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THE ARBITRARY LAGRANGIAN-EULERIAN FINITE
ELEMENT METHOD FOR A TRANSIENT STOKES/PARABOLIC
INTERFACE PROBLEM

TAN KESLER, RIHUI LAN, AND PENGTAO SUN*

Abstract. In this paper, a type of nonconservative arbitrary Lagrangian-Eulerian (ALE) finite
element method is developed and analyzed in the monolithic frame for a transient Stokes/parabolic
moving interface problem with jump coefficients. The mixed and the standard finite element
approximations are adopted for the transient Stokes equations and the parabolic equation on
either side of the moving interface, respectively. The stability and optimal convergence properties
of both semi- and full discretizations are analyzed in terms of the energy norm. The developed
numerical method can be generally extended to the realistic fluid-structure interaction (FSI)
problems in a time-dependent domain with a moving interface.
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1. Introduction

In this paper, we study the following coupled system of partial differential equa-
tions (PDEs), which consists of the transient Stokes equations and a parabolic equa-~
tion defined in respective time-dependent subdomains and separated by a moving
interface:

LV (uVv)+Vp = fi, in Qf xZT

V-vy = 0, in Qf xZ

vp = 0, ondQ\I'y xZ

vi(z,0) = oY, in Q' = Q}

(1) 92 V. (13Vws) = fo, in 02 xZT
va = 0, ondQN\Il xT

vy(x,0) = 0, in Q2 = Q32

v1 = s, onl'y x7ZT

(=p1I + Vo) ng + paVoene = 1, onl; xT

where Q C R? (d = 2,3), T = (0,7] (T > 0), and two subdomains, 2} := Q;(t) C
Q@ =1,2)(0<t<T), satisfy Qf UQ2 = Q, QI N Q7 = 0 and are separated
by a moving interface: 'y := I'(t) = 9QF N 9NZ. Ty may move/deform along
with ¢ € Z, then may cause Q! (i = 1,2) to change with ¢ € Z as well, which
are thus termed as the current (Eulerian) domains with respect to «; in contrast
to their initial (reference/Lagrangian) domains, Q' := Q} with respect to &; (i =
1,2), where, a flow map is defined from O to O as: @; — x;(%;,t) such that
x;(2;,t) = &; + w;(2;,t),Vt € T, where 4; (i = 1,2) is the displacement field in
the Lagrangian frame. In addition, p; and po are jump constants. In what follows,
we set ¢; = ;(#;,t) which equals t;(x;(&;,),t) (i = 1,2). Correspondingly,
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the deformation gradient tensor is defined as F! := Vg x; = I + Vg, 14;, and
Ji = det(F?) (i = 1,2).

The model problem (1) can be essentially considered as a linearized fluid-structure
interaction (FSI) problem [5, 9, 16, 1, 2, 14, 17], where the transient Stokes equa-
tions describe the fluid motion in terms of the fluid velocity v, and pressure p;, and
the parabolic equation just stands for a dynamic linear elasticity problem in terms
of the structural velocity vy [19]. In addition, p; can represent the fluid viscosity,
and uo denotes the elastic parameter of the structure. Hence, (1) holds the es-
sential characteristic of FSI problems at least partially, that is, two different types
of time-dependent governing equations bearing with different primary unknowns
and different compressibility/constitutive relations are defined on either side of the
moving interface. FSI problems describe the coupled dynamics of fluid mechanics
and structure mechanics through the moving interface. They are classical multi-
physics problems and as such, have a diverse range of applications in engineering.
A key factor in the simulation of such problems comes from the deformation of
the domains due to the evolving fluid flow acting on the surface of structure and
thus making the structure deformable. Specifically, we are looking at a two-way
coupled system in which the fluid flow affects the structural deformation, at the
same time, the motion of the structure impacts the fluid flow through their inter-
faces. The thing that every FSI problem has in common is that the subdomains
in which the coupled system is defined will move with respect to time due to the
interface motion, that is, the subdomains are no longer fixed. The movement of the
domain/interface can be in the form of a rotation, translation and/or deformation.

In order to take the domain motion into consideration, the arbitrary Lagrangian-
Eulerian (ALE) technique is always adopted to redescribe the moving bound-
ary/interface problem, and then a conservative ALE-finite volume/element method
[8, 13] is usually developed to discretize the corresponding moving boundary /interface
problems in order to account for the preservation of geometric conservation law
(GCL) [7]. In the case of finite element spatial discretizations, the relationships
between GCL condition, stability and accuracy properties of the numerical scheme,
have not been completely clarified yet [14]. Recently, GCL condition is proved to
be neither necessary nor sufficient for the stability of ALE-finite element scheme
[4]. Then, a nonconservative type of ALE-finite element discretization, which does
not need to preserve the GCL condition, becomes promising due to its relatively
simpler implementation and less storage since only one-level mesh is involved in the
nonconservative ALE-finite element method [19], in contrast with the conservative
ALE method in which two-level meshes must be employed.

Towards an effective and practical ALE-finite element approximation to a real-
istic also complicated FSI problem, in this paper we will start with a simplified FSI
model — a transient Stokes/parabolic moving interface problem, develop its non-
conservative ALE-finite element approximation in semi- and fully discrete schemes,
and analyze their stability and optimal convergence properties. Afterwards, our
method will be more likely extended to a realistic F'SI problem that was first stud-
ied in [11, 12] where however a more complicated conservative scheme of ALE
method is adopted, and, our simpler nonconservative ALE scheme will be still sta-
ble as well as possess an optimal error estimate for FSI problems, which will be
studied in our next paper.

The structure of this paper is organized as follows: in Section 2 we introduce
the ALE mapping as well as define the nonconservative weak form of the presented
Stokes/parabolic interface problem. Then we define the semi-discrete ALE finite
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element approximation in the nonconservative form and analyze its stability and
optimal convergence theorems in Section 3. The fully discrete nonconservative
ALE-finite element scheme is defined in Section 4 and its stability and convergence
properties are comprehensively analyzed as well. Numerical experiments are carried
out in Section 5 to validate the theoretical results.

