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AN EXPLICIT FORMULA FOR CORNER SINGULARITY
EXPANSION OF THE SOLUTIONS TO THE STOKES
EQUATIONS IN A POLYGON

BUYANG LI

Abstract. We present corner singularity expansion for the solutions of the Stokes equations in
an arbitrary polygon under the stress boundary condition, with explicit expression of its singular
part and quantitative estimate of its regular part. In particular, there is a countably infinite set of
angles such that a corner with one of these angles would give the solution precisely one additional
logarithmic singularity, whose explicit expression is found.
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1. Introduction

Consider the Stokes equations with the stress boundary condition in a polygon
QCR? ie.

-V -(2D(u) —pl) =f inQ,
(1) V-u=g in ,
(2D(u) —pI)n=h on 092,

where D(u) = $(Vu+(Vu)T) is the stress tensor, and n is the unit outward normal
vector on the boundary 99Q. For any given (f, g, h) € H ()" x L?(Q) x H/2(0Q)’,
the weak formulation of the problem (W) is to find (u,p) € H*(Q) x L?(£2) such that

@) { 2(D(), D(v))a — (p, V- V)a = (f,v)a + (h,v)oe, VveH(Q),
(v'ua¢)Q:(ng)Q7 Vﬂ}ELQ(Q),

under the compatibility conditions [, f(z)dz + [, h(z)dr = 0. Existence and
uniqueness of the weak solution can be proved by using the Lax—Milgram lemma
(see [IB] or appendix A).

For many purposes, higher regularity of the solution is often needed [B, R, [IT].
However, due to the existence of corners of the domain €2, for a given right-hand
side (f,g,h) € H*"1(Q) x H*(Q) x H*~/2(9Q) the solution (u,p) may not be in
Hs+1(Q) x H*(Q) for general s > 0. It is natural to ask how smooth the solution
can be and what specific singularities the solution possesses.
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Under the Dirichlet boundary conditon u = 0 on 99, Kellogg and Osborn [I3]
proved that the solution is in H?(Q) x H'(Q) when the polygon is convex and
(f,9) € L2(Q2) x HY(R), with an additional condition g/r € L?(f2), where r denotes
the distance from the corners of the domain. Under the compatibility condition

(3) g = 0 at the corners of the polygon if s > 1,

Dauge [[Z] proved the H*T1(Q2) x H*(Q) regularity for fractional index s < Re A1 (w)
in general polygons, where \;(w) is the first non-integer root of the equation

(4) M sin(w)? — sin(\w)? = 0,

and w is the maximal interior angle of the polygon €. In general, A\;(w) > 1 if
is a convex polygon, and A;(w) > 1/2 if Q is a non-convex polygon. With more
general boundary conditions, Orlt and Séndig 7] found the range of the index s for
which the H*T1(Q) x H*(Q) regularity holds, Guo and Schwab [IT] investigated the
analytic regularity of the solution in the framework of L2-based weighted Sobolev
spaces, Maz’ya and Rossmann [[5] presented regularity estimates of the solution in
terms of LP-based weighted Sobolev and Hoélder spaces.

The basic ideas of [, [0, I3, I7] are restricting the Stokes equations to a cone
centered at a corner of the polygon and transforming the Stokes equation to an
ODE system (with a parameter A € C)

LT, GN) = (F(\),G(\), HN))

by using the Mellin transform (or Fourier transform), and then studying the spec-
trum of the operator £. In particular, if w denotes the angle of the corner, then
A1(w) is the first non-zero eigenvalue of the operator £. In these works, only the
regularity of the solution has been studied without much details on the specific
expressions of the singularities of the solution. Although the solution is not reg-
ular enough when the right-hand side is smooth, explicit expressions of the the
singularities of the solution are interesting and helpful in solving the equations
numerically [@,2,IF].

Under general boundary conditions, a decomposition of the solution in the form
of

(5) (uap) = (usvps) + Z C)\j,k(ln r)k(r)\ju)\j,w,k(e)v TAj_lpkj,w,k(e))
gk

has been mentioned in [[7], where the first part is regular and the second part con-
tains the singularities. Under the Dirichlet boundary condition and the condition
g = 0, the Stokes problem can be converted to a fourth-order bihamornic equation
and by this method one can show that only first-order logarithmic singularities
appear in the above expression [d], but this method does not apply to the inhomo-
geneous stress/mixed boundary condition or the case g # 0. Recently, Choi and
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Kweon [d] derived the dominant corner singularity for the solution of the stationary
Navier-Stokes equations (with the Dirichlet boundary condition)

(6) (u7p) = (usvps) + Z O)\j (T)\j Uy w (0)7 TAjilp)‘ja“’ (0))

when w # w,, where (us, ps) € H**1(Q) x H*(Q) for s € (0,1], and w, € (0,27) is
the unique root of the equation

(7) tan(w,) — w, = 0.

Explicit formulae of (uy, w,x(0),px; w,x(0)) have not been given for general w €
(0,7) U (m,2m) and large fractional s.

In the PhD Thesis of Orlt [I6, pp. 63-64], the author have found explicit ex-
pressions for the singular terms in the following particular cases:

a) A =0 is an eigenvalue with the geometrical multiplicity 2.

b) A=1, w# 7, w# 27 and w # tanw is a simple eigenvalue.

¢) A=1w=m or w= 27 is an eigenvalue with the geometrical multiplicity 2.

d) To A = 1, w # tanw belong an eigenfunction and an associate eigenfunction
( that means a logarithmic term occurs.)

In the work of Méarkl and Séndig [I4], explicit singular expansions for all other
simple eigenvalues are found.

In this paper, we look for an explicit corner singularity expansion of the solution
for any given right-hand side (£, g,h) € H35 (Q) x Hzo() x Hig /?(99) under
the stress boundary condition with general w € (0,7) U (7, 27), where s > 0 can
be fractional and arbitrarily large. Our method can be easily adapted to other
boundary conditions. Let 8 be the set of positive roots of the equation

(8) tan(z) —z =0
and let 20 be the set of w € (0, 7) U (7, 27) satisfying

w?

-1

©) °T sin(w)?

for some z € B. Then P is a countably infinite set and each z € P corresponds
to at most three values of w satisfying (8), which indicates that 9t is a countably
infinite set which contains the w, defined in (8). We shall see that when w ¢ 91 the
operator £(A)~! has a pole of order 1 at each of its spectral point, and the solution
has a decomposition in the form of (B). When w € 901, the operator £(A)~! has a
pole of order 2 at

(10) Aw) = /sin(w) =2 —w™2,
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and has a pole of order 1 at other spectral points. The multiple pole at A\(w)
contributes to an additional logarithmic singularity, i.e.

