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CONVERGENCE ANALYSIS OF ADI ORTHOGONAL SPLINE
COLLOCATION WITHOUT PERTURBATION TERMS

BERNARD BIALECKI AND RYAN I. FERNANDES

Abstract. For the heat equation on a rectangle and nonzero Dirichlet boundary conditions,
we consider an ADI orthogonal spline collocation method without perturbation terms, to specify
boundary values of intermediate solutions at half time levels on the vertical sides of the rectangle.
We show that, at each time level, the method has optimal convergence rate in the L? norm in
space. Numerical results for splines of orders 4, 5,6 confirm our theoretical convergence rates and
demonstrate suboptimal convergence rates in the H! norm. We also demonstrate numerically that
the scheme without the perturbation terms is applicable to variable coefficient problems yielding
the same convergence rates obtained for the heat equation.

Key words. Convergence, alternating direction implicit method, orthogonal spline collocation,
perturbation terms.

1. Introduction

The alternating direction implicit (ADI) method is a popular and useful tech-
nique for solving partial differential equations on rectangles. Such methods re-
duce the solution of multi-dimensional problems to the solution of a collection
of independent discrete one-dimensional problems in the coordinate directions.
ADI techniques have been used in recent years to solve a variety of problems
in various fields such as biology, engineering, finance, physics (see, for example,
[1, 8, 13, 14, 16, 19, 23, 25, 31, 32]).

ADI methods were first introduced, in the context of finite differences, by Peace-
man and Rachford [20] to solve parabolic and elliptic problems with zero Dirichlet
boundary conditions. When extending the ADI finite difference method to nonzero
Dirichlet boundary conditions, some authors included additional terms, called ‘per-
turbation terms’; to specify intermediate solutions at half time levels on vertical
sides of the rectangle (see, for example, [12, (2.8)], [27, (13), (14) on pg. 549, (35) on
pg. 555], [29, (7.3.11)], [30, (4.4.20), (4.4.21)]). The inclusion of perturbation terms
preserves the optimal convergence rate in the discrete H! norm in space. However,
it has been shown in [17, 3] for the heat equation and a variable coefficient parabolic
equation, respectively, that the ADI finite difference scheme without perturbation
terms has optimal convergence rate in the discrete L? norm in space. This impor-
tant finding opened the door to an application of the ADI finite difference method
to the solution of parabolic equations with Dirichlet boundary conditions on non-
rectangular sets. In [4], for the first time in the literature, we have formulated
and analyzed an ADI finite difference method without the perturbation terms on a
convex set.

Over the past several years ADI orthogonal spline collocation (OSC) has proved
to be an efficient technique to solve time dependent partial differential equation
problems on rectangles and rectangular polygons (see [5, 6, 13, 14, 15, 16, 22, 24, 26]
and references therein). The ADI OSC scheme was analyzed in [15] for the solution
of the heat equation with zero Dirichlet boundary conditions on a rectangle. The
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ADI OSC scheme with perturbation terms was analyzed in [5] for the solution of a
variable coefficient parabolic equation with nonzero Dirichlet boundary conditions
on a rectangle. The purpose of the present paper is to prove the optimal convergence
rate in the L? norm of the ADI OSC scheme without perturbation terms for the
solution of the heat equation

(1) ut+(L1+L2)u:f(x,y7t), (.’E,y,t) €0 x (07T]7
where Q = (a,b) x (¢,d),
(2) Liu = —Ugz, Lou= —Uyy,

with the initial and nonzero Dirichlet boundary conditions given by
(3) u(x,y,O) :gl(xay)7 (m,y) 667

(4) u(z,y,t) = g2 (x,y,t), (z,y,t) € 0 x (0,T].

While we define the ADI OSC scheme and give convergence analysis for the heat
equation, we demonstrate by a numerical example that the scheme without the
perturbation terms is applicable to variable coefficient parabolic problems yielding
the same convergence rates as those for the heat equation. We expect the result
of this paper to impact applications and convergence analysis of the ADI OSC
method for parabolic equations with nonzero Dirichlet boundary conditions on non-
rectangular sets [7].

In section 2 we give Preliminaries. The ADI OSC schemes with and without
perturbation terms are described in section 3. Convergence analysis of the ADI
scheme without perturbation terms is carried out in section 4. In section 5, errors
and convergence rates of the ADI OSC schemes with and without perturbation
terms are presented for splines of orders 4,5,6. Concluding remarks are given in
section 6.

2. Preliminaries

Let {x;}Y=, and {yj};v:y() be respectively partitions (in general nonuniform) of
[a,b] and [c, d] such that
a=29<x; < <IN, -1 <IN, Zb, c=1Y <Y1 <~-~<yNy_1 <yNy =d.
Let IF = (wi—1,%), I} = (yj-1,95), hf = 2 — xi—1, h¥ = y; —y;-1, and let

_ . x _ x _ : i A Y
h, = milnhi7 h, = m;jaxhi, h, = mjlnhj, hy = mjauxhj7

h = max(ha, hy).

We assume that a collection of the partitions {a;} 77 x {y; };V:’yo of {1 is regular, that
is, there exist positive constants o1, o2, and o3 such that for every partition in the
collection, we have

>

o1hy <h,, o1hy<h,, 03< E*m < o3.
y

In the following, we assume that a natural number r» > 3. Let P, denote the set
of polynomials of degree < r. Let M,, M2, M,, and /\/12 be the spaces defined by

M, ={veC'a,b|: V(g _y,20) € Pryi=1,..., Nz},
M = {ve M, :v(a) =v(b) =0},

My ={veCled vy, 4 €Prnj=1...,Ny},
Mg ={ve M, :v(c) =v(d) =0}
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The dimensions of M, and M, are (r — 1)N, + 2 and (r — 1) N, + 2, respectively.
Let M and M° be the spaces defined by

M=M,dM,, M°=M)aM,

Remark 2.1. M (MO) is the set of all functions that are finite linear combinations
of products ¢(z)(y), where ¢ € M, (M2) and ¢ € M, (./\/lg)

Let {&,}o_} and {wy,};Z} be respectively the nodes and weights of the (r — 1)-
point Gauss-Legendre quadrature on (0, 1). Note that

(5) wr>0, k=1,..,r—1, > wp=1
Set Go = {7, )11y, Gy = {€2,03, where

(6) §ip = io1 +hike, & =yj—1 + &
Set

G = {(£.6): € € Go.6G,}. T =GoU{ab), Ty=0yUfed).
For v and w defined on G, let (v, w)g and ||v||g be given by

N.‘l} N’.‘/
(7) (v,w)g =YY (Ww)g,,, [vlE = (v,0)g,
i=1 j=1
where
r—1r—1
() (v,w)g,, = hxh”ZZwkwl (vw) (&, &)y v é] = (v,0)g, -
k=1 1=1

Corollary 5.3 of [21] implies that v € M is uniquely defined by its values at the
points of G.