2. Model and weak form in ALE description

We first take some arbitrary invertible affine mapping from the initial (reference)
domain to the current domain at any other time in the simulation. With this
mapping we can define a domain velocity which allows the implementation of a mesh
updating algorithm that follows the moving domain. With the model problem (1)
in place, we now define the affine mapping that allows us to use the ALE description
of the model problem. Assume there exists X; € H* (0, T; WQ’w(Qi)d) such that

Vt € 7 and ¢ = 1,2, the mapping:
Xi . QiQ
CIAJZ' — azi(:f:i,t)

is invertible and (X?)~! € W2>(Qi)?, where &; € Q' is known as the reference
coordinate variable. The domain velocity is then defined as

_9Xj
Y

We can now define a derivative which takes this domain velocity into account. It
is known as the ALE time derivative and is defined as

wi QX T - R wi(wi,t) = ;0 (X)) o (X)), fori=1,2.

dvi i
e i xT - R
d'Ui 8’Ui
(2) (zi,t) — 7 NEROE E(wiﬂf) + (wi(®i, t) - V) vi(xi, 1)

Equipped with the domain velocity and ALE time derivative, we can proceed to
rewrite our model problem (1) using the ALE description as follows.

%g}_(wl'v)vl_v'(/‘lvvl)"‘vpl = fi, inQ} x7T

Vv, = 0, in Ql x T

vi = 0, ondQ\I'y xT

'U1($70) = 'U?, in Ql

(3) el = (w2 V)va = V- (12Vz) = fo, in QO xI
vy = 0, ondN\IyxZ

va(2,0) = w3, in 02

w; = wa, onl'y x7T

V] = g, onl'y x7T

(=p1I + Vo) ng + poVosne = T, only x7T

To define the weak form of (3), we need to introduce some Sobolev spaces.

Vo= {1 4n) € HNQY x H' Q7)1 = 2 on T}
Vo = {(¢1.1h2) € V[th; =0 on OQ\I'y,i = 1,2}
Q' = L*(9})

Qb = {1€Q"| fy adr =0}
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Then, the monolithic nonconservative ALE weak form of (3) can be defined as
follows. Find (v1,v2) € (H' N L*>)(0,T;Vp) and p1 € L? (0,T; Q) such that

> [(d;; .

wi) (0 Vi) — (@1 9) 00600 | — 01,V - Y1)
Q3

i=1
2

(4) +(V-v,q)q Z Fisi)gi + (T, 1), ¥ (¥1,92) € Vo, a1 € Q'
i=1

which contains the incompressibility condition V - vy = 0, i.e., (V- vy, ql)Q% =0
for any q; € Q*.

Remark 2.1. In this paper we adopt the terminology of “nonconservative” from
the reference [7, Section 2.2], where two weak forms within the ALE frame are de-
fined: one is called the nonconservative formulation and the other one belongs to
the conservative type. The so-called “conservative” formulation is to consider the
weak form involves % (’U,’L/J)V(t), i.e., the time differentiation acts on the entire
inner product over a moving domain V(t). As addressed in [11, Equation (2.26)],
the “comservative” formulation actually states that “in absence of source terms,
the variation of the primary unknown, v, over a control volume V is due only to
contribution coming from the boundary of V. It can be noted that also the contri-
bution of the ALE term to the conservation reduces to a boundary term, which is
indeed related to the additional “flux” of v through the boundary as a consequence of
its movement”. Essentially, the Reynold’s Transport Theorem (RTT) shown below
plays a key role for the concept of “conservation” over a moving domain.
Reynold’s Transport Theorem (RTT) [15, 10]:

d dax
T v a(zx,t)dr = /V(t 5 —(x, t)dx + /av(t) oz, t)w(z,t) - nds
oo
(5) = /V o { o () + V- (a (m,t)wT(x,t))] da

© B /V(t) [88? &

where w is the domain (grid) velocity of the control volume V (t). Taking ¢ = v
in (5) with the test function v that is associated with the grid point only, RTT
demonstrates the fact that in the weak form of momentum equation, the summation
of the physical time derivative term of v and the convection term of v carried over
by the domain (grid) velocity w can be represented as just the time differentiation on
the inner product of v and 1 over the moving domain V (t), only. It explains that the
time derivative term % (v, w)v(t), together with the divergence of the physical flux

+ V- wx t)a(z, t)] dx,

term, —(V-F, )y, fully contributes to the momentum conservation in a moving

domain V (t). In contrast, instead of i( 1/))V(t), if only the term (%’t’ . w)v(t)

remains in the weak form, where 2 e = %’t’ + (w - V)v is the ALE time derivative
of v associated with the domain (grzd) velocity w, then according to (6), an extra
term (V - wv,¥)y ) must be counted in the weak form in order to conserve the
momentum together with the divergence of the physical flux term. Howewver, this
extra term can be removed from the weak form, which then induces the so-called
“nonconservative” formulation defined in a moving domain V (t) that is associated
with the domain (grid) velocity w .
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In view of the weak form (4) in which the ALE time derivative df};i 5 remains
inside the inner product and no extra term (V - w;v;, %)Qi is added to the scheme,
we know such weak form does not follow the meaning of “conservation” explained
above, it is thus called the “nonconservative” formulation. This demonstration can
be similarly applied to the following semi- and fully discrete ALE-finite element
discretizations shown in (9) and (26), respectively, to account for the terminology

of “nonconservative” therein.

3. Semi-discrete ALE—finite element discretization

First, we construct a quasi-uniform and interface-fitted triangulation 771{0 in the
initial domain Q (i = 1,2), where no triangle of Tii o has two edges on 99 and
that no triangle crosses the interface I';.