(11) (u7p) = (uS?pS) + Z C}\J (TAjuAj7w(9)7TAj_lij,w(e))
Aj AN (W)

R (G RO R SRR O)
+ (I ), (0), Ty () 0 (0)) In 7.

The explicit expressions of (uxw(0),prw(f)) and (uj ,(0),p3 ,(0)) will be given.
For the reader’s convenience, we present a self-contained proof for our results.

2. Notations and main results

Let R denote the set of positive real numbers and let N be the set of nonnegative
integers.

For any given w € (0,7) U (7, 27), we let Gp(L;w) denote the set of all roots A
of the equation

(12) M sin(w)? — sin(Mw)? =0
with nonnegative real parts, and define
(13) ReGp(L;w) ={n>0:n+i¢ € 6p(L;w) for some ¢ € R},

which is simply the projection of Sp(L;w) onto the real line. From [ we know
that Gp(L;w) = {0,1, A\ (w), A2 (w), Az(w), - - - } where Re Aj(w) > 0 for j =1,2,---

Let Oy, m =1, -+ ;myg, be the corners of the polygon (2 in the counter clockwise
order, and define Og = O,,, and O1 = O, +1; let Iy, denote the open edge between
Oy, and Opyq1, and let (ri,, 0,) = (rm(x), 0, (x)) be the polar coordinates in the
cone centered at O,, spanned by €.

We denote by H?(Q2) the standard Sobolev space of order s € R and define the
function spaces

(14)
Hio(Q) :={v € H(Q): 0%, S 0jcp T 10%0] € L2(Q)} for s > 0,
H§o () := H*(Q) — Hi () for s < 0,
H°(0Q) := L*(09Q) for s =0,
H*(0Q) := {v € L*(N) : v is the trace of some function in H**/2(Q)} for s > 0,
HE(09) := {v € L*(99) : v|r,, € H*(T'm), m=1,...,mo} for s > 0,
Hpo (09) := Hpyl (69) for s < 0,
Hio(09) = {v € H5y (99) : S0 OB rk=s|9ky| € L2(09)} for s > 0,

Hio(09) := HE,, (99) for s < 0,
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where [s] denotes the integer part of s. For a non-integer index s > 0, g € H,(£2)
if and only if g € H*(Q) and (see [6])

(15)
0%9(0,,) =0 for all multi-indices 3 such that |f| <[s]—1, m=1,---,mo.

Similarly, if s > 0 and s — 1/2 is not an integer, then h € H$,(09) if and only if
h € H*(08) and

(16) OF*h(Op) =0 for all k<[s—1/2], m=1,--- ,mg,

where J; denotes the tangential derivative on 02 along each of the edges. Hence,
Hio(Q) = H*(Q) for s € [0,1) and H{y(09Q) = H}, (09) for s € (—00,1/2). The
vectorial notations H§,(Q) = H§(Q) x Ho () and H,(09Q) = H,(02) x H§, (092)
will be used in this paper.

For each m = 1,--- ,myg, let ®,,(r) be a fixed smooth cut-off function such
that
| 1 in a neighborhood of O,,,
(17) B (rm) = { 0 outside a neighborhood of O,,.

When A # 1 we define the special functions

(u)\’w(e)vp)\,w (6))T
a_,\#f cos((A — 1)0) sin(0) + Asin[(A — 1)6] sin(0) — cos(A\9)

cos((A —1)8) cos(0)
A—1

2Acos((A —1)0) — 2 ax . sin((A —1)8) /(A — 1)

Acos((A — 1)) sin(9) — ou,w< + sin((A — 1)0) sin(9)> )

(18)
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0sin(A0) + 537 cos(A) + ()‘T_1 _ Aii'f9> sin((A — 1)) sin(9)

2y & ,w+>‘a w .
_((A—l))\sin(/\w)z + ()\11)2@:1) - /\9) cos((A — 1)0) sin(0)

oy w—‘—)\a; w

20 s , a ,WG .
= <(A_1)>\Sm(m)2 T ooz AQ) cos((A — 1)) cos(0) + === sin(\0) ,

+(%+1 B Aii;ﬁ) cos((A —1)0) sin(0) + (cot()\w) — ﬁ — ‘ii‘f + )\9> cos(\0)

2 axwtral . Aoy 0
2((}\ 1;‘%1§(>w.))2 + (; 1)2()\11) A@) sin((A —1)0) + 2(/\%,_1 — ,\11 ) cos((A —1)0)

(19)

and when A\ = 1 we define

(20)  (u1.u(0),p1,0(0)) := (=sin(0), cos(6),0),

(21) (u},(0),p}.,(0) = <Zcos(0) — 5 sin(0), %SIn(a) — 5 cos(6), 26 w) ,
where we denote
(22) @) = cot(w) + Acot(Aw) and o} ,, = Acot(w) + cot(Aw)

to simplify the notations. Our main result is presented in the following theorem.

Theorem 2.1. Let Q be a polygon and assume that (£, g, h) € Hys ' (Q) x Hgy () x
Hgal/Q(aQ) for some s ¢ U Re Sp(L;wym). Then any a priori HY(Q) x L?(Q)
weak solution of (M) has the decomposition

mo
(u,p) _ (us’ps) + Z (I)m(rm) Z Km,\; (7”7)\,{ UM wo, (em)a Tfi\riiilij,W7n (gm))
m=1 A;E€GP(Liwm)\N
0<Re();)<s

+ Z K/m |: 7“ (wM)uj\(wm),wm (em)7 A(wm) 1p§\(wm) Wm (6 ))

m=1
(23)
+(T1);L(wm')u)\(wm),wm(0 )a QPL(WM) 1p/\(wm),wm(9m))ln7nm

where (ug,ps) € HYL(Q) x H*(Q) is the reqular part of the solution, and the other
two terms constitute the singular part of the solution, with Ky, and Ky, being
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constants. and

mo mo
laallesrio + ool + 3 Il + 3 30 [k
m=1

m=1X;ESp(L;wm)\N
0<RE(AJ’)<S

20 < Clflhego 0y + 190 + [l gge1/2 o)

If either wy,, ¢ M or s < ANwm), then Ky, = 0. In other words, the third term in
(23) only appears when s > Mwy,) and w € M simultaneously.

Remark 2.1. We have excluded the cases w = m and w = 2w in order to use the
unified formula (B). Our proof of the quantitative estimate (B2) relies on the trace
theorem which requires s > 1/2, which also requires us to exclude the case w = 2.