Let {t,})*, be a partition of [0 T such that t,, = n7, where 7 = T//Ny, and let
tny1/2 = (tn +tny1)/2,n =0,..., M — 1. We introduce the notation

(9) 3tv" =

For a function s defined on Q x [0, 7], we use the notation

s =s(-tn), snt1/2 5('atn+1/2)'

Assume s is a function defined on Q. Then the Gauss interpolant sg € M of s
is defined by

(]-O) Sg(§$7€y) = S(Exagy)’ gz S ?r, gy € ?y,
and for a = a,b, the Gauss interpolant si(a,-) € M, of s"(a,y), y € [c,d], is
defined by
(11) sg(a, €)= s"(a, &), €Y € Gy;
and for o = ¢,d, the Gauss interpolant s¢(-,a) € M, of s"(z,a), = € [a,b], is
defined by
(12) sg(€%,a) =s"(&%, a), &€ [

Asin [11], for r > 3, let 0 < < 72... < nr—3 < 1, be the simple zeros of the
polynomial

dr—3

=3 [tr—l(t _ 1)7«—1]7
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and let {nfm}fv;;;‘g and {né’n};v;’bzrl_ ® be the points given by

Nim = Tie1 + B Nms 05 = yj—1 + hinn.

Assume s is defined on Q. Then, the Hermite interpolant sy € M of s is defined
by

(51 =8)NFm),) =0, 1<i< Ny 1<j<N,

O (s34 — 5) . )
T(an‘;{n):o7 OSZSN:M 1§]§Ny7

(13) al _
O (53 — 5) . .
W(ffiayj):(), 0<i< N, 0<j5< N,

wherem,n =1,...,r—3 and k,l = 0, 1. It is known [9] that s exists and is unique.

For a sufficiently smooth function s(z,y,t) and o = a,b, the Hermite interpolant
sk (a,) € My of s*(a,y), y € [c,d], is defined by
(s5 — ") (n!,) =0, 1<j<N, n=1,...,r=3

(14) 94 (sh, — s¥)

oyt
and for @ = ¢, d, the Hermite interpolant s% (-, a) € M, of s*(z,a), x € [a,b], is
defined by

(,y;) =0, 0<j<N,, [1=0,1,

(s%—sk)(nf’m,a) =0, 1<i<N,, m=1,...,r—3,
(15) ol (sh, — s*)
Ox!
Throughout the paper, C denotes a generic positive constant which may depend
on 01, 09, 03, and r but is independent of h and 7.
In the following lemma we give approximation results of sy.

(z;,) =0, 0<i<N,, [1=0,1

Lemma 2.1. For s defined on Q, let syy € M be the Hermite interpolant of s
defined in (13). If s € H"TY(Q), then

(16) HW = Ch™ sl grin gy, 1= 0,2.
If s € H™T2(Q), then

(17) [A(s = su)llg < CR[|s|lzr+2(e)-

If s€ H™™3(Q), then, fori=1,...,Ny, j=1,...,N,,

(18) (A(s = s32), Dgo ;| < CR N RTRDY2 18] mrss (1o vy

Proof. (16) follows from [2, (2.19)] with ¢ =0 and j = 0,2. (17) follows from [2,
(2.20)] for i = 0,2. (18) follows from an inequality used in the proof of [2, (2.22)]
for i = 0,2; see the last unnumbered equation in the proof of Lemma 2.4 in [2] and
the first half of the same proof. O

For k = 1,2, we introduce the operators Ay, : M% — M?O defined by

(19) Apv(§) = Lyv(§) €€,
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where Ly, Ly are given in (2). Properties of the operators Ay are stated in the
following lemma.

Lemma 2.2. We have

(20) (Apv,w)g = (v, Agw)g, v,we MY, k=12,
(21) (Apv,v)g >0, 0#£veM’ k=1,2,
(22) A1 Ay = Ay Ay,

(23) (A1As0,0)g >0, ve M.

Proof. (20) and (21) follow from (7), (8), (19), (2), and [11, Lemma 3.1]. Tt
follows from (7), (8), and [11, Lemma 3.1] that

(67 (21 (y), D2(2)¥5 (y)g = (P1(2)¥] (), 85 (2)¥2(y)) g
¢15¢2 S M27 ¢1ﬂ/’2 S Mga
which, by Remark 2.1, implies
(A1v, Asw)g = (Agv, Ajw)g, v,w € M.
The last unnumbered equation and (20) yield (22). It is known (see [28, Theorem 4,
Section 5.1]) that for any self-adjoint, non-negative operator A there exists a unique
self-adjoint, non-negative square root A'/2? which commutes with every operator
commuting with A. Hence, for v € M, using (20), (21), both with k& = 1, (22),
and (21) with k£ = 2, we have
(A1As0,v)g = (A12 A1 Ayv,v)g = (424120, A P0)g > 0,
which gives (23). O
In the analysis, we often use the e-inequality

1
(24) a6§6a2—|—4—ﬁ2, a,BER, €>0,

€
and the inequality
(25) (a+p)* <2(a®+5%), a,BeR

We also require the discrete Gronwall inequality [18] and a summation by parts
in t stated in the following lemmas.

Lemma 2.3. If ay, Bk, k =0,..., Ny are non-negative real numbers such that B <
Br+1 and
k-1
ag < By +772an, E=0,..., N,
n=0

where v s a positive constant, then
anp <e’"B,, m=0,...,N;.