3.1. Discretized ALE mapping and the semi-discrete ALE scheme. For
any t € T consider the following discretization of ALE mapping X}, X,i,t QL 0L
by means of piecewise linear Lagrangian finite elements, where Xi,t (i=1,2)is
smooth and invertible. Likewise, the discrete ALE velocity is defined as follows:

. Ql T d o aX}il,t i \—1
wivh Rt 7 X —-R ) wi7h(w’i’t) - 7 © (Xh,t) , 1= 1727

which leads to the discrete ALE time derivative:

d;ﬂgzﬂixz —~ RY
dvi h 8’01'
({Ei,t) — ar ‘i(wi,t) = E(wi,t) + (wi,h(wi,t) . V) ’Ui(IBZ‘,t).

In practice, such discrete ALE mapping X}'%t (i = 1,2) can map 775,0 to 771% (i =
1,2) for t € Z that is non-degenerate with time. Then, X} , (i = 1,2) represents
a moving mesh that adapts to the moving interface/boundary. X} , (i = 1,2) can
be arbitrarily defined, for instance, by the following harmonic mapping;:

-AX}, = 0, in QF,
(7) X}i,t = 0, on OON\T,
X}iL,t = wr(w(i:vt)at)a on f‘v

where 1 denotes a prescribed interface motion.

We now proceed to the definition of our finite element spaces using the classical
P? elements to approximate v; (i = 1,2) and P! element for Q*. Then the discrete
ALE FEM spaces are defined as follows:

Vi = {(1n,%2n) € Vo|tinlx € PA(K),VK € Tj, (i =1,2)},
(8) Qn = {an € Q' anlx € PHK),VK € T}, },
Q) = {an € Qb|anlx € PHK),VK € T}, },

where P"(K) is the set of piecewise polynomials of degree n on the element K.
Hence, the nonconservative semi-discrete ALE finite element discretization cor-
responding to the weak form (4) can be defined as: find (v p,v2.n) € Vi, p1.s € Q)
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such that
dvz h
Z ﬂﬁz h + (1 Vo p, Vwi,h)m- — (Wi - V) Vi n, Y1)
i=1 z Qi )
2
=P V- tin)gr +(Vovin qun)gr = Z (firdin)g: + (T, Y100y, 5
i=1
(9) Y (¥1,n,%2,0) € Vi, @i € Qn,

which implies that (V - Ul,lquh)Q% =0 for any q1,5, € Q.

We assume that the following error estimates hold for approximations to ALE
mapping and ALE velocity [8]:
1X = X, illo 00,00 + RIIXTE = X 4l s 0 < CRZ IR X2 o0 0

10
(10) i = @inllomo 2 + Al — @il oo < Ch2 [ AJ|wi o e 0

where we assume w; € W20 ()4 (i = 1,2). Thus, we have the boundedness
for w; j, as follows

(11) @i nllo,co,0p <O Nwinllicon <€, i=1,2.

3.2. Stability analysis.

Theorem 3.1. Assume the conditions for the semi-discrete ALE finite element
scheme (9) hold. Then the following stability result holds for any t € I:

M

(||vi,h||Loo(o,t;L2(Q;')d) + Hvi7h||L2(0,t;H1(Q§)d))
1

2
(12) <c (Z (1530l 2 0.1 22009) + 1060 2y ) + ||r||L2<o,t:Lz<md)> .

=1

.
Il

Proof. Let ; n, = vip, q1,n = p1,n in (9). Then

2 dv;
(13) )
=1

h
7vi,h> + (1 Vo n, vvi,h)gi — ((Wi,n - V) 04 1y 04 1)
& Qi

2
Z f’uvlh Qi <T7’Ul7h>1“t .
i=1

By using the following equality and estimate:
h
dv; p, 1/d
( d:f éa’l)i,h) = B <dt||vi,h§,m - (V . wh”i,ha”i,h)ﬂ;‘) ,
Qi

(Vi Voin)g = wil Voinl§ o = Cllvinl o

we then have,

> [zt

i=1

2
1
} Z { fisvin) o + 3 (V- wi,h'Ui,m'Ui,h)Qi

i=1

+ (win - V) vi,h,’vi,h)g;} + (T, v1n)p, -
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Applying Cauchy-Schwarz inequality, Young’s inequality with €, the boundedness
n (11) and the trace theorem, we have

(@ih - V)W vin)gr < [winllo.ce.as | V0nllo.a 91nll0.05
< ellvinllf g + Cllvinllg o
(V- win®in, vin)gs < C””ivhHg@i’
(Frondy < C (Il o; + Ivali o)
(Tovin)p, < I7llee, ) < CllTllzzyllviali, o
<

CliTlliar,) + ellvinllf or-
Choosing a sufficiently small €, we attain

1d
>[5 el + Cleva

i=1

2
<¢ (Z (10 o + lloinlZ ;) + ||r||%2(m> .

=1

Integrating over time from 0 to ¢, then

2
1
53 (len 012 g, — [0 (O)12 ) Z / o112 gt
=1
2 t
(14) <C (Z/o (Hfi”%,g; + ||U¢,hH3,Q§) dt+/0 ||T||2L?(Ft)dt> :
=1

We choose v; 5,(0) = [I,v) € V}, where IIj, : Vy — V}, is the interpolation operator,
and apply Gronwall’s inequality to (14), then the desired stability result (12) is
attained. (]

3.3. Semi-discrete error analysis. We begin by introducing the following lem-
mas which will help us through the error analysis.

Lemma 3.2. [13] Assume «, 3,7 : Q¢ — R are smooth functions. Then we have

agl" dy|"
V5,V ) (aV df Vy) (aVﬂ, i >
Q Qs Q

— ((th + Vw,:f) aV i, Vv)m + ((V-wn)aVB,Vy)q, ,
h
Q4

Lemma 3.3. [18] Assume v € V}, and q € Qp,, then the following inf-sup condition
holds

d
rn (OLVB, V’Y)Qt = (d?

d da |

) F((V-wn)a, V- Bg,
Q¢

- (anh, VﬁT)szf

inf bup (V-v.q)

— > (C > 0.
quh ('v1 D) GVh ||(U17v2)H ||q||0
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Lemma 3.4. [8] For allt € Z, let lyu € Vj, be the interpolation of u(t) € H*(),
then there exists a constant C, independent of h, such that

(15)
h
H@(u — ITpu) <Chr ou "  forr> 1,
ot &llL2(Qy) 8t H™ ()
(16)
O(u — yu) | o
H(“h“) <Ch H + B In h|[w |y [ull 200 | -
ot lallLa, Ot |zl ()

We can now proceed to the main theorem of the section as follows.

