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ENERGY AND MASS CONSERVATIVE AVERAGING LOCAL
DISCONTINUOUS GALERKIN METHOD FOR SCHRGDINGER
EQUATION

FUBIAO LIN, YAXTANG LI*, AND JUN ZHANG

Abstract. In this article, we develop the semi-discrete and fully discrete averaging local discontin-
uous Galerkin method to solve the well-known Schrédinger equation, in which space is discretized
by the averaging local discontinuous Galerkin (ADG) method, and the time is discretized by
Crank-Nicolson approach. Energy and mass conservative property of both schemes are proved.
These schemes are shown to be unconditionally energy stable, and the error estimates are rigor-
ously proved. Some numerical examples are performed to demonstrate the accuracy numerically.
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1. Introduction

In this paper, we study the local discontinuous Galerkin method with averaging
flux [27] for the nonlinear Schrodinger equation. According to the differential def-
inition of the energy potential, the nonlinear Schrodinger equation can be divided
into two types: one is called linear Schrodinger equation, i.e., the energy potential
v(z,u) equals to some given function, the other is nonlinear Schrodinger equation,
e.g., v(z,u) = c|u|?. The Schrédinger equation is the fundamental equation used to
describe quantum mechanical behavior. It is often called the Schrédinger wave e-
quation. Energy conservation and mass conservation are two important concepts in
the theory of Schrodinger equation. The presence of nonlinearity is the main cause
for stiffness which in turn involves many challenges for the algorithm developments.
Therefore, an efficient and accurate numerical solution of this equation is needed
to understand its dynamics. Concerning the temporal and spatial discretizations,
various numerical approaches had been developed to solve it, including finite d-
ifference method [3, 16], finite element method [14, 23], spectral method [21], and
discontinuous Galerkin method [15,19,25,30]. The conservation law structure of
many PDEs is considered to be fundamental in their discretization since numerical
methods that can preserve the required invariants always have some advantages,
e.g., the high accuracy of numerical solutions, unconditional stability properties
after long-time numerical integration, etc.

The discontinuous Galerkin (DG) method was first introduced by the pioneering
work of Reed and Hill for solving the neutron transport problem, see [22]. After
that, Lesaint and Raviant provide the first theoretical analysis of this DG method
in [17]. After this method was generalized to the local discontinuous Galerkin
(LDG) method by Cockburn and Shu to solve the convection-diffusion equation
in [5], the DG method has been widely used to solve various hyperbolic and para-
bolic problems. Using a completely discontinuous piece-wise polynomial space for
the numerical solution and the test function within the finite element framework,
the DG method has the advantage of flexibility for unstructured meshes, easily
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to handle complex boundary conditions and interface problems. We refer to the
interested readers to the reviews [1,6] or books [4,10,12,24] and references therein.

We recall that some recent attempts have been made to apply the DG discretiza-
tion to solve the Schrodinger equation [19,25,28,29]. Here we give a brief review
of those work. In [25], Xu and Shu developed an LDG method to solve the non-
linear Schrodinger equation. For linearized Schrodinger equation, they obtained
an error estimate of order k + 1/2 for polynomials of degree k. The optimal error
estimate was further obtained in [26] by using special local projections. In [19],
Lu, Cai, and Zhang presented a mass conservative LDG method to solve one-
dimensional linear Schrodinger, but the theoretical analysis is missing. Zhang, Yu,
and Feng presented a mass preserving direct discontinuous Galerkin (DDG) method
for the one-dimensional coupled nonlinear Schrédinger (CNLS) equation [28], and
in [29] for both one and two-dimensional CNLS equation. In [29] the conservation
property is verified and further validated by some long time simulation results.
In [11], Guo and Xu developed energy conservation fully discrete LDG method to
solve multi-dimensional Schrodinger equation with wave operator. For linearized
Schrédinger equation, they obtained the optimal error estimate for the semi-discrete
scheme. The mass conservative DDG method to solve the Schrédinger equations
is constructed in [20]. The optimal error estimate for the semi-discrete scheme is
obtained. Conservative local discontinuous Galerkin method based on upwinding
flux for nonlinear Schrédinger equation is introduced by Hong, Ji, and Liu in [13].
However, all the effort on the LDG method for Schrodinger equation is about the
upwind flux. According to [27], we know the averaging flux has some advantage,
e.g., the 2k + 2 superconvergent order. Hence, in this paper, we present a fully
discrete averaging local discontinuous Galerkin (ALDG) method with the Crank-
Nicolson time discretization to solve the linear and nonlinear Schrodinger equation.
This scheme can preserve both the energy and the mass at the discrete level. An
optimal error estimate of even order and suboptimal error estimate of odd order
are obtained for both the semi-discrete ALDG scheme and the fully discrete ALDG
scheme.

