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LOCKING-FREE CG-TYPE FINITE ELEMENT SOLVERS FOR
LINEAR ELASTICITY ON SIMPLICIAL MESHES
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Abstract. This paper presents numerical methods for solving linear elasticity on simplicial
meshes based on enrichment of Lagrangian bilinear/trilinear finite elements. This is a renovated
use of the classical 1st order Bernardi-Raugel spaces, which were originally designed for Stokes
flow. A projection to the elementwise constant space is employed to handle the dilation (divergence
of displacement) in the strain-div formulation. Mixed (both Dirichlet and Neumann) boundary
conditions are considered for error estimates in the energy-norm and the Lo-norms of displacement
and stress. Rigorous analysis and numerical experiments demonstrate that these methods are free
of Poisson-locking. Renovation of other Stokes element pairs to linear elasticity is also examined.
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1. Introduction

This paper is concerned with finite element methods for linear elasticity in its
usual form

) —V.o=1(x), xe€Q,

ulrp =up, (on)|lpy =ty,
where () is a two- or three-dimensional bounded domain occupied by a homogeneous
and isotropic elastic material, f is a body force, up,ty are respectively Dirichlet

and Neumann data, n is the outward unit normal vector on the domain boundary
0N =TP UTY. As usual, u is the solid displacement,

1
g(u) = 3 (Vu+ (Vu)")
is the strain tensor, and
o=2pe(u)+A(V-u)l

is the Cauchy stress tensor, where I is the order- two or three identity matrix. The
Lamé constants A, u are given by
Ev E

@) A aToa-w)y P aasey

where E > 0 is the elasticity modulus and v € (0, %) is the Poisson’s ratio.

A main issue in the development of finite element methods for linear elasticity
is the so-called Poisson-locking, which is often manifested as loss of convergence
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rates in displacement and/or other quantities when A — oo or v — %, that is, the
material becomes nearly incompressible. It is well known that the linear Lagrangian
Pg(d = 2, 3) elements suffer Poisson-locking [9, 11].

By design, the mixed finite element methods (MFEMs) based on the Hellinger-
Reissner formulation overcome Poisson-locking. Various types of MFEMs can be
found in the literature, e.g., [4, 5, 16, 21, 24, 25, 34]. However, the MFEMs involve
more unknowns and result in saddle-point problems that are usually not easy to
solve. Recently, novel weak Galerkin (WQ) finite element methods have been de-
veloped for linear elasticity. These include (i) The lowest-order methods on various
types of meshes that use constant vector approximants in element interiors and
on inter-element boundaries [22, 36]; (ii) Higher order methods using polynomial
approximants (degree 1 or higher) for general polygonal or polyhedral meshes [33].
These WG methods are developed based on the primal formulation but proven to
be locking-free.

It is known there are similarities between linear elasticity and Stokes flow, when a
pseudo-pressure is introduced to elasticity based on the divergence of displacement
(dilation). There are efforts on reusing the Stokes elements for linear elasticity,
e.g., [26, 27]. These locking-free finite element methods are developed based on
the displacement-pressure mixed formulation, but a biorthogonal system can be
established so that the pressure degrees of freedom can be statically condensed and
the mixed finite element methods become much more efficient.

Therefore, it is natural to consider reusing stable Stokes element pairs for solving
linear elasticity in the primal formulation. In [35], the Bernardi-Raugel elements
for Stokes flow [8] were reused for the elasticity part in poroelasticity problems
on triangular and tetrahedral meshes. The Darcy part was solved in [35] by a
mixed method based on the Raviart-Thomas element. But the error analysis was
conducted for the whole Biot system (poroelasticity). [23] presents an algorithm
based on the Bernardi-Raugel elements for linear elasticity on quadrilateral and
hexahedral meshes.

This paper intends to provide an independent and rigorous analysis on reusing
Bernardi-Raugel elements and other Stokes elements to develop locking-free finite
element solvers for linear elasticity on simplicial meshes. Our investigation reveals
that to reuse a Stokes element for linear elasticity as presented in Scheme (15), the
approximation space for Stokes velocity or elasticity displacement needs to satisfy
the following property elementwise:

(3) V- (v—-TIv)=0,

where v € H'(Q)?, TI;, is the global projection operator from H' ()% to the afore-
mentioned approximation space, and the overline is the elementwise average for the
divergence of a vector-valued function. For an accurate definition, see Equation
(12). This will be further elaborated in Sections 2, 3, and 6.

This paper shares the same spirit as our previous work [23] in seeking simple
locking-free CG-type methods for elasticity. But this paper focuses more on the
analysis side and studies also other elements beyond Bernardi-Raugel.
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The rest of this paper is organized as follows. Section 2 briefly reviews the
definitions and properties of the first order Bernardi-Raugel elements that were
originally designed for Stokes flow [8]. Section 3 presents finite element schemes for
linear elasticity based on renovation of the first order Bernardi-Raugel elements on
simplicial meshes. These schemes involve only the displacement unknowns and are
in the general strain-div formulation. Section 4 presents rigorous error estimation
in the energy-norm and L?-norm for the finite element schemes. Section 5 performs
numerical experiments on three widely tested examples to illustrate the theoret-
ical estimates. Section 6 examines reuse of other Stokes element pairs for linear
elasticity. Section 7 concludes the paper with some remarks.

2. Bernardi-Raugel Spaces on Triangles and Tetrahedra

This section briefly reviews the definitions and properties of the first order
Bernardi-Raugel elements (BR1) constructed in the original paper [8] for triangles
and tetrahedra.