Theorem 3.5. Suppose (v1,p1,v2) is the solution to (4) satisfying the following
reqularity properties [13]:

v; € L= (0,T; H™(Q)%) —\ € L2(0;T; H™(Q)Y) (i =1,2),

17 !
(17 p1€ L (0,T; H(Q tl),dd% € L2(0;t; H™—1(Q})), forr >3,

and (V1 1,p1,h,V2,5) @5 the solution to (9). Then we have the following error esti-
mate for anyt € T:

(18)
i H dv; dvy " R
B 1 Ui, oo CHl(OiVd
i=1 dt & L2(0,t;L2(Qz)d) L (O,t,H (%) )
2
+ [lp1 — (O;t;L2(Q})):| < Chr—1<z [MIILoo 0.6:H7(20)7)
=1
dv; |" 4
+‘ it }H'pl””’"(o H- 1(91>>+H 51 )
e EAOHHE ) t L2(0;t;H™=1(Q}))

h

T

_ dv;
& dt

Proof. Subtracting (9) from (4) and using the identity < d”l
Vwv;, we get the error equation:

+(wi —wip)-

b

2 dv dv
Z |: < dtz ©h 7¢Z h) + (,uzv (vi — ’Ui,h) 7v¢i7h)92 —
=1 T i
(19) (Wi - V) (vi —wvin) %,h)gz] — (p1 = P1ns V- Prn)gs +

(V (v — Ui,h) ) th)Q% =0,

which implies that (V - (v1 —v1,p) ’ql’h)Q} = 0 for any ¢1,5, € @n. To proceed, we
need to introduce the discrete kernel space K, as

K, :={(¢1,n,%2,1) € Vi| (V- Urhs @in)gr = 0,Yq1n € Qs

thus v 5, € Kj,. Pick arbitrary discrete functions © = (01,02) € K}, and p; € Q%.
Let v; —v;p = v; = 0; +0; —v; p, = 7; +&;, and p1 —p1,p = p1 —P1+P1—p1,p = a+ 05,
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and choose ; , =

ih ) '
% 2 ALh = B in (19), yield

h

2| (e " ag | ol dm dgi|"
Z <dt A?E . ‘ + ,ulvgla dt , = Z dt ‘
i=1 z T/ Qi Qi i=1 Qi
3 de; |" dg;
(’“vm’vdt >Qi + ((wi~v)(nz+§z),clt m) +< + 83,V - )Ql
4
(200 => G,
j=1

In the following, we analyze each term in (20) by using Lemma 3.2, Cauchy-
Schwarz inequality, Young’s inequality with € and (11).

@ h & h H dfz
dt i’ dt T Qi z 110, Qz
ol " 1/d .
,uzvgu dt :5 dt (,qu§zv Vgl)ﬂz (sz§l (Vwi,h + vwivh) ) v&)g;
Qi

— (V- win) V&, V&')Qi )

IIV&IIO i +Hi+ Ha,

2 dt
|H| + |Ha| <C|IVE&I[G o
h 2
d 7 d 7
Gl SCH l +€ € )
dt 2110,Q8 dt 110,01

d dn;
Gy = — 7 (1iVni, Vi) g + </~LN i

h
P Qi

— (/LZV'I]Z (Vwi’h + sz?:h) V&) i + ((V . wi,h) uiVm, V&)Q}L s

t

d dn;
— (Vs VE)g +C<H -

il o + IV R )
&ll1,0i

Go <O (Il o + V&3 1) + el G

w

[

h
,v.&) .
T Q!

(V-win)(@+8),V- @)m + (e + B)Vern, VET )

do|"
dt |,

d(a+ )
dt

d
Gi=o (a+ 8,V -&)g — (

_d
< (@, V- &) +c(‘

+allBIE o,

+ Ve 0 + |a||§,m)

0,0}

where we apply the facts, (3,V - &) = (% Z,V . 51) = 0, to G4 due to the def-

inition of K. Choose a sufficiently small € in above error estimates, resulting
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dgz d d
V i v ’v i _— ’v .
i=1 U' zllo,Q: 2 dt” EzIIOQ‘| = at (i Vi gZ)Q dt (@ 51)93
h 12
dnz da

+ C(Z [||V§z||o Qi + an“%m + H dat ‘ + ‘ E + ||a||(2)792)

=t 1,94 &110,0}
T allBldg

Integrating in time from 0 to ¢, applying Gronwall’s inequality and Poincaré inequal-
ity for [|V¢; ||0 i’ and Young’s inequality to have €||V§; with a sufficiently small
€, we obtain

15,0

2

+ ng”2 oo(o7t;H1(Qi)d)‘|

i—1 & 1L2(0,t;L2(Q))?)

(21) (Z [|dm

2
HLQ(Ot HL(Q1) ) + ”m” oo(OtHl(Qi)d) + ”51( )||H1(Q7.

t))> +61||ﬂ“%2(0,t;L2(Q}))'

2 Q
Fllol 2 onz2m) 5|
€T

For the error estimate on pressure term, ||ﬂH%2(O’t;L2(Q%)), we utilize the discrete
inf-sup condition as shown in Lemma 3.3, then

(V : ¢1,haﬂ)Ql

ClBIZ o < sup _

H ||07Qt (W¥1,n,%2,0)EV ||(¢1,h;'¢’2,h)||1
(V : ’lpl,f“ o+ B)Q% - (v . ¢1,h7 OZ)Q%