Lemma 2.4. Assume w® = 0. Then

k—1 k—1
T Z(v”,@tw")g = (kal,wk)g -7 Z(@tvnfl, wh)g, k=1,...,Ng.
n=0

n=1

Proof. Since (v,w)g of (7) is linear in v and w, using (9), we verify that the
left-hand side is equal to the right-hand side in the desired equation. O
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3. ADI OSC Schemes
For n=0,...,N; — 1, we find U™*t! € M such that

Un+1/2 -un n+1/2 n n+1/2
(26) TﬂLLlU + LU™| (§) = f €), €e€g,
Un+1 — Un+1/2 n+1/2 n+1 n+1/2
en [T o Lot @ = e, e
where
(28) U° = gi.n,
(29) Un+1(a’ y) = g;l:gl(a? y)? y e [07 d]7 @ = a’7 b)
Urtl(z,a) = gg‘gl(x, a), x€lab, a=cd,

and where g1 3, ggj;l(oz, -), and ggj;l(-, «) are the Gauss or Hermite interpolants of
g1, 95 (a, ), and gyt (-, a), respectively (cf. (10)-(15)). For n = 0,...,N; — 1
and ¥ € G, Unt/2(. ¢¥) € M, and

1
(30) U7l+1/2(oé’£y) = [5(Un+1 + Un) + %LQ(UTLJFI - Un)i| (a,gy)a o = a, b7
if we use perturbation terms or
1
(31) Unt2(a,ev) = i(U”“ +U") (e, €Y), o =a,b,

if we do not use perturbation terms. Using (21), one can show uniqueness, and hence
existence, of U"+1/2 and U™*! satisfying (26), (31) and (27), (29), respectively.

4. Convergence Analysis

In our convergence analysis of the ADI OSC scheme (26)—(29) and (31), we
assume that initial and boundary conditions are approximated using the Hermite
interpolant; see (28), (29). We also assume that the solution w of (1)-(4) is a
sufficiently smooth function on € x [0,7]. For sufficiently smooth function s on
Q x [0, 7], we use the notation

s ol = max s(z,y,t|,
| ”C([Q,[O,T]) (a:,y,t)eﬁx[O,T}' (z,y,1|

Isllc(o,r), 1t () = Jmax IsC )l ae )
assuming that both quantities exist and a;e_ﬁnite.
4.1. Error Equations. For n =0,..., N, let 2 € M be defined by
(32) 2t =U" —uy,

where, for fixed t,, u}, = un/(-,t,) is the Hermite interpolant of u™ or equivalently
u(-,tn) (cf. (13)). Then it follows from (32), (3), (4), (28), (29) that

(33) =0,
and forn =1,..., Ny,
(34) 2" =0 on ON.

Forn=0,...,N; — 1 and &Y € G,, we introduce z"+1/2(-,§y) € M, defined by
(35) z"+1/2(x,£y) = U"H/Q(:c,fy) — @"+1/2($,§y), x € [a,b],
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where w"t1/2(.,£¥) € M, is given by
(36) Y, €)= 5 (i ) (5,6), v € fa b,
Using (35), (31), (36), (32), (33), and (34), we obtain
(37) z"+1/2(a,§y) =0, a=ab & eg,.
The truncation errors of the scheme, for n =0,..., N; — 1, are defined by

~n+1/2 _ . n
w U/H

) T - e - [T

Lt Lzu%] ©), cea,

and
n+l _ ~n+1/2
@) 10 =9 - [B T L g @, €t

Equations (38) and (39) indicate by how much w7, u%H, and @w"1/2 fail to satisfy

equations (26) and (27). For n = 0,...,N; — 1, we introduce T and 77 in M°
defined by
T

(0)  THO =T+ T, TE = (T} - T, £€C.

Using (32), (35), (26), (27), (38), and (39), for n =0, ..., N, — 1, we obtain

zn+1/2 _

(an) Lt | © =10, €€,

Zn—i—l _ Zn+1/2
(42) [7/2 + Ly T2 LQZ"H} € =13(), €€g,
Subtracting (42) from (41), and multiplying by 7/4, we obtain

1

(48) 22 = S (M + 2 (O + TLa(zM =2 () — Z(T3 T, §€6.
Let w2 € MO be defined by
(44) w'2(E) = Lo(z" 1 = 2")(), €€
Then

R0, €0) = S ) 0 ) A, )T @, €0, € ], € €

since the left- and right-hand sides are in MY and they are equal to one another
for all z € G, by (43), (44), and (40). Substituting (43) in place of the first z"*+1/2
in (41), using (9), and substituting the last unnumbered equation in place of the
second 2z"*t1/2 in (41), we obtain

0,2"(6) + 5 La(" = 27)(©) - 5(TF —TP)(E)

gL @) + L O — LI + La"(©) = T, €0,

Rearranging the above unnumbered equation and using (40), we obtain
1
(45) 3tz"(£) 4 §(L1 + LZ)(Zn+1 + Zn)(f) + £L1Mn+1/2(f)

=TE(E) + Li(T)(§), €6
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It follows from (44) and (19) that w™t1/2 = 7 A,0;2". Hence, using (19), we rewrite
(45) in the operator form as

1 2
(46) ="+ S (A A" 42 + %AlAgatz” =TT+ Ay (T").
To show uniqueness of 2" 1 € MO satisfying (46), we assume Z € MO satisfies
1
T Z 4 (A A)Z + gAlAQZ (€) =0, €€G.

Taking the inner product (-, -)g on both sides of the last unnumbered equation with
Z and using (21) and (23), we obtain

1
0=r"12.2) + 5 (A + A2)Z, Z)g + 7 (A1 A22,Z) > 772, Z)s.
Therefore, Z = 0 which implies uniqueness of 21 € MO,

It will be convenient in the analysis to introduce p"*?t, ¢"*t € MO satisfying (cf.
(46)), forn =10,...,N; — 1,

1 72
(47) Op" + 5 (A1 + Ag)(p" T 4 p") + T A1 A0p" =TT,
n 1 n+1 n 7-2 n m
(48) g™ + 5(141 + A2)(¢"" +q") + ZA1A28tq =AT",
where
(49) P’ =q¢"=0.