The rest of this paper is organized as follows. In section 2, the model problem
and the semi-discrete is presented. Meanwhile, the energy and mass conservation
property of the semi-discrete scheme is proved. An energy and mass conservative
fully discrete scheme will be introduced in section 3. In section 4, we present
the error analysis for the semi-discrete scheme and fully discrete scheme. Section 5
contains numerical results for both linear and nonlinear problem to demonstrate the
accuracy and capability of the methods. Concluding remarks are given in section
6.

2. Model problem and semi-discrete scheme

2.1. semi-discrete scheme. In this paper, we mainly focus on the following one
dimension linear or nonlinear Schrédinger problem:

(1) iug + %uu — ¢(u)u =0,

subject to an initial data
(2) u(x, O) = u0<.%'),
and periodic boundary condition or zero Dirichlet boundary condition.

We first introduce the usual notations of the ALDG method [27]. Let T be a
partition of the interval I = [a,b] of the form a = zy <23 <.~ <ap 1 =0
with 2,1 = a+ (j —1)h,h = (b — a)/M. The points x;, 1 are called nodes,
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T, 14T, 1
while I; = [z; 1,2, 1] will be referred to an element and z; = 222 bhe the
J Ji—3 J+3 J 2

center of the element. we also denote by uj; , and u;LJr 1 be the values of u at the
2 2
discontinuity point z; 1 from the left of the element /; and the right of the element

* u, ., and

Ij;1, respectively. The jump [[u]]j+% of u at Ty is defined as U1 T Ui

uj 3t

the average {u}; 1 is defined as —25—=
We denote [|ulo,7, and [|u|s,z, to be the standard L? and L> norm of u defined
on the element I;. For any p > 0 and integer £ > 1, the norms of the Sobolev space

WHP(I;) is given by

||U||k,p,1j = HUHW’w(zj), and |\U||Wk,oo(1j) = OISHC?%(’CHDQU’HLOO(IJ)-
When p = 2, we simply denote ||ul|x,7; = [|u|[x,2,7,- In this paper, C' always denotes

a constant which is independent on the mesh size h, time-steps At and differential
from each other.

Let P*(I ;) denote the set of polynomials of degree no more than k defined on
the element /;. Then the discontinuous Galerkin finite element space can be chosen
as

VE={ve L*(I):v|;, € P*(I;),j=1,2,--- ,M}.

We are now ready to define the averaging discontinuous Galerkin method. First-

ly, we rewrite (1) as a first order system:

(3a) iy + %qm — ¢(u)u =0,
(Bb) q—u, = 0.

Then, multiplying (3a) and (3b) by a smooth function v, w and integrating by
parts over I;, we obtain the following weak formulation,

. _ 1 _ 1, _ 1, _ _
(4a) 1/[ uvdx — 3 /1 qu.dz + §(qv)j+% - i(qv)j_% -/, o(uw)uvdz = 0,
J J J
(4b) / u@xd:v+/ qodz — ()., + (uw)" , =0.
I; I; J+3 i—3
Finally, based on the above weak formulation, we define the averaging discon-
tinuous Galerkin method: find U, Q € V* such that
1 1 4 1, 4
(5a) i/ Uytda — f/ Quodz + (077 )11 — S(Qvh), s —/ $(U)UTdz = 0,
I; 2 /1, 2 ! 2 e I;

(5b)
/ Umder/ Qwdx — (Uw™);41 + (Uwt),;_1 =0,
1; 1;

for all v, w € V¥ and elements I e

The“hat” terms in (5a) and (5b) in the cell boundary terms for integration by
parts are so-called “numerical fluxes”, which are single valued functions defined on
the edges and should be designed to ensure the stability. We consider the so called
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“average flux”, i.e, we choose

A thrl+Uj:rl .
Ujr = —25—=, forj=12,--- M—-1
? 0, j=0,M
6 QT ,+Q7
(6) A w7 for j=1,2,--- , M —1
Q]+%: ng .7: }
X4+%7 j=M

for the zero Dirichlet boundary condition.

Remark 2.1. If the boundary condition is periodic boundary condition, we can
choose the numerical flur as

. Ui +Uny Qi TQps

(7) Uj+%:%7 Q4 :J*Zfﬁ?’ Vj=0,1,---, M,
- _77- + - _ 0O +  _ Ot

whereU% —UM+%,UM+%—U% and @ —QM+%,QM+%—Q%.

1
2

Nl

2.2. Mass conservation and Energy conservation for the semi-discrete
form.

Lemma 2.1. For any complex value x,y, we have xy = Ty.

