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AN EFFECTIVE ALGORITHM FOR COMPUTING
FRACTIONAL DERIVATIVES AND APPLICATION TO
FRACTIONAL DIFFERENTIAL EQUATIONS

MINLING ZHENG, FAWANG LIU, AND VO ANH

Abstract. In recent years, fractional differential equations have been extensively applied to
model various complex dynamic systems. The studies on highly accurate and efficient numerical
methods for fractional differential equations have become necessary. In this paper, an effective
recurrence algorithm for computing both the fractional Riemann-Liouville and Caputo derivatives
is proposed, and then spectral collocation methods based on the algorithm are investigated for
solving fractional differential equations. By the recurrence method, the numerical stability with
respect to N, the number of collocation points, can be improved remarkably in comparison with
direct algorithm. Its robustness ensures that a highly accurate spectral collocation method can
be applied widely to various fractional differential equations.

Key words. Riemann-Liouville derivative, Caputo fractional derivative, Riesz fractional deriva-
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1. Introduction

Fractional differential equations (FDEs) have been applied widely in many re-
cent studies in applied mathematics, theoretical physics and mechanics, biology,
and economics [22, 23, 30, 31]. The fractional derivative is a powerful tool to
describe complex systems that have long memory and long-range spatial inter-
actions. In general, however, numerical methods for fractional derivatives and
fractional differential equations suffer from heavy costs of computing due to their
nature of non-locality. Therefore, numerical study on fractional differential equa-
tions by highly accurate and efficient methods is an imperative task. The spectral
method, which is suitable for the discretization of the fractional derivative as a
global scheme, has begun to draw more and more attentions from scientific re-
searchers [1, 14, 16, 20, 34, 35, 38, 39, 40].

However, one has to overcome two main difficulties for the spectral method
dealing with FDEs: one is the computation of fractional derivatives, and the other
is the singularity of the solution of FDEs. Indeed, both difficulties are related with
the choice of basis functions the spectral method adopted. Today, it is clear that the
use of fractional Jacobi functions (also are called the generalized Jacobi functions)
as basis functions is more suitable to deal with the singularity of the solution [3,
6, 7, 10, 32, 33]. Nevertheless, the classical polynomial basis is convenient for
the computations of FDEs and also to the analysis of spectral approximation [11,
15, 29]. Moreover, using the polynomials as basis function is still highly accurate
compared with the other numerical methods, such as finite difference method and
finite element method [15]. It is worthwhile to note that some authors engaged in
high order methods for the discretization of fractional derivatives, see [17, 18] and
the recent works [8, 19] for example.

In this paper, we are concerned with developing an effective algorithm for com-
puting fractional derivatives. The classical polynomials are still adopted here due
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to the consideration that the singularity near boundary can be overcome by the
spectral element method based on polynomials, see the recent paper [21] for de-
tails. Several recurrence methods are proposed for the computation of the left- and
right- Riemann-Liouville fractional derivatives and the left- and right- Caputo frac-
tional derivatives here. Especially, we compare the stability of our method to one
of the direct methods [4, 5, 11, 26]. Then, some applications based on the spectral
collocation method are presented. Meanwhile, a comparison with the collocation
method based on fractional Jacobi functions [32, 33] is performed.

In [15], Li, Zeng and Liu developed a recurrence method to compute fractional
integrals and derivatives. Utilizing the three-term recurrence relation and the prop-
erty of Jacobi polynomials, the authors established a recurrence scheme for the com-
putation of fractional derivatives. In [37] the author presented a spectral/spectral
collocation method by using this recurrence method for solving the space fractional
diffusion equation. Anyway, the recurrence algorithm is worth further developing
for the spectral collocation method due to its high efficiency and accuracy.

We shall take a different route to compute the differentiation matrix in this
paper. The main idea comes from the fact that if f € P%#(x), then it implies
Oz f € ngll’ﬁﬂ(m), where P2 (x) designates the class of Jacobi polynomials.
Therefore, for the Chebyshev polynomials of the first kind with a = 8 = —%, their
derivatives of the first order are the Chebyshev polynomials of the second kind with
a=p= % Thus, some properties of the Chebyshev polynomials of the second
kind can be employed, and a simplified and effective recurrence algorithm for the
computation of fractional derivatives of the Chebyshev polynomials of the first kind
is then derived.

The paper is arranged as follows. In Section 2 we introduce the series expansion
of the Jacobi polynomials in detail starting from an eigenvalue problem, and present
the direct method for computing the fractional derivatives. The derivations of the
recurrence algorithms are presented in Section 3. In Section 4, the fractional differ-
entiation matrices are investigated, and then the approximated errors are proposed,
and several examples are presented to illustrate the stability of our method for large
polynomial degree. Some applications of our method are considered in Section 5.
Here, we mainly consider the multi-term fractional equations, time-space fractional
diffusion equations, and the Riesz fractional diffusion equations. We also consider
the non-smooth problem, and a comparison with the corrected backward formulae
is carried out in this section. Finally, some remarks and conclusions are presented
in Section 6.

2. Preliminaries

At first, we recall a fundamental result about the singular eigenvalue problem
and some useful analytical formulations of Jacobi polynomials for computation of
fractional derivatives(see also [5, 11, 15, 24]). Consider the following eigenvalue
problem

(1) (weyy) () = Anw(x)yn ().
where the weight function satisfies the Pearson equation (see [13] for details)
(we)'(z) = w(@)Y(z)
and p(z) = 2% + 2rz + s, Y(x) = 2px + ¢, and the eigenvalue \,, = n(n — 1 + 2p).
Lemma 2.1 ([12]). Let o > —1,8 > —1, and 1, s,p, q satisfy
2r=—a—-b,s=ab,2p=a++2,qg=—-a(f+1)—bla+1).
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Then, the following results hold:

i). The eigenvalue problem (1) has a sequence of solutions of polynomials y,
corresponding to A\, which are orthogonal on (a,b) with respect to weight w(x) =
(x — a)*(b— )P, and satisfy the three-term recurrence relation

a(B+1)+bla+1)

B a+pB+2 ’
n(n+a)(n+B)(n+a+p)(b—a)?
n+a+B-1)2n+a+B8)2Cn+a+5+1)
+{:E 2n(n+a+ﬂ+1)(a+b)+[a(ﬁ+1)+b(a+1)}(a+ﬂ)}y (2)

2n+a+B)2n+a+p4+2) it
it). If (c+ a)(c+ b) = 0, then the solution y,(x) can be written into

