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WELL-POSEDNESS AND THE MULTISCALE ALGORITHM FOR
HETEROGENEOUS SCATTERING OF MAXWELL’S EQUATIONS
IN DISPERSIVE MEDIA

YONGWEI ZHANG, LIQUN CAO, AND DONGYANG SHI

Abstract. This paper discusses the well-posedness and the multiscale algorithm for the hetero-
geneous scattering of Maxwell’s equations in dispersive media with a periodic microstructure or
with many subdivided periodic microstructures. An exact transparent boundary condition is de-
veloped to reduce the scattering problem into an initial-boundary value problem in heterogeneous
materials. The well-posedness and the stability analysis for the reduced problem are derived. The
multiscale asymptotic expansions of the solution for the reduced problem are presented. The con-
vergence results of the multiscale asymptotic method are proved for the dispersive media with a
periodic microstructure. A multiscale Crank-Nicolson mixed finite element method (FEM) is pro-
posed where the perfectly matched layer (PML) is utilized to truncate infinite domain problems.
Numerical test studies are then carried out to validate the theoretical results.

Key words. Maxwell’s equations, dispersive medium, well-posedness, the multiscale asymptotic
expansion, finite element method.

1. Introduction

Consider the transient electromagnetic wave incident on a three dimensional
dispersive media with a periodic microstructure or many subdivided periodic mi-
crostructures, which is called the scatter and is supposed to occupy the bounded
domain Q C R3. Let Q C R3 be a bounded Lipschitz polyhedral convex domain
or a bounded smooth domain with a microstructure as shown in Fig. 1(a). The
exterior of the volume (2 is denoted by 2, = R3\ Q.

Suppose that (E¢, H"*¢) is a plane wave incident on the scatter to generate scat-
tered field (E®¢, H*¢), which satisfies the following time-domain Maxwell’s equations
in Q, for ¢t > 0:

) o0 E*°(x,1) — curl H*“(x,t) = 0,

o0 H*“(x,t) + curl E*“(x,t) = 0,

where 1y and pg are the constant permittivity and the constant permeability in the
“air region” )., respectively. It is clear to note that (Ei"¢, H"¢) also satisfies the
equation (1). In addition, the scattered field is required to satisfy the Silver-Miiller
radiation conditions:

2) % x (BB x %) + % x O, H* = o(jx|™1), as|x| — oo, t > 0,

where x = x/|x|. The total field (E!! H!") in (2, consists of the incident field and
the scattered field:

(3) Etot (X, t) _ Einc(x’ t) T ESC(X, t), Htot (X, t) _ Hinc(x7 t) 4 HSC(X, t), t>0.

In this paper, we investigate the well-posedness and the multiscale algorithm for the
heterogeneous scattering of Maxwell’s equations in dispersive media with a periodic
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microstructure or with many subdivided periodic microstructures. For the sake of
simplicity, we only discuss the corresponding problems in dispersive media with a
periodic microstructure in the sequel. Let E.(x,t) and H.(x,t)) be respectively the
electric field and the magnetic field in the scatter, which satisfy Maxwell’s equations
for the time-domain Lorentz model in €, for ¢ > 0:

N (x)0tEc (x,t) — curl Ho(x,t) + J-(x,t) = F(x, t),
e (x)0:H(x,t) + curl E.(x,¢) =0,
(4) V- (m(x)Ec(x,t)) = p(x,t), V- (ne(x)H:(x,t)) =0,

t
WJ(x,t) + veJe(x, 1) + weo/ J.(x,7)dr = 775(x)w§eEE(x7 t),
0

where the parameters 7.(x) and p.(x) are permittivity and permeability tensor
inside 2, respectively, wy,. is the electric plasma frequency, weo is the electric res-
onance frequency, v, is electric damping frequency, the current F(x,t) is assumed
to be compactly supported in 2, and J.(x,t) is the polarization current density.
Here € > 0 denotes the relative size of a periodic microstructure of heterogeneous
materials, i.e. 0 < ¢ =1,/L < 1, where l,,, L are respectively the sizes of a periodic
cell and a domain Q. If we assume that L = 1, without loss of generality, then the
reference periodic cell Q) is defined as Q = {&€ = (£1,&,8&3) : 0< & < 1,0=1,2,3}
as shown in Fig. 1(b). If let £ = e~ 'x, then we have n.(x) = n(X) = n(£) and
pe(x) = p(¥) = p(€). Here n7'(x) and po'(x) denote the inverse matrices of
n-(x) and p.(x), respectively.

Remark 1.1. It should be stated that the interaction of electrons or charged parti-

cles with an electric field is often treated classically by the equation of motion named

the DLS model[39] where the polarization current satisfies the following equation:
atJE (X7 t) + ’YEJE (Xa t) + We0 f(;f JE <X7 T)dT = 775 (X)wgeEE (X7 t)

The model is often called a Lorentz oscillator which gives rise to polarization den-
sity, and thus, polarization current. Many models follow from this model. When
weo = 0, the model reduces to the Drude model. Furthermore, if we set v, = 0, the
cold plasma model follows. Without loss of generality, in the rest of this article,
we will assume that all of the physical parameters are positive. By using the above
equation, we get

Jo (1) = newye Jo 0t = T)Be(x, 7)d7 = ey g(t) + Be(x, 1),
where g(t) = ée“” sin(at), § = l;, a = Jw?, — 82, the symbol * denotes a

convolution of functions. Notice that weo > 0 in many real applications (see, e.g.,
[24]). If assume that weo = 0, then we have

Je(x,t) = new?, fot e B (x, 7)dr = new?.e Vet x Bo(x,1).

Furthermore, the transmission conditions across the boundary 92 are imposed
for t > 0:

(5) nx E. =n x E™ 4+ n x E*, n x H. = n x H"™ +n x H*,

where n is the outward unit normal to 9.
In addition, the initial conditions in £ or €2, are given by

(6) E.(x,0) = Up(x), H.(x,0) = Vo(x), J(x,0) =0,

where Up(x) and V(x) are some given functions.
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(a) (b)

FIGURE 1. (a) A whole domain § of heterogenous materials with
a periodic microstructure; (b) the reference cell Q.

For the sake of simplicity, we set

E. n. 0 X
o e(a) o), e,

Throughout this paper, the Einstein summation convention on the repeated
indices is adopted. Denote by C' a generic positive constant independent of &
without distinction. Moreover, the expression a<b stands for a < Cb. Denote the

Sobolev spaces of the vector-valued functions with boldface letters.

Let B, be the ball of radius r centered at the origin and choose sufficiently large
r such that 2 C B,. We make the following assumptions on the coefficients:

(A1). Let & = e 'x. Suppose that (&) = (&)1 and (&) = p(€)I3, where I3 is
an 3 x 3 identity matrix. Note that n(€) and p(€) are rapidly oscillating 1-periodic
functions with piecewise constants, respectively.

(Ag) Let Qij = Qji, Qi € LOO(Q), and
(8) lyl* < agyiy; <mlyl*, vy € R,
where |y|? = y;yi, 70 and 71 are constants independent of .

(A3). Suppose that the incident field (E"¢(x,t), H"¢(x,t)) has the traces on
OB, belonging to H2(0,T; X), where X = H™2(div; dB,), and F € H(0, T; L(B,)),
F(x,0) =0, Uy, Vo € H(curl, B,.).

The problem (1)-(6) has many applications in electric, communication, materi-
als science and so forth(see, e.g.,[28, 33, 36] and the references therein). We first
recall some theoretical results for the well-posedness and stability analysis associ-
ated with the problem (1)-(6). The mathematical models for electromagnetic wave
propagation in dispersive isotropic media were investigated in [11] by employing
energy techniques, spectral theory and dispersion analysis of plane waves. The
time-dependent Maxwell’s equations with the constitutive relations of linear bian-
isotropic media were studied in [23] by applying the theory of abstract Volterra
equations and strongly continuous semigroups. To our knowledge, there are few
theoretical results of the well-posedness and stability analysis for the time-domain
scattering problem of Maxwell’s equations in heterogeneous dispersive media. In
this paper we will use the method of energy, the Lax-Milgram lemma, and the
inversion theorem of the Laplace transform to analyze the time-domain scattering
problem of Maxwell’s equations in heterogeneous dispersive media, where the latter



238 Y. ZHANG, L. CAO, AND D. SHI

method has also been adopted in [12, 19, 29]. The basic ideas are as follows: we first
intend to analyze the scattering problem of a transient electromagnetic plane wave
incident in a three-dimensional dispersive media. An exact transparent boundary
condition is developed to reduce the the scattering problem into an initial-boundary
value problem in heterogeneous materials. The well-posedness and stability analysis
for the reduced problem and a priori estimate of the electric field are studied.

