, and the optimization prob-
lem (1)-(2) was solved with Matlab in terms of the associated optimality system.
In all the simulations € = 1, and no noise was added to the observation data d, see
(1)-(2). (Some simulations with noisy observation data are presented in [5].) We
performed computations with various values for the regularization parameter « in
the range [1076,1072]. Visually, the size of «, within this range, did not change
the results significantly. Only relative moderate alterations of the magnitudes were
observed. We therefore only present results with o = 1076 in examples 1, 2, 3, 5,
6 and with o = 10~ (for the sake of variety) in example 4.
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FicURE 2. Example 2. Comparison of the true sources and the
inverse solutions for a horseshoe-shaped and a square-shaped ge-
ometry. The regularization parameter was o = 1076.

Example 1: L-shaped versus square geometry. Figure 1 displays the numer-
ical results obtained by solving (1)-(2) for an L-shaped geometry and a square-
shaped geometry, respectively. The true sources, shown in panels (a) and (b), are
located at the same positions for both geometries.

Method I fails to separate the two sources on the square domain, but works
well for the L-shaped case. On the other hand, methods II and IIT handle both
geometries adequately, noticing that the separation is more pronounced for the
L-formed domain. This is consistent with the mathematical result (35), which
expresses that a scaled version of Method II yields more L?-accurate approximations
than Method I. These results illuminate the impact of the geometry on the inverse
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FiGure 3. Example 2 with partial boundary observations: d in
(1) is only defined along the red line segments in panel (a) (and
the boundary integral in (1) is adjusted accordingly). Comparison
of the true sources and the inverse solutions. The regularization
parameter was o = 1076,

source problem and suggest that convex domains lead to harder identification tasks
than non-convex regions.

In these simulations the two true local sources did not equal a single basis func-
tion ¢;, but was instead defined as a sum of four basis functions with neighbouring
supports. Hence, for each of the two local sources, the considerations presented in
subsection 2.1.3 are relevant.

Example 2: Square versus horseshoe. Figure 2 shows computations performed
with a horseshoe-shaped domain and a square region. In these simulations each of
the two true sources consisted of a single basis function. Hence, Corollary 2.1.1 is
directly applicable. Again we observe that the source identification works better
for a non-convex domain than for a convex region.

We also performed computations with partial boundary observations d, see Fig-
ure 3: boundary observation data was only available for the part of the boundary
marked with red in panel (a). We observe that this reduces the quality of the
reconstruction of the true sources, compare Figures 2 and 3, and that Method I
works somewhat better than methods II and III in this case.

Example 3: Rectangles, distance to the boundary. So far we have compared
convex and non-convex regions. We now illuminate how the distance from the
source(s) to the boundary of the domain influence the quality of the recovery, see
figure 4: The identification of the three sources improves as the distance to the
boundary decreases. Also, methods II and III yield better results than Method I.

In this example each of the true local sources is composed of several basis func-
tions with neighbouring supports, cf. subsection 2.1.3 for further details.
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F1GURE 4. Example 3. Comparison of the true sources and the
inverse solutions for three different rectangles. The regularization
parameter was a = 1074 and Q = (0,1) x (0,7), where v = 1,0.5
and 0.2 for the left, middle and right panels, respectively.

Example 4: A smooth local source. In examples 1-3 we considered true sources
which are piecewise constant. Figure 5 shows results obtained with the true smooth
source

f= 6710(35170.3)275(@70.25)2

Methods I and III handle this case very well, but the outcome of Method II is not
very good. The outcome of Method I is as one could anticipate from the discussion
presented in subsection 2.1.3, but we do not have a good understanding of the
rather poor performance of Method II for this particular problem.



754 O.L. ELVETUN AND B.F. NIELSEN

1 1
09 08 09 8
08 o8 7
07 01 o
06 08
s
05 05
4
04 04
3
03 03 03
02 02 02 ?
01 01 1
o o °
o 02 04 08 08 1 o 02 04 05 08 1

) True source. ) Method I.

09 N
0z
7
s
018
05
01 1
4
005 os
01
o
o o

(¢) Method II. (D) Method IIL.

FIGURE 5. Example 4. Comparison of the true smooth source and
the inverse solutions. The regularization parameter was o = 1076.

Example 5: Identifying local constant sources with a known magnitude.
If the magnitude of the local sources is known, we only need to recover the size and
positions of the sources. We will now briefly explain how Method I can be used to
handle such cases. Recall Corollary 2.1.1, which expresses that Method I in many
cases can detect the index, and thereby the position, of the individual local sources.
This leads to the following three-stage optimization procedure:
(1) Apply Method I, i.e., compute W~'x,, where x,, is the outcome of employ-
ing standard Tikhonov regularization (4), and W is defined in (9).
(2) Retrieve the positions py, pa, ..., pm of all the local maximums of W~1x,.
(3) Use p1,pa,...,pm as centers of simple geometrical objects, e.g., circles, and
solve the optimization problem

. e
= 5l - 22 (00)

subject to

—Au+ eu = CZ Xp,, (p) n €
i=1
0
a_z -0 ondQ,
where B, (p;) = {z € Q: ||z — p;|| < r;}, and ¢ is the known magnitude of
the source(s).