The [0, s]-regularity (the shift theorem) below is a special case of Theorem 21
when 0 < s < Re(A1(w)).

Corollary 2.1. Let Q be a polygon and let w denote its mazximal interior angle. If
(f,9,h) € H5; 1 (Q) x Hgy () x Hgal/Z(aQ) for some 0 < s < Re(A1(w)), then the
weak solution of (W) is in H¥Y1(Q) x H*(Q), and

(25) allezs+1 () + Pl s @) < C(||f||H351(Q) + gl 5, 0) + ||hHH;gl/2(3m)-
Proof of Theorem 2. Since C*°(Q) N H§y(Q) is dense in HE,(Q) and C°(9Q) N
Hggl/2(aﬂ) is dense in Hgo_l/Q(BQ), we can assume that f, g and h are qualitatively
C* smooth without loss of generality, provided that our estimates in the proof only
depend on the quantitative norm [|(f, g, h)|lgge+1(0) x #re () xH=1/2(00) -

Since Re A1 (w) > 1/2 when w € [0,7) U (m, 27), Theorem BT is equivalent to
Corollary P in the case s € (0,1/2], and (E3) holds naturally for s = 0. In the
rest of this paper, we focus on proving Theorem P for the case s > 1/2. Once the
case s > 1/2 is proved, interpolation between the two cases s =0 and s =1/2+¢
will give the result for s € (0,1/2].

Via a partition of unity, one only need to prove Theorem B for the variational
problem

(26) { 2(D(u),D(v))e, = (p; VV)a, = (£,v)q, + (b, v)aq,, VveE Hl(QO)a
(v -, w)Qo = (971#)907 v ¢ € L2(Qo),

in the cone Qq centered at one corner, say O,, = (0,0), and assume that the
solution (u,p) has compact support in the unit ball. In the rest part of the paper,
we present estimates for the solution of (28) and, for the reader’s convenience, the
analysis presented in this paper is self-contained. To simplify the notations, we
denote r = r,,, 0 = 6,, and w = wy,.
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3. Mellin transform of the Stokes equations

In this section, we formally establish a connection between (28) and a system of
ODEs via the Mellin transform, and introduce the function spaces to be used in
studying the Mellin transform of the Stokes equations. Strict mathematical analysis
is presented in sections B-B.

3.1. Formal reduction to a system of ODEs. Let & denote the operator
which transforms a given function (either scalar or vector fields) defined on Qg into
a function in the polar coordinates defined on 2 = Ry x (0,w), i.e.

(27) Pv(x1,22)] = v(rcos(f),rsin(d)), if v is a scalar function,
(28) Pv(x1,22)] = v(rcos(d),rsin(f)), if v is a vector field.
Let

(29) r := (cos(0),sin(0)), r* := (—sin(6), cos()),

and let % denote the following transformation acting on a vector:

(30) v =(v-r,v-rt).

We define the following notations related to the polar coordinates:
U = Z2u|(r,0) = (u(rcosf, rsinb) - r, u(r cosd,rsin ) - rt),
F = Z2(£)(r,0) = (f(rcos6,rsinb) -r, f(rcos,rsinb)),

(31) H = #2(h)(r,0) = (h(rcosf,rsinf) - r, h(rcosf,rsin#)),

P = 2(p)(r,0) = p(rcosf,rsinb),
G = P(g)(r,0) = g(rcosb,rsind),

With these notations, (E8) can be written in the polar coordinates as

(32)
(QD(TGT)U,D(T&")V)QS — (q, 1o Vi + V1 + 80‘/2)95 = (T2F7V)Q(’; + (TH,V)ags,
(ro,Ur + Ur + 9pUs, \I/)QS = (rG, \Il)ﬂév

for any V € Z2H! () and ¥ € PL2(Qy), where the integrals over 2 is with
respect to the measure drdf/r and the integrals over 9§ = Ry x {0,w} is with
respect to the measure dr/r. The matrix D(rd,) is given by

r0,Uq (89U1 +70,Uy — Ug)/2 >

(33)  D(ron)U = ( (O6Us + 10,Us — Us) /2 Uy + 05Us
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Via integration by parts, one can see that (82) is the variational formulation of
the following equations in the polar coordinates:

(34

2
02 oUs 0 .
{ <8r) 892]U1+U1+269—|—T8(TP)—7"P—TF in Ry x (0,w),
02 8U1 0 .
{ (87”) 892]U2+U2 20 +89(TP) r2F, in Ry x (0,w),
< >U1+U1+(3$TG in Ry x (0,w),
oU 0
801+<8>U2—U2:7“H1 at0=0and 0 = w,
2U1+2%71’P:7’H2 at # =0 and 0 = w.

To study (B2), we use the Mellin transform (with A = n + i()

(35) Av(r)(N) = /OOO r*’\*lv(r)dr = /OO e*icte*”tv(et)dt = File Mv(eN](0),

and its inverse
@) ATEON) =5 [ P = g [ iodc,
Re(A)=n

27 2

where .#; denotes the Fourier transform with respect to ¢, and by the theory of
Fourier transform we have

M [rOpv(r)] = XA [0(1)|(N).
By denoting

(37)
(T(X,0),3(\,0)) = A (1,p) (N, 0) := (A[U(r,0)](\), A[rP(r,0)|(N)),
(F(\,0),G(N,0)) = A(|2*F, 9)(\, 0) = (A[r*F (r,0)|(N), 4 [rG(r, 0)|(N)),
G, 0) = 4 (rG(r,0)(\),
G\ w) = A (rG(r,w)))(N),
H(),0) = .Z[rH(r,0)](\),
H(\,w) = .#[rH(r,w)](\),

we call ([AJ,Z]\) the Mellin transform of (u,p), and call (u,p) = %*_1(6,6) the
inverse Mellin transform of (U,q). To simplify the notations, we shall often use
U(A) to denote the function U(A,6).
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By using the identity

(38)
/ UGr,0)V(r,0) Y = / AN+ ¢, 0). MV~ — iC, 0)dCds,
Ry X (0,w) r Rx (0,w)

(B2) is formally transformed to

(39)
2@9)6(3),D(fx)f/(fx))gx(o’w)+( a\), AVa(— A) = Vi(=X) — 0 Va (=X
= (B, V(=N)zx 0w + (HR,0), V(=X,0))z + (HQA,w), V(=X,w))r,

))Rx(o,w)