It should be mentioned that, if we solve numerically the problem (1)-(6), we will
encounter some main difficulties. For example, a direct numerical method such as
the finite-difference time-domain (FDTD) method or finite element method can-
not produce accurate numerical solutions unless a very fine mesh is required. We
recall that the homogenization method gives the overall solution behavior by in-
corporating the fluctuations due to the heterogeneities. There are a great number
of results for the homogenization method of Maxwell’s equations in heterogeneous
materials (see, e.g., [3, 7, 25, 26, 32, 34, 35]). In particular, Griso et al.[1, 4, 6]
used the periodic unfolding method which was introduced in [14] to derive homog-
enization results of the time-dependent Maxwell’s equations in complex materials
that are described by constitutive laws involving the time evolution of the electric
polarization and magnetization. Barbatis and Stratis[2] studied the periodic ho-
mogenization of Maxwell’s equations for dissipative bianisotropic media in the time
domain, both in R? and in a bounded domain with perfect conductor (PEC) bound-
ary condition. However, numerous numerical results have shown that the accuracy
of the homogenization method may not be satisfactory if € is not sufficiently small
(see, e.g., [8, 9, 40, 41, 42]). To this end, some multiscale methods were presented,
for example, the localized orthogonal decomposition method in [18], the hetero-
geneous multiscale method (HMM) in [21, 13], the multiscale hybrid-mixed finite
element method in [27], and the multiscale asymptotic methods in [9, 26, 40, 41].
In this paper, we present the multiscale asymptotic expansions of the solution for
the reduced problem and derive the strong convergence results with an explicit rate
for the multiscale asymptotic solutions. Furthermore, a multiscale Crank-Nicolson
mixed finite element method is presented while the perfectly matched layer (PML)
method is utilized to truncate infinite domain problems.

This paper is outlined as follows. In Section 2, we introduce an exact time-
domain transparent boundary condition to reduce the transient electromagnetic
scattering from dispersive media into an initial-boundary value problem in het-
erogeneous materials. The well-posedness and stability analysis for the reduced
problem, and a priori estimate of the electric field are derived in Section 3. In Sec-
tion 4, we first present the formal multiscale asymptotic expansions of the solution
for the reduced problem, and then derive the strong convergence results with an
explicit rate for the dispersive media with a periodic microstructure. In section 5,
a multiscale Crank-Nicolson mixed finite element method for the scattering prob-
lem is proposed. Finally, some numerical results are carried out to validate the
theoretical results of this paper.

2. Transparent boundary conditions

In this section, we will introduce an exact time-domain transparent boundary
condition to reformulate the electromagnetic scattering problem (1)-(6) into an
equivalent initial-boundary value problem. For simplicity, without confusion we
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still use the symbols E. and H. in the following equations, for ¢ > 0:

7.0,E. — curl H, + J. = F(x,1), in B,,
ie0:H, + curl E. = 0, in B,,
9) Od e + ved: + weo /Ot J.dt = nswf)eEE, in Q,
Ec|i=0 = Ug, Helt=0 = Vo, in By,
Jeli=o =0, in By,
YnxE]=nxH, +g, on 0B,,
where g = —n x H"™* +¢[n x E"] and ¢ is the time-domain electric-to-magnetic
Calderén operator. Here notice that E. = E®°*, H. = H** in B, \ Q and
_ Le, n€) _ Ne, n€) - Je, inQ
(10) Ma:{ po, inB.\Q ’775:{ no, inB,\Q ’JE:{ 0, inB,\Q ’

where I3 is an 3 x 3 identity matrix.
Let E®¢(x,s) and H*¢(x,s) be the Laplace transform of the scattering fields
E*°(x,t) and H*“(x,t), respectively. Recall that

(11)  L(,E*°) = sE*°(,s) — E*°(-,0), Z(0,H*°) = sH**(-, s) — H*°(-,0).

Given a vector field u, denote by ur = (x X u) x x the tangential component of
u in B,.. By virtue of the frequency domain EtM Calderén operator G, (see, e.g.,
[12]), we get the following transparent boundary condition imposed on 9B, in the
s-domain:

(12) Ge[% x E*] = n x H*®.
Lemma 1. (see [12, Lemma 2.5]) It can be proved that the Calderdn operator G,
satisfies the following positivity condition:
“Re [, Gel& x B*] - E4¢ dS > 0,
where %X x B¢ € H™2 (div, 0B,.).

We take the inverse Laplace transform of (12), and give the transparent boundary
condition in the time domain on 0B,
(13) Y[x x E*] = x x H*,
where 4 := 1o G,.0 Z.

By eliminating the magnetic field, we get an alternative transparent boundary
condition in the s-domain on 9B, as follows:

(14) % % ((spo) teurl E*¢) 4+ G, [x x E*] = 0.

Taking the inverse Laplace transform of (14) yields an alternative transparent
boundary condition in the time-domain:

(15) % % (g teurl E*) + €% x E*°] = 0,

where € = 71 0 5G, 0 £. We thus introduce the following lemma:

Lemma 2. see [38, Lemma 4.5-4.6] Given ¢ > 0 and E(-,t) € H(curl, B,) with
E(-,0) = 0, we prove

(16) Re/o /{)BT(/O %[n x E](r)dr) - Er(x, t)dSdt < 0,
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and
(17) Re /O /@ L /O @[ x OuE](r)dr) - OB (x, £)dSdt < 0.

Lemma 3. (see [38, Lemma 4.2-4.3]) Given ¢ > 0 and E(-,t) € H(curl, B,) with
E(-,0) =0, we have

t t
Re/ Yn x E]-Er dSdt <0, Re/ Y [n x O;E] - 0;E7 dSdt <0.
0 JoB, 0 JoB

3. The well-posedness and stability analysis

In this section, we will give the proofs of the well-posedness, stability analysis
and a priori estimate of the solution for the problem (9).

3.1. The first auxiliary problem. We first discuss the scattering problem of
time-harmonic Maxwell’s equations with a complex wavenumber, which is a fre-
quency version of the problem (9) under the Laplace transform.

Consider the auxiliary boundary value problem as follows:

(18) curl ((sfic) ‘curlu) + sijou+j, = F, in B,,
n X ((sfte) teurlu) + Gen x u] =g, on dB,,
¢ Sﬁawge . .
where j,, = u, and s = s1 + isy with 51,80 € R, 51 > 0.

52+ YeS + Weo

Multiplying the complex conjugate of a test function v € H(curl, B,.), integrat-
ing over B,, and using integration by parts, we get the variational formulation of
the problem (18):

(19) a(u,v) =(g,v), ve&H(curl,B,),
where the sesquilinear form is

a(u,v) :/B (Sﬂe)_lcurlu-curl\_/dx—i—/B sfeu - vdx

o

2
SNew
—l—/ #u -vdx — (Ge[n x ul, v).
Q 5%+ YeS + Weo
For the well-posedness of the variational problem (19) and stability analysis, we
have the following theorem:

Theorem 1. The variational problem (19) has a unique solution u € H(curl, B,.)
which satisfies

(20) leurlullrz g,y + [|sulle(s,) + lullLz @) <s1 ' sglla-1/2(aiv.08,)

+S;1|||s|2g||H*1/2(div,8BT) + 51 ' |sF L2 (s, ),

where s = s1 + 1S9 with s1,s2 € R and s; > 0.

Proof. Setting v =u in (19), we get

a(u,u) = / (sﬁg)_l\curlu|2dx+/ sh.|[ul?dx — (B[n x u],u)
(21) i Yo v Twen
—| e . € .
2 5|.]u|2 + 2 |Ju|2 + 2 |.]u|2dx'
Q le%pe e%pe €%pe

1 o
Here we use the fact that u = — (s + Ve + wWeo/5)Ju-
w

¥ pe
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Following the lines of the proof of Theorem 2.1 of [12](see also Theorem 3.1 of
[19] and Theorem 3.1 of [29]), one can complete the proof of this theorem. O

3.2. The second auxiliary problem. Consider an auxiliary initial-boundary
value problem for the time-domain Maxwell’s equations with the perfect conduc-
tor(PEC) boundary condition:

G0V (x,t) + curl U(x,t) = 0, in By,

7.0,U(x,t) — curl V(x,2) + J, = 0, in By,
(22) Oy + YeJu + weo fot Judt = new? U(x,t), inQ,

n x U(x,t) =0, on 0B,

U(x,0) = Uy, V(x,0) =V, in By,

Julimo =0, in B,,

where Uy and V| are assumed to be compactly supported in B, J w = Jy in Q and
J. =0in B, \ Q. By the similar arguments as those presented in [19, 29], we can
prove the following theorem:

Theorem 2. The auziliary problem (22) has a unique solution (U, V), which sat-
isfies the stability estimates:
(23)

1UllL2s,) + [IVIlL2(8,)<IUollLz(s,) + VollLz(s,)

10:UllL2(m,) + 10: VL2 (,)<[[UollL2(B,) + llcurl Ug||r2(s,) + lcurl Vo|[L2(B,),
H@ttUHLz(BT) + ||attV||L2(BT)S{||U0||L2(BT) + ||cur1 CUI‘IUOHU(BT)
+|lcurlcurl Vol|r2(p,) + ||cuer0||Lz(Br)}.