To simplify the notation, we define the following bilinear form
M

8) B(U,v) =Y ( Ubpdz — (077);, 1 + (UW)].,%).

j=1 J1j

Lemma 2.2. If we choose the numerical fluxz as (6) or (7), then we have

B(U, Q)+ B(Q,U) =0.
Proof. By the definition of B(U, Q) in (8), we have

B(U,Q) + B(Q,U)

SN / UQudz— (UQ )y + (UQ"),_y)

j=1 i

2

M
= (- [ U= OQ )1y + 0T,y + WQ, - WQL )

2
j=1 3

— A ATt
H[ Qe = QU7 )y + QT ).
I
On the other hand, by simple calculation, we have

M
S (T, - T ,) = OQ),,, - T

_ ﬁ: ({{U}}j_%[[Q]]j_% + ﬂQ}j—%Wﬂj—%)'

Summing the above two equations together and using lemma 2.1, we finish the
proof of this lemma. O
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For the semi-discrete scheme (5a)-(5b), we can get the following mass conserva-
tion property.

Theorem 2.1. The solution to (5a)-(5b) with the numerical flux (6) satisfies the
following mass conservation property

d
9 — [ |U|)Pdz = 0.
) & [P
Proof. Firstly, taking v = U,w = @ in (5a) and (5b), we have
— 1 — 1 A
i/ Utde—f/ QUeodz +5(QU ;14

I

(10a) (QU / H(U)UUdx =0,

—1
2

=0.

1
2

(10b) UQ,dx + : QQdx — (U@‘)ﬁ% + (U@+)j,

I;
Then, summing the above equation for j = 1 to M, and using the notation define
in (8), we obtain

_ 1 _
(11a) i/Utde ~BU.Q) - /¢(U)Ude ~0,
I I
(11b) /Q@dm + B(Q,U) = 0.
I
Moreover, multiplying (11b) by % and taking the conjugate of it, we have
1 — 1———
(12) 1 / QQds + ~B(Q,T) = 0.
2/, 2
Subtracting (11a) from (12), and using lemma 2.2, we have
_ 1 _ _
(13) i / UTdz / QOdz / S(U)\UTdz = 0.

Hence, taking the image part of (13), we arrive at

/HUH dz =0,

which is actually the mass conservation property of the Schrodinger equation. [J

Moreover, the semi-discrete scheme (5a)-(5b) conserves the discrete energy as
follows.

Theorem 2.2. The solution to (5a)-(5b) with the numerical flux (6) or (7) satisfies
(1) if d(u) = c,

d 1
(14) G | AviE+ Sl —o
(2) f () = clul?,
d
(15) G [t +1Qrds o

Proof. Taking the time derivative in (5b), and choosing the test function w = Q,
we obtain

(16) /1 | U,Q, dx + /1 | QiQdz — (U,Q )4
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Summing (16) for j = 1 to M and taking the conjugate of the obtained equation,
we have

1 — l——n——
(1) 3 [ @0+ T -0
I
Then, taking v = U; in (5a), we get
/ UtUtd:v—f/ QU pdx + = (QU ) (QU / d(U)UUdx = 0.

I

By summing the above equation for j =1 to M, we arrive at
— 1 —
(18) i/UtUtd:v ~BQ.U) - /¢(U)UUtdx 0.
I I
Subtracting (17) from (18), and using lemma 2.2, we have
1 — — _
I I I
Finally, taking the real part of (19), we obtain
(1) if ¢(u) = ;
G [ eviE+ 31Qikd <o,
(2) if ¢(u) = clul?,
G [ v+ ek ~o.

which is actually the energy conservation property of the semi-discrete form for
both the linear and nonlinear Schréodinger equation. ]

3. Analysis of the fully discrete scheme

In order to develop a fully-discrete ALDG scheme to discretize the Schrodinger
equation, we divide the time interval [0, 7] into N uniform subintervals by points
0=ty <ty <--- <ty =T, where t;, = k7. Moreover, we denote I = [tx_1, ],

W“ = w("tk)a and

X _wk-{-l wk — ¢k+1+¢k
sty = g = P

Based on the semi-discrete scheme (5a)-(5b), we can define a fully discrete form
as

M 1L 1L ~n
12/{ 5?U6—§ZQ"@ECIJ€+§Z(Q E‘)H%
— /1, = =
j Vo
(20a) —fZQ@ Z/¢ Uvdx—O
j=1

M M M
(20b) Z /1 U, + Q" lwdr — Y (U1 + Y (UM@Y), =0,
j j=1 j=1
M A~
(20c) Z/ U, + Q" wdx—Z( w )j_%—l—Z(U"E*')j_% =0,
=1 j=1

where U”7 Q” denote the numerical flux, and

n n—1
o if ¢(u) = ¢, then ¢(U)U " = %
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- _n U 2 Un—l 2 AL Un—l
o if ¢(u) = cuf?, then ¢(U)U = (|U"P+ U ) U™ + _