Yo(z) =1, yi(z) =2

Yn+1(z) = _( Yn—1(z)

n k
AEEDICAE S
k=0
where
(n—k)n+k+a+B+1)Cphy =
—[2k+a+B+2)c+ (a+b)(k+1)+aB + ba] Cp ry1
fork=0,1,2,--- ,n—1 and C, , = nl. (|

Denote by Fs(ai,- -+ ,ar;b1,- -+ ,bs; z) the hypergeometric function defined by
oo

.. k
JFylag, - apiby, - byiz) = (@) -~ (ar)r 2

. 1’
= (b1)k -+ (bs)r K!
where (-), is the Pochhammer symbol defined by

k

(@o=1, (a)r=[Jla+i-1)for k=1,2,--.
i=1

Let P#(x) be the Jacobi polynomials corresponding to weight function w(x) =
(1 —2)%(1 + z)”. Then, by their hypergeometric representations [2],

1 n
Pf:’ﬁ(x) — M

1—
QFl(n,nJraJrﬂJrl;aJrl; x)

n! 2

Set a = —1,b = 1, and let us consider the weight w(z) = [z — (—1)]°(1 —x)%, by
Lemma 2.1, we derive

n

—2)" —n)i(n+ a e k
e = 3 CRE el ot B4 1) (1" a4

k=0 (n+a+B+1)n(B+ 1)y 2 k!

_ (=2)"(B8+ 1), ) ':17+1
(2) —(n+a+5+1)n2F1(—n,n+a+6+1,ﬁ+1, 5 )7
or

n

& 2at Dp(—n)n+a+ B4+ 1), [ 1\ (@ —1)F

ZOEDY (nta+B+nlat i) ( >k'
2"+ 1),

(n+a+p8+1),

2
k=0

-1
o Fy <n,n+a+5+1;a+1;x2>.
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In light of (3) and the hypergeometric representation of P4 (x), it follows that

2" 0.3

yn($> = (

Hence,

n

(4) Pgﬂ(m):kz(Z)(n+a+ﬁ+1)kf(n+a+1) (x_l)k

‘ n!l'(k +a+1) 2
o, _ = (M (n+a+B+1)D(n+B+1) (241 k
5)  P®B(z) = (1) Z(k> n!F(k+kﬁ+1) ( - ) .

k=0

The Chebyshev polynomials of the first kind T,(x) and the second kind U, (x)
are defined by:

.
= ol
Nl
8
~—

@) Un@)

6 Th(z) = T 1 ’ =
) W= T

N

S0l
—

—
Nawl

Therefore, substituting into T,,(z) and U, (z) of (6) respectively with (4) or (5),
the Chebyshev expansions into power series of (x + 1) or (1 — ) are obtained. The
Chebyshev polynomials of the first kind, for instance, can be expanded as

=30 () G ) (7))

1
k=0 2

or

" n\ (n)pl(n+3) /1—2\"
7,00 = (-0 (}) 2 .
k; k) (3).L(k+3)\ 2
Now, we derive the direct formulae for computing the fractional derivatives. Let

us denote DY and BLD] the left Caputo fractional derivatives and left Riemann-
Liouville fractional derivatives with n — 1 <« < n, respectively, that is (see [25]),

1 T u™(s)ds
ADIu(z) = /
SO = ) L e

1 ar [* u(s)ds
RIplu(z) = =—— / e W AT
D) = e L sy

Similarly, denote the right Caputo fractional derivatives and right Riemann-Liouville
fractional derivatives by JC;DI’ and EED] for n — 1 < v < n, respectively, which are
defined as

Cprue — U [ u(s)ds
D) = i | e

Ry (DT A P u(s)ds
ED1ue) = iy |, ey

The integrals above exist almost everywhere for v € AC™[—1, 1].
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Here, we mainly consider the computation of fractional derivatives of order 0 <
v < 2. Let us keep the following relations in mind

el (o)
(7) D%u(z) = BiD lu(m) — Z %(m + 1)k,
k=0 ’
n—1
(8) CDeu(z) = REDS [“@) - <—1>‘““(2.(1) (1- wﬂ
k=0 :

foranyn—1<a <n.
By (6) and combining with (4),(5), we can directly obtain the following formulae

Y _ “ _1\ym—j m (m)jF(J+1) =y
(9) BEDI T () = (—1) (j)m(%)jr(j_wl)(ﬁl) ,

(10) RELDYTm(x):Z(_l)j@) 2j((m>jr(j+1> (1— 2y,

=0 J %)]F(j _7+1)
since
r 1 r 1
Di(a+1) = c e, -0 = (e
for any 5 € R. Note that
0, k> m,
T (1) = m—k (M) (M)sl'(k +1)
(-1) (k) Qk(%)k , k<m
Thus,
L ok) 0, 0<m<n—1,
— T’ (~1) 5 m
To(x) = ) —r—(@+1)" = m—j (MY _(m); :
;) ! j:n(_l) J<j)2j(§;j E+1,  man

Substituting the last identity into (7) and employing (9), then we can obtain the
Caputo fractional derivatives as

~ _ - _ym—j (™ (m)JF(.7+1) i—
W P = Y () e E g e

for m > 1d(vy), where

” 1, 0<y<1,
(7)_{2, 1<y<2,

and _GD)T,,(z) = 0 for other m’s. Similarly,

DT (o) — m ufm (m),;I'(j+1) _ )
(12) o D1 Tn(2) j_Izd%W)( 2 <j>2j(§)jF(J_7+1)(1 )

for m > 1d(y), and (D] T, (x) = 0 for other m’s.
Thereafter, we designate the formulas (9)-(12) as Method-I.
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3. Recurrence formulae for fractional derivatives

In this section, we shall make use of the properties of the Chebyshev polynomials
of the second kind to gain the recurrence algorithms for computations of the left
and right Caputo and Riemann-Liouville fractional derivatives.

The Chebyshev polynomials of the second kind U, (x) may be explicitly written

as
sin[(n + 1) arccos z]
Uy (z) = n=0,1,2---.
(@) —
Especially,

Tha(@) = (n+ DUn(x), T/ (2) = (n+ DU, (2),
and the corresponding three-term recurrence relation of the Chebyshev polynomials
of the second kind is

UO(I) = ]-a Ul(x) = 21’,
Upii1(x) = 22U, (z) — Up—1(z), n > 1.
The following two properties are needed in the present paper.

Proposition 3.1 ([28]). For T, (z) and U,(x)(n =2,3,---) , the following relation
holds:

(13) 2T, (x) = Up(x) — Up—2(2),
and Up(—=1) = (-1)"n, U, (1) =n forn=20,,1,2,---.