AT1(N) + T1(A) + 802(N), B (=) (0,0) = (GO, (= A)rx (0,05

which holds for any V(=) € %@W[HI(QO)]|R6(A):W
and U(—\) € M P[L*(Q)]|Re(r)=n, Where the brackets in (89) denote integrals
with respect to ¢ = Im()\) with fixed n = Re()). It is easy to check that V(-n—
i¢,0) = ¢1(¢)v(#) and \Il( —i(,0) = QSQ(C)t/J( ) can be chosen in (B9), provided
F ¢y, F ¢y € C(R), v € H(0,w) and ¢ € L?(0,w). Therefore, (BY) further
implies

(DTN, D(=N)V) ., + (@N), Aoy = 1 — 3Ta)
(40) = (FN). 9) 0.0 + L 0)9(0) + H(\w)9(w),

ATLN) + U1 (A) + 36U2(0), ) 0.0y = (G, %) (0,0):

for any v € H'(0,w) and ¢ € L2(0,w), for almost all ¢ € R.
For the fixed A € C, we define L(\)(U()),q(\)) € H(0,w)" x L?(0,w) by

(LO)TN),GN), (¥,4)) = 2CDATR), D(=MV) .y
-+ ((/]\(A), )\7[')\1 — 61 — 8962)(07“))
(41) + (AT + Ti(A) + 9002 (A), ) 0.0 »

10,w) x L?(0,w), and we view (ﬁ,@,ﬁ) as an element of
(0,w) in the following way (via duality):

F(V), GO, HO), (9.9)) = (B,9) ) + (6.9)
(42) +H(A, 0v(0) + H\, w)v(w).
Then (E0) can be interpreted as

S m
as

/N
—~

L) (TN, GN) = (F(A),G(A\),H())) as an element of H'(0,w)’ x L(0,w).
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One can check that () or (E3) is the variational formulation of the following
equation:

djgl + (1=, +2d§; +(A-1)g=F for 0 e (0,w),
ddng + (1= A0, Qdd% + 3—3: F, for 6 € (0,w),

(44) (1+ N0, + dd% =G for 6 € (0,w),
dd%Jr(/\l)ﬁzﬁl at 0 =0 and 0§ = w,
Qddﬁ;+2l71§ﬁ2 at0=0and 0 = w.

3.2. Mapping properties of the Mellin transform. In this subsection, we
introduce function spaces related to the mapping properties of the Mellin transform
to be used in the rest part of the paper [G]. Readers who are familiar with these
properties can pass to the next section.

For any two Banach spaces B; and By which are embedded into a common
topological space B. The space By + Bs is defined as the set of elements w € B
which admits a decomposition w = wy + we with wy; € By and wy € By such that

lwlig+p, = _inf  ([lwi]s, + [lw2]s,) < oo,
=wi+wsz

where the infimum extends over all possible decompositions of w. For any Banach
space B, we let L?(n + iR — B, (1 + |¢|)*d¢) denote the space of B-space valued
functions defined on the vertical line 77 4+ iR of the complex plane such that

(4 i) |2 (s as 3. 15 o) = ( / (1+ |C|)25||w(77+i§)23d€> < o0,

and we also denote L?(n + iR +— B) := L?(n + iR — B, (1 + [¢|)°d¢).
If Qg is a cone in R? centered at the origin with interior angle w, we define

(45)
H?*(R x (0,w)) = standard Sobolev space of functions on R x (0,w)  for s > 0,
H*(R x (0,w)) = H*(R x (0,w))’ for s <0,
W3(0,w) = L2(n+ iR = H*(0,w)) N L2(n + iR v L2(0,w), (1 + [¢)>*dC),

W3 (0,w) = L?( + iR = H*(0,w)) N L(n + iR > L2(0,w), (1 + [¢[)>*dC),
W = L2(n+ iR — C, (1 + |¢[)?dC),
= L2+ iR ©2, (1 +[C)PdO).
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Then by the theory of Fourier transform we have

Lemma 3.1. For any given v ER, w e HEy(Qo) if and only if its Mellin transform
satisfies M [r" Pw| € 1JF,Y(O w), and w € Hy(Ry) if and only if its Mellin

transform satisfies ‘//l[r’yf@w] € W 124

This lemma should be understood in the following way:
(i) if w € HiF(Qo) then its Mellin transform is in W _14+(0,w);

(i) for any function @ € W?_, +~(0,w), the inverse Mellin transform
P r=7.471@)] along the line Re(\) = s — 1 4+ v is in H{y(Q0).

If we denote by I'; and I'y the two sides of the cone )y, and denote

(46) Ho(Ty) := {v € H*(T;) s v/r® € L*(T})},
then

v e H3H () it AMRDPv e W (0,w),

¢ € Hy, () iff A[rPg] € Wi(0,w),
) £ e H T (Q) it 2R Pf < W:=1(0,w),

9 € Hio() iff A[rzg]e W;(0,w),

hir, € Hy, '/2(T) iff . #[rZPhlr,] e W2 j=1,2,
glr, € HoV2(Ty) it AfrPgle,| e WP =12
.
e s 1/2 ~ pys—1/2 s—1/2
(0Q0) = Hyy '"(I'1) x Hyy "7 (T2),
it follows that
h e Hyy /% (090)
iff A AP0 = (MR, MR P|r,]) € WiV x W12,

To simplify the notations, we define the following function spaces:

(48)

(49) X% :=HTH Q) x H* (),

(50) Y* = Hig () x Hio(0) x (Hy /2(0y) x Hyy V/2(T2)),
(51) X5 = HtH(0,w) x H*(0,w),

(52) V* = H"1(0,w) x H*(0,w) x (C? x C?),

(53) X3 = WiTH0,w) x W (0,w),

(54) Y= WETH0,w) x WE(0,w) x (W32 x Wi™1/2),
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The function spaces above have the following properties:

(55) (v,¢) € HiT'(0,w) x Hiy(0,w) if and only if .#(Z2[v],r2]¢]) € X2,

(56) (f,g,h) € Y® ifand onlyif (A[P2RPL), MrPg), #MrEPh)) € Y?.

For a function (u,p) which is a priori in H(Qg) x L?(€Q) and has compact

~

support in the unit ball, initially we only know that its Mellin transform (U(n +
i), q(n + i¢)) is well-defined for n < 0, and

(57) ||ﬁ(77 + i) a1 (0,0)> 1710+ 90|l 20,w) € LQ(R) as a function of ¢
(58) (14 [CHIT @ +iC) | 2(0w) € L2(R) as a function of ¢
for n € (—o0,0].