3.3. The well-posedness and stability analysis for the problem (9). In this
section, we derive the theoretical results of the well-posedness and stability analysis
for the problem (9). For the sake of convenience, set E=E.,, H=H_ and J = J..

3.3.1. The well-posedness. Let e = E— U and h = H - V. It follows from
(9) and (22) that e and h satisfy the following initial-boundary value problem, for
t>0:

curle + i.0;h =0, curlh —17.0,e — je =F, inB,,
t
Otje + Yeje + WGO/ Je(x,7)dT = nswzeea in €,
24) 0 -
( e|t:O = Oa h|t:0 = 07 mn BI‘?
je‘t:O = 07 ln Br7
Inxel=nxh-nxV-+g, on 9By,

where j. = jo in Q and jo = 0in B, \ O, g = —n x H"* + &[n x E"<].
Let ¢ = Ze and h = Zh. Taking the Laplace transform of (24) and eliminating
h, we get the following boundary value problem:

(25) {curl (sfic) ‘curlé + sij.é +j.=-F, in By,
25

n x ((sfic) ‘curlé) + Znxé =nxV —g, ondB,,
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8776("'}56 &
2+ YeS +weo
Multiplying the complex conjugate of a test function v € H(curl, B,.), integrat-
ing in B,, and using integration by parts, we obtain the variational formulation of
the problem (25):

where jo =

(26) aé,v)=({E—-nxV,v) —|—/ F-vdx, v eH(curl,B,),
B

where the sesquilinear form is given by

a(é,v) = / (sfic) " ‘curlé - curl vdx + / 876 - Vdx
(27) Br Br

2

STeW

+/ e & 9dx — (Geln x 8], v).
Qs + YeS + Weo

Next we give the proof of the well-posedness for the problem (26).
Lemma 4. The problem (26) has a unique solution & € H(curl, B,) such that
leurl |z, + Iséluac,) + lielzi <si'{ lsgllx

+Hlsn x Vil + [[s’gllx + [[[sI*n x Vx + ||3F||L2(BT)}7
where s = s1 + 1S9 with s1,s2 € R and s; > 0.

Proof. Setting v = & in (27), we obtain

a(e,e) = / (sﬂ5)71|curlé|2dx—|—/ sn.|é|2dx — (B[n x é], &)

(29) 1 " "
% 8t 3 We0 ¥
+ 3 5|Je|2 + 62 |Je|2 + . P |.]e|2dX'
Q MNe pe eWpe eWpe

Taking the real part of (29) and using Lemma 1, we get
vy S1 v o ¥
(30) Re{a(97e)}Zw(chrleHiz(&) + 1581132, + lellf2o)
+||5je”%2(9))+HjeH%Z’(Q)-
It follows from the Lax-Milgram Lemma that the problem (19) has a unique
solution & € H(curl, B,.). Furthermore, from (21) we prove
(31)

la(e, &)< [lg —mn x V]x|e] + s FlLas,)

H™ % (curl,dB,) |s€llL2(m,)

<|lg —n x V||X||éHH(cur1,Br) + \\571F|\L2(B,,,) |5€|lL2(B,)

<(ls™'gllx + lls'n x Vilx)|séllrz(s,)

+(lgllx + [0 x Vi) |curlé|re s, + Is 7 Fllzs,)
Combining (30)-(31) leads to

|3é||L2(Br)'

2
IV % 8125, + s8I,y + I8l + ol
) <7 (lsgllx + lsm x V.2 Isellzas,)
571 (llsPellx + llsPn x V) leurl Bz,
+51_1||5FHL2(BT) l|s€llL2(B,)-

Using the Cauchy-Schwarz inequality completes the proof of (28). O
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Theorem 3. Under assumptions (A1)—(Ag), it can be proved that the problem (9)
has a unique solution (E,H) which satisfies

E € L?(0,T;H(curl, B,)) N H'(0, T; L%(B,)),
H € L?(0,T;H(curl, B,)) N H'(0,T;L?(B,)).
Furthermore, we have the following stability estimates:

s 10/, + 108 (s, + lewrl Bl + leurl Hl s,

(33) +H10:T L2 (5,)) < e 9:gllx + 10kl L1 (0,720 T8l 21 0,730

+HUOHH(Cur1,BT) + |

Proof. Since

Volla(eur,s,) + IFllz#10,7;12(B,))-

oo

T
/0 (llcurle|2s s, + 0rel2a 5., ) dt< / 21t (leurlelZa g + [0rell2 (s, )

it suffices to estimate the integral

| e leurtelag,, + lorele, )t

We take the Laplace transform on both sides of (24) and obtain

(34) {curlé + sﬂgfl =0, curlh — s1c€ —je = f‘, in B,,
34

%’[nxé]:nxfl—nx\uf—i—g, on 0B,.
It follows from Lemma 4 that

(35) leurl @]z s, + IséllLz (s, <57 (Isglla + lsn x Vilx
+lsPgllx + llsln x Vix + [[sFle2(s,))-

Combining (34) and (28) implies
Jeurl Bllga s, + lIshlluzgs, <sr (Isgllx + lsn x Vi
HllsPgllac + Ills*n x Vi + [[sFllLz(s,) + [FllLzes,),

It follows from Lemma 44.1 of [37] that & and h are holomorphic functions of s
on the half-plane s; >« > 0, where « is a positive constant. By applying Theorem
43.1 of [37], we can show that there is the inverse Laplace transform of & and h,
which is supported in [0, co].

Let e = .#71(&), and h = £~ '(h). Since & = .Z(e) = F(e *''e), where .Z is
the fourier transform with respect to sg, it follows from the Plancherel identity [15,
(2.46)] and (35) that

o0

6—2511:(

|curlel3s g, + |0l s, ) dt
DY

o0
<si? [ ol + o x VI3 + 1Pl

— 00

{||curlé||i2(BT) + ||3é||%2(BT) }dSQ

5120 % VI + sFIEa s, ) pdse:

Recalling that F;—g = 0 in B;, gli=o = 9:glt=0 = 0 and n x V=g = 9¢(n x
V)|i—o = 0 on dB,, we have .Z(0;F) = sF in B,, £ (d,g) = sg and £ (d;(nxV)) =
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sn x V on 0B,.. Tt is not difficult to check that

5’8 = (251 — 5)s8 = 251.L(0,8) — L (0ug),
|s]2n x V = (251 — s)sn x V = 25;.2(8;(n x V)) — L (0 (n x V)).

‘We thus have

| e eurtelag, + lorela, )
s [ 1200+ 5 [ 1L0@ + 1L OF) Eaqn,

H1rs) [ 12@mx VIt [ 1200 x V) s
st [ el s [ e (ougl + 1F et
0 o0 0 (o9}
HL ) [ e o x Ve + 577 [ e o x V) e,
0 0
and further e € L?(0,T; H(curl, B,.)) N H(0,T; L?(B,)). Similarly, we show that

h € L?(0,T; H(curl, B,.))NH! (0, T; L?(B,)). Next it turns to the stability analysis.
For t € (0,T), consider an energy function

~1 2 ~1 2 1/2 _
e(t) = 5P B(, )22 5, + 12 *HC )20, + 102 2wpe) T2 .

‘We observe that

t
¢(r)dr = || *E(-, t )||L2(3>+||/~L1/2H( DI,y + 11072 2wpe) I (D) E2 ()

_||771/2U0||L2(B + ||Ma/ VOHL2 B,)

Using (9), Lemma 2, and integrating by parts, we have

1 ~ =
-0, - Jdxdr

eWpe

t t
/ ¢ (r)dr = 2Re/ / 7.0,E-E+ i.0.H - H 4 —
0 0 -

t — T~ =
:QRe// curlH-E—curlE-I:Idx—'yej-J—weo/ Jd¢-J
0
(36) —J-E+F - Edxdr

< 2Re// g- ETdeT+2Re// F - Edxdr

<ligllzr0,1:x) tg[l(?);] |Ellez(cur1, B,y + ||FHL1(0,T,L2(BT)) max, |E|lL2(B,)-

We take the partial derivative with respect to ¢ on both sides of (9), and get the
equations of &,E, 9,H and 9,J with the source ;g = —xx 0, H"+Z[%x 0, E"°] and
the initial condition 9;E|,—¢ = 7j- Lcurl V, 9;H|;—¢ = ji- 'curl Uy, and 8tj|t:0 =
ngwger. Repeating the process of the proof of (36) for O;E, 9;H and 9,J, we can
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prove
17220 EC )22,y + 172 0B O,y + |02 2wpe) T 0T |12 ()

—{Hﬁgl/zcuerOHiZ(B” + ||fiz *curl UOH%Q(BT) + ||7751/2WpeU0||%2(BT)}
t
< —2Re/ o,g-Er(t)dS + 2Re/ / 0-+g - EpdSdr
OB, o JoB,

i
+2Re/ / 0. F - 0. Edxdr
o JB,
E )
Stlgﬁ% | HH(curl,BT)(tIeT[lgf?%] 0eglla + |0l L1 0, 13x))
+ max 10:EllL2(8,) |0:F || L1 (0, 7:12(B,)).