Proposition 3.2 ([28]). The Chebyshev polynomials of the second kind satisfy the
following formula

Upia (@) _ n-1(z) .

2U,, =
() n+1 n+1

Now, we firstly compute the left Caputo fractional derivatives of v order with
0 < v < 1 by two steps. Let D7, (v) = 9DIT,, ().
Step 1. Compute the fractional integral of U, (z). We denote BS (z) =
ﬁ J* (@ = s)*" U (s)ds with o > 0. Then, it is easy to obtain
(x + 1) 2(x + 1)t 2%z + 1)
B§(x) = —*~, Bf(z)= - .
0 (@) I(1+a)’ (@) r2+a) I(1+a)

By using the recurrence relation, we have

B (z) = % /"” (= 8)* 'Upsa(s)ds

O() —1
1 * a—1
T /_1(96 — 5)2 128U (5) — Un_1(5)]ds

— 22B%(z) — B (x) — % /i(x ) U (s)ds.

By Proposition 3.2,
By (z) =2zB; () — By, (z)
1 ’ [e] ! !
- m /_1(1” —3) [UnJrl(x) - Unﬂ(s)} ds
CaBi, (@) aBi(@) (D)™ -2(@+1)°

=228, () — By (2) - — =5 (n+1) (n+1)I'(a)
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By rearrangement, we have

~ 2z(n+1) B(2)

n+l-a "

(D" -2(x+1)*
(n+1+a)l(a)
Therefore, we can obtain the recurrence relation to compute B%(x)

(14)

n+l—-a_,
Tarita )T

BSH(Z')

ooy @1
B = rasay
w2z DM 2@ 1)
Br(w) = I'2+a) T(+a)’
. 2+ 1)z, (n+l-a),, 2(=D)"(x+1)*
B = o B0 — e B - s ar " 2

Step 2. Compute the left Caputo fractional derivatives “D}, (x). Clearly,
1)1
DY () = SDITy(x) = 0, ED7 () = SDITy(a) = D"
I'(2-19)
By the second identity of (13), we derive for any m > 1 that

DY (x) = ﬁ /’;(m —8) Ty, 41 (s)ds

m+1 /T _ 1—
15 =— x—38) "Un(s)ds = (m+1)B; " (z).
(15) s [ o9 s = (m DB @)
Therefore, the computation scheme of YD (z) = SDIT;,(z)(0 < v < 1) is as
follows

LD7n+1($) = (m 4+ 1)B:7(z), for m >0,
where BL~7(x) is defined as (14). O

Secondly, we calculate the left Caputo fractional derivatives of 1 + v order with
0 < v < 1 by two steps. Let “D}+7(2) = GDMT,, (z).

Step 1. Compute the fractional integral of U;, (x). Note that T,/ (z) = nU,,_,(z),
then it is sufficient to compute the fractional integral of U/, (z). Denote by B2 () =
ﬁ [% (@ —s)*71U],(s)ds. We have

(17) B () = 0. B () = 1

Since U}, 1 (z) = 2(m + 1)Uy, (z) + U;,_ (x) by Proposition 3.2, thus for any o > 0
and m > 1,

. 1 /e B
B @) = ey [ o= 9" Ui (9)ds

(a) 4
— i ’ Tr— s a-1 m S ! S S
- /_1( )L 2(m + 1)Uy (s) + Ul (5)]d
(18) = 2(m + 1)BS () + BS_,(x).

Step 2. Compute the left Caputo fractional derivatives “DL(z). For m =
0,1,
1 T
Ll+ _ — " _
D, (x —7/ x—3s)" T, (s)ds = 0.
@) == | =97
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For any m > 2, one can get

1 T
Lyl+ _ — 1"
Dm”’:cfi/ x—s) T, (s)ds
@ = g [ =97
" [ o= s = mBL @)
19 = — r—S — s=mB, " (z).
( ) F(l _ ’Y) 1 1 1
Therefore, we obtain the computation scheme of “D1F7(z) = DT, (z) as
follows
(20) Dy () = D (@) =0,
LD7171+’Y($) = méjn—jl(x)’ m 22,
where B1~7(x) is defined in (17)-(18). O

Finally, we consider the computation of right fractional derivatives of order ~
and 14 v with 0 < v < 1. Similar to the process above, let

1 ! a—1
F(a)/w (s —2)* " Uy(s)ds

for a > 0. Then, by some computations we have

Cp(z) =

o1)
C(0) =ty
B
Ciante) = 25D n(o) - L2008 (o) 4 oz L

Denote C%(x) = ﬁ f; (s —x)*~tU! (s)ds. Then it can be obtained that

Ao _ Ao ) = 2(1_I)a
(22) Co(x) =0, CF () = 7F(1 Ta)

O (@) = 2(n + )05 () + Oy (2), n > 1.

DTy, (x), BDLHY (2) = CDITIT,, (@) for 0 < 4 < 1. Then,

Denote D) (z) =
and (2 ) we can derive

similar to (15)

RDg(x) =0,
(23) . o
D;yn('r) = _mcm—l(x)a m 2> la
and
o1 "Dy (2) = "Dy () = 0,
RDL (0) = mCAT (@), m > 2

Hereafter, we designate this recurrence algorithm as Method-II.

4. Fractional differentiation matrices and consistency analysis

4.1. Left and right fractional differentiation matrices. Denote by {ij}é-vzo
the collocation points on [—1,1]. Let I;(x) be the Lagrange interpolation functions
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based on %; for j =0,1,2,--- | N,
S
— Tk
) =[] —
Tj — Tk

k=0
k#j

Here, we make use of the Gauss-Chebyshev-Lobatto points as the collocation points.
Let

(25) DY = (DE) vx 41y, D = FED)1 (),
(26) DI = (D) vixv+1y, Diy = DT ().
where z1, o, ,xps are grid points. The matrices Df , D,If are called the left and

right fractional differentiation matrices. In the following, we shall establish these
matrices. To the end, we first expand I;(x) by using the Chebyshev polynomials

(@

N
= b Ti()
k=0
where
) (lj('r)a Tr(x))y-1/2-1/2, k = 0,
bl =
k
(lj(‘r)aTk(-r))w—l/zfuz’ k= 1, 27 el

ENRNE R

Therefore, the k' column of the differentiation matrix is derived by

D% =D (- Zb’f ELDYTy(-)
7=0
or
N
§=0

for k=0,1,---,N.