BR,; Spaces on Triangles. Let T be a triangle with vertices a; = (x;,v;),% =
1,2,3. Let ¢;(i = 1,2, 3) be the edge opposite to vertex a; and n; be the outward
unit normal vector on e;. Let A\; (i = 1,2,3) be the barycentric coordinates. We
consider three edge-based bubble functions

(4) by =n12A3, bz =noA3A;, bz =mnzA ;.

Let P(T)? be the space of vector-valued linear polynomials defined on T. We
define

(5) EP,(T) = BRy(T) = P,(T)? + Span(by, by, bs).

This space may also be called EP; as an enrichment of the classical P;(T)? space to
emphasize their connection and difference. This definition is further extended to a
triangular mesh with considerations of (i) continuous piecewise linear polynomials
on the whole mesh; (ii) consistency in edge normal vectors for two adjacent elements
and domain boundaries.

It was shown in [8] that BR; together with the piecewise constant space form a
stable element pair for Stokes flow. This pair is usually denoted as (BRy, Pp).

BR; Spaces on Tetrahedra. This is very similar to that discussed in the
previous paragraphs. Now let T be a tetrahedron with vertices a; = (z;, yi, 2:),% =
1,2,3,4. Let e; (i = 1,2,3,4) be the face opposite to vertex a; and n; be the
outward unit normal vector on face e;. Let A; (i = 1,2,3,4) be the barycentric
coordinates. We consider four face-based bubble functions

(6)  bir=mni1dA3\s, by =mnoA3A\ A, by =mn3 A2, by =nuAAoAs.

Let P (T)3 be the space of vector-valued linear polynomials on tetrahedron T'. Then
the BR; space on this tetrahedron is defined as

(7) EP,(T) = BRy(T) = P,(T)? + Span(by, by, bz, by).

For the rest of this paper, we unify the treatments for BR; on triangles and
tetrahedra. Distinction is made only when necessary.
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Let Ty, be a partition of the given domain € consisting of d-simplexes (d = 2 for
triangles and d = 3 for tetrahedra). We use 1"5 to denote the set of all edges or
faces of T;, that are on the Dirichelt boundary I'?. We define approximation spaces

(8) Vi ={ve H(Q)?: v|r € BR{(T),VT € Tp},
(9) VP ={v € Vi : v|rp = 0},
where

BR:(T) =P, (T)* ® Span{b;,1 <i < d + 1},
d+1
bi =n; H Aj.
j=Lj#i

Now we consider the local and global projection operators defined in [8], which
consists of two parts, a traditional interpolation operator to the P; space and a
projection operator for the residual to the space of bubble functions defined in (4)
or (6). For T € Ty, v € HY(T)?, the projection operator Iy : HY(T)¢ — BR4(T)
is defined as

_ d+1
IIrv =1lpv + Z a;b;,
=1

where ﬁT is actually the nodal interpolation operator

d+1

ﬁTV = Z v(a;) A

=1

and
N d+1
e G j=1,j7i
The projection operator Il satisfies
(10) (Ipv)(a;) =v(a;), 1<i<d+1,
(11) /(V—HTV)-n:O7 1<i<d+1.

The global projection operator IIj, : H*(Q)% — V}, is defined as
(Ipv)lr = Iz (v|r)

with necessary adjustments for signs associated with the edge/face normals.
For the dilation V - v, its elementwise average is defined as

_ 1
12 V-v:—/V~V7
(12 71 )

where |T'| is the area or volume of the element.
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From (11), we have, for any v € H'(Q)¢,

IV (v —Iv)|*> = Z/V (v—-Tv) V- (v—-Tv)

TET
—ZV (v —IIpv) /V (v —IIyv)
TeThH
ZV V—HhV)/ (v—Tv)-n
TETh
=0.

This is to say that on each element we have
(13) V. (v—-Iv)=0.
3. Solving Linear Elasticity by Enriched Lagrangian Elements

The previously discussed enriched Lagrangian elements in combination with an-
other projection operator can be used for solving linear elasticity.

For ease of presentation, we focus on triangular meshes.

Let Q be a polygonal domain equipped with a triangular mesh 7. Let v € V},
be as defined in (8). For a triangle T € Tp, it is known that in general div(vy)
is not a constant on T. We consider its average div(vy) on T', namely, the local
projection into the space of constant scalars. This technique is also called
reduced integration [12, 17, 29].

For a triangle T € T}, satisfying TNT'P # () and an edge e on T NTY, we define

(14) (upp)le = Me(up) + </e(uD —up) //b n) es

where ﬁe is the interpolation operator onto P;(e)?, n is the outward unit normal
vector on e, and b, is the bubble function associated with edge e such that (b.)|. #
0.

We consider a finite element scheme in the strain-div formulation as follows.
Find uy € V}, such that uh|r‘£ =up,, and

(15) An(an,vi) = Fu(vi), Vv, e VOP,
where
(16) Ap(ap, vp) = 2p Z e(vn))r + A Z (V-u,, V-vy)r
TeTh TETh
and
(17) ]:h(vh) = Z (f7 Vh)T + Z <tN7Vh>e-
TETh eEFﬁI

Enforcing boundary conditions. It is clear that there are two sets of basis
functions for the displacement: node-based and edge-based. Compatibility among
these two types of functions needs to be maintained in enforcement or incorporation
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of boundary conditions. Here we discuss the treatments for 2-dim problems only,
since 3-dim treatments are very similar.

(i) For a Dirichlet edge, one can enforce the Dirichlet condition at its two end
nodes by a direct evaluation (interpolation) of the Dirichlet data. Then the
difference between the original Dirichlet data and the interpolant is utilized
to calculate the coefficient for the edge bubble function. See formula (14).