Panel (c) in figure 6 shows that this procedure can work very well: Even though
Method I almost fails to detect the small local source in the lower right corner of
the L-shaped domain, see panel (b), the radii optimization approach handles the
case very well.

Discussion. In some cases methods II and/or III work better than Method I, see
Figures 1, 2 and 4. This is in contrast to the results presented in Figures 3 and
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FIGURE 6. Results obtained with the three-stage algorithm de-
scribed in example 5. Panel (a) depicts the true sources, and panel
(b) shows the inverse solution computed with Method I, where the
regularization parameter was a = 1075. Finally, panel (c) displays
the outcome of the radii optimization algorithm.

5 for which Method I provides the best source identification. Hence, we can not
advice that only one of the algorithms should be used. Method I should be applied
to get a rough picture of the location of the sources, since this scheme can localize
the position of the maximum of single sources. The outputs of methods II and IIT
may yield less “smeared out/blurred” images of the true sources, but should only
be trusted if their localization is consistent with the results obtained with Method
L.

Our mathematical analysis shows that the ability to identify internal local sources
from Dirichlet boundary data highly depends on the geometry of the domain and
the position of the true sources relative to the boundary of this domain, see the
analysis leading to (30) and (31). The numerical experiments exemplify this, and, in
particular, source identification for non-convex domains can lead to better recovery
than computations performed with convex domains of approximately the same size.
We commented on this latter topic from a theoretical perspective at the end of
subsection 2.1.2, and in connection with the numerical experiments we observed
the following:

e The sources depicted in panels (a) and (b) in Figure 1 approximately have
the same distance to the boundary, provided that one employs the standard
mathematical definition for the distance between subsets of R2. (A larger
part of the boundary is closer to the sources in panel (b) than in panel
(a).) Panels (c) and (d) show that Method I works much better for the
non-convex domain. The improvement is not that pronounced for methods
IT and IIT. Similar comments hold for the results presented in Figure 2, but
now also improvements for the non-convex domains can be observed for
methods IT and III.

e Figure 4 shows that the ability to separate between different sources, as well
as the sharpness of the reconstruction, increases as the distance between
the sources and the boundary decreases.

Based on these observations and further experiments (not presented), it is in gen-
eral difficult to determine whether close-to-the-boundary or non-convex-domain con-
tribute most to improve the recovery of several sources. Roughly speaking, in many
cases, sources close to the boundary can be separated and identified without much
blurring, and sources positioned in different “pockets” in non-convex domains can
be identified and separated.
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Appendix A. Poisson’s equation

In many applications € = 0, and the PDE in (2) becomes Poisson’s equation.
Then the boundary value problem (2), for a given f, does not have a unique solution,
and f must satisfy the complementary condition

(A1) /Qfdx =0.

Note that the basis functions (23) do not satisfy this condition. In fact, it may be
difficult to construct convenient L2-orthonormal basis functions with local supports
which obey (A.1). To handle this matter, one can “replace” the right-hand-side f
in the state equation with f — |Q|~! [, f da:

(A.2)

. 1 5 1 )
(fa)eFh X () {2”“ = dllz2(90) + 2a||Wf|L2(Q)}
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subject to
—Au=f— |Q|71/ fdx in Q,
A3 @
. % =0 on 00
on '

Note that (A.3) is meaningful for any f € L?(), and it follows that we can use
basis functions in the form (23) to discretize the control.

Let us also make a few remarks about the forward operator associated with
(A.2)-(A.3). Assume that (f*,u*) solves (A.2)-(A.3). Note that, if u* solves (A.3),
so does u* + ¢ for any constant c¢. Consider the function

1 1
g(c) = §||U* te— d||%2(asz) + §a||Wf||2L2(Q)7 ceR.

The optimality condition
g'(0)=0

/ wdsz/ ddS =0,
o0 o

provided that the data d, which typically is a measured potential, has been nor-

malized such that
/ ddS = 0.
o0

Consequently, the forward operator associated with (A.2)-(A.3) is
Kn: F, = L*(09), [+ ulaq,

where u, for a given f, denotes the solution of the boundary value problem (A.3)

which satisfies
/ udS = 0.
o0

We also note that, in this case any constant function f(x) = C, for all x € Q,
belongs to the nullspace of K;. Consequently, the minimum norm least squares
solution of Ky, f = d will have zero integral.

yields that

Faculty of Science and Technology, Norwegian University of Life Sciences, P.O. Box 5003,
NO-1432 As

E-mail: ole.elvetun@nmbu.no and bjorn.f.nielsen@nmbu.no