Consider a uniform grid {x1, 22, - ,zp} and a set of data {ug,u1, - ,un}
obtained from a certain suitably regular function u(x) at the collocation points,
then the discrete left fractional derivatives ZXDYu(z;) are obtained by

RLyy L L L

—1Dwu($1) Dy Dy Din UQ

RL L L L

SiDYu(zz) L D5, D3y -+ Dy u1
= D’Y . U =

RLyY L L L u

SDYu( ) Dyro Dy Dn N

Analogically, the discrete right fractional derivatives can be obtained by right frac-
tional differentiation matrix, that is, by D§ -U.

By using Method-I and Method-II, two types of schemes to compute the differ-
entiation matrices can be obtained. However, Method-I may cause instability with
N increasing. In what follows, we shall compare the performance of recurrence
algorithm to that of direct method.

Example 1. Consider the computation of left fractional derivatives of polynomial
function u(z) = (1 — 2%)2.
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The maximum errors of the left Riemann-Liouville fractional derivatives of func-
tion u(x) are obtained by using different schemes, Method-I and Method-II, respec-
tively. The results are shown in Figure 1, where two orders of fractional derivative
0 < v < 1 are considered. From the plots we see that the maximum errors by
Method-I are increasing when the polynomial degree N > 20, and the approxi-
mation getd worse as N > 30 and faild to converge even, whereas the results by
Method-II are very satisfactory.

s y=0.95 s y=0.95

o 10 10
2 10° 10°
£
12
S 107 107°
[
£
2 10 107
3
= _ _

10 15 10 15

0 10 20 30 40 0 10 20 30 40
o y=0.1 0 y=0.1

° 10 10
ES
[%]
5
= 10° 10°
[
s
5]
g 10710 10710
£
=
s

10715 10*15

0 10 20 30 40 0 10 20 30 40
polynomial degree N polynomial degree N

FIGURE 1. The left Riemann-Liouville fractional derivatives of
(1 — 22)%. Left column: the maximum errors by Method-I. Right
column: the maximum errors by Method-II.

Example 2. Consider the left Riemann-Liouville fractional derivatives of a finite
regular function u(z) = (z + 1)2.

Here, we consider the order v = 0.9. The results are shown in Figure 2 which
are plotted in log-log scale. Figure 2 illustrates Method-I is stable for N < 20, and
both methods have the same accuracy, whereas in case of N > 20 only Method-II
is still effective. It can also be seen that only the accuracy of 1E-08 is attained
by Method-I. Figure 2 shows also that an algebraic convergence is obtained for the
finite regular problem by Method-II.

Example 3. Consider the left Riemann-Liouville fractional derivatives of func-
tion u(x) = e® for order 0 < v < 1.

In this example we compute the left fractional derivatives of a smooth and infin-
itely differentiable function as order v € (0,1). The results are shown in Figure 3
which are plotted in log scale. It can be seen that both methods are exponentially
convergent from Figure 3, which converge to the computer precision fast. However,
Method-I is unstable when N > 23.
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10

10°

10 "

10 "+

Maximum errors in log-log scale

10 "

1 10 20 100 1 10 20 100
log N log N

FIGURE 2. The left Riemann-Liouville fractional derivatives of
9

(x+1)2 with order v = 0.9. Left: the maximum errors by Method-

I. Right: the maximum errors by Method-II.

10 10
107? 107
@
s 10° 107
2
%
8
= 10° 10°°
I
S
> -8 —8
10 10
5
£
?Eé 107 107"
1022 ] 10712
107 107
o 5 10 15 20235 30 o 5 10 15 20235 30
polynomial degree N polynomial degree N

F1GURE 3. The left Riemann-Liouville fractional derivatives of e”
with order 7 = 0.5. Left: the maximum errors by Method-I. Right:
the maximum errors by Method-II.

Example 4. Consider the right Riemann-Liouville fractional derivatives of func-
tion u(x) = €” for order 1 <y < 2.

In this example we compute the right fractional derivatives of a smooth and
infinitely differentiable function as order v = 1.9,1.1. The results are shown in
Figure 4 which are plotted in log scale. It can be also seen that both methods are
exponentially convergent from Figure 4, which converge to the computer precision
1E-14 fast. However, Method-I is unstable when N > 20.

4.2. Consistency error analysis. Set A = (—1,1), and w®(z) = (1 — x)*(1 +
z)?. Denote by (-,-) and (-,+),e.s the inner products of the Hilbert spaces L?(A)
and L2, ;(A), by || - || the L?— norm and || - [[,e.s the weighted L*—norm. Let
H. s ,(A) be the non-uniformly Jacobi-weighted Sobolev space [9]:

m

wos «(A) = {v[v is measurable and [[v||p wpe.5,« < 00}, m €N,

equipped with the following norm and semi-norm,

m 1/2
||U||m,w""/37* = (Z ||a§’u||12ua+k,ﬁ+k> 3 |’U|7n,w(’vf3,>s< = ||a;:nv||w(’+mﬁ+m'
k=0

Denote by Iyu the Lagrange interpolation of u. Note that ZEDYIyu = Di;J .
U, and BED) Inu = fo -U. Then, we have the following error estimation for
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. y=1.9 . y=1.9
(]
210 10
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(0]
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e
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FIGURE 4. The right Riemann-Liouville fractional derivatives of
e® with order . Left: the maximum errors by Method-I. Right:
the maximum errors by Method-II.

interpolation, which is also used to illustrate high order accuracy of the spectral
collocation method.

Theorem 4.1. Let u € Hu"}l,l/z,,lp,*(A) with m > ~y. Then, we have

(27) ||IffD;Y(u — INu)||w71/2,71/2+2w S CY]V’Y_mH8;”’1,6||w71/2+m,71/2+m7
(28) ||RzLDiY(u — INU)||w—1/2+27,—1/2 S CN”’m\\8;"u||w_1/z+m,_1/2+m,

where C' is a constant independent of N and u.

Proof The proof of this theorem is provided in Appendix. O

5. Applications to fractional differential equations

In this section, we shall solve some linear and nonlinear fractional differen-
tial equations by spectral collocation method based on the recurrence algorithm,
Method-II, to demonstrate the performance of our new method. Hereafter, we take
the Gauss-Chebyshev-Lobatto nodes as the collocation points.

5.1. General fractional derivatives. At first, we consider the computations of
the general fractional derivatives BLDYu(z), BEDu(z), BEDI7u(z), and XD, T u(x)
for v € (0,1) and = € [a, b].

Let x = 2% + 220£(—1 < ¢ < 1), and denote 4(§) = u(%$2 + 254¢). Notice
that

v = o = (24) @
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Thus, for general left fractional derivatives one has

@) ) = [ a- o eas= (150) Sorac

and,

* 2u —a\ '
30) Do) = s [ GEea = (150) S

For general right fractional derivatives,

_ b " —a -
B Djute) = s [ -0 G = (150 éntace
b 24 o\ Y L
32) D) = g [ e = (P50) .