(ii) For a Neumann edge, the integrals of the Neumann data against the three
basis functions (2 linear polynomials for the end nodes, 1 quadratic for the
edge) are computed directly and assembled into the global right-hand side
of the sparse discrete linear system. See the 2nd term in (17).

The discrete stress tensor oj corresponding to uy is given by
(18) op = 2pe(uy) + AV - ul,

which is considered in the analysis and the numerical experiments. Since V - uy, is
the piece-wise average of V - uy, oy, is not continuous across edges/faces.

Remarks. Our finite element methods for elasticity are obviously different than
those mixed methods studied in [13, 26, 27]. The schemes here are in the primal
formulation, solving for displacement only in the EP; = BR; spaces. The resulting
discrete linear systems are symmetric positive-definite (SPD). We call the solvers
as EP; also.

4. Error Analysis

This section presents error analysis for the proposed finite element schemes. In
[11, 12], similar estimates were established for pure displacement problems in the
grad-div formulation. In [23], brief proofs are given for a homogeneous Dirichlet
boundary condition on the quadrilateral and hexahedral meshes. In this paper,
we consider more general mixed boundary conditions, for which we need to use
the strain-div formulation. Moreover, the conclusions may be extended to higher
order cases by replacing the average of the dilation in the numerical scheme with a
Lo-projection for the dilation.

For convenience, we use A < B to simplify an inequality A < CB, where C' > 0
is a constant that may take different values at different occasions but is independent
of A and h.

First, it is assumed that the elasticity boundary value problem has a unique
solution for sufficiently smooth boundary data up and ty. Hypotheses 1 & 2 are
about regularity.

Hypothesis 1. There exists z € H*(Q)? (d = 2,3) such that

7V0'(z):0, XGQ)
(19)

zlpp =up, o(z)npy =0,
and
(20) 12l z2(2) S llupll 43 poy:
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Hypothesis 2. Let 2 C R%(d = 2,3) be a bounded convex polygonal or
polyhedral domain and f € L2(Q)?. Then the elasticity boundary value problem
(1) has a unique solution u € H2(2)? such that

@)l + NIV -l S 18l + 19013 o, + 16514 o,

Moreover, these norms of f, up, and ty are assumed to be bounded when A — oo.

4.1. Energy-norm Error Estimate. Since V}?’D C H'(Q)4 and Vip|pp = 0 for
any vy € V}?’D, it follows from [10] that

Vel @) < IVallh = An(va, va).
In other words, || - ||» is a norm on V}?’D.

Theorem 1. Let u € H2(Q)? be the exact solution of (1) and uy, € Vj, be the finite
element solution obtained from (15). There holds

(22) [u —uplln S h (Ilfllm(m + [lup] +ltwll

H3 (D) H%(FN)) :

Proof. Unlike [23], the result of this theorem is for the mixed boundary conditions.
Let uj, € Vj, be the Ay (-, -)-orthogonal projection of u [12, 18, 32] such that uj[pp =
up p and
(23) Ap(u—uj,vy) =0, Vv, € V,?’D.
For any vy, € V4, it follows from the definition of || - ||, that
lu —uj |7 =An(u - uj,u - uj)
=Ap(u—uj,u—vp)+ Ay(u—uj, v, —uy;).

Let vi|pp = uj|pp = up . Since v, —uj, € V;?’D, we derive from (23) that

o —ujln < inf [a = val[n-
Vhe‘/}uvhlpE:UD,h

It is clear that

[u—up|n < llu—uplln+ [lug, —ann

|AR(aj, — up, whp)|

< inf lu — vplln + sup

_vh|‘li%€:‘ﬁLD,h thVS’D\{O} ”Wh”h

(24) < inf  fu-wvaln+  sup |AR(a, W) = F(wh)|

vl uns W eV P\ (0) Il

To estimate the first term, we utilize the nice property stated in (13) about the
interpolant IT,u and the approximation property

le(u—TTpu)| z20) < bllulla2 )
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to obtain
[u = Tpull; =2plle(u - Mau)[[72q) + AV - (0 — )72 o)
=2plle(u — )| 720y S A [ullFzq)-
Then we have

inf [u—valln < [[u—Tpulp < blaflg2o)
VhEVh,Vh\FE =up

S (8l 2@y + 10Dl oo, + 1815 o, ) -
For the second term, we proceed as follows. By integration by parts, we have
Fn(wp) =(f, wp,) + Neumann boundary condition
=(=V - o(u),wp) + Neumann boundary condition
=(o(u),Vwyp) +0
=2u(e(u),e(wp)) + A(V-u, V- wp).
Applying the fact that V - wy, is an elementwise constant, we have
|AL(u, W) — Fr(wi)| =MV - u, V-wy) = AV -u,V-wy)|
=A|(V-u=V-u,V-w,)|
AV-u—V-ullp2 @)V - wall2 o)
SARV -l gy |V - w2 )

Here for the last two lines, we have used the Cauchy-Schwarz inequality and the
approximation property

[V-u—V-ulr) SAIV-ulg ).

Since
IV whllr2) < lle(wn)ll2@) S IWalln,
we have
sup |An(a, wp) — Fr(wp)| < s AV -l g o) IV - whllz2 o)
wi €V, P\ {0} Wil wreV,P\{0} [walln
<AV -ulmi) Sh (Hf”L?(Q) + HUDHH%(FD) + ||tN||H%(FN)) :

Here for the last step, we have used Hypothesis 2 (regularity of the exact solution).
Combining the estimates for these two terms gives the desired result in the
theorem. 0

4.2. L?-norm Error Estimate for Displacement. This subsection presents an
L?-norm error estimate for the numerical displacement based on a duality argument.
We conduct a complete analysis for a general elasticity boundary value problem that
has both Dirichlet and Neumann conditions. This involves details that are usually
not found in the literature.