= sup
(W1,n2,0)EV H(d’l h71/’2 h)”l
2 d(v;,—v;
2 [ A n,m ] AV (0= vin), Vebin)g
i=1 & .
Q’L
< sup
(1,h:22,0)EVS ”(d’l,had’lh)“l
2
— > ((wisn - V) (vi = vin) s in) g — (V- Yrn,a)g
i=1
+ sup
(1,152, h)EVh H(";bl,ha ¢2,h)”1
dn; |" de; |"
@) <cC Z Sl ] |+ il g+ ] + el
110,01 x 110,97

where we use (19). Integrating (22) in time from 0 to ¢, we have

2
dm
||5||2L2(0,t;L2(Q%)) <0( Z [

2 2
L2 0,t:L2(Q3)9) + ||77i||L2(0,t;H1(Q§)d) +

(23) ||de

2
HLZ(O £ L2(Q ) £Z||L2(O,t;H1(Qi)d):| + ||a||L2(O,t;L2(Q%)))'

Substituting (23) for the last term on the right hand side of (21), taking an suf-
ficiently small €1, and considering that ©; (i = 1,2) and p; are arbitrary discrete
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functions in Kj and Q%, respectively, we obtain

déz 2
+||£1|| oo CH(Qf
i—1 H 2(0,4;L2(Q1)4) (05H(2)?)
. dnz 2
<c (Z 1G] o)+ Iy 16O i
pEQIN{0}

(O,t;L2(Q%))> :

2 (6}
+ llallzee 0,421y + ”E )
x

Applying the classic Brezzi theory [3, 6], then we can take the infimum over the
entire finite element space Vj, instead of the kernel space K}, only. And, we choose
v;5(0) = 'T),(O) € W, then &;(0) = 0 (i = 1,2), which gives the following:

de; "2
U] " ||«si||2m(0 o)
(0,t; L2(Q )d ) o ¢
dm
<C f + 7 2 i
(24) - ’UE‘})I;I\{O} < |:H OtHl(Q’) ) Hn ” oo(o7t;Hl(Qt)d):|
D Qh
9 dal|”
otz ouzan + |G allz2z21))/

Applying (24) to (23), choosing corresponding interpolation functions of the so-
lution as our arbitrary discrete functions ((v1,92),p1) € Vi, x QY, and employing
standard a priori interpolation error estimates for 7;, « and their ALE time deriva-
tives [8], we attain

550,
i=1

o con (S5

H116ill Lo (0,052 )0y + ||5L2(o;t;L2<ﬂz>>]
(0,t;L2(Q21)4) ’

F Vil oo (0.4 d}
L2(OtHT(Q’) ) L (0,6H(Q4)4)

dpl
ol ey H

LZ(O,t;HTI(Q%)))

Then, adding the a priori interpolation error estimates of | dgg |

HLZ(Qﬁ)‘“ ||77i||H1(Qi)d
and ||a||z2 (o) back in and applying the triangular 1nequahty7 we have the result
(18). O

4. Fully discrete ALE—finite element discretization

With the semi-discrete scheme taken care of, we can now move on to the fully-
discrete scheme. Let At > 0 be the time step and ¢,, = nAt for n =0, ..., N, where
N = At, and denote ¢" = ¢(t,) for any function ¢(t). We introduce the following
notation to account for the backward Euler scheme that is used to discretize the

time derivative:
n+1

vt — ot o X
N ih n+1,n
8tv"+1 !

At ’
where X}, , = X}Ln o (X};’er)_1 fori=1,2.
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The nonconservative fully discrete scheme of (4) can now be defined as: find
(o1 op ) € Vit pit € @ such that

(26)
2

Z {(@U?Zladh‘,h)m + (Mz‘vvzzl,vﬂ%,h)m - ((wznﬁl V)v ﬁ;la?/)z h)Qi }
i=1 n41 n+1 n+1

2

n+1 n+1
(plz av'wl,h)ﬂl + (V"Ul-;; » 41 h)Ql Z ,%h

nt1 nt1
{7 VLnp, V(1 2n) € Vi qun € Qn+1~

To perform the required error analysis for (26), we need to introduce some lem-
mas as follows.

Lemma 4.1. Let gb"'H € Vh"'H be a discrete function defined in U, (i =1,2).
Then

tnt1
||¢n+1on n+1||0 Qi = H¢n+l||osp —/ </ |¢n+1 OXl n+12v'wi,hdw> dt.
t

n

Proof.

i i ge aJ} .
dt |¢n+1 Xt,n+1|2dm_ / |¢n+1| Jtdm:/ |¢n+1‘2 td

(27)
B / 0" 0 X1 [PV - winde,
Qe
where we employ the identity dd—JtZ = J}V - w;y [8]. Integrating (27) in time from
ty to th41, we get

tnit ) n+1 d
/ /Q 1 o X [PV - wr pdadt = / / 6 o X Pdadt
tn i tn

= [ pertpda = [ gt X P
n

n+1

where the rearrangement gives the result. (I

The following lemma considers the classical Taylor expansion technique in the
context of the ALE description.

Lemma 4.2. For any v; € H?(0,T; H' (%)) where Qi is mapped from QF by the
discrete ALE mapping X}'L’t, we have
(29)

nt1 _ vi(@" T tng1)—vi(@™ tn)
(‘3th- = t

n+1 2 n+1
= (%:13) —%t/[(dd:éi ) ol (Ve (T |+ O((A12),

xT

where, w; p = %—f denotes the ALE moving mesh velocity.
Proof. Expanding v;(z",t,) at "1, we get

vi(x" t,) = vz t,) — Az (22) (2" t,)

(30) FO8 (970) (@1, 1,) 1 O((Ax)?),
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where Az = 2" —x" = z(2,t,.1) —x(&,t,). If expanding x(&,t,) at t,,41, then

(&, ty) = (&, tpe1) — Al (gj) + (A;)z (?;f)nﬂ +0((A)?),

thus,

(31) Az = At (%f) - (A;)Q (aQ“’)nH + O((At)*).