Hence, the Riemann-Liouville fractional derivatives are obtained as

D u(e) = SDYu(e) + —2D(z gy

(1 —7)
(33) = (b;a) {_%‘Dga(f) + ;;1(__1%<f+ 1>”] :
and
KDY () = EDE Tula) + s - ) (- @)
B = (%57) [P+ gy 0 e )
Similarly,
@) D = (5 [+ g -0,
woyue) = ("50) [ - -9
(36) - o).

5.2. Multi-term fractional differential equations. The spectral collocation
method can be applied to solve various multi-term fractional differential equations
effectively. Here, we only consider a two-term steady-state linear fractional equation

(37) D u() + oD P u(x) = f(a), @ € (<1,1)
w(—1) = 0,u(1) = u, = 257917,
where 0 < r1,79 < 1, di,ds are constants and

L(§% 111 r(izs
T ()

I( = 1) 17 T= T )
We take dy = 1,dy = —1. This problem (37) comes from [33] whose exact
solution is u(z) = (1 + x)%+9/17. Here, the exact solution has finite regularity

like H7(A). Let Py (A) be the set of polynomials of degree at most N. Let x;(j =



EFFECTIVE ALGORITHM FOR COMPUTING FRACTIONAL DERIVATIVES 471

0,1,2,---, N) be the collocation points. The spectral collocation method for solving
(37) is to find solution un(z) € Py(A) such that
38)

( REDM un ()2, — BADE 2 un (2) 0y = f(2;), j = 1,2, ,N — 1.

Let un(z) = Z;VZO un(x;)lj(x), where [;(x) are the Lagrange interpolation func-

tions based on nodes z;(j = 0,1,--- , N). Substituting un(x) into (38), a system
of equations is obtained:

(39) (D, = D1y, )U = F,

where U = (U07 Ula e 7UN)T with Uk ~ UN(xk), F= (f(xl), f(:L'Q), e af(xN—l))T'
Considering the boundary conditions, it gives that Uy = un(zg) = 0,Un =

un(zy) = ur. Adding these two equations to (39) a closed linear system is de-
rived.

10!
—&— r1=1/3,r2=2/3
— < r1=0.1,r2=0.9
104 r
&2 @2
e e
5 51
15 =5
g g
= = 10—8 |
i+ <
= =
1012+ &g
107 1074
5 10 15 20 25 29 5 10 15 20 25 29
N N

FIGURE 5. Multi-term fractional differential equation: the maxi-
mum errors of (37) in log-scale, versus N.
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FIGURE 6. Multi-term fractional differential equation (37): the
comparison of corresponding condition numbers corresponding to
GJF-Method and Method-II, in log-scale versus N, for r; = 1/3,
ro = 2/3 (Left), and r; = r, = 0.1 (Right).

Here, we consider four cases: r;1 =19 = 0.9, 11 =ro = 0.1, 11 = 1/3,79 = 2/3,
ry = 0.1,79 = 0.9. The maximum errors in log-scale versus N are plotted in
Figure 5. It can be seen that the same convergence (algebraic convergence) is
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obtained for these four cases. In order to compare our method with that from [33], in
Figure 6 we plot the corresponding condition number of the linear system resulting
from fractional differentiation matrix in log-scale versus N. It indicates that our
method (Method-II) works better than that from [33] (GJF-Method).

Figure 6 also tells us that the condition number of the linear system for solving
(37) is dominated by the diffusion index ro. The larger the index ro is, the larger
the condition number becomes.

5.3. Time-dependent FPDEs. We examine time-dependent FPDEs where the
temporal derivative is fractional derivative (Caputo- or Riemann-Liouville-type)
and the spatial derivative is left or right Riemann-Liouville fractional derivative.

5.3.1. Time- and space-fractional advection-diffusion equations. We
consider the following problem from [33]

(40)
RLDTu(x,t) + DMz, t) — KEEDI 202, t) = f(2,t), 2 € (—=1,1),t € (0,T],
u(z,0) = 0,u(—1,t) = 0,u(1,t) = u,(t),

where 7,771,792 € (0,1), and ¢, K are constants.

Let t' = 2t —1, 4(x,t') = u(z, (1 +¢')T/2). By (33) and the initial condition of
(40), the problem above is reformulated as
41 (T/2)7 BDpae, i) + D a(e, ) — KEID T a(a,t) = fa,t)
for z € (—1,1),t' € (—1,1), and prescribed with initial-boundary conditions

(x,—1) = 0,4(—1,t") = 0,u(1,t") = a,.(t)

where f(x,t') = f(z, L+ L), a,.(t") =u (L + Tt).

Set

WL = Span{lf(t')lf(z),z = 0717' o 7Maj = 0717' o aN}v

where [f(t') is the Lagrange polynomials of degree M and I5(z) the Lagrange poly-
nomials of degree N based on the Gauss-Chebyshev-Lobatto nodes on [-1,1]. We
find ur(x,t') € Wy, such that uy satisfies the initial-boundary problem (41). Let
ur(z,t') = Z?io Z;\;O ui;lf(t")15(x). The zero initial and boundary conditions
yield that up; and w;o are zero for i =0,1,2,--- ,M and 5 =0,1,2,--- , N. Then,
making use of the other nodes the following linear system of equations is derived

(42) (/27 Exo1@ DE|U+ [(eD), ~ KD, ® Ex] U = F,

where En_1 and F); are identity matrices of order N — 1 and M respectively, and
® stands for Kronecker product.
]T

U= [U11,U217"' y Up1, W12, U22,  + - N2, -0 UL, N, U2, N, ", UM,N|

T
F = {fu1, for, - 5 fans fizs faos oo 5 faas oo s fin—1, fan—1, -+ fan—1])

with fi; = f(x;,t}). The boundary conditions ur(zy,t') = i, (t') are considered
to complement the system of equations (42) as a close system. Noting that the
coefficient matrix of (42) is a band matrix, many classical approaches for solving
linear algebra systems can be used to obtain these unknowns u;;.