It follows from (33) and (49) that 20 = p° + ¢°. Assume that 2" = p" + ¢",n =
0,...,N; — 1. Then (47) and (48) imply that (46) is true with z"*! replaced by
p" 1+ ¢"*t1. Hence by uniqueness of 2"t we have

(50) 2P=p"+q¢", n=0,...,N;.

The representation (50) allows for a simple analysis of error bounds for (47) in
comparison to that for (48).

4.2. Error Bounds. In order to bound p™ and ¢" of (47), (48), and (49), we
introduce

(51) n(t) = u(-,t) —uy(,t), te[0,T],

where, for fixed ¢, uy(-,t) is the Hermite interpolant of u(-,¢) (cf. (13)). The next
two lemmas are concerned with T’} and 1™ appearing on the right hand sides of
(47) and (48), respectively.

Lemma 4.1. For T}, n=0,...,N; — 1, defined in (40), we have

(52) TIE) = §M(€) + (L + L) +97)(E), €€G,

(53) IS™lg < C(r* + h™*1).



628 B. BIALECKI AND R.I. FERNANDES

Proof. It follows from (40), (38), (39), (9), (1), (36), and (51) that, for n =
0,....,N, — 1,

T7(E) = frr/2(8) — [Dpul, + Ly /2 + 1Lyl +ug,)] (€)
= up T2 (€) = Bpuly (€) + (Ln + Lo)u™V/2(€) — S(Ly + Lo) (ul™ + ul}) (€)

=5"(&) + 3(L1+ L) (" +0™)(E), €€,

where
(54)
n+1 n
S™(€) = uy M€= O+ 0 O+ T+ La) [ 2O - ()], e e 6

This proves (52). Using (7), (8), (9), Taylor’s theorem, and (5), we obtain

(55) |

In a similar way, using (2), we obtain

L, (un+1/2(.) — M(.))

n+1/2 N 2
a0 = 0 ()| < O s gpago -

2

2
< ort ||UmrcttHc(ﬁ><[0)T]) )

U .

2

4 2
<Cr ||UyyttHC(ﬁx[0,T]) :

o0 (wre - )

Using (7), (8), the Cauchy Schwarz inequality, (51), (uy)r = (ut)n, (16) with i =0
and s replaced by u(-,t), we obtain

tnt1
T_l/ ne(-, t)dt

tn

2 2 fnt1 2
(58) 1oe (1% = < / e D12 dt
g tn

tht1
— 2 r 2
=7 /t e = (we)u) (5 0)llg dt < Ch* 2 {|ugl|& o 1y, 11 () -

n

Using (54), the triangle inequality, and (55)—(58), we have

(59)  [I5"lg < CT* [Huttt”c@x[o,ﬂ) + l[ueattll o @x o) + ”uyytt”C(ﬁx[O,T])}
+Chr+1 ||ut||C([O,T]7HT+1(Q)) 5

which yields (53). O

Remark 4.1. If f(§,t,41/2) in (26) and (27) of the ADI OSC scheme is replaced
by [f (&, tnt1) + f(E,t0)]/2, then (54) is replaced by

§"(€) = i +up)(E) — " (€) + 0 (), E€G.
and (59) is replaced by
15™lg < C72 lwstell o@n ooy + CP ™ el ooz, mm41 02y -
Lemma 4.2. For T", n=0,...,N; — 1, defined in (40), we have

(60) [|[T"|g <C7%, n=0,...,N,—1, |o,T" g <Cr? n=1,...,N;—1.
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Proof. Using (40), (38), (39), (36), (2), and (51), forn =0,..., N; —1, we obtain

(61) 1) = a1/ - T ]
= =[5y = Wh)] (€)= T [ =) = G = )] (©), €€G
=7 W Jyy = (Wag)yy ] (&)= 7 [(Uyy ~ = Uyy Myy ~ — Myy ) ‘
Using (7), (8), Taylor’s theorem, and (5), we obtain
n n |12 2 2
(62) ||“y;r1 - “yy”g <Cr Huyyt”c@x[o,ﬂ) :

Using (7), (8), the Cauchy Schwarz inequality, (51), Uyyr = Uryy, (Un)yyt =
[(we) ]y, (16) with [ = 2 and s replaced by w(-,t), we obtain

2

tn41 9
<o [ It

tnt1
(63) Hng.;_l - ngy”é = H/t Myyt (- t)dt )
n g n

tn+t1
t’Vl

The first bound in (60) follows from (61), the triangle inequality, (62), and (63).
Using (9) and (61), for n =1,..., Ny — 1, we obtain

2
r— 2
e = (il C00]| < O 022 o my s oy -

1
(64) AT (€) = —(T = T2 ) (¢)
7_2 u@+1 _ 2un + unfl 7_2 nn+1 _ 27]” + ,r,nfl
— Z [ vy é/y vy (f) + ? vy 12/1/ vy (5)7 5 c g
T T

Using (7), (8), Taylor’s theorem, and (5), we obtain

2
n+1 n n—1
(65) Uyy ~ — 2uyy + Uy,

2
< Cllugyello@xo,m) -

g

Using (7), (8), Cauchy Schwarz inequality, (51), Uyyet = Ustyy, (Wp)yyer = [(Uet)2]yys

(16) with [ = 2 and s replaced by u(-,t), we obtain

T2

,’7n+1 _ an + nnfl 2 tntl 2
o0 |t e [T e ey e
G tn—1 G
. tnt1 9 1 tnt1 2
<t [ O =7 [ e, 0
tn—1 tn—1

_ 2
< Ch?" 2wl ooy, mm+1.0) -

The second bound in (60) follows from (64), the triangle inequality, (65), and (66).
(]

Lemma 4.3. Let v € M° and
(67) Uiy = (WhY) " (0, 0)g,,, i=1,...,Ns j=1,.. N,
Then

N, Ny
(68) S -7,

i=1 j=1

éw‘ < Ch*(—=Av,v)g.
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Proof. 1t follows from (67) and (8) that
r—1r—1
(69) ii,j = Z Zwuwuv(gi,uvgj,u)'
p=1lv=1