Further by Taylor expansion, we have

<

- ar at‘) (@ i) + O((AD?),
32
( ) 32’01‘ n+1 (92'1)Z n+

8w2 (213 t 7fn-{-l

— At (maw ) Ltnt1) + O((A)?).
Then, we can rewrite (30) as
(33)

ov;

ox

o — . (1 _
vi(x", t,) = v (", ty) Aw( otox

v,
) (" tng1) + AzAt ( Y ) (" tngn)

(Az)® (0%, , i 2 2
t— e (" thy1) + O(Ax(AL)?) + O((Ax)*At).
Since
vi(anrl,tn 1)—v; (" ty) 'ui(m"Jrl,tn )—v,,(m"*l,tn) i ( "Jrl,tn)— i (2™t
(34) +At - +1At + 22 Atv = )7

which, when expanded, gives

v (2", —vi ("t ) +1 2v; ntl
(35) el = (Ba)™ g (G) +o(An2),

and due to (33), we have
(36)

v,;(m”Jrl,tn)—v,;(z",t,,,) . (8‘0 )'rL—‘,-l (Am)2 (921}73 n+1 B A 82’!17‘ n+1
At - At ox otox

a
+O(AzAt) + O((Ax)?).

Further, (31) yields

Az (9z\"T' At (9Px\"T
v-(w) —F(@) rowem
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then we have
(37)

Mg L (TS (W) () (&)
((w) (% AQJ“T(%Z)”“
e (5) () ous

(&) () <3> 1
HGRCNON
(5 () (G (5) o
(D)D) -G T e
+O((At)2)

n+1
RN
o\t |, 2 dt?

Then the result is finally proved. O

h

Lemma 4.3. [13] There exists Cy and Cy depending on the discrete ALE mapping
X}, (i=1,2) such that

(38) 1T ey < Cry o I(TE) (i) < Cay VEE[0,T],

) ) oo\ 1 ) ) .
where, Ji = det <Ft o (X}ht) ) (JH) 1 = det ((Fg)—l ° X;m). And,

We can now proceed to the following main theorem of the section.

Theorem 4.4. Suppose (v1,p1,v2) is the solution to (4) satisfying the following
reqularity properties
(40)
v € L (0,7 H(2))7) . %
Coi |t e [o°(0,T; L2(Q))"

- = L>(0,T; H™—1(Q1)9),
,p1 € L™ (O,T; H’“‘l(Q%)) , forr>3,1=1,2,
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and (v?‘gl,p?#,vg#) is the solution to (26), then we have the following error

estimate:

2
Z oY — zh||L2(Q )d+AtZ|\U g,h”Hl(Q;)d

i=1
2 dv; |
W <ot an( 3 [0l + |5 |
i=1 &Il Lo (0,T;H =1 (Q})4)
dQ’UZ‘ h
T g2 | Hlpallee o rEr-1@ry) )-
@l Lo (0,1;2(02%)4)

Proof. Subtracting (26) from (4) at t,1, we have
(42)

h n+1
g +1 1 1
) — 0] i + (@’U;Hr - 3{02;—; ﬂ/fi,h)

z

‘ Qi
Q7’L+1

+ (MN ('UZLH - vﬁrl) 7V7J1i,h)9i - (wﬁl -V ('UZHrl "+1> s i h) . ]
n+1 n+1

(p?+1 pﬁllav'wl,h)gl +(V'( P — U?ng),qm)gl =0.
n+41

n+1

Pick arbitrary discrete functions © = (91, 92) € Kj, and p € QY, and adopt the
same notations &,n,« and B which are defined in Section 3.3. Let v; ), = 5”“
Ky, qi.n = B! in (42), leading to

Z[ (dvz

i=1

h n+1
) — o ! + (0 g

n+1

Q:L+1

(ﬂiVE?Jrlan?H)mﬂ} (ﬁn+1 v - £n+1) + (v €n+1 6n+1)91

n+41
(43) 2
2: { @t ety = (VL Vet L+
Qg

n+1
=1

((wrft ) +g) o)
— (Tt g

:|+( n+1 v §n+1) +1

Q1

1 .
Qn+1

First, we notice that — (8", V- 5”“) + (V- &, ") =0, and
n+ n+1

(V N n?+laﬂn+1)9i+l - Oa

which is due to the incompressibility condition V -v; =0 and v; € K.
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Using Cauchy-Schwarz inequality, Poincaré inequality and Young’s inequality
with €, we have error estimates for the following terms in (43):

(1 vg”“ VE g, 2 CIET R
(1T Ve o <Ol R g el g
(( ) eSO Ry 1€ )

n+1 +1
+ell &
(@™ V- g < Cla™ G g+ el T qn

The term (8@:’“, f?“) in (43) is handled in the following way.

& —groX] 1 1 1 1 1
( LAt n+1,n’§?+ =5 <§n+ ’§n+ )Ql _ (gn o X’+1 n7§n+ )Q'i
Q:Hl n41 n+41
_ 1 nt+l ently  _ (en entl Jn.+1)
At (52 ’gz )le_H ( 7 ,fl Ji Qiz,:|
+1 +1
At Hgn ”0 Q7 - ( Zn’gzn OX?’L'I n+1)Q

n ¢n+l i J7+1 J7
_(1751 OXnnJrl( J? Qi )
n

where, applying Lemma 4.1 and (38) to the second term, we have

L .
( ?75?“ OX; n+1)Q7 = 2”5"”0 Qi T 7||€n+ OX:L,nH”(Q),Q%

1 INA :
5“5?”3,9; + 5”5?“”3,9;“ - 5/ (/ (S OXZ,n+1|2V'wi,hd$> dt
t Qi

n

1 1
< 1€ G.a; + 16 60,

tn+1 )
by oo Vel [ ([ o Xl ) a
2t€[t ] “Jtn, Qi Jn+1

n+1

1
2 +112 +12
< 5\\5?”0,9; + 5”5? ||o,Q;+1 + CAtHfi" ||o7gz;+1

Following similarly, and applying (38) and (39), we also have:

Ji _ Ji
n '_rL+1 Xz n+1 i n
('L?gz o nn+1( ']7’% )>Q1

1 1 )
(44) < Cat <2||5?||379; +3legTe X,

2 >
< OA (815 05 + 16 17 ay ,, + AtlET 3, ) -

Thus,

1
(8 §n+1’£n+l) > TAt (”g

e gy ) = € (IR B an + 1€ I3 ) -

The remaining terms will be handled as follows using Lemma 4.2.
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h n+1
dvi a,vn—i-l £7L+1
Q'ﬁt+1
n+1

At 2o

-2 <dt ) — i (Ve e gt
xT .
Q'ZrL+l
+1
2w, | 2 1
<o || (42 P R o
& 0,
and
n+1 #n+1
(677 3 )wad

h n+1 h +1
dnl At d277’i n+1 1 1 1
— - (Vwip) ot
(dt m) 2 dt? |, N !