In light of [33], for the exact solution u(z, t) = t6+3 [(1 + )5t —2(1 4 z)5+%}
we study the temporal accuracy of our method. Here, we consider the fractional
advection-diffusion equations with T = 1, whose orders are r; = 0.1, = 0.9 and

r1 = 1/3,r9 = 2/3 respectively. For both cases, the time fractional derivatives of
order 7 = 0.1 and 7 = 0.9 are investigated. Numerical results at t = 1 are shown
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in Figure 7, where the left panel corresponds to the orders r; = 0.1, = 0.9,
and the right panel to r; = 1/3,7o = 2/3. Clearly, they show that our method is
exponentially convergent for the time discretization. Additionally, our method is
also efficient for large degree M or N.

o o
R —O&— tau=0.1 R —O6— tau=0.1
o N — ©&— tau=0.9 = \ — ©— tau=0.9

Maximum errors in logscale

FIGURE 7. The maximum errors of (40) in log-scale, versus M
with N = 50. Left: r; = 0.1,72 = 0.9; Right: r; = 1/3,ry = 2/3.

5.3.2. Time-space Riesz fractional diffusion equations. Especially, our
method can be applied to solve the Riesz fractional PDEs.
Consider the following equation

0?8
u(z,0) =0,z € (—1,1),
u(—1,t) = u(1,t) = 0,¢ € (0,1],

ng‘u(aE,t x,t) + f(z,t), (z,t) € (—1,1] x (0,1],

(43)

where 0 < a < 1 and %u(m,t)(lﬂ < p < 1) is the Riesz fractional derivative
defined by
97

Oz

1

Ty
2 cos 5

f(x) = —c,(*EDY + BED]) f(2), and ¢, =

Similar to the above strategy, let £ = 2¢ — 1, and (43) is converted into
(44) (1/2)7° SDF (e, b) = —co (B1DY + DY Yl §) + (. 8),

where (z,t) = u(z, 3 + 31), f(x,8) = f(x, 1411

For the Riesz fractional diffusion equation (43), we consider the exact solution
u(x,t) = 372 (x + 1)%(1 — x)2. The temporal and spatial accuracies are shown in
Figure 8 for t = 1, where the left column corresponds to § = 0.55, and the right
column to 5 = 0.95. The top row shows the temporal accuracies versus M, and the
bottom row shows the spatial accuracies versus N.

5.4. Nonlinear fractional differential equations. Now, we consider a nonlin-
ear fractional differential equation below by using our method
40320 g, I'5+ «/2)

9
Cnha 4—a/2 2
ODty(t)fF(g_a)t 3F(5—0z/2)t +4F(a+1)

(45) + (‘;’t“/z - t4)3 ~ [y, 0<t <1,
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FIGURE 8. The maximum errors of (43) in log-scale. Top row:
temporal accuracies; Bottom row: spatial accuracies. Left column:
B = 0.55; Right column: = 0.95.

with initial values y(0) = ¢/(0) = 0. Here, the order of fractional derivative 1 <
a < 2. This equation (45) is from [26] and its exact solution is

y(t) =5 — 3t4+e/2 4 %t“.

In order to use our method, the domain [0, 1] is firstly transferred into [—1,1].
Let t = 2¢ — 1. Then, the equation (45) is rewritten into

o Crain 40320 (F41N\TY TG4 a/2) (T4+1)
(1/2)7 5Dy a(E) = T(9— a) (2) 3G -a/2) ( 2 )
~ /2 ~ 473

in which £ € (—1,1).
Assume that ¢;(j = 0,1,---, M) are the collocation points on [—1, 1], and that
yn(f) is the spectral collocation solution of (46) such that

yn (t) = Zy(fi)li(t),

where li(f)|i]‘i0 are the Lagrange interpolation polynomials based on fj (j=0,1,---,
M). Let DY, be the fractional differentiation matrix with the entries d;; =
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_€D%+le (t;) for r = a — 1. By the initial conditions,

M M
yn(=1) =D _y()li(=1) =0, and yy(~1) = Y _y(@)li(~1) =0,
i=0 1=0

then the other M — 1 equations are derived from (46) for yy (%) by taking M — 1
collocation points t1,t9, -+ ,tapr—1. Hence, a closed nonlinear system of equations
is obtained which is solved by the Newton iteration method. In addition, noting
that

The numerical results are shown in Table 1. In order to see the algebraic conver-
gence, we plot the maximum errors in Figure 9 in log-log scale. It shows that the
spectral collocation method is algebraically convergent.

TABLE 1. The L*®—errors for solving the equation (45) by spectral
collocation method.

M a=1.1 a=1.9
8 | 2.4734e-02 | 6.2521e-03
16 | 5.4184e-03 | 1.5486e-03
32 | 1.2447e-03 | 3.8633e-04
64 | 3.2404e-04 | 9.6533e-05
128 | 7.1096e-05 | 2.3827¢-05

Maximum errors in logscale

—— alpha=11
alpha=1.9|]

70 90 110

polynomial degree in logscale

FIGURE 9. The maximum errors of (45) in log-log scale.

5.5. Non-smooth problems. To end this section, we consider a subdiffusion
problem with non-smooth data by the spectral collocation method and the corrected
backward differentiation formulas (BDFs) proposed in the recent paper [19]. Here,
we shall compare the convergence rates and the run-time of these two methods. All
the computations are carried out on a personal lapton with 64bit operation system.
The problem is expressed by

(47) 6D u(t, &) — Ault,x) = f(t,x),t>0,0 <z <1
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with the initial conditions u(0,2) = 0, and a homogeneous Dirichlet boundary
condition, in which 0 < a < 1, and A designates the Laplacian operator. Here, the
source f(t,z) =2t +I'(1 + a)z(1 — z) is not regular enough in time.

In this example, because the Laplacian is a regular operator and the data in space
are all smooth, the approximated solution of the form vaio ;V:O wijli(t);(z) can
attain the desired accuracy by the lower number N. Here, we choose N = 30 which
is enough to obtain higher accuracy in space compared with the time direction.
The errors in L2—norm and CPU time for the cases v = 0.25,0.5,0.75 are listed in
Table 2.

TABLE 2. The L?—errors and CPU time (sec) for solving the equa-
tion (47) versus M with N = 30 by spectral collocation method.

M a=0.25 a=0.5 a=0.75

lu —unl|rz time | |lu—wupn]rz time | |lu—wunlgz  time
10 5.4532e-05 0.15 2.3786e-05 0.11 5.0307e-06 0.10
20 1.0029e-05 0.12 5.9305-07 0.11 1.2557e-06 0.11
40 1.6007e-06 0.23 5.0310e-07 0.22 3.0839e-07 0.30
80 2.0755e-07 0.64 1.3485e-07 0.64 7.7287e-08 0.64
160 1.6803e-08 3.42 3.3563e-08 3.57 1.9355e-08 3.51

In order to show the efficiency and high convergence rate of the space-time
spectral collocation method, we list the errors in L2—norm and CPU time for the
same fractional derivative orders ~ in Table 3, by using the corrected BDF2 [19] in
temporal discretization and spectral collocation in spatial discretization with the
same collocation points as the above space-time spectral collocation method. From
Table 2 and Table 3, it can be seen that the space-time spectral collocation method
based on the recurrence formulas is still an efficient and highly accurate method
even for nonsingular fractional PDEs.