In our fully discrete scheme, we take

U D) U 1)
on = %7 for j=1,2,--- , M —1
7t 0, j=0,M
21 @, QY 1)
(21) ) it - ity , forj=1,2,--- ,M—1
Tr = @D j=0
( ?M+%)_5 J: M
for zero dirichlet boundary condition, and
(22)
n + n — n + n —
- (Uj+%) +(Uj+%) An (Qj+%) +( j+%) Vi 01 M
j-‘r% - P ) j-‘r% - 9 ’ J=Y,1 ) )

for periodic boundary condition, with (UT)™ = (U}, 1)~, (U, 1)" = (UT)* and
2 2 2 2
@) = @) @y = @)
Then, we will show our fully discrete scheme (20a)—(20c) not only conserve the
mass, but also conserve the energy.

Theorem 3.1. The solution to (20a)-(20c) with the numerical flurz (21) or (22)
satisfies the following mass conservation property

(23) /|U”+1|2dI:/|U"|2dI7 Vn=1,2,---,N.
I I

Proof. On the one hand, taking w = Q" in (20b) and (20c), and summing them

for j =1 to M, we obtain

M o o Mo Mo
CONED Y L DR R TS DA TR NES SUR SN}
Jj=1 IJ X

j=1 j=1

N|=

Then, multiplying (24) by % and taking the conjugate, we get

(25) %/j@”@dm - %B(U", Q) =0.

On the other hand, taking w = U™ in (20a) and summing them for j =1 to M,
we have

[ 1. - - n-
(26) 1/5;}UUndx ~ 5 B@".0") - /¢(U)U"U"dx =0.
I I
Therefore, subtracting (26) from (25), we obtain
J— _ 1 I
(27) i / SrUUdx — / d(ONU U™ dx — 3 / Q"Qrdx = 0.
I I I

Finally, taking the image part of (27) leads to

[ izas = [ jonpas
1 1

which is (23). O

Theorem 3.2. The solution to (20a)-(20c) with the numerical fluz (21) or (22)
satisfies the following energy conservation property



730 F. LIN, Y. LI, AND J. ZHANG

(1) if p(u) = c, then

1 1
@) [t Qe = [ elumiP 4 51Q7 P
I 2 I 2
(2) if p(u) = clu|?, then
(29) Jellwm it 1@ e = [ o+ Qs
I I

Proof. On one hand, by subtracting (20c) from (20b), we have

/ (U~ UMy, 4+ (QM — Q" )wda

I;
—((U"H - ﬁ")w—) + ((17"+1 - U")W) —0.
it i—3
n+1 n
Taking w = % in the above equation and summing for 7 = 1 to M, we
arrive at
n+1 n n+1 n
(30) /(Q”+1 _gne et ; gy Bt g, LS 2* @y
I

On the other hand, taking v = U™*' — U™ in (20a) and summing for j = 1 to M,
we obtain
(31)

— 1 n
i/éfU(UnH — Un)dx — 5B(Q LUt gy — /¢(U)U (Un+l —Un)dx = 0.
I I

Subtracting (31) from (30), and using lemma 2.2, we get

i/é;‘U(U"“ —U")dx — /c;S(U)Un(U"“ —U™)dx
I I
1 n+1 n
(32) - = /(Q"+1 — Q")L +Q dz = 0.
2/, 2
Finally, by taking the real part of (32), we arrive at

(33) JrellU™ 12 + 3@ |Pda = [, cl|U™ 2 + 3]1Q" |dz, if ¢(u) = ¢;
JrellU™ It + @ HPde = [} cllU™|* + Q" |dx,  if d(u) = clul®.

It finishes the proof of this theorem. O

4. Error analysis for the linear case

In this section, we derive the optimal error estimates for the conserving ALDG
method proposed in the above sections of the linear Schrodinger equation, i.e., we
assume ¢(u) = c.

4.1. The semi-discrete scheme. To prove the L? error analysis of the semi-
discrete scheme, we need the following notations and lemmas.
let I; be i-th order Legendre polynomial on the reference interval E = [—1,1],

ie., li(s) =70l (s® = 1), v = 1=0,1,2,---. Any function defined on F can

be expanded as
= 1
(34) u(s) = ;bili(s), bi = (i+ 3)(u. L)E.