Q;+1

2

l277‘ h 2
(At)g (H / -
0,52;_'_1 t2

n+1
n+1
) ) + [n; ||1,Q;+1>}
kg 0,927, 14

Combining error estimates of all terms at above, and choosing e sufficiently small
we have

2
> (2 (16 2 g, — 6P IR0y ) + €712 6 )

P C

n+12 2 2 d*v;
e R oy A2 (| (G
i=1

of| ()

+12
o IE g

2

| /\

I s+ I B g0+ €M1 g

R\ "1 2
+ ||}’
# 0,9,

To achieve the global error estimate we sum over n from 0 to N —1 on both sides
of the above inequality, then apply the discrete Gronwall’s inequality, and choose
v;,5,(0) = 9;(0) € V3, to have &(0) =0 (i = 1,2), leading to
(45)

O,Q;

B

1

.
Il

2 N

N
€N i, +AED I€711% 0
j=1
dn;
<C inf
<ol o, (S (x| (%
pEQ%\{O} N N

N 2 d2’U 2
i 112 2 ?
+At;||aﬂ||o7ﬂ}) + (At) Z H ( y

R\ ™t
i 1
2 > S A Qi
=1 z 0,82, 14

2

J
) 0,1

N
j |12
A3l o
£l .] j:
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By the classic Brezzi theory [3, 6], we extend the infimum over the entire finite
element spaces, resulting in

(46)
2 N ]
D | IEM IR s, + ALY IELR o
i=1 j=1
2 N dn: |" 72 N ,
<l o, ([ ( : ) Ayl
v — ,7 0.0 . 7
pe@i\oy ! B .
) d?v; | e
ALY ol ) + (807 H(dt; ) I,
j=1 ’ i=1 @ 0,90, :

Choosing corresponding interpolation functions of the solution as our arbitrary
discrete functions ((v1,92),p1) € Vi x QY, and employing standard a priori inter-

polation error estimates [8] for 7;, d”’ @ and «, we obtain
(47)
2 .
Z ZH?Q;
i=1 Jj=1
dv; |12
< (W0 4 (Ar)? [AtZ(Z 1o/ 3 e +H< : >
— = 2 HT*l(Q;)d
2 R\ 7 |2
) d?v; j
+ J 2T7 >+ H ¢ + ’U'i? 21 i :|
[ ; ) ey 17 1721 200
2 dv;
C(h2(r 1)+ At)? <Z |:||'vl||L°°(OTHT(Q’)d)+‘ dtz .
i=1 &1L (0,T;H~1(2})?)

h 2
dz’lji

dt?

"

] + ||P1%oo(o,T;HT1(Q%)))

&1 Lo (0,T;L2(Q%)%)

Adding the a priori error estimates of 1; in L?- and H* norm back in and using the
triangular inequality, we have our result (41). O

5. Numerical Experiments

5.1. The case of a globally smooth real solution. We first consider the case
of a smooth real solution. By appropriately choosing the functions f1, fa, T, 0%, v9,
we can let the following smooth functions

sin(27y)(cos(2mx) — 1) sin(t)

vo= ( sin(27zx)(— cos(2my) + 1) sin(t) ) ’
D —27 sin(27x) sin(27y) sin(t),

be the real solution to (1) in two dimension. Clearly, v € (H3(Q} UQ7)?)NH?()?,
p € H2(Q}). In their definitions, = (z,y)" € Q = [-1,1]x[~1, 1] which immerses
the initial subdomains Q2 = (—0.25,0.25) x (—0.25,0.25), Q' = Q\Q2, T = 1. Then
the interface I'y = 99Q7. In addition, we prescribe the interface motion as follows in
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terms of its position function xr:

10

which induces two slowly deformed subdomains Q} and Q2. According to the
prescribed xr, we solve the discrete ALE mapping Xiim on € for the moving

t
(48) T = (1 + ) T, Vs € I'y = aQ?, vVt € [O, 1],

meshes ’773,75 (¢=1,2) and t € [0,1]. Fig. 1 shows the initial and terminal domains
and their meshes.

t=0 t=1

FIGURE 1. A growing square is immersed in the domain at differ-
ent time and their meshes with h = %

16"

We utilize the fully discrete ALE finite element approximation (26) within the
finite element spaces (8), i.e., P2P! element, to solve the Stokes/parabolic interface
problem (1) defined as above for (vy,p1,v2) with a grid doubling. In order to
possibly observe the optimal convergence rate of velocity errors in L? norm, ||v —
vnllz2(01.u02)e that may be O(h3 + At), which is however not included in Theorem
4.4, we choose the time step size At that is proportional to h3. The convergence
performances are illustrated in Table 1, where, we denote ||v — vp|| g1 (01.002)¢ by
ev,1; [|lv=vnl[2(Q1u0z2)e DY €v,0, and [[p—pp| 12(a1) by €p,0, the convergence “rate”

is calculated by log, (‘;?—hh) Fig. 2 illustrates the convergence history for each error

via a log-log plot. We can see from Table 1 and Fig. 2 that the convergence rates

TABLE 1. Convergence performance of the smooth real solution case.