Combining with (36) ends the proof of (33). O

3.3.2. A prior estimate. Next we will derive a prior estimate for the electric
field. To demonstrate the impact of the different sources on the final estimate, we
consider the following initial-boundary value problems, for ¢ > 0:

.04 E + curl (iZ'curl E) + 0,J = 0, in B,,

t
N +7ed + weO/ Jdr = new E, in Q,

0
(37) Eli=0 = 0, 7:0;E[;=0 = 0, in B,,
Jli=o =0, in B,,

% x (i 'curl E) + €% x E] = ga, on 0B,

and
70y + curl (ﬂ;lcurl E)+ 0, J = o,F, in By,
0d + Yed + wep /t Jdr = nswwa, in €,
(38) E|;—0 = Uy, ﬁsat(])*}h:() = curl Vy, in B,,
Jli—o =0, in B,,
% x (fiz'curl E) + €% x E] = 0, on 0B,

where 7. and ji. have been defined in (10), respectively. Here J=JinQandJ =0
in B\ Q, ga =% x (u7 'eurl, E¢) + %[ x E"]. The variational problem of (37)
is to find E € H(curl, B,.) for t > 0, Vw € H(curl, B,.) such that

/ N0y E - wdx = f/ ﬂ;lcurlE -curl wdx
(39) Br Br
—/ 0,3 - wdx + (€n x E] — gy, w).
Q

Theorem 4. Let E € H(curl, B,) be solution of (37). Under assumptions (A1)—
(A3), for any fized T > 0, it holds that

[0:E|lL (0,7:L2(B,)) + [[curl ElLo 0,712 (B,))
(40)
< Tllg2llzro,120) + 10:82llL1 0,132 5
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and

IEllz2 (0,130 (curL,B,)) + 0B L2 (0,712 (B, ) < T3/2||g2||L1(O,T;X)

(41) 1/2
+(T +TY?)|| 02| 10,72 -

Proof. Tt should be mentioned that the proof of this theorem is followed the lines
of the proof of Theorem 4.4 of [29](see also Theorem 4.2 of [19]). But there are
some essential different points. Here we only give these differences.

For ¢ € (¢,T), define v (x,t) ft (x,7)dr, x € B,.. Choosing w = % in
(39), integrating (39) in [0, <], and taking the real part, we get

< <
/ / NeOu B - apydxdt + / / ﬂ;lcurlE - curl v dxdt
o JB, o JB,

< S
= —/ 0;J -y dxdt +/ (€ x E] — go,1)dt
0 Jo 0

(42)

The terms on the left-hand side of (42) can be treated by virtue of [29, Theorem
4.4] and [19, Theorem 4.2]. Here we only estimate the terms on the right-hand side
of (42). Tt follows from [29, (4.15)] and (37) that

Re/ /Bt.] Yrdxdt = Re/ 1,b1|6dx+Re/ /J E dxdt

~ Re /"J Edxdt = {n s N0

pe
1/2

//Ve|J| dxdt + || ;/2 / (.’C)dCHiQ(Q)}-

Wpe

For 0 <t <¢ < T, it follows from [29, (4.16)] that

) Re/ /BB (x,1) - 1 dSdt = Re/// (1) B (1)

_AHQJMM/HH Ol etceurt. 3, dL.

Using Lemma 3 and [29, (4.16)] gives
(44)

Re/ - €n x E] -4,dSdt = Re /aB / (/ ¢ [n x E](x,7)dr) - Ep(t)dtdS < 0.

Combining (42)-(44), for any ¢ € [0,T], we have

H~1/2E( )HL2(B ) + H 1/2 ||L2(Q) +/ \/’7?"]| dxdt
w1/2
(45) _|_/ H51|/ curl E(x, t)dt\ dx + || /s / J(, )dCHL?(Q)
e’ “wpe Jo

S T N —

Since the right-hand side of (45) contains the term [; (||curl E||* + ||E|[|?)'/2dL,
one cannot immediately give a prior estimate. To this end, we consider the following
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equations, for ¢t > 0;

77]56” (8tE) + curl (ﬂe_lcurl 8tE) + 6ttj = O7 in Br,

Opd + 7 0pJ + wepd = nswieatﬂ in €,
(46) 01Eli=0 = 0, 01El|;=0 = 0, in B,,
9:J|i=0 = 0, in B,,

% x (a7 curl 9;E) + €% x 0,E] = 0o, on 0B,

where 9,82 = % x (- tcurl 9, E™¢) + ¢[x x §,E"°]. By introducing a function:
Po(x,t) = f; 0:E(x,7)dr, x € B,, 0 <t < ¢, and repeating the process of the
proof of (42), we obtain

_ 1 N
172 2OE(, ) 1R 2(s,) + HTatJ('ag)HiQ(Q) +/ / el 0 I[P dxdt
e “wpe X 0 Jo

1/2
el W

S
= 2Re/ (€n x OE] — O, 1pa2)dt.
0

(47) Hlaz 2 eurl B(, t)|[Ea s, ) + | I 9)R2

pe

Using Lemma 3 and [29, (4.16)] implies
S
Re / @0 x O,E] - padSt
(48) 0 OB, . .
~ Re / / ( / ¢[n x O,E)(x, 7)dr) - 9,Er)dtdS < 0,
oB.Jo Jo

and

S S t
/ Oug - adSdt = Re / / ( / 0.g(x, 7) dr) - OB (t)dtdsS
0 OB, OB, JO 0
t
= Re/ (/ 0,g(x,7)dr) - Ep(x,t)[5dS
0B, J0O
S
(49) —Re/ / 0ig(x,t) - Er(x,t)dtdS
832,« 0
< Re [ 10i8(-11) [t B rceun, .
0
S
+he [0l OB, ) a5, .
0
For any ¢ € [0,T], using (45) and (47)-(49), we get
IEC,)Z25,) + I10EC 2 s,) + curl E(, o) [f2(5,)
S S
< [ lgClvet [ 1BCOlkaceun i
S
+ [ 1080t 1B aenr.

(50)

<
+ / 100+ )| B ) etceurt, 3, .
0
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Taking the L>°-norm with respect to ¢ on both sides of (45) yields
||E||%oo(o,T;L2(B,)) + ||3tEH%oo(o,T;L2(BT)) + chrlEHQL‘X’(O,T;LZ(BT))
<(Tlgllzro,r;2) + 10e8ll 10,7520 Bl o< (0,75 11(curl, B,.) -

By applying the Young inequality, we complete the proof of the estimate (40).
Integrating (50) with respect to ¢ over [0,7] and using the Cauchy-Schwarz
inequality, we have

HEH%Q(O,T;H(curl,BT)) + ||atE||%2(O,T;L2(B,.))S (T3/2Hg||L1(0,T§X)

JF(TJrTl/z)”atg('vt)”Ll(O,T;X)) )
Therefore, using the Young inequality, we complete the proof of (41). O

Theorem 5. Let E € H(curl, B,) be the solution of the problem (38). Under
assumptions (A1)—(A3z), for any fized T > 0, it holds that

(51)  NElLe<©,rr28,))< UollLes,) + Tlleurl Vollrz(s,) + [IFll10,112(5,))

and

(52) 1B 2207228, < T2 Uollz s,y + T2 eurl Vo2 s,
+T1/2||F||L1(O,T;L2(Br))'

Proof. For any < € [0, 7], similar to (45) we have

1728, ) 2 sy + | 73— 1/2 Mz + [ [ 1lap? dxat
W2
+/ i |/ curl B(x, t)dt\ dx + || / 3, Ol e
e’ “wpe Jo
(53) = 2Re / / O,F - prdxdt = 2Re / F -, [5dx

+2Re// F. dedt-?Re// F - Edxdt

<2 / IEC. DIz B G20 5, .

Taking the L*-norm with respect to ¢ on both sides of (53), and applying the
Young inequality, we complete the proof of (51). Integrating (53) with respect to ¢
over [0, 7] and using the Cauchy-Schwarz inequality implies the estimate (52). O

4. Multiscale asymptotic method

In this section, we first present the multiscale asymptotic expansions of the
solution for the reduced problem (9) and then we give the convergence results with
an explicit rate for the multiscale solutions.