4. Inversion of L()\)

4.1. The spectrum of L£(\). The spectrum of £ is defined as the set of A € C
with Re(\) > 0 such that the operator £(A) is not invertible. In this subsection,
we determine the spectrum of £ and find the solutions of (Ed) when A is not in the
spectrum.

From [I3] we know that when A # 1 the homogeneous equations corresponding
to () can be written as

d4fj-2 d2fj’2 -~
2(1+ 2 1—X)Uy =
de4 + ( + ) d62 + ( ) U2 07
. 1 dUy
59 - 2
(59) S S
1 (&30 dUs
= ———+1+N>—2
g 1—>\2(d03+(+ ) d9>’
and the equation of ﬁg above has four linearly independent solutions
~ in(A0
(60) Ugy = cos(@)%,
(61) Uas = sin(6) Smgm),
(62) Uss = cos() cos(A),
(63) Uz = sin(f) cos(A).

We define

6 - L S 1 ' dUs;
6 Us=-1375 = & 1—)\2(d93 HA+A d&)’
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for j = 1,2,3,4, so that (ﬁ],ig}) = ((Aflj,[Afzj,é}), j =1,2,3,4, are four linearly
independent solutions of the homogeneous equation corresponding to (B4). Then
direct computation shows that

(65) (U,,3) = (#1;,3)),

where u; and g; are given by

1 — 1 cos(A\f) — 3 cos(260 — M)

(Wi(0), 31 (0)" = —— | (%+3)sin(A0) — Ssin(20 — )
! At (—AQ Cos()0 — \0)
1 [ (5 +3)sin(A0) + Fsin(20 — A9)
(T2(0), @(0)T = —— | sin(d — A0/2)2 — sin(A0/2)2

AL ogin(9 - 20)

—Asin(f — A0) cos(0)
(W3(0),33(0))" = —— | (L4 3) cos(A) + A cos(20 — \9)
—2Asin(6 — \0)

—(1+ 3) cos(A0) + 5 cos(20 — A9)
(Us(0),qu(0)" = —— | Acos(f — \0)sin(6)

2 cos(0 — \6)

We first seek a particular solution of the inhomogeneous equation (B4) of the
form

[P 4 . Ui(\, 4 R
o (5)-(Botnn) oS

j=1
by the method of variation of coefficients, which does not satisfy the boundary
conditions in general. Substituting the above three expressions into (E4), we obtain

4
(68) > (T + 26,04 ; — 2Us;) = —Fy,
j=1
4
(69) Z(c;/UZ]—i—QC;UéJ +QC;U1] _c-/]a\]) — _};‘127
j=1
! = ~
(70) > Uy =G,
7j=1

and we impose the following additional equation to determine the coefficients c;,
71=1,23.4.

4
(71) > it =0.
j=1
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Then the equations above can be simplified to

4
(72) ZC}&U :0,
j=1
4 A~ —~ ~
(73) > UL =2G - B,
j=1
4 o~ o~ ~
(74) > (U — @) = -G — Py,
j=1
4 A~ o~
(75) ZC;UQJ‘ =G.
j=1

If we denote
U U Ui U4
Ui, Ut Uts Ui
ﬁ2/1 —qQ1 a2/2 — 42 ﬁég — 43 ﬁ£4 44
Un U Uos U
whose determinant is det Ml = 4/(\ + 1)? # 0, then a solution of (I2)-(IA) is given
by

C1
C2 1 «
7 =) - = v
() 2o - [ vow.
c4
with
0
P A
2G — F;
_ -1 G — I
\11(0)7/0 M 0-R de.
G
We then look for the solution of (E4) in the form of
(78) U0 =TP(\,0) + > b;(NT;(A,0) =Y (5;(N) +¢;(A.0)U;(A,0),
j=1 j=1

4 4
(79) G0 =3°(\.0) + > b;@i(X.0) =D (0;(N) +¢; (A, 0)7; (A, 6),

j=1 j=1
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by choosing the constants b;, j = 1,2,3,4, to satisfy the boundary conditions in
(£2). The equations for b; are

(80)
. dUlj ~ (AU ~
Zb] A =1)Uy; | = Hy — p TA-DUF) atf=0andw,
e _
ij<dU2 +2ﬁ1j—§j):ﬁ2—<d§9 ) at # =0 and w,

Substituting ((7{) , @) ,@") in terms of ¢; into the two equations above and using the
identities ([[2)-(I3), the two boundary conditions above can be further written as

4 ~
dU1 ~ ~ dU;; N
_E b ( J _|_ — 1)U2j) =H, — E_l Cj( dgj + ()\ — 1>Ugj)7
(81) oy

dU2 o5 s dﬁg -~ Y
(4t 5) 2 (1, 5),

Jj=1

at @ = 0 and w. Let A and @ = (ay,as,as,as)” denote the matrix and the right-
hand side of the linear system (B1), respectively. Then we have

(82)
0 2 cos(Aw) sin(w) + 2A sin(Aw) cos(w) 2 cos(Aw) cos(w)
AT _ 112)\ 2 sin(Aw) sin(w) — 2 cos(Aw) cos(w) 2 cos(Aw) sin(w)

2
0

22° 9)\2 cos(Aw) cos(w) — 2Asin(A\w) sin(w) 0 —2Asin(Aw)cos(w) |’
0

T ( (
0 2Xsin(Aw) cos(w) + 2A? cos(Aw) sin(w) =2\ sin(Aw) sin(w)

whose determinant is

A?sin(w)? — sin(\w)?
(A+1)2

(83) det(A) = 162,

Thus the matrix A is invertible if and only if A is not a root of the equation
(84) M sin(w)? — sin(M\w)? = 0,

which means that the spectrum of £ is

(85) Sp(L;w) = {0, 1, M (w), Ao (w), Az(w), -+ },

with Re[A;(w)] > 0 for j =1,2,---. When X ¢ Gp(L;w), from (KI) one can solve
b;j, j =1,2,3,4, and obtain the solution of (E4) in the form of (I3)-(I9).
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4.2. Estimates of the solution when \ ¢ Gp(L;w). From (I77) we see that

Cl()‘vo) O
CQ()\,O) . _ QG F1
(00 || T / / M - dsdf
C4()‘70)
0
1 (¢ _ 2G F1
== — oMt
a7]€ (w—=18) e de’
G
(86) < CUIF 10wy + 1G] L2(0w) + IG(X,0)]),
and
Cl(Aaw) Cl(AaO) ,\0 ~
CQ(A’ w) CQ(A’ 0) /w -1 2G — F1
= M =
es (M) a(00) | T, N
64(/\7"‘]) 04()‘70) é
(87) < C(IF |10y + 1Glr2(0,0) + IGON0)] + [G(A, w))).