698 R. WANG, Z. WANG, J. LIU, S. TAVENER, AND R. ZHANG

Theorem 2. Let u € H2(Q)? be the ezact solution of (1) and uy, € Vj, be the finite
element solution obtained from (15). There holds

+ltwll

Ju— wnlza) < 52 (18] + Il aham)

H3 (D)
Proof. Assume Hypotheses 1 & 2 are satisfied. Then there exists z € H?(2)¢
satisfying (19) and (20). It is obvious that i = u—z is the solution to the boundary
value problem that involves only a homogeneous Dirichlet boundary condition. We
consider also 0, = uy, — IIz. It is clear that
la —unllrz2(0) <[l0—anllr2(0) + |12 — nzl| 20
(25) Slla =t L2) + 22|zl 22 (0)-
On the other hand, by (13), Theorem 1, and (20), we have,
[a— |
<[lu—upl[n + ||z — Hpz|n
Slha—uplln + [le(z — 2z)|| 2 ) + VIV (z - 2)| 2 (0

Sl = wnlln + hllz]| 2o

26) Sk (Il + unl,g o) + ]

HE (FN>) '
Assume that ¢ € H?(Q)9 is the solution of the following dual problem

"3 (o)

SV (2ue(Q) AV O =i — @, in ©
(=0 on I'7,
(2ue(¢) +AV-¢I)n =0 on TV
with dual regularity
(27) <l 2(0) + AV - Cllar ) S [0 — gl r2(0)-

For convenience, we define
A(C, T — ) = 20(2(C), (8 — 4)) + AV - ¢,V - (8 — tn).
We use the fact that (0 — up)|pp = 0 to obtain
[ = nl|720) =(=V - (2ue(¢) + A(V - OT), 0 — ay)
Accordingly, we split the latter into three group terms as follows
6 — a2 :(A(Ca u—up) - Ap(¢u— ﬁh))

+ An(¢ = TR¢, 0 — 1p) + Ap(TTR¢, @ — 1y,)
(28) — T4+ IT+III.

Next we estimate each of these three terms.
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For Term I, it follows from the projection inequality, (26), and (27) that

A(¢,a —1u,) — Ap(¢,0 —1y)
=2p(e(¢),e(— 1)) + A(V-(, V- (0 —1y))

= 2p(e(C),e(—1,)) = AV -, V- (a—1p))
:A(V-g—ﬁ,v-(ﬁ—ﬁh))
SARIV - L@ lle(@ = an)l L2
SAR|V - Cllar o) lla = aglls

20) <k (Il + Il o) + 1wl o, ) 18 = Ball2g):
For Term II, we use (13), the projection inequality, (26), and (27) to obtain

Ap(C = p¢,u —1y)
=2u(e(¢ = Mp(),e(@—10p)) + MV - (¢ = (), V- (0 — 1))

ShC| a2 o — ap|n

(30)  h® (e + Iunlyg ooy + 1EnT] 3 o, ) 18 = Ballz2(e:
For Term III, we test (1) with II,¢ and use the fact (II,¢)|pp = 0 to obtain
Fn(IxQ) = 2u(e(u), e(ILC)) + AV - u, V - (I1x0)).
Then we use (13), the projection inequality, (20), Hypothesis 2, and (27) to derive

Ap(Ip¢, 0 —1p)
=Ap(In¢u) — Fr(UpC) + Ap(I1n(, pz — 2)
:A(V ‘u, V- (HhC)) - A(V ‘u, V- (HhC))
+ 2p(e(T1x (), e(pz — 2))
=AV-u—-V-u, V- (,() - V- (1))
+ 2u(e(T11,¢ — TxC), e(Mpz — 2))
<A h2||V : u||H1(Q)||C||H2(Q) + h2||z||H2(Q)HCHH2(Q)
GO S (Ifle@ + bl oy + 1503 o) 10 = Wl
Finally, the result stated in the theorem follows from (20), (25), and (28)-(31).
O

4.3. Error Estimates for Dilation and Stress. This subsection presents error
estimates for the dilation and stress for problems with mixed boundary conditions.

Theorem 3. Let u € H?(Q)? be the exact solution of (1) and u;, € Vi, be the
numerical solution of (15). Let oy, be the numerical stress defined by (18), then we
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have
(32) AV u—=V-uyr2e) Sh (||f||L2(Q) +lupll g oy + ||tNHH%(FN)) ;
(33) lo = oullzz) S b (€2 + 1D ly5 ooy + 16313 o)

Proof. The variational formulation for (1) implies that for any v, € V,? D
2u(e(u),e(vp)) + MV -u, V- vp) = Fr(vp).
Recall the numerical scheme (15), for any vy € V}? e
2p(e(up),e(va)) + AV -up, V- viy) = Fu(va).
Combining the above two equations, we get
(34) ANV-u—V-u,V-vy) =2ule(uy —u),e(vy)), Vv, € VP,
For V-u—V -uy, € L?(Q), there is a function w € H?(Q) such that [11]
—Aw=V-u-V-u, x€Q,

VU}‘FD -n :0,

w|FN :07
and
lwllg2) SNV -u—V - uplp ).

Let vi = —Vw € H'(Q)?, then

(35) V-vi=V-u—-V-u, x€,
(36) V1|FD n :O,
(37) Vil @) SIV-u =V uplp2q).

The trace theorem [1, 11] implies that there is a function ¢ € H?(Q) such that

(38) Plaa =0,
(39) Vélaa -n =vi|aq - t,
(40) 9l 2 ) SIvilla @),

where t is the unit tangential vector. Let vo = V X ¢, then
valoo -1 =V¢lsa -t =0,
valaa -t = — Volan - n = —viaq - t,
which implies that
Valpp = —Vi|pp.