Let the k-th order partial sum of w in (34) and its remainder be u¥ and R,,
respectively. In other words,
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k

(35) uf = bili(s), Ry =u—uf = f: bils(s)

=0 i=k+1

It is easy to see that R, is orthogonal to any polynomials P¢(s) whose degree is
less than k.
Then, we have the following estimate for the remainder R,,

Lemma 4.1. [27]Let u € W*LP(I). The remainder of u on the element I;,j =
1,2,--- , M satisfies

1_1
HRu”O,q,Ij < CrFIHG p)||u”k+1,P,Ij'

In particular, when k is even and v € W*+2P(I), the average of the reminder on
the nodes Tiy1 satisfies

|{Ru}('x]+%)| S Chk+2||u‘|k+2,oo,lj+1j+17j = 1727 e 7M —1.

Lemma 4.2. (Gronwall’s lemma) Suppose that ¢ is a nonnegative continuous func-
tion such that

t
o) <a+ b/ ¢(s)ds, fort >0,
0
where a and b are nonnegative constants. Then
o(t) < ael.

In the following, we will show the convergence order of the proposed semi-discrete
ALDG scheme (5a)—(5b). Denote by e, = u — U,e; = ¢ — Q. Then, using the
definition of R, introduced above, we can decompose e, e, as

ew=u—U=u— R, — (U—Ry) = pu — bu,
eg=q—Q=q—Ry—(Q— Ry) = pq— 0y
By the definition of R, and R,, we have the following orthogonal property,
By the definition of the numerical flux in (6) or (7), we know that they are

consistent. Hence, the combination of (4a)-(4b) and the semi-discrete scheme (5a)—
(5b) leads to the following error equation on each element I;,
1 1
i/j €y 0dT — 5/1 eqUzdr + i(éqﬁ_)ﬂ% — §(éq5+)j7% — /1 ce,vodz = 0,
i i i
/ €Wy dx —|—/ equdr — (e,W )41 + (eyw™); 1 =0.
I I

J J

1
2

Then, summing the above two equation from j =1 to j = M, we get

12/ ey vdr — 72/ eqUzdx
1 M
(38a) + - Z T)jrt — 52 jo1— Z/ ce, vdx = 0,
J:1 g

i=1 i=171

M
(38b) Z/ euwldx—i-Z/ eqwdx— é wo j+% +Z

j=1

I
e

M\»—a

Finally, we can show the following convergent result:
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Theorem 4.1. Suppose that u,q be the exact solution of (1), U,Q be the ALDG
solution of (5a)-(5b). Then
e when k is even, we have

laC.T) = QD) + llul-, T) = U, T)| < CR**(Jlullksz + [Qllk+2),

e when k is odd, we have
la(T) = Q)| + l[u(-,T) = U, T)|| < ChF([fullisr + [[Qlr41)-

Proof. Taking v = 6, in (38a), w = 6, in (38b) and using the orthogonal properties
(36), we get
M 1 1 M
(39a) 12/1 Oy Ouda — 5 B0a,0.) + 5B(pg, 0u) + Z/I 0y 0udz =0,
=171 j=1"71j

M
39b) - Z/ 0u00d + B0, 0,) — Blpu,0,) = 0.
j=1 I

Then, taking the conjugate of (39b), we arrive at

M
1 — 1 1
(40) 22 / 0Tyt + 5B0u0,) ~ 5B 0) = 0.

Subtracting (40) from (39a), we obtain
(41)

- — al 1 _ 1 1

Therefore, taking the image part of (41), we have

M
_ 1 1
(42) ; /1 0y Opdr = fIm{iB(pq,Gu) + 5B(pu,eq)}.

Hence, taking the real part of (41), we obtain

M M

— 1 — 1 1
4 , 5 = —Re{;B -B :
(43) ;/17 0,0, dz + 5 ;/17 040,dx Re{2 (pg:bu) + 5 (pg,0u)}

Finally, by the combination of (40), (43), lemma 4.1 and lemma 4.2, we have
1). if k is even, then

164 (T + 160 (- TI? < OB (Jlul[f 2 + llallF42),

2). if k is odd, then

184 DI* + 118, DI* < COR*([Jullfrr + llallEs)-

Using the triangle inequality, we complete the proof of this theorem. (I
4.2. The fully discrete scheme. In this subsection, we will introduce the error
estimate of the fully discrete scheme for the linear Schrodinger equation.

Denote by e; = u™ —U", e = ¢" — Q". Then, we can decompose them as

ep=u"—-U"=u"—R,—(U"—R}) = py — 0,
e =q"—Q"=¢q"— Ry —(Q" — R}) = pg — 0.
By the definition of Rj; and Ry, we have the following orthogonal property,

(44) (p1,02) =0, Y0 <i,j<N, and {,¢=u,q.
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To prove the L? Error analysis of the fully discrete scheme, we need the following
lemmas.