It is also easy to see that

4
(88) _Z

j=1

dk*G
dok

dr—1F
dgF—T

dij
dgk

<Ck|< >7 k:]-v?v"'a

For any function ¢;, j = 1,2, 3,4, whose integral over (0,w) is zero, we can choose
fo ¢;(s)ds and so

0
o | 2G-F
Z/ 0,00 = [(@4(0).9100). 930).0400)) [ | PG | dsan
0 - 2
G
0
“ _ 2G - F
- [@©).0:0). w0, 22007 | G700
0 - — 12
G
AL I
< Ot S 105l 0 (Bl + 1@l200.) - [ Gas

Jj=1

<Oy Z (1951|221 0,) (IF |21 0,0y + [1Gll22(0,0))

j=1
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4
(89) < O D 165122 0,0) (F 111 0,07 + 1G]] 22 (0,0)-

j=1
which implies

4
(90) Z lleillLzo,m) < O 0,0y + 1G 1 L2(0,0))

Jj=1

via duality. Thus by interpolation we have

. _ N
00 S Il < | CHIBI— 0w + G0 for s €(0,1),
P DE OB 100y + 1Gle ) for s > 1,

By using (2) and ([3), we have

P
(92) S =>"el,
j=1
A0 4 = -
(93) U Gy o,
j=1

, J
(94) P =Y

j=1

The last four inequalities imply
95) U0 Nlas+10,0) + 185 0.0) < Ciaj(IFlmrs-100,0) + 1G5 0,0))  for s >1/2.

When A ¢ &p(L;w), solving the linear system (E1) gives

5 10 <Ciag (10001 + G )] + OO+ EE )]+ 3 (150,00 + [es( )

j=1
(96) <O\ (IF 10wy + [1Gl2(0,0) + G, 0)] + G(A, w)[ 4 [H(X, 0)] + [H(A, w)]),
where we have used (B8)-(K1).

To conclude, we have

IO s+ 0,) + 1T [ 125 (0.
(97)

< Co(IFM)la=1(0,0) + IG5 (0.0)) + Co(HA, 0) + [H(A, w)[)  for s > 1/2,

in any compact domain D which does not intersect the spectrum &p(L;w). Once this
estimate is obtained, it is routine to derive the following Agmon—Nirenberg estimate when
¢ =Im()) is sufficiently large [00, I3]:

IO s +1.0.0) + 1@ s 0,0 + L+ IED TN 22 0,0) + (1 + KD NN |22 (0,
(98)

< O(IFO o100 + IEN s 0.0)) + (14 [ (F(A, 0)] + A )]).
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The last two inequalities imply
(99)
||(ﬁ,qA)||);S < C||(f‘,@,ﬁ)\|? on the line Re(A\) = s> 1/2 and s ¢ ReSp(L;w).

In other words, we have
(100) L) HEQ), GO, HO) 5. < CIER), G, HN))lg.
on the line Re(A) = s > 1/2 with s ¢ Re Sp(L;w).

4.3. Poles of L(\)™! at X\ € Gp(L;w). From (E3) we see that the det(A) has a second-
order or higher-order zero at some point A # 0 only if the two equations

(101) A2 sin(w)? = sin(Aw)?,
(102) tan(Aw) = dw
are satisfied simultaneously, which are equivalent to (B)-(8) with z = Aw. Therefore, when

g, L)t Y. — X, has a simple pole at all the spectral points. When w € 9, we
have

Z1y (A + 1) sin(Aw)? ~ 8A%sin(dw)? 1
(103) (A )2 = 5 @) —snOw)T) ~ (£ 1) det(A) (m)

with A(w) = /sin(w) 2 — w2, thus £(A\)~" : ¥, — X, has a pole of order 2 at the
spectral point A(w), and a simple pole at all the other spectral points with positive real
part. (One can check that det(A) cannot have third-order zeros and therefore £(\)™' do
not have poles of order > 3.)

In section B, we shall see that the pole of order 2 at A = A(w) when w € 9 contributes
to a logarithmic singularity of the solution. The pole of £(\)™" : Yo > Xeat A =0
does not affect the regularity of a solution which is a priori in H'(€0) x L*(Q) and has
compact support.

4.4. Kernel of L()\) for A € Gp(L;w). When A = 0 and w/m ¢ N, row reduction of A
reduces to

(104) A —

o O O
oo = O
o O oo
o O oo

which implies that the kernel of £(0) is a two-dimensional space spanned by (cos(), — sin(0), 0)
and (sin(), cos(6),0).
When Aw/m € N, A # 0,41 and w/7 ¢ N, row reduction of A gives

10 0 O
01 =X o0
(105) A= 00 1 o
00 0 1

which is invertible, thus each nonzero A € Gp(L;w) satisfies Aw/7 ¢ N.
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When X € Gp(L;w), A # 0,1 and w/m ¢ N (thus Aw/m ¢ N), row reduction of A leads

to
1 0 0 0
0 1 -\ 0
(106) A= 0 0 1 sin(Aw) cos(w)+A cos(Aw) sin(w)
(A2 —1) sin(Aw) sin(w)
0 0 0
which has only one linearly independent nonzero solution
b1 0
b2 _ )\204)\,0.;
(107) by = r
bs 11—\
with

x,w = cot(w) + A cot(Aw).
This implies that the kernel of £()) is a one-dimensional space spanned by
(U w(8), a.0(60))"
a,w c0s(A0) sin(0) 4+ A sin(A0) sin(0) — cos(A\0) cos(6)

— (A = 1) sin(A\@) sin(8) + cos((A — 1)0) .
(108) : W w TN + (1 + A) cos(A\9) sin(6)

2Xcos[(1 — A)0] — 2Xan o sin[(1 — A)0]/(1 — X)
It is straightforward to check that

(109) (Usw(0),95.0(0)) = (Z[urw(9)], ar..(0))
with
(ur,0(0), grw(0)"
(110)
)\a,\,w

o1 cos((A — 1)0) sin(f) + Asin[(A — 1)6] sin(0) — cos(A0)

cos((A —1)8) cos(0)
A—1
2Acos((A — 1)0) — 2 anw sin[(A — 1)0] /(A — 1)
When A = 1, one can directly solve (B4) with Fy = F» = G = Hy = H2 = 0 and find

that the kernel of £(1) is a one-dimensional space spanned by (0,1,0) = (%2(— sin(6),
cos(0)),0).