TABLE 3. The L?—errors and CPU time (sec) for solving the equa-
tion (47) versus M with N = 30 by spectral collocation method in
spatial discretization and corrected BDF2 in temporal discretiza-
tion with time-step 7 = 1/M.

M a=0.25 a=0.5 a=0.75
lu —un|lgz  time | |Ju—up|z time | |ju—wupnlgz  time
50 3.5277¢-05 0.05 1.3238¢-05  0.06 2.7487e-06 0.05
100 1.4844e-05 0.05 | 4.7061e-06  0.05 8.2912e-07 0.07
200 6.2451e-06 0.08 1.6705e-06  0.07 2.4941e-07 0.09
400 2.6269¢-06 0.18 | 5.9237¢-07  0.16 7.4877e-08 0.17
800 1.1048¢-06 0.44 | 2.0989e-07  0.41 2.2443e-08 0.47
1600 4.6460e-07 1.56 7.4322e-08 1.52 6.7180e-09 1.42

6. Conclusion

For fractional differential equations, high-order methods are more complicated
than the classical counterparts due to the long-range effect of the fractional deriva-
tives, so that the computational complexity of the fractional derivatives are larger
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compared with the cases of the integer order. In order to derive a high order
scheme, the discretization of the fractional derivative term becomes the largest
handicap to be overcome. In this paper, a new algorithm used for computing the
fractional derivatives of various types is proposed. The computing schemes for
fractional derivatives are derived by recurrence formulas based on the Chebyshev
polynomials of the second kind. Base on this algorithm, the spectral collocation
method is investigated. Our method is efficient for solving various fractional equa-
tions, such as the multi-term fractional equations, the time and/or space fractional
diffusion equations, the time-space Riesz fractional diffusion equations, nonlinear
fractional differential equations and non-smooth problems. Our method may em-
ploy high-degree polynomials to deal with some problems of lower regularity and
attain high accuracy. It is worthwhile noting that our method is quite convenient
for the analysis of error estimate compared to those using the generalized Jacobi
functions.

Acknowledgment

The authors wish to thank the referees for their constructive comments and
suggestions to improve the present paper. This research was supported by Na-
tional Natural Science Foundation of China (No.11771005), Zhejiang Natural Sci-
ence Foundation (No. LY16A010011), and the Australian Research Council (Grant
DP160101366).

References

[1] V.V. Anh, N.N. Leonenko, Spectral analysis of fractional kinetic equations with random
data, J. Stat. Phys. 104, (2001), pp. 1349-1387.
[2] R. Askey, Orthogonal polynomials and special functions, STAM, Philadelphia, Pennsylvania,
1975.
[3] S. Chen, J. Shen, and L.-L. Wang, Generalized Jacobi functions and their applications to
fractional differential equations, Math. Comput., 85, (2016): pp. 1603-1638.
[4] E.H. Doha, A.H. Bhrawy, S.S. Ezz-Eldien, A new Jacobi operational matrix: An application
for solving fractional differential equations, Appl. Math. Model., 36, (2012), pp. 4931-4943.
[5] M.R. Eslahchi, M. Dehghan, Application of Taylor series in obtaining the orthogonal oper-
ational matrix, Comput. Math. Appl., 61, (2011), pp. 2596-2604.
[6] S. Esmaeili, M. Shamsi, A pseudo-spectral scheme for the approximation solution of a family
of fractional differential equations, Commun. Nonlinear Sci. Numer. Simulat., 16, (2011),
pp- 3646-3654.
[7] S. Esmaeili, M. Shamsi, Y. Luchko, Numerical solution of fractional differential equations
with a collocation method based on Miintz polynomials, Comput. Math. Appl., 62, (2011),
pp. 918-929.
[8] M. Gunzburger, J. Wang, A second-order Crank-Nicolson scheme for time-fractional PDEs,
Int. J. Numer. Anal. Model., 16, (2019), pp. 225-239.
[9] B. Guo, L.-L. Wang, Jacobi approximations in non-uniformly Jacobi-weighted Sobolev
spaces, J. Approx. Theor. 128, (2004), pp. 1-41.
[10] D. Hou, C. Xu, A fractional spectral method with applications to some singular problems,
Adv. Comput. Math., 43, (2017): pp. 911-914.
[11] M.M. Khader, On the numerical solutions for the fractional diffusion equation, Commun.
Nonlinear Sci. Numer. Simulat., 16, (2011), pp. 2535-2542.
[12] R. Koekoek, P.A. Lesky, and R.F. Swarttouw, Hypergeometric orthogonal polynomials and
their g-analogues, Springer-Verlag, Berlin Heidelberg, 2010.
[13] N.N. Leonenko, M.M. Meerschaert, and A. Sikorskii, Fractional Pearson diffusion, J. Math.
Anal. Appl. 403, (2013), pp. 532-546.
[14] X. Li, C. Xu, A space-time spectral method for the time fractional diffusion equation, SIAM
J. Numer. Anal., 47, (2009), pp. 2108-2131.
[15] C. Li, F. Zeng, and F. Liu, Spectral approximations to the fractional integral and derivative,
Fract. Calc. Appl. Anal., 15, (2012), pp. 383-406.



478

[16]
(17]

(18]

(35]

M. ZHENG, F. LIU, AND V. ANH

Y. Lin, C. Xu, Finite difference/spectral approximations for the time-fractional diffusion
equation, J. Comput. Phys., 225, (2007), pp. 1533-1552.

C. Lubich, Convolution quadrature and discretized operational calculus. I, Numer. Math.,
52, (1988), pp. 129-145.

C. Lubich, I.H. Sloan, and V. Thomée, Nonsmooth data error estimates for approximations
of an evolution equation with a positive-type memory term, Math. Comp., 65, (1996), pp.
1-17.

B. Jin, B. Li, and Z. Zhou, Correction of high-order BDF convolution quadrature for frac-
tional evolution equations, SIAM J. Sci. Comput., 39, (2017), pp. A3129-A3152.

X. Ma, C. Huang, Spectral collocation method for linear fractional integral-differential equa-
tions, Appl. Math. Modelling, 38, (2014), pp. 1434-1448.