4.1. Definitions of cell functions and the homogenized equations. In order
to facilitate the implementation of the multiscale expansions of the reduced problem
problem (9), we first introduce two sets of cells functions. We refer to [8] for the
definitions of two sets of cell functions associated with 1(€) and p(&) respectively:

(54) 92(5)’ GZZ(E)a @71](5)’ @Z(E), 95(5)7 9;;1(5)’ @T(E)a 65(5)7 kal = 172)3?

where 0}(&), 0],(£), 01 (&), 04,(€) are scalar cell functions and ©7 (&), ©3(&), ©4(£),
©4 (&) are matrix-valued cell functions defined in the unit cell Q@ = (0, 1)3.
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The scalar cells functions 6}!(€), 6},(€), 0 (€), 01,(€) are defined in turn

o) 90,(&)y _ Inir(§)
(55) 8752(7713(5) 82]‘ ) - o€, £€Q
0.(§) =0, £€0Q,
) 007,(6),  O(min(€)6](8))
e, (nu(ﬁ) gé-] ) - 3
56 v
0 i T )+, €€ @
J
92[ (E) = Oa £ € aQa
B 901(&)\ _ Oui(é)
(57) 87&(#”(6) (’;ﬁj ) - o€, €@,
0,(€) =0, £€0Q,
and
o 0" o (pir ()0
é%wﬁ>§§)(“2fw
w
(58) —[hkj (ﬁ)a%lé(@ — (&) + o, E€Q,
J

9;:1(5) = 07 E € aQa

where the homogenized coefficient matrices ¢(n) = (fx;) and q(p) = (firr) are
calculated by

~ 00; (¢ R 00t (¢
<W>m=/mma+%@>l”wa/w:/mm9+%@>l”me
o€, o€,
Q Q
Let
o7 67, o7 oY, 6+, v
o — (97,61, 07) 11 Y12 Uis 11 Y12 Uiz
(60) o1 — (6", 0%, 61 67 = |03, 03 033, 65 =[05 05 0O
e 05, 03 04 05, 05 0%

Remark 4.1. Under the assumptions (A1)—(As), the existence and uniqueness
of the solutions for the cell problems (55)-(58) can be established based upon Lax-
Milgram lemma. Note that the problems (55)-(58) require the homogeneous Dirich-
let’s boundary conditions instead of the usual periodic boundary conditions.

Next we give the definitions of the matrix-valued cell functions ©7(¢), ©1(¢),
/(&) and ©5 (). We define ©7 (§), ©F ,(§), p = 1,2,3 in the following ways:

curlg(n~!(§)curle®7 ,(§)) = —curle(n~'(§)ey), £ €Q,
(61) Ve 07,6 =0, £€Q,
6;’,1)(6) XV = 0» € € 8Q7 p= 17273a

curle (™! (§)eurle®f (§)) = —curlg(n~'(§)ey), £ €Q,
(62) Ve 01,06 =0, €€,
@/ib,p(g) XV = 07 5 € an p= 17233a
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where @’177]0(5) and @‘fyp(ﬁ), p = 1,2, 3 are the vector-valued functions, v = (11, va, v3)
is the outward unit normal to 9Q, e; = {1,0,0}7, e; = {0,1,0}7, e3 = {0,0,1}7,
a” denotes the transpose of a vector a. Let

07(§) = (07,(£),07,(£), 615(8)),  O1(§) = (67,(£),015(£), Of 5(£))-

Remark 4.2. The definitions of O ,(§), O ,(€), p=1,2,3 in (61) and (62) are
similar to (4.128) of Ref. [3]. Howewver, the essential difference is that we take a
perfect conductor boundary condition instead of the periodic boundary condition of
Ref. [3]. Under assumptions (A1)—(As), the ezistence and uniqueness of problems
(61) and (62) can be established based upon Lax-Milgram lemma.

Following the idea of Ref. [8] and [9], the second-order vector-valued cell functions
07 ,(&) and O (&) are defined as follows:

curle(n~' (€)curlg®; ,(€)) = —curle(n~"(£)07 ,(£))
(63) —n ' (§)curleg®] (&) — ' (E)e, +a(n e, + Vel ,(£), £€Q,
Ve 03 ,(6) =0, £€Q,
05,8 xv=0, £€0Q, p=1,23,
and
Curls( “H(&)eurlg®y (€)) = —curle(n~'(£)OF ,(£))
(64) “H(&)curlgOf (&) — pH(€)ep +a(n e, + Vel ,(£), €€Q,
Ve - eg,p(f) =0, £€Q,
95717(5) xv=0 €£€€0Q, p=1,23,

where 71 (&) and (&) denote the inverse matrices of (&) and u(&), respectively.
By using [3, (11.46)], the homogenized coefficient matrices ¢(n~!) and q(pu~1) are
calculated by

a(n™) = M(n71(€) + 0~} (€) curle ©](€) ),
a(pt) = M(n1(€) + n1(§) curlg ©(6)),
where the matrix-valued functions ©7(¢) = (@717 1(6),07,(8),07 3(€)) and OF (§) =
(07 1(8), 01 5(€), 07 5(§)) are given in (61) and (62)7 respectively, Mv = fQ v(€)dE.

The functions ¢j (&) and ¢4 ,(§), p = 1,2,3 in (63) and (64) are the solutions
of the following elliptic equations:

(65)

(66) {—Ascg,p@):vs-é”(e), £eq,
L&) =0, €e€dq,

and

- {—Ascg,p(e):vs-é“(e), £eqQ,
¢ (€) =0, €€dq,

where V¢ = divg, and

G(&) = =0~ (§)curlg OF (&) —n 7 (E)e, +a(n ey,
GH(€) = —p ! (Ecurlg OF (&) — p~ ' (€)ep + a(n ey

It can be verified that

(69) Ve (G"(€) + Vel] () =0, Ve (G*(§) + Vel ,(€)) =0,

(68)
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and
(70) ¢, Cb,e HX(Q)NHy(Q).

Therefore, we define the matrix-valued function ©3(§) = (03 ,(§), 03 5(£), ©3 5(£))
and ©5(§) = (0% (£), 055(§), 0% 5()).

Using the Fourier transform on both sides of (4) with respect to ¢, we obtain the
time-harmonic Maxwell’s equations in 2 as follows:

2
w
iwne (x) [1 + %} E.(x,w) — curl H,(x,w) = F(x,w),
W = WYe — Weo
(71) iwpe (x)He (x,w) + curl E.(x,w) =0,

v : (nE(X)EE(X>w)) = p(X,LU), V ' (IJ’E(X)HS(X?W)) =0.
The homogenized Maxwell’s equations associated with (71) can be written as

2

w

iwg(n)(1 + #)Eo(x,w) — curl Hy(x,w) = F(x,w),
W — iWYe — Weo

iwq(p)Ho(x,w) 4+ curl Eg(x,w) =0,

V- (g(mEo(x,w)) = p(x,w), V- (q(p)Ho(x,w)) = 0,

where ¢(n) and ¢(u) are the homogenized coefficient matrices of 17 and p, respec-
tively. By virtue of the inverse Fourier transform, we obtain the homogenized
Maxwell’s equations associated with the original problem (1)-(6) in £ as follows,
for ¢t > 0:

(72)

q(m)0:Eo(x,t) — curl Hy(x,t) + Jo(x,t) = F(x,1),
= 0’

(73) q()0:Hy(x,t) + curl Eg(x,1)

t
6tJO(Xa t) + erJO(Xy t) + Weo / JO(X7 T)dT = Q(n)wf)eEO(X7 t)a
0

which is coupled to the exterior problem (1)-(2) via the boundary conditions (5).
Here the initial conditions (6) are prescribed, the scattering field and the total
filed in Q. are denoted by (E§¢(x,t), Hi’(x,t)) and (Ef!(x,t), Hi?!(x,t)), respec-
tively. The homogenized coefficient matrices ¢(n) = (7;;) and g(p) = (f1;;) can be
calculated by (59).

Using the time-domain transparent boundary condition, we reformulate the scat-
tering problem of the homogenized Maxwell’s equations (73) into the following
initial-boundary value problem, for ¢ > 0:

q(n)dEq — curl Hy + Jo = F(x,1), in B,,
q(pn)0Hy + curl Eg = 0, in B,,
(74) 0o + YeJo + weo /Ot Jodr = q(n)w; . Eo, in €,
Eolt=0 = Up, Holi=0 = Vo, in By,
Joli=o = 0, in By,
YnxEy]=nxHy+g, on 0B,

where Jo = Jo in Q and Jy = 0 in B, \ Q. Here we take Eq = El°!, Hy = HY?,
q(p) = pols and q(n) = nolz in B, \ Q.
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(0,1) (1,1 (0,1) I (11

(0,0) | (1,0)
(a) (0,0 (1,0) () 3

FIGURE 2. (a) the symmetry of Q. (b) the sides of Q.