Acos((A —1)0)sin(0) — ax,w

+ sin((A — 1)6) sin(9)

5. Singularities of the solution

From (67)-(68) we know that £L(A)(U(N),3(\) = (F(\),G(\),H())) for Re(A) < 0,
and therefore

(111) (O, 3N) = L) FON), G, H(N) for Re()) < 0.
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Note that £(A) " (F()), G(A), H())) € X* is well-defined for A ¢ Sp(L;w) and Re(\) < s,
and obeys (). When s ¢ Re [6p(L;w)], by applying the inverse Mellin transform and
using the residue theorem, we obtain

(U,q)= = / P L) RO, GV, H(A))dA
2mi Re(\)=—¢
1

=— P L) THER), G(A), H(N))dA
270 JRe(n)=s

Bes [PEO)THE), GO). HO)|
0<Re(N\)<s
(112) = (Usgo) +,_Res L) (F(), GO). HO)).
0<Re(A)<s

where (u,,ps) := (Z2) 'U,, 2 '¢;) € X* according to (E2), (63) and (I00). Upon
considering the residue term, we divide the problem into five cases.

(1) A =0 is always a spectral point in the region 0 < Re()\) < s, and we have
(113)  Res[P L) B, GO0 AN = 3 (M0r) (Ui (0). i (0))

k=0

for some functions (Up . (6), Gr.w(0)), where J denotes the order of pole at A = 0. It is
easy to see that the solution will not be in H' (o) x L?() if J # 1. Since our solution
is a priori H'(Qo) x L?(), there must be J = 1 if this term is not identically zero. Let
% denote the differential operator on the left-hand side of (84). Then, in the case J = 1,
we have

(114) Z(To.0(0), d0.0(0)) =Res [ (F(V), G, H()| =0,

A=0

which gives £(0)(Uo.w(8),Go.w(0)) = 0 through substituting (Uo,.(8), Go.(0)) into (BA).
Since the kernel of £(0) is a two-dimensional space spanned by (cos@, —sinf,0) and
(sin @, cos 0, 0), it follows that
(115)  (Uo.w(8),Go.w(8)) = k1(cosb, —sin 6, 0) + ka(sin 6, cos b, 0) = (ZP(k1, k2),0)
for some constants k1 and k2. Therefore, (ICI3) contributes to a regular part of the solution.
(2) If s > 1 then A = 1 is a spectral point which deserves special treatment. The
assumption (f, g, h) € Hy; ' (Q) x Ho () xHégl/Z(ﬁQ) guarantees that (F(X), G(\), H(\))
is analytic up to A = 1, which further implies that the pole of £(X)~*(F()), G(\), H()))
at A = 1 is solely due to the pole of £L(A)™! at A = 1. We consider two cases below.
Case (2-1): When w # w., £(A)7! has a simple pole at A = 1. In this case, the
function E(z\)fl(l?()\)7 @()\)7 ﬁ(A)) has at most a simple pole at A = 1 and so

(116) Res[r*£(0) 7 (F(), GO, HN)| = r(T1.(0),31..(0))

with (U1,,(0),1,.(0)) = I;ff [C()\)fl(f‘()\),@(A),ﬁ(A))]. Applying the operator £ to
(M), we obtain

(117) Z(r(01,0(0), G1.(6))) =Res[1*(F(1), GV, HN)] =0,
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which gives £(1)(U1,.(0),G1,.(f)) = 0. Since the kernel of £(1) is a one-dimensional space
spanned by (0,1, 0), it follows that

(118) T(Ul,w(e), q1,.(0)) = (@:@(—mxw kx1),0)

for some constant x, which is a polynomial in the Cartesian coordinates and so it con-
tributes to a regular part of the solution.

Case (2-2): When w = w,, the operator £(\)™! has an order 2 pole at A = 1, as we
have discussed in section 4. In this case, we have

(119) Res[r£() ™ (F(N), GO, HO)| = r(070(0), 6. (8)) + r1nr(01,0(6), . (0)).

By applying the operator .£ to ([19), we obtain
(120)
Z(r(070(0).@,(0)) + rInr(U1,0(0), G1a.0(0)) ) =Res[r(F(), GO, HN)| =0,

which gives

(121) L(1)(U1,(0),31.4(0)) = 0,

(122) L(l)(ﬁiw (0), Zﬁ,w (9)) = (F*v G*v H*)

with

(123) F* =201, — ((1.0,0), G =-Uiu-e1, H =(-Up,-ey,0).

One can directly solve the ODE system (I2Z0)-(I38) and see that it has two linearly inde-
pendent solutions:

(01.4(0),31.4(0)) = (0,0,0),
e { (U7..(0),75,.(0)) = (0,1,0)
and
(125)

(U1,0(0),q1,.(0)) = (0,1,0),

(U71.,(0),31.,(0) = (% cos(26) — %sin(%)7 —% sin(26) — %cos(?é?)7 20 — w) ,
where (Z) contributes to a regular part of the solution and ([ZZ3) contributes to a singular
part of the solution. Also one can check that ([ZZ3) is a solution of the ODE system (ICZ1)-
(3R) if and only if w = ws. Substituting ([Z3) into (II9) and transforming it to the
Cartesian coordinates, we obtain the third term on the right-hand side of (E3).

(3) If an integer k # A(w) and 2 < k < [s] is a spectral point, then £(X)~!(F()\),
G()),H(X)) has at most a simple pole at A = k. Therefore, we have

(126) Res [ £(0) ™ (B, GO, HO))| = (010 (0),31.(0))

with (Ugw(8), Gw(8)) = Res[L(N) L EF(N), G(N), H(N))], and

(127) L (Orw(0), Gew(60))) =Res [P (B ), G), HO)| = 0,
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which gives £(k)(Ug.w(0),Grw(f)) = 0. Since the kernel of £(k) is a one-dimensional
space spanned by (IMR) with A\; = k, it follows that

(128) (Ukw(0), @ (0)) = £ (Ukw(8), e, (9))

for some constant x, which is a polynomial in the Cartesian coordinates in view of the
formula (M), and this term contributes to a regular part of the solution.

(4) If A\; is a non-integer spectral point with 0 < Re(};) < s such that either w ¢ 9
or Aj # \j(w), then £(\)™! has a simple pole at A = \; and so

(129) Res [£0)T FO), GO), HO)| = r (O, (0),83,.(60)
with (U, 0(0), 3, w(6)) = Res [LO)THEN), G(N), H(N))], and
(130) L7 (U,.0(0),8,.(0))) = Res [P (BN, GO, HO)| =0,

which gives L:()\]')(IAJAJ.#AJ (0),@;,»(0)) = 0. Since the kernel of L();) is a one-dimensional
space spanned by (IMR), it follows that
(131) (ﬁkj,w (0)7 ‘/]\Aj,w (0)) = K(U)\j,w (9)7 q/\j,w (9))7

for some constant k, which belongs to the singular part of the solution. One can check
that the function given by (IX) satisfies

(132) (Un@)w(0), @r(w),w () = (ZP[r(),0 (0)], ) (0)).