Using (8), (5), (69), (25), and the Cauchy Schwarz inequality, we have
(70)

r—1r—1 r—1r—1 2
o =Tl = BERS DD wne (ZZ%%[ b 650) = V& G >]>

k=11=1 p=1v=1

r—1r—1 r—1r—1
_h””hyzzwsz (Z Zwuwv[ @k’ ]z) (ﬁfw ;!,l)

k=11=1 p=1v=1 ,
(€80 €0 — V(€D €8] )

r—1r—1 r—1r—1 Tk f;./‘[ 2
_h»Lhyklelwkwl< 12“#“’1/ [/T m(s@ﬁl)ds—i—/y vy (&, 8)ds

1 1

Hn= i,u J.v
r—1lr—1 r—1r—1 I 2 5]va 2
< 2h7hY § E WrWy E E WyWy / vz (8,87 )ds| + /y vy (&7, 8)ds
x
k= 1 =1 p=1v=1 i,u 5j,u

2
. |ve (s |d5> Zwk (/ vy (§7k» s )|ds>

i

< Chfh! Zwl </

r—1
SChfh? h“’Zwl l[va (-, Jz HLZ(IT)Jrh Zwk [[vy( zk?')||L2(Iy)]

r—1 r—1
<CR? WY wi [0z (-, € D 22y + BE > wk vy (65 ')%2(1;')1 :
=1 k=1
Using (70), [11, Lemma 3.3], (7), and (8), we obtain
Nm Ny
Z Z [v =i, é”
i=1 j=1

<Ch2 Zhyzwl H'Um ; jl ||L2 a,b) thzwk ||Uy zlw' ||L20d)
_7 1 =1 i=1

< Ch? Zhwazithwk —200) (§7 82 €5 1)
j=1 =1 i=1

i=1

Z Zwk Zh Zwl vyy” €zk7§]l)
Jj=1 =1

= Ch? [(~Uzz,0)g + (=vyy, v)g] = Ch*(—Av, v)g,
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which proves (68). O
We obtain an error bound for (47), (49) in the following theorem.
Theorem 4.1. For p" € M°, n=0,..., Ny, satisfying (47) and (49), we have
(71) (—Ap",p")g < O(r* + h*'+2).

Proof. Taking the inner product (-,:)g on both sides of (47) with 279;p™ and
using (7), (9), and (23), we obtain, for n =0,..., Ny — 1,

(72) 278" 13 + (A1 + A) (" 4 p™), p" T = p™)g < 27(TY, 8ip")g-
Using (52), the Cauchy Schwarz inequality, (24), (53), and (25), we have
(73)  27(T},8p")g < 27(15™g110up" lg + 7((L1 + La) (0™ + ™), 8ip™)g

< 7llowp™ G + Cr(rt + h22) + 7(La + L) (0™ +0"), 0p")g-
Using (7), (2), and linearity in w of (v,w)g, ; of (8), we have

(74) 7 (L + La) (™™ ™), 0p") g = 1) + 117,
where
N. Ny
(75) I(n) =T (7A(nn+l +7]n),at(pn 7?23’))%,;’5
i=1 j=1
x Ny
(76) I =73 3 (=AW + 1), 07 )g.,
i=1 j=1
=M xr -1 n
(77) pi; = (hi hlj) (p 71)91',,]"

First, we bound I1(™). Since (v,w)g, , of (8) is linear in v, it follows from (77) and
(9) that

atﬁ:‘tj = (hfh?)_l(atpnv 1)gi,j'
Using the last unnumbered equation, the Cauchy Schwarz inequality, (8), (5), the

triangle inequality, (51), (18) with s replaced by u"*1 and u™, and using (24), we
have

(78) (_A(nnJrl + 77”)7 8tﬁzj)gi,j = (h;rh?)*l(atpn’ l)gi,j (—A(UnH + nn)v ]‘)gi,j

< o™ llg.,, (hh§)=12 {I(A [+ — (" H1)3] D), , |

(A" = (W)nl, Vg,

}

< |0p"||g, ;Ch ! [||un+1||HT+3(If><I;.’) + ||u"||H7‘+3(zgx1;)]

< HatP”H?;i,j + Ch2rt2 [||“”+1H12w+3(lfxl}’) + ||U"||ip+3(zgx1;/)} .
Using (76), (78), and (7), we obtain
(79) 7 < THatan?j + 7Ch*+2 [||Un+1||%{r+3(g) + ||u"||§p+3(9)]
Combining (72), (73), (74), and (79), we obtain

((Al + A2)(pn+1 _‘_pn))pn-&-l _pn>g < I(n) + CT(T4 + h2r+2)-
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For given k = 1,..., N;, we sum the last unnumbered equation from n = 0 to k—1,
use (20), p° = 0 of (49), (19), and (2), to obtain

k—1
(80) (=ApF,p")g <> T 1 O + 17 2), k=1,...,N,.

n=0

Next, using (75), p° = 0 of (49) which implies p; ; = 0 by (77), and Lemma 2.4
with the subscript G replaced by G; ;, we obtain

N, Ny —

(81) Z =33~ Z N0, 0" B ))a

i=1 j=1 n=0

=

x Ny k—1 N, Ny

A0 =B )a, +T 30D D (AW 0T, =g,

i=1 n=1i=1 j=1

i=1

[

To bound the first term on the right-hand side in (81), we use twice the Cauchy
Schwarz inequality, (7), (8), the triangle inequality, (51), Lemma 4.3 with v,7; ;
replaced respectively by pk,ﬁﬁj, (17) with s replaced by u* and u**!, and (24), to
obtain

(82)
N, Ny N, Ny
S AW T =B e, <D0 A+ Dlle,, ¥ - Bl
i=1 j—1 i=1 j=1
N N, 1/2
<A@+ Y [ S It - 55,12
=1 j=1