Let v = v1 4+ va, then we have

(41) V-v=V:vi=V-u—V-u,
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it follows from (40) and (37) that
IVl ) <Ivillai @) + Ivallm o)
<villz @) + 16l 2 (@)
Slivilla @
(42) SIV-u =V ul2),

since v|pp = 0, Il v € V,?’D. Using (41), (13), (34), (42), Theorem 1 and Hypoth-
esis 2, we obtain

NV - =V
<AV -u-V-u,V-v)
<ANV-u-V-u,,V-II,v)
<MV -u—-V-u,V-I,v) + A(V-u—-V-u,V-I,v)
=2u(e(uy, — ), e(IlLv)) + AV -u—V-u,V - II,v)
Slhan —ual[alvlizr @) + AV - ullg @)1Vl @)
S8l + 0]y gy + 16x 3 )T 0 = T el ey
Together with the projection inequality and Hypothesis 2, we get
AMV-u—= Vw2 ) SAIV-u=Voulrz@) +AIV-u = Va2
SPAIV - ull o) + AV -u = Vg 220

ShIE sy + 10Dl 3 oy + 16304 )

From Theorem 1 and (32), we get
lo = onllz2(a) =l12ne(w) + AV - ul = 2ue(un) — AV - uplf|2(q)
<2ple(a —up)lz2@) + AV - u =V - upl 20
Slha—upln +dN|V - u = Vw2

ShElz2c) +llapll 43 poy + 1N 54 oxy)-

5. Numerical Experiments

This section presents numerical experiments on three frequently tested exam-
ples to illustrate the theoretical estimates established in the previous section and
demonstrate the locking-free property of our finite element schemes. These schemes
have been implemented respectively in our code packages DarcyLite (Matlab code
for 2-dim problems) and Darcy+ (C++ code for 3-dim problems). For Matlab im-
plementation, we use those data structures and techniques discussed in [28] and
iFEM [15].

Example 1 (Locking-free). This example is adopted from Example 1 in [14]
with some modifications for the divergence of displacement. It was tested in [22] by
weak Galerkin finite element methods. A similar example was also tested in [30].



702

Here the domain is Q = (0,1)2. We set E = 1 and test the example with different
v (or A) values on a set of triangular meshes to demonstrate that the classical solver
CG. P} suffers Poisson-locking, whereas the new solver CG.EP; is locking-free. A
Neumann condition is posed on the right boundary of the domain and a Dirichlet
boundary condition is specified on the other three sides. A known exact solution
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for the displacement is

u(x’y) =

(m/2) sin® (mz) sin(27y) ]
—(/2) sin(27x) sin’(7y)

L1
A

sin(rmzx) sin(my)

sin(mz) sin(7y)

TABLE 1. Example 1: CG.P? solver suffers locking (uniform tri-
angular meshes).

hH lu —up|ln ‘Rate H [la —uy]| ‘Rate H llo — onll ‘ Rate

v=0.3o0r A\=0.57692

1/8
1/16
1/32
1/64

1/128

1.9835E4-00
1.0656E4-00
5.4497E-01
2.7415E-01
1.3729E-01

0.896
0.967
0.991
0.997

1.8537E-01
5.6565E-02
1.5142E-02
3.8626E-03
9.7106E-04

1.712
1.901
1.970
1.991

2.2218E+00
1.2336E4-00
6.3875E-01
3.2249E-01
1.6165E-01

0.848
0.949
0.985
0.996

v =0.499 or A = 1.6644 % 102

1/8
1/16
1/32
1/64

1/128

3.7984E+00
3.3542E+00
2.6129E+00
1.7563E4-00
1.0228E4-00

0.179
0.360
0.573
0.780

8.5189E-01
6.6993E-01
4.2599E-01
2.0725E-01
7.5007E-02

0.346
0.653
1.039
1.466

2.2306E+01
3.1099E+01
3.2322E+01
2.6426E+01
1.7311E+401

-0.479
-0.055
0.290
0.610

TABLE 2. Example 1: CG.EP; solver is locking-free (uniform tri-
angular meshes).

[u—uplln
Il . 2)

Rate

[Ju — ]

]y 0)

Rate

lo — o]l

Ifll 2. )

Rate

v =0.49

9 or A = 1.6644 * 10>

1/8
1/16
1/32
1/64

1/128

3.3072E-02
1.6410E-02
8.1876E-03
4.0915E-03
2.0454E-03

1.011
1.003
1.000
1.000

1.4847E-03
3.6629E-04
9.1252E-05
2.2795E-05
5.6980E-06

2.019
2.005
2.001
2.000

3.1804E-02
1.5861E-02
7.9240E-03
3.9609E-03
1.9803E-03

1.003
1.001
1.000
1.000

V=

0.49999

9999 or A = 1.6667 *

108

1/8
1/16
1/32
1/64

1/128

3.3110E-02
1.6429E-02
8.1971E-03
4.0963E-03
2.0478E-03

1.011
1.003
1.000
1.000

1.4870E-03
3.6687E-04
9.1362E-05
2.2702E-05
5.3180E-06

2.019
2.005
2.008
2.093

3.1834E-02
1.5876E-02
7.9315E-03
3.9647E-03
1.9822E-03

1.003
1.001
1.000
1.000
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It is clear that

V-uzgsin(ﬂ(aﬁ-&-y)): W

Therefore, V-u — 0 as v — % The traction value on the right boundary is

msin(m(z + y)).