4.2. Multiscale asymptotic expansions. Now we refer to [8] for the definition
of the multiscale asymptotic expansions of the solution for the reduced problem (9)
in Q, for t > 0:

EM (x,t) = Eo(x, 1) + £V (0] (£) Eor (x, 1)) — £®Y (§)q(12) 0 Ho (x, 1),
(75)  BO(x,t) = Bo(x,t) + <V (6(€) Bor (x, 1) + 0}, (£)0n, Eor(x,1) )
—e0Y(&§)a(1)0:Ho(x, 1) — e*Of (€)curly (q(p)d:Ho(x, 1)),
HY (x,1) = Ho(x, ) + V(05 (§) Hor(x, 1)) + €O (€)a(m) 9 Eo (x, 1),
(76)  H®(x,t) = Ho(x,t) + eV (eg(g)HOk(x, £) + 0 (€)D, Hono(x, t))

+e07(€)a(n)0:Eo(x, 1) + £*©3(€)curly (q(1) 0 Eo(x, 1)),

where (Eg(x,t), Ho(x,t)) is the solution of the scattering problem of the homog-
enized equations (74). The homogenized coefficient matrices g(n) and g(p) have
been given above. In B, \ €, we define

(77) EY(x,t) = EX (x,t), HY(x,t) = HY! (x,t), s=1,2,

where EY (x,1)|i—0 = Up, HY (x,1)|1—0 = V.

In order to derive the convergence results for the multiscale asymptotic expan-
sions (75)-(77), we need to impose the following conditions on the coefficient ma-
trices and the initial conditions:

(Ay4). Let € = e7!'x and the coefficient matrices n(¢) = n(¢)I3 and p(€) =
w(€)I3, where I3 is an 3 x 3 identity matrix. Assume that n(§) and p(§) are
symmetric with respect to the middle plane Ay, of @ = (0,1)3, where A, k = 1,2,
are illustrated in Figure 2(a) in the two dimensional case.

(A5). V-U=0, V-V =0.

Remark 4.3. The condition (A4) indicates that composite materials satisfy geo-
metric symmetric properties in a periodic microstructure, which will be only used
for deriving the convergence results for the multiscale asymptotic method.

Next we give convergence theorems for the multiscale asymptotic solutions de-
fined in (75)-(77).

Theorem 6. Suppose that Q@ C R3 is the union of entire periodic cells, i.e.,
Q = U,er ez +Q), where I. = {z € 7%, e(z + Q) C Q} and € > 0 is any fized
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small parameter. Let (Eq(x,t), H:(x,t)) be the solution of the reduced problem (9),
and let ( gl)(x7t), gl)(x, t)) and ( 22)(x, t), 22)(x, t)) be the first-order and the
second-order multiscale asymptotic solutions defined in (75)-(77), respectively. Un-
der assumptions (A1)—(As), if (Eo,Hp) € H(0,T;H3(2)) N H2(0,T; H2(Q)) N
H3(0,T;HY(Q)), T < oo and arbitrary, then we obtain the following error esti-
mates:

(78)

leurl(E. — EX)|| o 0,7:02(8,)) + 10:(Ee = EX)l| 1o 0,7502(5,))

+leurl(He — HY)|| L 0, 722(8,)) + [10:(He = HY)[| L (0. 722(8,) < C(T)e,
where s = 1,2, and C(T) is a constant independent of €, but dependent of T'.

Proof. We prove Theorem 6 only for the case s = 1. The case s = 2 is similar. Due
to the limitation of space, the details are omitted.
For the sake of simplicity, we set

() )
E R 0 curl vV 0
a _ [ Ee _ (R’ _ _
SE - <H§1)> 9 Rl - <R52)> 9 ?X — (—curl 0 ) } ? — (0 v) )
div 0 w2, g(t) 0 x
.= = pe — L —
v (0 div)’ J ( 0 0/, (a”(e))exﬁ’

N _(0 -
o=k o ) e=(er o)
From (75)-(76), it is not difficult to check that
W = & + £V (08) + £©1 Ao, 0.

Using (4), (73) and (75)-(76), taking into account curl — curly + e~ !curlg, we
get

(79) A0, —EM)Y =V x (& — W) — AT # (E. — EW) + Ry,
which holds in the sense of distributions and
Ry = (Ao — Ao — AV ¢0)0,E0 — AV (00,E)) — eA-O1 Ao
(80) +eVy x (©1.4080:&)) + Ve x (©1.400,8)) — 201 Ve X Aoy
(Ao — Ar — AV e0)T % Eo — e AV (B(T # &) — eAO1 (T * Asdyo),

where * denotes a convolution of functions with respect to ¢ defined in Introduction.
Set

Gr(€,%.) = (Ag — Ar — AV 0)0, 0,
(81) Gal€,%,1) = (Ao — Ae — A.V¢0)T * &,
Ga(€,%,1) = Vg x (©1.40:&0)).

Under the assumptions of this theorem, for any fixed ¢ € (0,7, we can check
that G;(&,x,t), i« = 1,2,3 are bounded and measurable in (£,x), 1-periodic in &,
and Lipschitz continuous with respect to x uniformly in €. Furthermore, we get

(82) /Qgi(e,m)ds:o, i=1,2,3.
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Given (Eo,Hy) € H'(0,T; H*(Q)) N H2(0, T; H2(Q)) N H?(0, T; HY(Q)), T < oo
and arbitrary. Applying [31, Lemma 1.6], we show that, for k = 1, 2,

(83)

max /ng) - vdx
tG[O,T] Q

< C(T)e|vl Lo (0,751 (), YV € L®(0, T; H' (1)),

where C(T) is a constant independent of ¢, but dependent of 7.
By taking into account div — divx + e~ !dive, we recall (4), (75), and obtain

V(A D) =¥ <A £.)~ V- (A£EM)
—V  (Ao€) — V- (AEM) = eV - (A + AV e0)E
(A + A0 — AV Eo — ?g (A V1 (05))
Ve (AO1A0E) — eV - (A-O1 A E)
(A + AV 0 — Ag) V- Eo — Ve - (A V(0))
Ve (A1 ADE) — eV (AO1 40D En) = M, %, 1).

Here we have used the fact that W - (AL.) = v. (Ap&p) = 0, which holds in the
sense of distributions under the assumptions (A;) — (Aj).
Set

(84)

Ga(€,x,1) = —(Ac + AV — Ag) V- &,
(85) Gs(€,%,1) = —V¢ - (A V(65)))

Gol€,%,t) = Ve - (A0 400,E).

For any fixed ¢ € (0,7, similarly we can show that the functions G (€, x,t), k =
4,5,6 are bounded and measurable in (&, x), 1-periodic in &, Lipschitz continuous
with respect to x uniformly in &, and

(6) /Q Gul&,x, )dE =0, k= 4,5,6.

Setting G, = (g,(j), g,(f))T and applying [31, Lemma 1.6] again, we have

/ g,j) 7, - vdx

where k = 4,5,6, and C(T) is a constant independent of €, but dependent T'.
Set Hi = (7—[51),7{§2))T. Similarly, for any fixed ¢ € (0,7T), combining (84) and
(87) leads to

(87) max

<C(T oo . ,=1,2
R (D)elv|| Lo o,mm1 (), @ =1,2,

88
B9

X _
/’Hgk)(g,x,t) cvdx| < C(T)e|lv|p=ora (), k=12
Q

Set m.(x,t) = (7721),779) where 7721) and 7r§2)
the following elliptic equatlons:
~Art (1) = 1Y (X x,1), x€Q

ﬂék)(x,t)z(), xed, k=12,

are respectively the solutions of

(89)

where ¢t € (0,7T) plays the role of a parameter. Combining (88)-(89), for any fixed
t € (0,7, we have

(90) ||7T§k)||H1(Q) <Ce k=1,2,
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where C' is a constant independent of ¢.

If we take
(91) ED (x,1) = €0 (x,1) — ATV me(x, 1),
then it is obvious that
(92) V(A& (x,t) — & (x,1))) =0,

Assume that €2 is the union of entire cells. We recall the boundary conditions of
cell functions 6}, 01, ©7 and O}, and obtain

(B-(x,t) — B (x,1)) x n = (B*°(x, 1) — Bf°(x,1)) xn, x €09,
(H.(x,t) - HY (x,4)) x n = (H®(x,t) — H(x,t)) xn, x € 09,
where (E*¢, H*¢) and (E§°, H§") satisfy (1)-(2), and n is the outward unit normal

to 0Q. Furthermore, for any fixed ¢ € (0, 7)), we know that x'") € H2(Q) N HL(),
and obtain (see [3, p. 144])

(94) Valk) xn=0.
For x € 0€2, we thus get
(B.(x,t) — EY(x,1)) x n = (E*¢(x,t) — E5°(x, 1)) x n,
(Ho(x,t) — HMY(x,1)) x n = (H*(x,t) — H(x, 1)) x 1.
From (79) and (91), we have
(96)  AO(E —EW) =V x (6 — EW) — AT * (& — EW) 4 Ry,
where
(97) Ri=Ri— V(Om)+V x (AZ'V m.) + T % V. (x.t)
where R; has been given in (80) and Ry = (R(ll),R(12))T.
Denote by e = E. —E{", h=H. —HY", e, = E*° — E¢, and h, = H* — H{°,

where (es, h;) satisfies (1)-(2). It follows from (79) and (93) that (e,h) is the
solution of the following initial-boundary value problem, for ¢ > 0

(93)

(95)

Ne0ye — curlh = —ﬁawgeg(t) xe+ Rgl), in By,

(98) fie0th + curle = REQ), in B,,
el=o =0, h|;—o =0, in B,,
“n xe]=nxh, on 0B,

where Rgl) = R?) =0in B, \ Q.