< (IAf* = @)ulllg + ARt = (E)llg) Ch(-Ap*, p*) g

< (—Ap*, )G 2O ul ooy, 42 )
1 ‘s
< 5(—Apk7pk)g + CR 2|l E .11, 572 (62)) -

To bound the second term on the right hand side of (81), using (9), (7), (8), the
Cauchy Schwarz inequality, (51), (Au): = A(ut), [A(un)]r = Al(u)n], and (17)
with s replaced by u(+,t), we obtain

tnt 2 tnt1
o = [+ [ antna <t [T ami ol

tni1 2
= [ Al = Gl )| e < Ol ey

Then following derivations in (82) and using the last unnumbered equation, we have

N, Ny

k—1
(83) TZZZ(atA(U" +77n_1)’pn _T)Zj)gi,j

n=1i=1 j=1

k—1
STZ

|
n=11i=1 j=1

N, Ny
|6tA(77n + Unil)”gi,j ||pn - T)zn,ngi,j
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1/2
<TZ 10:AM™ + 17" Ylg ZZ Ilp" —2i5llg,
=1 j=1
k-1
n n— n n\1/2
< 37 (19277 lg + 19: A" ) Ch(~Ap™, p™)
n=1
k-1
n ,n\1/2 r
<t (=" ") PO u | o,y )
n=1
7_ k—1
<3 > (=Ap™pM)g + CR 2 {|u| G0 17020 -
n=1
Substituting (82) and (83) into (81), we obtain
1 it
Zl(n B Apk’pk)g+7z(_Apn7pn)g+Ch2T+27 k:17"'aNt-
2 2 =

Substltutmg the last unnumbered equation into (80), multiplying by 2, and using
p® = 0 of (49), we obtain
k—1
(—ApF,p*)g < 7> (=Ap",p")g + CH* 2, k=0,...,N,.

n=1

Lemma 2.3, applied to the last unnumbered equation with az = (—Ap*, p¥)g,
Br = Ch?*2 and v = 1, completes the proof. O
Next we obtain an error bound for (48), (49).

Theorem 4.2. For ¢" € M°, n=0,..., Ny, satisfying (48), (49), we have
(84) lg"lg< C7°.

Proof. (21) with k = 1 implies existence of A;'. Multiplying (48) by A;!
taking the inner product (-, -)g on both sides with 279;p™ , we obtain

(85) 27(AT'0iq", 0kq")g + 7(q" ' + ¢, 0eq")g + (AT A2(¢" + "), Bg")g

3

-
+?(A28tqn, 8tqn)g = 2T(T1j, 8tq")g, n = O, ey Nt —1.
It follows from (20) and (22) that
(A7 Agv,w)g = (v, AgAT w)g = (v, AT Asw)g, v, w € MO,
which, along with (9), implies
T(AT 420"+ ¢"),004")g = (AT A2q™H, ¢ g — (AT A2q", q")g.

Using (9), we also have

(@ + "), 0:4")g = (¢"1.q" g — (¢, 4"
It follows from (21) that the first and last terms on the left hand side of (85) are

non-negative. Dropping these terms and using the last two unnumbered equations
n (85), we obtain

(86) (qn—t-l’qn—t-l)g _ (qn,qn)g + (A;1A2q7L+17qn+1)g _ (AIIAQQTL,qn)g
<27(T",0:q")g, n=0,...,N;—1.
It follows from (20), (22), and (23) that
(AT Aqv,v)g >0, ve MO,
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For k =1,..., N;, summing (86) from n = 0 to k — 1, using the last unnumbered
equation, and ¢° = 0 of (49), we obtain

k—1
(87) "3 < 27 ) (T",0:q")g-

n=0

Using ¢° = 0 of (49), Lemma 2.4, the Cauchy Schwarz inequality, (24), and (60),
we have

k—1 k—1
(88) 21 Y (T, 0hq")g = 2TF 1, qF)g —2r Y (1" q")g
n=0 n=1
k—1 k—1
<3 Hq g + 20 TE 12 +TZ 0.7 HIZ +TZ lla"™ 113
k—1 a a
<5 Hq Ig+7> llg"lIg +Cr.
n=1
Combining (87), (88), and using ¢ = 0 of (49), we obtain
k—1
" I3 < 272 l¢"|Iz +Cr*, k=0,...,Ny.
n=1

Lemma 2.3 applied to the last unnumbered equation with ap = [|¢*[|Z, Br = CT*,
and v = 2, completes the proof. O

Theorem 4.3. Assume U',n=0,..., Ny, satisfy (26)-(29) and (31). Then,

_ n < r4+1
oLoax lu = U"|z2@) C(7% + h"*1).

Proof. For n =0, ..., Ny and p™ of (47) and (49), using the Poincaré inequality,
[11, Lemma 3.1}, (7), (8) (21) with k£ =2, (19), (2), and (71), we have

Ny b
Zh]wal/[p (.87, dx<CZhwal/[pm (x,&7))d
j=1 = j=1 =

< CZhyZUJl Zr:hy Zwl pmp i k,ﬁ;{;) - C(_pgxapn)g
j=1 =1 i=1

< C(—phpp™)g + (A2p™,p")g < C(—=ApP™,p")g < C(r* + B*T2).

Forn =0,..., Ny and ¢" of (48) and (49), using the second inequality in [21, (5.25)],
(7), (8), and (84), we have

Ny r—1 b N
hz; wl/ xf dx<CZhwathwak (&, jz)
j=1  1=1 j=1 I=1 =1
—Cllg"3 < O+,

For n =0,...,N; and 2™ of (32), using the second inequality in [21, (5.25)], (50),
(25), and the last two unnumbered equations, we have

e = [ [P <o [ Zhyzwl (a0,
j=1 =

a
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Ny r—1
SC’Z Zwl/[p (z, ]ldx—l—CZhwal/ mf}yl
j=1 j=1 —

< C(r* + B2,

For n = 0,..., N, it follows from the triangle inequality, (32), (16) with I = 0
and s replaced by u', the last unnumbered equation, and the inequality va + 8 <
Va++/B,a>0, >0, that

[u" = U™|r2e0) < u™ = willrz) + 112"l 2@) < C(r> + A7), O

5. Numerical Results

With @ = (=1,1) x (—=1,1) and T = 1, we choose f, g1, g2 so that the exact

solution of (1)—(4) is

u(z,y,t) = eTH eV,
The ADI OSC scheme (26)—(29) has been implemented as described in [5, Section
5] for r > 3 using MATLAB. For approximation of the boundary condition on
vertical sides, we have tested both approaches, (30) which uses perturbation terms
and (31) which does not use perturbation terms.