Lemma 4.3. Denote u* = u(-,kt). For any u € H*([0,T],(L*())), we have
At
ottt [ sl < S [ flun(s) P,

Lemma 4.4. (The discrete Gronwall inequality) Let At,B,C > 0,{an}, be se-
quence of monnegative numbers satisfying

a, < B+ CAtZai,Vn > 0.
j=0
If C1t <1, then
a, < Cthatp
In the following, we are ready to introduce the error equation of the proposed
ALDG method (20a)-(20c). Integrating (4a) over [t,,t,+1] with respect to ¢t on
both sides of it and dividing by At, then subtracting (20a), we get

. tni1 n n+1
Al ) T oy /tn (g, v)dt + 1
1 tn+1 (Un + Un+1 ’U)
- — ,0)dt + ———— 2 = 0.
At /t (u, v)dt + 2
By inserting some intermediate term, the above equation can be rewritten as
i 1 tn+1 B(qn+qn+1 U)
45)  — (et — el ) — —— B dp+ 24 79 Y
(45 gyt =) = g [ Bl S
n n+1 n n n n n
B(ey +eptt,v) (ententlio) 1/t +1(u,v)dt—|— (u™ + u™*t v) _o
4 2 At f, 2

On the other hand, integrating (4b) over [tx,tx+1] with respect to ¢ on both sides
of it and subtracting (20b) and (20c), we obtain

1 thal (Qn + QnJrl, U))
il df—~x =% -7
i :
1 tnt1 B(Un =+ yntl w)
— B dt — = 0.
+At /tn (u, w) 5
By inserting some intermediate term, the above equation can be rewritten as
1 tnt1 (qn T qn+1 U)) (6" + €n+1, U})
46 — dt — : R
Bler +entlw) 1 [tnh B(u" +u"* w)
_— 4+ — B dt — =0
R 5[ Bw . ,
M
where (u,v) = Z(U,U)Ij.
j=1

Theorem 4.2. Let u,q be the solution of (20a)-(20c) with the numerical fluz (6)
or (7) and U™, Q™ be the solution of (1). Then
e if k is even, we have

lg" = Q. ta) | + l[u” = U ta)|| < C(AL + 1*F1),¥0 < n < N,
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e if k is odd, we have
lg" = Q(tu)ll + [[u" = U ta)ll < C(AE? + h*),Y0 <n < N.

Proof. Taking v = 07! + 67 in (45), and using the orthogonal property (44), we
have

. 1 t"+1
g ooty - o [ Byt oo
tn

(47) L Blgm g optt 4 0y Bleg 4o 4 6
4 4
+B(ag + 010,00 4 07) L (On+ 0 00t + 0)
4 2
1 /tn+1 (u” + un+17 93—}-1 + 93)

S — on L 4 g dt
At tn (U, u + u) + 2

Meanwhile, taking w = 9(’;*1 + 07 in (46), we obtain

=0.

1 tnt1 (qn_|_qn+1 9n+1+9n)
n+1 n ’7q q
Es/t (g, 0741 + 0t — :
(07 + o7t gntt 4 6m) N Blpy +pp 001+ 01)
2 2
BRSOy 4
2 At
B(u™ + un+17 6n+1 + o7
(48) — ( 5 4 7) =0
By subtracting the conjugate of (48) from (47), one gets
M 1 n n 1 n n 1 n n
i (1102112 = 110211) + 71105 + 0712 + 162+ + 622
1 /tn+1 B(q” 4 qn—&-l’ 03—0—1 + 93)

__— B n—+1 n _
2At J, (0,057 +0y)dz 4

L Bl oo 0 1

tn+1 1
— o7 4 o) dt
; b [ et e

(un + un-&—l’ 93+1 + 93) 1 b1 n+1 n
- : toar ) (@0 oyt

(@ gL e+ 0r) Blun 4wt 95t 160y
4 4
Blpg + o657 +0n) 1 /t"“
4 2At
Therefore, by taking both the image and the real part of the above equation, we
have

B(u, 03 + 07 )dt

tn

_|_

B(u, 04" + 07 dt.

tn

< (e = )

1 tnt1 B(qn+qn+1 9n+1+9n)
:7]' {7 B 0n+1 an d o s Y w
m{ons | Blaort o .
L BU A0 400 1 /

4 At

(u, 02" + 07 dt

tn
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(un + un+1, 93+1 + 93) 1 tnt1 "
+ (q,05%" + 61)dt