Since n. and pu. are respectively rapidly oscillating 1-periodic functions with
piecewise constants thanks to (A;) — (Az), using (92), we have
) [div e[|F 2oy <[[nZdivelliz (o) = l|div (n-e)[fz0) =0,
[div hl[E2 o) <[lpZdivh[Es o) = [ldiv (uh)[fs ) = 0.

For any fixed t € (0,T), set j(-,t) = n.w2.g(t) * e and define an energy function
as follows:

~1/2 _1/2 /2 \—1s
e(t) = |17 %e( )22 s,y + 152" 0( )22 5 ) + 102 2wpe) "5, 120 -

We observe that

t
/O ¢ (r)dr = |7 %e(, 1)1, + 132" 00 Ol R2(s,) + 1012 2wpe) HiC O E2 ()
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From (98)-(99), using Lemma 3, Corollary 3.6 of [20, p. 55] and integrating by
parts, we get

t t
— 1
/ e'(t)dt = QRG/ / ﬁgate -e+ ﬂgath -h + = 77
0

Epe

—0ij -j}dxdr
< 2Re/ Gn x e] - erSdTJrQRe/ /R‘” e+ R hdxdr
OB,

< 2Re/ / é+R§2)-h}dxdT

< cur h cur. }
< Ot mas llellceur) + max [hlseun o)

(100)

By taking the partial derivative with respect to ¢ on both sides of (98), we can
follow (100) for Ore and 9:h and get the following estimate:

~1/2 ~1 2
172" 0ve (-, )22, + |12

b, )12, + 11012 2wpe) L )12 0

< 2Re fy fo {orRY - 0re + anz@ -0, }dxdr

< 2Re [, {OR{" -6+ R - Bldx — 2Re [y [, {0.-R{" -6+ 0, R - }baxar
< C0={ ma. lleleurs + masx [sxeuns

Therefore, using (100), we complete the proof of (78). O

Theorem 7. Suppose that Q C R3 is the union of entire periodic cells, i.e., Q=
Uyer. €(z + Q), where I. = {z € 73, e(z+ Q) C Q} and ¢ > 0 is any fized
small parameter. Let (E.(x,t),H.(x,t)) be the solution of the reduced problem
(9), and let (Ee¢ E! )(x t), Hgl)(x t)) and (Egz)(x, t),HgZ) (x,t)) be the first-order and
the second—Order multiscale asymptotic solutions defined in (75)-(77), respectively.
Under assumptions (A1)—(As), if (Eo,Ho) € H*(0,T;H3(2)) N H?(0,T; H(Q2)) N
H3(0,T; HY(Q)), then we have the following error estimates:

(101) Jleurl(B. —E)|| 20,5, + 0Bz — BE) |20, mn25,)) < C(T)e,
where s = 1,2 and C(T) is a constant independent of €, but dependent of T

Proof. Due to the limitation of space, we only give the proof of (101) for the case

s = 1. The case s = 2 is similar.
5 e

Set
From (98), by eliminating h, we get the following initial-boundary value problem:
NeOne = curl i lecurle — 8tJ + R ) + curl (f7 R?)), in B,
(102) e|t:0 = 0) ate|t:0 = 03 in BT’
x (ji-'curle) + €[n x e] = 0, on 0B,

Where%:.,fflosGeoBi”andJe=77E fo (t—T1)e XT)dTJ =J,. in Q and
J.=0in B, \ Q.
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For ¢ € (¢,T), we introduce an auxiliary function ¥ (x,t) = f; e(x,7)dr, x €
B,.. Following the lines of the proof of Theorem 4, we prove

7270 M + o7zl + [ el s
1/2
(103) —|—/ ,u€1|/ curle(x, t)dt|2d + |l 1/2 /J (-, )dCHLQ(B,‘)
e’ “wpe J0

< 2Re/ / 8t )+ curl (o IR(2 )} -apy dxdt.

Furthermore, we have

S S
// atng”.q,zldxdt:/ R§1)~1/_;1|5dx+// R - & dxdt
0 B, B, 0 B,

(104) cr
= / / Rg ) edxdt < O(T)e| el 2(0,7;H(curl,Q));
0o JB

and
(105)
Sy [, curl(a LEYRYP)) - aprdxdt = Io I5 Iy curl(7~ 1 (X)RP)dr - edtdx

=5, I (c““ ({(a(&) + A1 (€)eurle®} (€))alk) — Is — Vet (€) }Ho(x.1))
+eHeurle (7 (€) + A7 (€)curlOF (€))g(1)Ho(x, 1)}
—curle (Vx0;Hy(x,)0#(£)) — curle (@"(ﬁ)q(n)atEo (x,1))

+curle ([fl(ﬁ)curlx (04 (&)q(p)Ho(x,t ))
—ecurly (antHo(x,t)G”) — ecurly (@ (&)q(n)0Eo(x, t))

+ecurly ([L’l(f)curlx (04 (&)q(1)Ho(x, t)))) - edtdx.
Using (2.4) of [8] and (11.46) of [3, p. 145], it can be shown that
/Q ((71(8) + n™ " (€)curle ©1)q(n) — Is — Ve0")d€ = q(u™")a(p) — Is = 0.

Here we have used the fact ¢(u=!) = q(u)~! (see (5.61)-(5.62) of [3, p. 64]). On
the other hand, we recall the cell problem (2.7)-(2.8) defined in [8] and have

curlg (1~1(€) + p ' (§)curle®f) = 0

Similarly, we use [31, Lemma 1.6] and obtain

S
_1,X -
(106) | / /Q curl (5~ (D)0 R;Y) - Prdxdt| < C(T)elle]] 2o, r:ma(eurti),
0

where C(T) is a constant independent of €, but dependent of T
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By taking the partial derivative with respect to ¢ on both sides of (102), we
follow (103) for 0;e and O;h, and then get the following estimate:

||77;/28te(-,<)|\i2(3r) + Hn;ﬂlwp: 6t~]e(-7§)||%2(9) + f; fQ 76|at']e|2 dxdt
~—1/2
+||u6 / curle(.,§)||i2(3r) + ”7’1761/21(,01,6;]6(.’5)”%2(9)

< 2Re [ fBT(atth” + curl (A= 10,R\?)) - by dxdt
<2Re [, fo [y (0-RY + curl (310, RY))dr - e dtdx

< 2Re [ [3(0uRY + curl (i 9;RY)) - @ dtdx

(107)

< O(T)ellell 20, 1:E(curl;) -
Therefore, by combining (103), we complete the proof of (101). O

5. A multiscale Crank-Nicolson mixed finite element method and nu-
merical examples

5.1. A multiscale Crank-Nicolson mixed finite element method. Based on
the theoretical results presented in Section 3, we first introduce a multiscale Crank-
Nicolson mixed finite element method for heterogeneous scattering problems of
Maxwell’s equations (1)-(6). The method can be described as follows:

Step 1. Compute the scalar cell functions 6} (£), 04 (&), 67,(€), 04,(&), k,l =
1,2,3 and the matrix-valued cell functions ©7(¢), ©4 (&), ©1(€), ©5(&) in the unit
cell @ = (0,1)3, respectively. Then compute the homogenized coefficient matrices
q(n) and q(u), respectively.

Step 2. Solve numerically the scattering problems of the homogenized Maxwell’s
equations (73).

Step 3. Use the difference quotients to compute the derivatives of the solution
(Eo(x,t),Hy(x,t)) for the homogenized time-dependent Maxwell’s equations (73).
The detailed formulas can be found in [8, 9, 10].

At Step 1, we refer to [8, 9] for computing the scalar cell functions 6 (&), 0/ (£),
0,(&), 0,,(&), k,1 = 1,2,3 and the matrix-valued cell functions ©7(&), ©3(&) ,
4 (), ©5(&). For the numerical algorithms and the convergence, we refer the
reader to [9, 10, 30, 40, 42]. Once the cell functions 60} (£), 04 (&), k = 1,2,3
are calculated numerically, we can get the numerical solutions of the homogenized
coefficient matrices ¢(n) and ¢(p) by using the formulas (59).