—4pmx sin(2nx) sin(2mwy) — QTMW cos(mx) sin(wy) — wsin(w(z + y))
tN (l‘, y) = 9 12
—pm? (sin®(7z) cos(2my) — cos(2mz) sin®(7y)) — 3T sin(7(z + y))

Table 2 reports the numerical results for the new CG.EP; solver. For this par-
ticular problem, up = 0, and [ty (|1 is a bounded quantity with respect to A. So
in Table 2 we use ||f]|2 to replace the bound

||fHL2(Q) + ”uDHH%(FD) + HtNHH%(FN)

shown in Theorem 1,2,3. Tt is clear that the energy norm || - || exhibits 1st order
convergence. The L2-norm of the displacement error exhibits 2nd order conver-
gence. In addition, the L2-norm of the stress error exhibits 1st order convergence.
It is also clear that these convergence rates do not deteriorate as A gets larger.

TABLE 3. Example 2 with v = 0.3: Errors of EP; solver on uni-
form triangular meshes.

h || |lu—upln | Rate || |[u—ug| | Rate || |joc —on| | Rate
1/16 || 1.4693E-03 | — 2.1724E-07 | — 4.7062E-01 | —
1/32 || 1.0088E-03 | 0.542 || 9.4023E-08 | 1.208 || 3.2305E-01 | 0.542
1/64 || 6.9225E-04 | 0.543 || 4.1237E-08 | 1.189 || 2.2165E-01 | 0.543

1/128 || 4.7486E-04 | 0.543 || 1.8260E-08 | 1.175 || 1.5204E-01 | 0.543
1/256 || 3.2567E-04 | 0.544 || 8.1407E-09 | 1.165 || 1.0427E-01 | 0.544
1/512 || 2.2333E-04 | 0.544 || 3.6465E-09 | 1.158 || 7.1499E-02 | 0.544

1/1024 || 1.5313E-04 | 0.544 || 1.6389E-09 | 1.153 || 4.9026E-02 | 0.544

Example 2 (Low regularity). This example is the same as Example 2 in our
recent work [22]. It is derived from [3]. This example is similar to the example
posed in [2] and tested in [36] (Section 9.3 therein). In particular, we consider
a I-shaped domain Q = (—1,1)%\ ([0,1] x [~1,0]). The physical parameters are
E = 10°, v = 0.3, and hence A = 57692. The body force is f = 0. A known
analytical solution for the displacement is

T
(43) u= {Acosé)—BsinG, Asin@—i—BcosO] ,

where (r,0) are the polar coordinates and

A= ;i (— (14 ) cos((1+ a)0) + C1(Co — 1~ ) cos((1 — )f) ).
(44) .
B= ﬂ(“ +a)sin((1 + a)f) — C1(Cy — 1+ a) sin((1 — a)e)).
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Here a ~ 0.544483737 is the so-called critical exponent. A Dirichlet boundary
condition is posed on the whole boundary using the data derived from the exact
solution.

It is known from [7, 36] that the exact solution has low regularity

ue H1+a76(ﬂ)2, oc Hafs(Q)2X2
for any small € > 0. Furthermore, we have (for the same small ¢ > 0)
up € H*27¢(00)2.

It can be clearly observed from Table 3 that the stress errors measured in the
L?-norm and the errors in the h-norm both have convergence order about 0.544,
which is close to «. But the displacement errors measured in the L?-norm has
convergence order about 1.15, which is close to 2a.. This is because the domain is
not convex and the solution does not have full regularity.

TABLE 4. Example 3 with A = 1: Errors of EP; on uniform tetra-
hedral meshes.

h || |lu—upl | Rate || ||c —on|| | Rate || A||[V-u—V -u| | Rate
1/4 || 9.840E-5 — 6.221E-3 — 1.050E-3 —
1/5 || 7.418E-4 | -9.05 || 1.649E-2 | -4.36 9.224E-4 0.580
1/8 || 3.541E-4 | 1.573 || 1.132E-2 | 0.800 5.997E-4 0.916

1/10 || 2.386E-4 | 1.769 || 9.263E-3 | 0.898 4.637E-4 1.152
1/16 || 9.878E-5 | 1.876 || 5.930E-3 | 0.948 2.622E-4 1.213
1/20 || 6.409E-5 | 1.938 || 4.769E-3 | 0.976 2.006E-4 1.200
1/32 || 2.540E-5 | 1.969 || 2.997E-3 | 0.988 1.165E-4 1.156
1/40 || 1.631E-5 | 1.985 || 2.400E-3 | 0.995 9.091E-5 1.111

TABLE 5. Example 3 with A = 103: Errors of EP; on uniform
tetrahedral meshes.

h|l |lu—=ul | Rate || ||c — o] | Rate || AV -u—V-uy| | Rate
1/4 || 9.905E-4 — 2.160E-2 — 5.773E-3 —
1/5 || 7.473E-4 | 1.262 || 1.861E-2 | 0.667 4.836E-3 0.793
1/8 || 3.557E-4 | 1.579 || 1.236E-2 | 0.870 2.772E-3 1.184
1/10 || 2.389E-4 | 1.783 || 9.951E-3 | 0.971 2.032E-3 1.391
1/16 || 9.840E-5 | 1.887 || 6.221E-3 | 0.999 1.050E-3 1.404
1/20 || 6.373E-5 | 1.946 || 4.968E-3 | 1.007 T.7TTE-4 1.345
1/32 || 2.520E-5 | 1.974 || 3.094E-3 | 1.007 4.291E-4 1.265
1/40 || 1.617E-5 | 1.988 || 2.471E-3 | 1.007 3.290E-4 1.190