2 2At J,
(0T 0 Bun a0+ 0n)
4 4
Blpy +puth, 05" +07) 1 [tn i1
+ y + 2At/tn Bu, 01 + 67)dt |

and

1 n n 1 n n
1”0q+1 + 0q ||2 + §||0u+1 + 01}.”2

Lo i B(¢" +¢" 00t +07)
— - n+1 n _ ' u
_Re{2 ” /tn B(q,00™ +07)dx 1

LBl 4O 40 1 /t"“
1 At

(u, 00t + 07 dt

tn

(W' +u ot o) 1
— 5 +2TAL‘t (q,047 +07)dt

(gt 05T+ 0n)  B(un +untt 05t o)

4 4

B(pﬂ 4 ,Dﬁ+1,9g+1 + 9(7;) N 1 /tn+1
4 2At

which together with lemma 4.1, lemma 4.3, and lemma 4.4 yields

e when k is even,

16571 + e+

+

B(u, 037" + 67)dt,

in

L
SC(T)(At4/O el [* + llgee*ds + B2 *2[ul [} 120 + h** 2 gl ),

e when k is odd,

16517 + 10512

L
SC(T)(Af4/O [aeel |2+ lgee|Pds + B [[ul [F11 2 + B[l IR 1)
Finally, using the triangle inequality, we complete the proof of this theorem. [

Remark 4.1. Although we only focus on one-dimensional case, our results can be
easily extended to two-dimensional and three-dimensional cases with tensor product
meshes.

5. Numerical results

In this section, we present some numerical examples to illustrate both accuracy
and capacity of the proposed ALDG method with flux (21) and (22) for both linear
and nonlinear Schrodinger equations.

Example 1: Consider the numerical solution to the linear Schrédinger equation

g + g +u=f,t>0 0<zx<1,
(49) u(z,0) = uo(z),
with zero direct boundary conditions. Suppose the exact solution of (49) with some

given source term f be
u(z,t) = sin(rz) exp(it).
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The L? error and order of accuracy at t = 1 for k = 1,2, 3, 4 are given in table 1.
We see that the optimal (k+1)-th order of accuracy of even k = 2,4 and suboptimal
k-th order of accuracy of odd k =1, 3.

TABLE 1. The convergence rate at ¢t = 1.

k| N Erroryr order Errory; order Errorgr order Errory; order
1| 4 | 3.7245e-2 2.4646e-2 7.6467e-2 7.2007e-2
8 | 1.7894e-2 | 1.0576 | 1.1644e-2 | 1.0818 | 4.0037e-2 | 0.9333 | 3.5681e-2 | 1.0130
16 | 8.1576e-3 | 1.1333 | 5.9986e-3 | 0.9569 | 1.9890e-2 | 1.0093 | 1.7864e-2 | 0.9981
32 | 4.0028e-3 | 1.0217 | 3.0684e-3 | 0.9671 | 9.7098e-3 | 1.0345 | 8.6472e-3 | 1.0468
2 | 4 | 5.8516e-4 9.0190e-4 7.0405e-3 1.2365e-2
8 | 7.7885e-5 | 2.9094 | 1.2222¢-4 | 2.8835 | 1.0352e-3 | 2.7658 | 1.4608e-3 | 3.0814

16 | 9.2711e-6 | 3.0705 | 1.4399e-5 | 3.0854 | 1.6677e-4 | 2.6340 | 1.4087e-4 | 3.3743
32 | 1.1431e-6 | 3.0198 | 1.7767e-6 | 3.0187 | 1.8449e-5 | 3.1762 | 1.9969e-5 | 2.8185
3| 4 | 1.4835e-4 1.1098e-4 2.2777e-3 2.5180e-3
8 | 9.6025e-6 | 3.9495 | 1.4187e-5 | 2.9677 | 1.5736e-4 | 3.8554 | 3.7809e-4 | 2.7355
16 | 1.3160e-6 | 2.8673 | 1.8336e-6 | 2.9518 | 2.5323e-5 | 2.6355 | 4.6299e-5 | 3.0297
32 | 1.8361e-7 | 2.8414 | 2.0829e-7 | 3.1380 | 3.8075e-6 | 2.7335 | 5.8350e-6 | 2.9882
4| 4 | 2.6355e-6 2.7222e-6 6.1471e-5 2.2402e-5
8 | 8.1058e-8 | 5.0230 | 8.6180e-8 | 4.9813 | 1.9024e-6 | 5.0140 | 7.0105e-7 | 4.9980
16 | 2.5700e-9 | 4.9791 | 2.6605e-9 | 5.0176 | 6.0034e-8 | 4.9859 | 2.1882e-8 | 5.0017

TABLE 2. The convergence rate at ¢t = 1.