Z. Mao, J. Shen, Spectral element method with geometric mesh for two-sided fractional
differential equations, Adv. Comput. Math., 44, (2018), pp. 745-771.

M.M. Meerschaert, A. Sikorskii, Stochastic models for fractional calculus, De Gruyter Stud-
ies in Mathematics 43, De Gruyter, Berlin, 2012.

R. Metzler, J. Krafter, The random walk’s guide to anomaluous diffusion: a fractional
dynamic approach, Phys. Rep., 239, (2000), pp. 1-72.

M. Parvizi, M.R. Eslahchi, and M. Dehghan, Numerical solution of fractional advection-
diffusion equation with a nonlinear source term, Numer. Algor., 68, (2015), pp. 601-629.

I. Podlubny, Fractional differential equations, Mathematics in Science and Engineering 198,
Academic Press, 1999.

A. Saadatmandi, M. Dehghan, A new operational matrix for solving fractional-order differ-
ential equations, Comput. Math. Appl., 59, (2010), pp. 1326-1336.

J. Shen, T. Tang, and L.-L.Wang, Spectral methods: Algorithm, analysis and applications,
Springer Ser. Comput. Math. 41, Springer Heidelberg, 2011.

M.A. Snyder, Chebyshev methods in numerical approximation, Prentice-Hall, Inc, New
York, 1966.

W. Tian, W. Deng, Y. Wu, Polynomial spectral collocation method for space fractional
advection-diffusion equation, Numer. Methods Partial Diff. Eq., 30, (2014), pp. 514-535.
G.M. Zaslavsky, Chaos, fractional kinetics, and anomaluous transport, Phys. Rep., 371,
(2002), pp. 461-580.

V.E. Tarasov, Fractional dynamics: Applications of fractional calculus to dynamics of par-
ticles, fields and media, Springer-Verlag, Heidelberg, 2010.

M. Zayernouri, G.E. Karniadakis, Fractional Sturm-Liouville eigen-problems: Thoery and
numerical approximation, J. Comput. Phys., 252, (2013), pp.495-517.

M. Zayernouri, G.E. Karniadakis, Fractional spectral collocation method, SIAM J. Sci.
Comput., 36, (2014), pp. A40-A62.

F. Zeng, F. Liu, C. Li, K. Burrage, I. Turner and V. Anh, Crank-Nicolson ADI spectral
method for the two-dimensional Riesz space fractional nonlinear reaction-diffusion equation,
SIAM J. Numer. Anal., 52, (2014), pp. 2599-2622.

F. Zeng, Z. Zhang, and G.E. Karniadakis, A generalized spectral collocation method with
tunable accuracy for variable-order fractional differential equations, SIAM J. Sci. Comput.,
37, (2015), A2710-A2732.

F. Zeng, Z. Mao, and G.E. Karniadakis, A generalized spectral collocation method with
tunable accuracy for fractional dufferential equations with end-point singularities, STAM J.
Sci. Comput., 39, (2017), A360-A383.

M. Zheng, Spectral and pseudo-spectral method for space fractional diffusion equation, Acta
Math. Appl. Sinica, (Chinese), 38, (2015), pp. 434-449.

M. Zheng, F. Liu, I. Turner, and V. Anh, A novel high order space-time spectral method
for the time fractional Fokker-Planck equation, STAM J. Sci. Comput. 37, (2015), pp. A701-
AT24.

M. Zheng, F. Liu, V. Anh, and I. Turner, A high-order spectral method for the multi-term
time-fractional diffusion equations, Appl. Math. Modelling, 40, (2016), pp. 4970-4985.

M. Zheng, F. Liu, X. Liu, K. Burrage and M.J. Simpson, Numerical solution of the time frac-
tional reaction-diffusion equation with a moving boundary, J. Comput. Phys., 338, (2017),
pp. 493-510.

Appendix.
Here, we present the proof of Theorem 4.1. This proof follows the line of one of
Theorem 3.4 in [36].
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Proof of Theorem 4.1. Let Pf’b(x) be Jacobi polynomials with weighted func-
tion w*®(x) = (1 — x)*(1 + z)*. Then, one has (see [27] for details),

1
(A1) / P (2) PYY (2)w b dr = 6, B0

n
-1

where d,,, is the Kronecker delta symbol and

2001 (n +a+ D)I(n+ b+ 1)
2n+a+b+1)nT'(n+a+b+1)
Note that the differential property of the Jacobi polynomials

b
Bt =

(A2) S Put(a) = il PR (o), dih, = FZ(Z;(SZZ“:IJTS), n=m.
Denote by h&? = (d’fl’f;n)zﬁﬁfm.
By (9) and (10), we have
(A.3) 1B DIT (@)I12 1 /22v-1/2 < OB V272,
(A4) IBEDI T (@) |2y 1/2. 12 < CRPVBY2TH2,
since % = O(k7). Further, it follows that
(A.5) IBIDY bl e 2v+5 < ON7(| @]l et
(A.6) I5DY 6]l wzrtar < ON[[d]lyas,

for any ¢ € Py.
Let w € H'" /1) ,(A), define the orthogonal projection Il : L? — Py such
that
(Myu —u,w) =0, Yw e Py.
Then, Hyu = EkN:O U, T, (), where @, = W(u, T1)w-1/2.-1/2. By combin-
ing (A.3) with (A.1) and (A.2), we have

oo
IFIDY (Unvw = w2 -1 j230-12 < C Y 0|8, 1/> 712

n=N+1
1 1
) 1 a2 ,871/2’71/2}1175775
=C Z |tin 2 hn 3 207 - 1 _;,0
n:N+1 n,% 2
(A.7) < ONP 207 U|12 o121/

where the fact )
h,o ? T(m)T(n-— 1
,? - = (n) (’I’L m + ) :O(n—27n)
ooz Pn+m)l(n+1)
is used. Hence, by (A.5) and (A.7), it yields that
123D (Int = ) || y-1/2.20-1/2
S H}_%fD;/(HNU — u)||w_1/2,z»y_1/z + Hf{’D;/IN(U — HNU)”w—l/?,?v—l/?
(AS) S CNT_mHa;nu”wmez,mfl/z + CN’Y”IN(’LL — HNU)||w*1/2v*1/2'

Note that

HIN(U — HNU>||1071/2,71/2 S ||HNU — u||w71/2,71/2 + ||IN’LL — U||w71/2,71/2
S C’N_m||8;"u||wm71/2,m71/z,
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this gives the estimation of ||FLDY (Inu — u)||y-1/2.2v-1/2.
Similarly, the estimation of ||BLD](Inu — )||y-1/2.2v-1/2 can be derived. The
proof is completed. O
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