Next we focus on discussing the numerical computation for the scattering prob-
lem of the homogenized Maxwell’s equations (74). In the real computation, we
replace the homogenized coefficient matrices ¢(n) and ¢(u) by their numerical solu-
tions 7 and 10, where hg is the mesh size for solving the cell problems. Therefore,
the modified homogenized Maxwell’s equations associated with (74) can be written
as follows, for ¢ > 0

" 0;Eg — curl Hy + jo =F, in By,
" 9Hy + curlEg = 0, in B,,
(108) %jo +7edo + wifg Jodr = ﬁh"wfmﬁo, in Q,
Eo(x,0) = Up, Ho(x,0) = Vo, in B,
To(x,0) =0, in B,,
YnxEg]=nx Hy +g, on 0B,.
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()~ o ®) - © / -
FIGURE 3. (a) A whole domain Q of composite materials with

two subdivided periodic microstructures: blue and grey; (b) the
reference cell Q = (0,1)3; (c) the reference cell Q* = (0,1)3.

Remark 5.1. Using Proposition 3.3 of [9], we can estimate the difference between
the solution of the modified homogenized Mazwell’s equations (108) and that of the
homogenized Mazwell’s equations (74).

At Step 2, we employ the lowest order divergence and curl conforming (called
Raviart-Thomas-Nédélec) tetrahedral element, utilize PML to truncate infinite do-
main, and use the implicit Crank-Nicolson scheme to solve the scattering problems
of the modified homogenized Maxwell’s equations in a coarse mesh and at the larger
time step.

Remark 5.2. The error analysis of the Crank-Nicolson mized finite element method
for solving the modified homogenized Mazwell’s equations with constant coefficients
and the PML equations can be found in the paper [22, 28]. Based on the theoretical
results of the proposed multiscale method in this paper (see Theorems 6 and 7), it is
not difficult to obtain the error estimates for the multiscale Crank-Nicolson mized
finite element method. Due to the limitation of space, we omit the convergence
results and their proofs.

5.2. Numerical examples. To validate the multiscale method and the conver-
gence results presented in this paper, next we give some numerical examples.

Example 5.1. We consider the time-dependent scattering problems (1)-(6) of
Mazwell’s equations in dispersive media with two subdivided periodic microstruc-
tures, which are displayed with different colors such as blue and grey. The different
reference cells Q and Q* are shown in fig. 3:(b) and (c), respectively. The whole
domain Q of composite materials is shown in fig. 3:(a). Here we take € = lef, and
the excitation is a plane wave from the direction (0", $""¢). The incident electric
field is given by

E" = (cosaf + sinad)Eof (t — k™ - (r —ro)/co),

where o 1s the polarization angle, By is the peak field strength, ro, is a reference
position vector, cog = 1 is the speed of light, kine is the unite vector along the incident
direction, and f(t—l%mc~(r—r0)/c0) is the temporal profile of the incident field. Here
a tapered sinusoidal temporal profile is given by f(t) = (1 — exp(—t/7p)) sin(wot),
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TABLE 1. Comparison of computational costs in Examples 5.1.

Original egs. | Scalar cell egs. | Matrix-valued cell eqs. | Homogenized eqgs.
Elements 769250 92090 92090 233631
Dof 5539923 17406 112228 1691124
The time step | At = 0.001 At’ = 0.005

TABLE 2. Comparison of the computational errors.

TeoTl(0) eiTl(o) Meoll(1) Teill(1) ThoTl (o) ThiT (o) ThoTl(1) ThiT)
Eclloy | Eelloy | [Eelly | [Belly | Helloy | 1Helloy | IMellny | IHell(x)
Case 4.1 | 0.0283 | 0.0174 | 0.2706 | 0.1572 | 0.0809 | 0.0404 | 0.5835 | 0.3933
Case 4.2 | 0.0191 | 0.0118 | 0.1487 | 0.0796 | 0.1094 | 0.0650 | 0.6060 | 0.4087

where T, = 4Ty and Ty = 27 Jwy.

5.0, inacubeof Q, 2.5, inacubeof Q,
x, J 1.0, othersof Q, x, ] 1.0, othersof Q,
Case 4.1. “(E) ) 0.1, inacubeof Q*, "(E) ) 0.01, inacubeof Q*,
1.0, others of Q*, 1.0, others of Q*,
1.0, inacubeof Q, 2.5, ina cube of Q,
x, J 4.0, othersof Q, x, J 8.0, othersof Q,
Case 4.2. “(E) ) 0.01, inacubeof Q*, ”(E) “ ) 0.1, inacubeof Q*,
1.0, othersof Q*, 1.0, othersof Q*.

In order to demonstrate the numerical accuracy of the proposed method, the ex-
act solution (E.(x,t), H.(x,t)) of the time-dependent Maxwell’s equations (1)-(6)
with rapidly oscillating coeflicients must be available. Since the elements of the co-
efficient matrices n(£) and u(2) maybe are discontinuous, generally speaking, it is
an extremely difficult task or even impossible to give the exact solution of the above
Maxwell’s equations. To this end, we replace the exact solution (E.(x,t), H.(x,t))
by the numerical solution in a very fine mesh and at a small time step. It should
be emphasized that this step is not necessary in the real applications.

Without confusion we denote by (E.(x,t), H.(x,t)) the numerical solution of
the time-dependent Maxwell’s equations (1)-(6) in a fine mesh and at a small
time step, and let (Eg(x,t), Ho n(x,t)) be the numerical solution of the modi-
fied homogenized Maxwell’s equations in a coarse mesh and at the larger time step.
(ES})L (x,1), Hil,)L (x,t)) are the first-order multiscale numerical solutions of the prob-

lems (1)-(6) based on (75)-(76), respectively. Set eg = E. —Egp, e = E, — E)

e,h?
ho =H. —-Hy, and hy = H. — HS})I For convenience, We introduce the notation
llo) = [, )l and full) = [, T)llereurto)-

Comparison of computational costs for solving the related problems is listed in
Table 1. The relative numerical errors of the homogenization method and the first-
order multiscale method in the L?(Q)-norm and in the H(curl;Q)-norm at the
time T" = 8.0 for Cases 4.1 and 4.2 are shown in Table 2. The evolution of the
relative errors of the homogenization method and the first-order multiscale method
for computing (Ec(x,t), He(x,t)) in L2(Q) norm and in H(curl; Q) norm for Cases
4.1 and 4.2 are displayed in Fig. 4-5. Comparison of the computational results for
the related component of the solutions is displayed in Fig. 6.
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FIGURE 4. The evolution of the relative errors for computing
E.(x,t) in L?(Q) norm and in H(curl; Q) norm in the following
cases: (a)Case 4.1; (b)Case 4.2 .
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FicURE 5. The evolution of the relative errors for computing
H.(x,t) in L?(Q) norm and in H(curl; Q) norm in the following
cases: (a)Case 4.1; (b)Case 4.2 .
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homogenization homogenization
—— ist multiscale method —— 1st multiscale method
reference reference

02 04 06 08 1 0 02 04 06 08 1

(a) (b)

homogenization homogenization
—— 1st multiscale method 0,065 —— 1st multiscale method
reference

reference

()

FIGURE 6. comparison of the computational results for the third
component of the reference solution E. the homogenized solution
Ey, and the first-order multiscale solution E (x,t) at time t =3.0s
in the case 4.1 : (a) in the line z = 0.625,2 = y; (b) in the
line x = y = z; comparison of the computational results for the
first component of the reference solution H.,the homogenized so-
lution H?, and the first-order multiscale solution H" (x,t) at time
t =3.0s in the case 4.1 : (c) in the line z = 0.375,y = z; (d) in the
line z = 0.625,y = z.

Remark 5.3. By observing the above numerical results, we note that it fails to pro-
vide satisfactory results for the homogenization method. The multiscale approach,
however, results in more accurate numerical solutions for the scattering problem of
time-dependent Mazwell’s equations in dispersive media with a periodic microstruc-
ture or with many subdivided periodic microstructures. Therefore, the numerical
results confirm the convergence results presented in this paper.

5.3. Concluding remarks. Finally, we give some remarks and present some un-
solved problems.

Remark 5.4. Provided that the solution (Eo(x,t),Ho(x,t)) of the homogenized
Mazwell’s equations (73) with constant coefficients is smooth enough, the error
estimates are obtained. Rigorous regularity analysis for the solutions of 3D time-
dependent Mazwell’s equations is very challenging and still open. We refer the
reader to these references [6, 16, 17]. However, the formal multiscale asymptotic
expansions are useful in developing the efficient numerical method for 3D time-
dependent Mazwell’s equations in heterogeneous dispersive media.

Remark 5.5. We assume that a domain € is the union of entire periodic cells in
Theorems 6 and 7. The convergence for the multiscale method of this paper in a
general domain Q is still an unsolved problem to authors.
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