€v,1 rate €v,0 rate €p,0 rate
.10561E+01 .68015E-01 .19884E+01
14801E400 2.83 .41524E-02 4.03 .45018E+00 2.14
22697E-01  2.71 .31383E-03 3.73 .10089E+00 2.16
A46903E-02  2.27 .33040E-04 3.25 .24995E-01 2.01

|-G | ool s 1+ =

of both the velocity in H!-norm and the pressure in L?-norm are of the second
order. Additionally, errors of velocity in L?-norm even has the third convergence
order, which means, all convergence rates are optimal regarding the adopted P?P!
finite element and relatively high local regularity properties of the chosen smooth
real solutions that shall be no lower than (H?3)¢ for the velocity in Q} UQ? and H?
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! . - e .
10 L : o ; / ; -
107k /

. / + b -
10

’ ‘ / : -
L — 36,340

E : . = Wiy
10°L 973’

B ¢ i 3 i v by
364270°!
10°

Mesh size #

Fi1cURE 2. Convergence history of the smooth real solution case.

for the pressure in Q}. Thus, numerical results validate Theorem 4.4 for r = 3, and
more beyond, we see that the convergence rate of velocity in L?-norm is one order
higher than its convergence rate in H'-norm, which is not included in Theorem 4.4,
may be considered as a superconvergence phenomenon for a globally smooth real
solution case. It will be illustrated in the next example that such superconvergence
on the convergence of velocity in L2-norm is deteriorated for a globally non-smooth
real solution case.

5.2. The case of a globally non-smooth real solution. Now we consider a
more general numerical example for the Stokes/parabolic interface problem with a
globally low regularity for the velocity v = (vy,v2)" € H2(Q!} UQ2)2 0 HL(Q)? by
appropriately choosing the following real solution functions:

_( (y=03—wt)((z—0.3—wt)?+ (y— 0.3 —wt)>—0.01)¢/8
vo= ( —(z—=0.3—wt) ((z — 0.3 —wt)? + (y — 0.3 — wt)> — 0.01) t/3 ) ’
p =0.1(2%—y?) ((—wt)®+ (y — wt)?> — 0.01) ¢.

where, 8 = B;i(x), V& € Q! (i = 1,2), are chosen as a piecewise constant, x =
(z,y)" € Q = [0,1] x [0, 1] that immerses Q% = {(z,9) |(x—0.3)2+(y—0.3)2 < 0.01}
and Q' = Q\Q2. The interface T'; = 9Q? satisfies the equation of a circle:

(x — 0.3 —wt)? + (y — 0.3 —wt)* =0.01, Vtecl0,T],

where w is a prescribed moving velocity of I';, The interface motion, xr, is thus
defined as xr = wt + @9, Vs € Ty, Vt € [0, T]. By defining the real solution v and
the interface I'; this way, we know Vv € L?(Q2)%, only, leading to v € H'(Q2)2.

According to the prescribed interface motion, xr, we solve the discrete ALE
mapping X,iyt on (i for the moving meshes '7'hi7t7 i = 1,2. The initial and terminal
domains and their triangulations are shown in Fig. 3, respectively.

In the following numerical experiments, we pick 5; = 10, Sz = 1, w = 0.1,
T = 1 and still choose At is proportional to h* along with a grid doubling to
include velocity errors in L? norm in our convergence test. By carrying out the
same numerical approach as we do for Case 1, we obtain the following numerical
results as shown in Table 2 and Fig. 4, illustrating that the convergence rates of the
velocity in H'- and L?-norm, the pressure in L?-norm are all of the second order,
but the convergence rate of the velocity in L? norm is decreased from previous
third-order in Section 5.1 down to the second order around. Thus Theorem 4.4 is
fully validated for the case of a globally low regularity of the solution.
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jump ra
2 _ 2 2
= {(z,y) |z + y® < 0.0625} and

(i = 1,2) are chosen as a piecew

%
t

(y — wt)sin ((z — wt)? + (y — wt)? — 0.0625)
—(z — wt)sin ((z — wt)? + (y — wt)? — 0.0625)
xr = wt + xo, Vo € Ty = 902, Vit € [0, 1].
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L

FIGURE 3. A shift

time and their meshes with h

2.31040E-05 1.40 3.24730E-07 2.42 3.75110E-05 2.37
4.78590E-06 2.27 6.63540E-08 2.29 8.11640E-06 2.21

€v,1
2.82590E-04
6.09940E-05 2.21

1
8
T
1
T

TABLE 2. Convergence performance of the non-smooth real solu-
€v,0
1.30050E-05
64

tion case.

FI1GURE 4. Convergence history of the non-smooth real solution case.

The case of less regularity with a larger

choose the real solution as:

.

5.3

= (<7Tcos(27r (x — wt)) cos(2m (y — wt)) + 0.080716) ¢.

v =
p

where,

[—1,1] x [~1, 1] that immerses {2

Bi(x), Ve € Q

O\Q2. In addition, we prescribe the interface motion, r, as follows

€Q

(z,y)"

A1

(49)
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So, it is still the case of a shifting circle immersed in a square domain but initially
being centered at the barycenter of the square this time.

We take a larger jump ratio, 81 = 1,82 = 1000, for this case with other pa-
rameters set up as the same ones in Section 5.2. Numerical results are illustrated
in Table 3 and Fig. 5, where we can see that the second-order convergence rate
is obtained again for both the velocity in H!- and L2?-norm, and the pressure in
L?-norm, on the average. And, the convergence rate of the velocity in L? norm is
kept deteriorating down to about the second order. Theorem 4.4 is thus validated
one more time for the case of globally low solution regularity with a larger jump
ratio.

TABLE 3. Convergence performance of the less regularity case:
51 =1, B2 = 1000.

€v,1 rate €v,0 rate €p,0 rate
0.038158806 0.001895841 0.757454821
0.00872165 2.13 0.000279706 2.76 0.21057848 1.85
0.002256687 1.95 6.63E-05 2.08 0.055024071 1.94
0.000652103 1.79 1.77E-05 1.91 0.013839607 1.99

B3| ool 1|

RATEAY
—2.100%%
a V-4,
—0.185%%%
v [yl
42659

e} 0

107 10 10
Mesh size h

FIGURE 5. Convergence history of the less regularity case: 1 =
1, B2 = 1000.
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