N Erroryr order Errory; order Errorgr order Errorg; order
1 | 200 | 8.9065e-2 9.6784e-2 4.9018e-1 5.7761e-1
400 | 4.6701e-2 | 0.9314 | 4.9801e-2 | 0.9586 | 2.4987e-1 | 0.9721 | 2.8709¢-1 | 1.0086
800 | 2.3287e-2 | 1.0039 | 2.4098e-2 | 1.0473 | 1.2086e-1 | 1.0478 | 1.3910e-1 | 1.0454
2 | 100 | 4.8936e-2 5.0141e-2 2.0162e-1 2.0062e-1
200 | 9.4797e-4 | 5.6899 | 9.2703e-4 | 5.7572 | 8.9153e-3 | 4.4922 | 8.9073e-3 | 4.4933
400 | 8.8805e-5 | 3.4161 | 8.8291e-5 | 3.3923 | 1.0145e-3 | 3.1355 | 1.0155e-3 | 3.1328
800 | 1.1076e-5 | 3.0032 | 1.2234e-5 | 2.9744 | 1.2516e-4 | 3.0189 | 1.2520e-4 | 3.0199
3 | 100 | 1.7313e-3 1.7234e-3 1.2284e-2 1.2281e-2
200 | 1.4897e-4 | 3.5388 | 1.4906e-4 | 3.5313 | 1.9547e-3 | 2.6518 | 1.9523e-3 | 2.6532
400 | 1.6783e-5 | 3.1499 | 1.6802e-5 | 3.1492 | 2.5630e-4 | 2.9310 | 2.5628e-4 | 2.9294
800 | 1.8020e-6 | 3.2193 | 1.8030e-6 | 3.2202 | 3.3254e-5 | 2.9462 | 3.3279e¢-5 | 2.9450
4 | 100 | 1.6035e-4 1.8971e-4 3.0087¢-3 2.9836¢-3
200 | 5.0084e-6 | 5.0007 | 5.8918e-6 | 5.0089 | 9.2019e-5 | 5.0311 | 9.5109e-5 | 4.9713
400 | 1.5697e-7 | 4.9958 | 1.8719e-7 | 4.9761 | 2.9379e-6 | 4.9691 | 2.9138e-6 | 5.0286

Example 2: Consider the numerical solution to the nonlinear Schrodinger equa-
tion
iy + Upe + 2ufPu =0, t >0, =25 <z < 25,
(50) u(z,0) = uo(),

with periodic boundary conditions and initial condition ug(z) = sech(z) exp(2iz),
and the exact solution to be

u(x,t) = sech(x — 4t) exp(i(2x — 3t)).

The L? error and order of accuracy at T = 1 for k = 1,2, 3, 4 are given in table 2.
We see that the optimal (k+1)-th order of accuracy of even k = 2,4 and suboptimal
k-th order of accuracy of odd k& = 1,3. Further, Fig. 1 shows the discrete mass



ADG SCHR6DINGER 737

0 10 20 30 40 5 6 70 8 90 100 0 10 20 30 40 50 60 70 8 90 100

FIGURE 1. The numerical mass of Example 2. k = 2(Left), k¥ = 3(Right).

o kN w & 0 o N ® ©

o kN w & 0 o N ® ©

0 10 20 30 40 50 60 70 8 90 100 0 10 20 30 40 S50 60 70 8 90 100

FIGURE 2. The numerical energy of Example 2. k = 2(Left),
k = 3(Right).

FIGURE 3. The soliton propagation of Eq. (51) with initial con-
dition (52). ¢ = 4,21 = —10,¢c0 = —4,22 = 10. T = 0(Left),
T = 1( Right).

conserve all the time, Fig. 2 shows the discrete energy conserve. This means our
theoretical predictions are true.
Example 3: Consider the numerical solution to the nonlinear Schrodinger equa-
tion
s + Uy + 20ufPu =0, t >0, —20 < z < 20,
(51) u(z,0) = up(z),

with periodic boundary conditions and the initial condition to be

(52) u(x,0) = Zsech(m —z;) exp(%icj(a: —zj)).
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FIGURE 4. The soliton propagation of Eq. (51) with initial con-
dition (52). ¢; = 4,21 = —10,c2 = —4, 22 = 10. T = 2.5(Left),
T = 5(Right).

In this example, we show the process of the two solitons when they meet, collide
and separate by displaying |U(z,t)| in Figs. 3-4 with P? element and M = 100.

6. Concluding Remarks

In this paper, we developed the energy and mass conservative local discontinuous
Galerkin method to solve the linear and nonlinear Schridinger equation. In our
ALDG method, we choose the average flux rather than the up-winding flux or
alternating flux. This method conserves both energy and mass. An optimal error
estimate of even order and suboptimal error estimate of odd order are obtained for
the linear case. Finally, numerical results demonstrate that in most cases, our error
estimates are optimal, i.e., the error bounds are sharp.
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