The L? and H' norms of the error e = u(-,T) — UMt are approximated using p-
point Gauss-Legendre quadratures in = and y with suitable p so that quadrature er-
rors are negligible. Let {&},_; and {&;}}_, be respectively the nodes and Weights
of the p-point Gauss-Legendre quadrature on (0,1). We set G, = {5 k}l T F_, and

= {fj’l p yif |, Where §mk and fyl are given by the right-hand sides in (6) with

fk and & replaced by §k and fl, respectively. Then, the L? and H! norm errors are
approximated by the formulae

P P
(89) lellF2 () = ZZhWZZwM €1,€)
i=1 j=1 k=1 1=1
and
N, Ny P P -~
lel3iy = DD hIRYS S Gpwy (e + e + e2] (€1, €Y,),
i=1j=1 k=11=1

respectively. We explain how to evaluate UNf(EI,gy), U;Vt(fm,gy), Uévf(@,gy),
§° € Gy, §Y € Gy

(a) For each £ € G, we know the coefficients ug= ; in

Ny(r—1)+2
(90) UMy = Y ue Biy), yeled,
j=1

where the B splines B;’ form a basis for M,. We use (90) to compute U™ (gx,@),
U (67,8Y), € € Gy, €Y € Gy,

(b) For each &Y € G, we have

_ Ng(r—1)+2
(91) UM = ), apBi@), welab)

i=1
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TABLE 1. L? norm errors; initial, boundary conditions via Hermite interpolant.

With (30) With (31)

N | Error | Rate | Error | Rate
r=3| 4 | 5.7-04 3.9-04

9 | 2.2-05 | 4.002 | 1.5-05 | 4.008

16 | 2.2-06 | 4.000 | 1.5-06 | 4.013

25 | 3.7-07 | 4.000 | 2.5-07 | 4.011
r=4 | 4 | 1.5-04 9.6-05

9 |2.5-06 | 5.001 | 1.6-06 | 5.031

16 | 1.4-07 | 5.000 | 9.1-08 | 5.018
25 | 1.5-08 | 5.000 | 9.7-09 | 5.011

r=5| 4 | 3.6-05 2.4-05
9 |2.8-07]6.000 | 1.8-07 | 6.029
16 | 8.9-09 | 6.000 | 5.6-09 | 6.015
25 | 6.1-10 | 6.000 | 3.9-10 | 6.010

where the B splines B form a basis for M,. We compute the coefficients «a; z, in

(91) by solving the interpolation problem
N, (r—1)+2
S a5 BIE) = UN(EEY), € €T,
i=1
where UM (gr,gy), £ € G, gy € G,, are known from part (a) and UNt(gm,Ey),
£ = a,b, are known from the first equation in (29). Then, we use (91) to compute

UN(E", &), UN (€7, £Y), € € G7, € € G,
(c) For each &Y € G, we have

Ng(r—1)+2
(92) U@, E) = Y BaB@), vl
i=1
We compute the coefficients 8; z, in (92) by solving the interpolation problem
Ng(r—1)42
S aaBIE) =UNEE), ¢ e,
i=1

where Uévt (gw,'{y), € e G, &€ Gy, are known from part (a) and Uévt(fc”,gy) =
(gg,h)y(gw,fy), &% = a,b, (see the first equation in (29)). Then, we use (92) to
compute Uévﬁ (&%,8Y), &% € G*, &y e Gv.

For r = 3,4, 5, the L? norm errors and convergence rates of the ADI OSC scheme
are presented in Table 1. We use Hermite interpolation to approximate the initial
and boundary conditions; see (28), (29). Based on our analysis of the scheme, we
expect the maximum norm error in time to be O(72) and the L? norm error in
space to be O(h™*!). Hence, for N = 4,9, 16,25, we have chosen N, = N, = 2N
(h =hy = h, =2/(2N) = 1/N) and N; = (vVN)"*+ so that 72 = h("*). When
computing the errors, we choose p = r + 2 so that the quadrature error in (89) is
negligible since we expect this error to be O(h?’~1).

For r = 3,4,5, the convergence rates using the L? norm errors in Table 1 are
approximately 4, 5, 6, respectively, which is optimal and confirms the findings of our
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TABLE 2. H! norm errors; initial, boundary conditions via Her-
mite interpolant.

With (30) With (31)
Error | Rate | Error | Rate
6.0-03 1.9-02
5.2-04 | 3.008 | 2.8-03 | 2.329
9.3-05 | 2.999 | 6.3-04 | 2.604
2.4-05 | 2.999 | 2.1-04 | 2.436

1.5-03 6.6-03
5.8-05 | 4.003 | 4.2-04 | 3.403
16 | 5.8-06 | 4.000 | 5.6-05 | 3.490
25 1 9.7-07 | 4.000 | 1.2-05 | 3.486
r=5| 4 | 3.7-04 2.2-03
9 |6.4-06 | 5.001 | 6.0-05 | 4.436
16 | 3.6-07 | 5.000 | 4.5-06 | 4.486
25 1 3.9-08 | 5.000 | 6.1-07 | 4.490

r=3

© R R o2

TABLE 3. L? norm errors; initial, boundary conditions via Gauss interpolant.

With (30) With (31)
Error | Rate | Error | Rate
5.8-04 3.8-04
2.3-05 | 4.002 | 1.5-05 | 4.007
2.3-06 | 4.000 | 1.5-06 | 4.012
3.8-07 | 4.000 | 2.5-07 | 4.010

1.5-04 9.6-05
2.5-06 | 5.001 | 1.6-06 | 5.031
16 | 1.4-07 | 5.000 | 9.1-08 | 5.018
25 | 1.5-08 | 5.000 | 9.7-09 | 5.011

r=5| 4 | 3.6-05 2.4-05
9 | 2.8-07 | 6.000 | 1.8-07 | 6.029
16 | 8.9-09 | 6.000 | 5.7-09 | 6.015
25 | 6.1-10 | 6.000 | 3.9-10 | 6.010

© (RS e =

theoretical analysis. While the convergence rates are the same for two approaches
(30) and (31), the L? norm errors for (31) appear to be smaller.