Example 3 (A 3-dim problem). This example is adopted from [31] with
some interesting modifications. Here we consider the unit cube Q = (0,1)3. For
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convenience, we introduce three auxiliary functions:
bo(s) = (1 — s)%s?, bi(s) =by(s) =2(1 —s)s(1 — 2s),
and
c(x,y,2) = (1 — 62 +62%)(1 —y)y(1 — 2)z — 3(1 — x)%2? ((1 —y)y+(1— z)z)

Then we specify the displacement as

2 bo(z) bi(y) b1(2) sl
(45) u(z,y,z) =A| =bi(@) bo(y) b(z) |+ |y |,
— bi() b1(y) bo(2) z

where A, B are parameters for adjusting the magnitudes of the two parts in the
displacement expression. Clearly, the first part is divergence-free. The second part
generates a constant divergence that decays to zero as A — oco. Accordingly, the
body force is

—16 ¢(z,y, 2)(1 — 2y)(1 — 22)
(46) f(x,y,2) = nA 8 c(y, z,x)(1 —22)(1 — 2z)
8 c(z,z,y)(1 —2x)(1 — 2y)

In our numerical experiments, we set 4 = 1 and consider A = 1 and A = 103,
respectively. We set A = B = 1 for simplicity. A Dirichlet boundary condition is
specified on the whole boundary using the known exact solution for displacement.
Uniform tetrahedral meshes are used for tests. Shown in Table 4 and Table 5 are
the numerical results obtained from using the EP; elements. By enforcing the
Dirichlet boundary conditions in a certain way, we can maintain the symmetry in
the large-size sparse linear systems, so a conjugate gradient type linear solver can
still be used. For simplicity, we set the maximal number of iterations as 10000 and
both threshold and tolerance as 1078, In Table 4 and Table 5, for two consecutive

rows with step sizes hi, hy and corresponding errors E7, Fs, we use

(47) a = logy(E1/E2) /[ logy(h1/h2)

to calculate the convergence rate. As we refine the tetrahedral meshes, it can
be observed from Table 4 and Table 5 that the convergence rates for numerical
displacement, dilation (divergence of displacement), and stress are close to 2,1, 1,
respectively. These rates are maintained as A is increased from 1 to 103.

Note that for this example, |[f||2 does not dependent on A, [lup||z is a bounded
quantity with respect to A, and ty is empty. So we ignore the bound on the RHS
of the error estimates in Theorems 1, 2, & 3 when organizing the data in Table 4
& 5.

We also want to point out that as A gets larger, the condition number of the
sparse discrete linear system gets larger and hence more iterations are needed to
reach a specified accuracy. Design of efficient linear solvers and preconditioners
for 3-dim nearly incompressible elasticity problems will be an interesting topic for
further research.
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6. Renovation of Other Stokes Elements for Linear Elasticity

This section examines applicability of the renovation approach developed in Sec-
tion 3 to other Stokes elements. We consider four cases for triangular meshes. This
allows us to put (BRy, Py) in perspective.

(I) The simple pair (PZ, Py) is unstable for Stokes problems and hence not con-
sidered for renovation. This pair uses continuous piecewise linear vector-valued
polynomials for approximation of velocity and (discontinuous) piecewise constants
for approximation of pressure. This pair is known to be unstable [20] but also serves
as a starting point for various enrichments.

(II) The 1st order Bernardi-Raugel element pair (BRy, Py) is stable for Stokes
problems and its renovation for linear elasticity is the main topic of this paper. By
enriching the P? space with vector-valued edge bubble functions (quadratics), we
obtain BR;. The corresponding approximation space for pressure is still Py. The
increment in degrees of freedom is just the number of edges in the mesh, but we
get a stable pair. After renovation, it works well for linear elasticity (Theorems 1
and 2).

TABLE 6. Convergent numerical results obtained from applying
Scheme (15) with Crouzeix-Raviart (P§, Py) elements to Example
1 (with Dirichlet boundary conditions) on uniform triangular

meshes.
h H lu —up||n ‘ Rate H [lu — gl ‘ Rate
v =0.499 or \ = 1.6644 x 10?
1/8 || 4.6164e-01 | — 2.0411e-02 | —

1/16 || 2.1957e-01 | 1.072 || 5.2398e-03 | 1.961
1/32 || 1.0869¢-01 | 1.014 || 1.3346e-03 | 1.973
1/64 || 5.4336e-02 | 1.000 || 3.3687¢-04 | 1.986
1/128 || 2.7199¢-02 | 0.998 || 8.4618¢-05 | 1.993
v = 0.499999999 or A = 1.6667 x 10®
1/8 || 4.6173e-01 | — 2.0420e-02 | —
1/16 || 2.1963e-01 | 1.072 || 5.2434e-03 | 1.961
1/32 || 1.0872¢-01 | 1.014 || 1.3357e-03 | 1.972
1/64 || 5.4354e-02 | 1.000 || 3.3717e-04 | 1.986
1/128 || 2.7208¢-02 | 0.998 || 8.5772¢-05 | 1.974

(III) The Crouzeiz-Raviart element pair (P3, Py) is stable for Stokes problems
and its renovation also works for linear elasticity. This pair was discussed in [18].
Continuous elementwise quadratic polynomials are used for approximating velocity,
whereas discontinuous piecewise constants are used for approximating pressure. As
derscribed in Section 3, one takes the elementwise averages for the divergences of
the twelve P§ basis functions and applies the finite element scheme (15) to linear
elasticity.
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Note that the displacement is approximated by quadratic polynomials but the
dilation is approximated by piecewise constants, one can expect only a 1st order
convergence in the energy norm and a 2nd order convergence in the L2-norm. This
is reflected in Table 6 by the numerical results obtained from testing this renovated
pair on Example 1.