For r = 3,4,5, the H' norm errors and convergence rates of the ADI OSC
scheme are shown in Table 2. We use Hermite interpolation to approximate the
initial and boundary conditions. Since we expect the maximum norm error in time
to be O(72) and the H' norm error in space to be O(h"), for N = 4,9, 16,25, we
have chosen N, = N, = 2N (h = h, = hy, =2/(2N) = 1/N), N; = (V'N)" so that
72 = h". We again choose p = r + 2.

For r = 3,4, 5, the optimal rates using the H' norm errors in Table 2 are ap-
proximately 3,4, 5, respectively, when the approach (30) is used. This is consistent
with the result proved in [5] for 7 = 3. We do not obtain the optimal H' rates
for the approach (31); for h sufficiently small, the respective rates for r = 3,4,5
are approximately 2.5,3.5,4.5. Thus, when perturbation terms are not used, we
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TABLE 4. H' norm errors; initial, boundary conditions via Gauss interpolant.

With (30) With (31)
Error | Rate | Error | Rate
6.0-03 1.8-02
5.2-04 | 3.011 | 2.8-03 | 2.326
9.3-05 | 3.001 | 6.3-04 | 2.603
2.4-05 | 3.000 | 2.1-04 | 2.435

1.5-03 6.6-03
5.8-05 | 4.003 | 4.2-04 | 3.403
16 | 5.8-06 | 4.000 | 5.6-05 | 3.490
25 | 9.7-07 | 4.000 | 1.2-05 | 3.486

r=5| 4 | 3.7-04 2.2-03
9 |6.4-06 | 5.001 | 6.0-05 | 4.436
16 | 3.6-07 | 5.000 | 4.5-06 | 4.486
25 | 3.9-08 | 5.000 | 6.1-07 | 4.490

r=3

© a(R e o=

TABLE 5. L? and H' norm errors; initial, boundary conditions via
Hermite interpolant.

L? norm HT norm
Error | Rate | Error | Rate
6.4-03 3.5-02
2.5-05 | 4.004 | 4.9-03 | 2.446
2.5-06 | 4.010 | 1.2-03 | 2.464
4.1-07 | 4.010 | 3.9-04 | 2.462

1.6-04 1.3-02
2.7-06 | 5.037 | 7.7-04 | 3.470
16 | 1.5-07 | 5.021 | 1.0-04 | 3.465
25| 1.6-08 | 5.014 | 2.2-05 | 3.474
r=5| 4 | 4.1-05 4.2-03
9 |3.0-07|6.034 | 1.1-04 | 4.472
16 | 9.5-09 | 6.018 | 8.6-06 | 4.474
2516.5-10 | 6.012 | 1.2-06 | 4.482

r=4

© BN e o=

only obtain suboptimal convergence rates in the H' norm, that is, 0.5 less than the
optimal rate.

In Tables 3 and 4 we present results similar to those in Tables 1 and 2 respectively.
All parameters are kept the same but instead of using Hermite interpolation, we
use Gauss interpolation to approximate the initial and boundary conditions.

Comparing Tables 1 and 2 with Tables 3 and 4 respectively, we observe that the
corresponding L? and H! norm errors and rates are comparable. Numerically, it is
easier to approximate the initial and boundary conditions using Gauss rather than
Hermite interpolation.

Finally, we demonstrate that the ADI OSC scheme without the perturbation
terms is applicable to variable coefficient problems. If (2) is replaced by

Liu=—a1(z,y, t)ugs, Lou= —as(z,y,t)uy,,
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TABLE 6. L? and H! norm errors; initial, boundary conditions via
Gauss interpolant.

L? norm H' norm
N | Error | Rate | Error | Rate
r=3| 4 | 6.3-04 3.5-02
9 | 2.5-05 | 4.003 | 4.9-03 | 2.444
16 | 2.5-06 | 4.009 | 1.2-03 | 2.463
25 | 4.1-07 | 4.010 | 3.9-04 | 2.461

r=4| 4 | 1.6-04 1.3-02
9 | 2.7-06 | 5.037 | 7.7-04 | 3.470
16 | 1.5-07 | 5.021 | 1.0-04 | 3.465
25| 1.6-08 | 5.014 | 2.2-05 | 3.474

r=5| 4 | 4.1-05 4.2-03
9 |3.0-07|6.034 | 1.1-04 | 4.472
16 | 9.5-09 | 6.018 | 8.6-06 | 4.474
25 1 6.5-10 | 6.012 | 1.2-06 | 4.482

then in (26), (27), L;,i = 1,2, is replaced by L?H/Q,i = 1,2, see, for example, [5,
(3.1)]. We choose

ar(z,y,t) = (/DA + 2> +y* +17), az(z,y,t) =sin(z +y) + (1/3)(t + 4)

with all other parameters the same as in the case of the heat equation.

The ADI OSC scheme has been implemented with boundary conditions on ver-
tical sides approximated without the perturbation terms (cf. (31)). Tables 5 and 6
give the L? and H' norm errors and the corresponding convergence rates with ini-
tial and boundary conditions approximated using Hermite and Gauss interpolants,
respectively.

Comparing results of Table 5 with the last two columns of Tables 1 and 2 and
comparing results of Table 6 with the last two columns of Tables 3 and 4, we see
that there is good agreement. This indicates that the ADI OSC scheme without
the perturbation terms for the variable coefficient problem also yields the optimal
L? norm rate and suboptimal H' norm rate.

6. Concluding Remarks

We have shown that the ADI OSC scheme for the heat equation on a rectangle
without perturbation terms on vertical sides for nonzero Dirichlet boundary con-
ditions has optimal convergence rate in the L? norm. Numerical results confirm
the same. This new finding is important for applications of the ADI OSC scheme
to non-linear problems, problems with other types of boundary conditions and to
problems on non-rectangular regions, in which case it is impossible to use perturba-
tion terms. Numerical results also suggest that if perturbation terms are not used,
then a subotimal convergence rate is obtained for the H' norm.
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