Next we provide a brief theoretical explanation why the renovated Crouzeix-
Raviart pair (P32, Py) works for linear elasticity. Let T be a triangle with vertices
a; (i = 1,2,3) and a;;, 1 < i < j < 3 be the midpoints of the edges connecting
vertices a; and a;. Let A\; (i = 1,2,3) be the barycentric coordinates. We can
choose the following P»(7')? basis functions for vertices and edges, respectively,

pi =Xi(2M — 1), 1<i<3,
Pij =4\, 1<i<j<3.
A local projection operator It : H?(T)? — Po(T)? is given by
(48) (IIrv)(a;) =v(a;), 1=1,2,3,

(49) / HTv:/ v, 1<i<j <3,
[ai,a;] [ai,a;]
For a triangular mesh 7j, we define
Vi = {Vh € CO(Q) : Vh|T € P2(T)27 VT € 771}
Accordingly, the global projection operator ITj, : H2(2)? — V}, is defined by
(HhV)|T = Ilpv, VT € Tp.

Applying (49) and Green’s formula, we obtain

/v (TT,v) :/ (Hhv)-n:/aTv-n:/T(V~v).

For any v € H'(Q)?, it follows from the above identity that

V- (v —T,v)||> = Z/ (v —1I,v) V- (v — I,v)dT
TEThH

=) V- (v-TI,v) /v (v —,v)dT = 0.

TeTh

Based on this, Theorems 1 and 2 can be derived in a similar way for this renovated
Crouzeix-Raviart element pair.

(IV) The MINI pair ((P1 + B3)?, P1) is stable for Stokes problems but cannot
be reused with Scheme (15) for linear elasticity. Different than BR;, the MINI
element enriches the P? space by cubic bubble functions (Bs = Span(A;A2)3)) for
element interiors [6, 19]. The matching space for pressure approximation consists
of continuous piecewise linear polynomials.

It is not a surprise to see the abnormal numerical results in Table 7, which are
obtained from using Scheme (15) with the MINI space to Example 1. Especially,
for a large A value (A = 1.6667 * 108), there is no convergence in the energy norm
or L?-norm.
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TABLE 7. Abnormal numerical results obtained from applying
Scheme (15) with the MINT elements to Example 1 (with Dirichlet
boundary conditions) on uniform triangular meshes.

P o=l [ w—will [ o —onll [V u—V-wl]
v =0.499 or A = 1.6644 x 10

1/8 || 3.8607e+00 | 8.8190e-01 | 8.9388e+01 3.7877e-01
1/16 || 3.4943e+00 | 7.2828e-01 | 5.3657e+01 2.2725e-01
1/32 || 2.7441e+00 | 4.5979e-01 | 4.0901e+-01 1.7328e-01
1/64 || 1.8139e400 | 2.1059e-01 | 3.0005e+-01 1.2717e-01
1/128 || 1.0376e+00 | 7.2192¢-02 | 1.8613e+01 7.8906e-02

v = 0.499999999 or A = 1.6667 * 108
1/8 || 4.0193e+00 | 9.5535e-01 | 8.7270e407 3.7026e-01
1/16 || 4.0267e+00 | 9.6023e-01 | 4.4149e+4-07 1.8731e-01
1/32 || 4.0286e+00 | 9.6149e-01 | 2.2139e+4-07 9.3929e-02
1/64 || 4.0291e+00 | 9.6180e-01 | 1.1078e+4-07 4.6999e-02
1/128 || 4.0292e400 | 9.6186e-01 | 5.5399e+06 2.3504e-02

Theoretically, we can also see why Scheme (15) cannot be used with the MINI
space for linear elasticity. For a triangle T, a local projection operator Ilp :
HYT)? = (Pi(T) + Bs)? is defined as

Opv = v + [ o } A1A2A3,
(&%)

where I : HY(T)2 — Py(T)? is the interpolation operator, Bs = Span{A; AaAs},
and

(65} 1 / ~
=—— [ (v-TI,v)dT.
[ s ] T MAaAsdT T( w)

For a triangular mesh 7j, we define
Vi = {vn € C%Q)2 : vp|r € (P(T) + B3)?, VT € Ty, }.
The global projection operator IIj, : HE(Q2)? — V}, is given by
(IIpv)r = Up(v|7), VT € Tp.

The MINT element is designed with the following property

/T(v —T,v)dT =0, YT €T, Vv H;(Q)?>
What we need for the analysis in this paper to apply is rather

/TV (v —Ipv)dT = 0.

Therefore, the MINI element is not to be used with Scheme (15) for linear elasticity,
which is based on the primal formulation for displacement.



CG-TYPE FE SOLVERS FOR LINEAR ELASTICITY ON SIMPLICIAL MESHES 709

However, we want to point out that the MINI element works for elasticity in the
mixed method investigated in [27].

7. Concluding Remarks

This paper presents CG-type finite element solvers for linear elasticity on trian-
gular and tetrahedral meshes based on renovated Bernardi-Raugel elements. These
methods provide essential enrichment to the classical linear Lagrangian elements to
render them locking-free. These methods have 2nd order convergence in displace-
ment and 1st order convergence in stress and dilation (divergence of displacement),
when the exact solution has full regularity. Three frequently tested examples (in 2-
dim and 3-dim) are examined to demonstrate the accuracy and robustness of these
new solvers.

There are many other higher order stable element pairs for Stokes flow, e.g.,
Taylor-Hood (P4, Py) for triangles. It is interesting to see whether and how these
element pairs can be reused for linear elasticity. This is currently under our inves-
tigation and will be reported in our future work.
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