Transformed to the Cartesian coordinates, (IZ9) can be absorbed into the second term on
the right-hand side of (23).

(5) When w € 9M\{w.}, the operator £L(A\)~! has a pole of order 2 at A\ = \(w) :=
v/sin(w)~2 —w=2 # 1, as we have discussed in section B4. This pole of order 2 indicates
that

(Res [PL0)HF),G0), HO)]

(133) = TA(W) (6;(w),w(0)7 Z]\f\(u.z),u.: (9)) + T)\(w) lnr(ﬁ)\(w),w (9)7 Z]\)\(w),w (9))
By applying the operator .Z to (IT9), we obtain

L (P (U300 (0), Brie),0 (@) + 7 7 (U (), (0), Gy 0 (0)))

(139) = Res [P\(F(),G0),HOW)| =0,

which gives

(135) L)) (Or),0(8), @), (0)) = 0,

(136) LO@)) (U3 0).0(0), 8 ). (0)) = (F*, G H")
with

(137) F* = 2M(w)Un()w — (@)1 0),

(138) G = -Uswyw €, H =(-Uyuw-es20).
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We shall see that the ODE system (IC33)-(I30) has two linearly independent solutions. In
fact, from section B we know that if (Ux(w),w(8), @r(w),w(d)) = (0,0,0) then (I3B) has
only one linearly independent solution

(139) ([:J-)\(w),w(e)vzl\k(w),w(o)) = (07070)7
(U3 ()0 (0); D)) = (Unw)w(0), arw).w (),

where (U (w),w(0), gr(w),(6)) is given by (ITF). In this case, (I33) can be absorbed into
the second term of (E3) (after transformation to the Cartesian coordinates).
If (Ux),w(®); @rw),w(®@) # (0,0,0), then (I3H) has only one linearly independent
solution
(U)\(w%w (0)7 Zl\k(w),w (0)) = (Uk(w),w (0)’ 9 (w),w (9))7

and the solution of (IC38) is given by (I)-(), where ¢; is given by

0
gl . 2G* — F}
(140) 22 :/O M e de.
e do 2
a*

Direct calculations (with the help of Matlab’s symbolic computation toolbox) show that
(141)
= (i()\ —1D(A+3) — (A +1)%cos(20) — 4@ 1)a,\,w sin(20)) cos(\9)?

+axw (;82; cos(0)? — %) sin(A@) cos(A0) + 25 anwb + 1

A
co = (Ou W(Q(A;ll) cos(d)? — 1y) — AL +1)

+ ( ;((:1‘1; ax,w sin(f) cos(0) — ) sin(\0) cos(\0) —

sm COS ) COS
1
2

Qrw — )\(A+ 1)0

cs = 2)‘(}\ 1 O w(A?sin(0)? + Asin(0)? — 2) sin(\9)?
((,\+1) cos(6)? + 2§\/Xl)l)ou w sin(0) cos(0) — M) sin(A@) cos(A0)

+

4 = (i — A o sin(0) cos(0) ) sin(A0)? — 20 w0
—i—(% sin(f) cos() — Wl_l)ou,w(()\ +1) cos(6)? — 2)) sin(\0) cos(A\9),

and the constants b; are the solution of (B). Although (I20) defers from (IZ2) by a
constant (in order to simplify the expression of c;), this will not affect the final solution.
Via elementary row operations, the augmented matrix [A | @] reduces to

10 0 0 ai(w)

0 1 —Aw)? 0 a3 (w)
(142) [A | 6:] - sin(A(w)w) cos(w)+A(w) cos(A(w)w) sin(w) *

0 0 1 (M@)2—1) sin(Mw)w) sin(w) az(w)

0 0 0 ai(w)
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for some constants aj(w), j = 1,2,3,4. Clearly, the linear system (EI) has only one
linearly independent solution if aj(w) = 0, and has no non-zero solution if aj(w) # 0.
We claim that aj(w) = 0 when w € 9M\{w.} and the linear system (EI) has only one
linearly independent solution. To verify this claim, one can simply check that the vector
(b1, b2, b3,bs) given by

by = —1,
b DD e\ w) - dxw — 222 cot(w) — (O£ 4 f—_’\l)cot(Aw)’
(143) 20— 1) 2 2(A2 “)/A
by = c(\w) -dxw — % cot(w) — (% + /\2—_’\1) cot(Aw)
AN —1) ’
by =0,

is a solution of (EI) (see appendix B), where c(\,w) := (c1, ¢z, c3,¢4)” is given by (IZ)
and

cot(Aw) + Acot(w)
A — cot(Aw) cot(w)
—X =+ 2% cot(Mw) cot(w)
A2 cot(Aw) + A cot(w)

(144) dy. =

Therefore, the second linearly independent solution of (I3H)-(IC38) is given by

(145) (I:JA(M),W(H)@MW),UJ(@): (Un()w(0); arw).w (),
(U3, (0)s By (0)) = 271 (c k(0) + bi) (U (6), G (0)),

where (ﬁk(G),a\k(Q)) is given by (B3), ¢ and bi are given by (IZW)-(IZ3). Using the
symbolic computation of Matlab, one can check that the function given by (E) satisfies

(146) (ﬁ)‘/{(w),w (9)3 Z]\;\(w),w(e)) = (‘@“@[ui(w),w (9)]7 Q;\(w),w (0))

Substituting (IZ3) into (I33) and transforming it to the Cartesian coordinates, we obtain
the third term on the right-hand side of (23).

To conclude, the solution has a decomposition in the form of (23) in the cone €. The
proof of Theorem P is complete. O
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Appendix A: Existence and uniqueness of the weak solution

It suffices to prove the existence and uniqueness of the weak solution (w,p) € H*(Q) x
L?(Q) for the problem

(A1)
{ 2(D(w),D(v))a — (», V- v)a = (f,v)a + (F,D(v))a + (h,v)sa, VveH(Q),
(VW,’I/))Q:(L VwELz(Q)’

with f € H'(Q)’, h € H/?(9Q)’ and F € L*(2)**2. This problem corresponds to g = 0
in (). In general, if g € L?(Q2) and g # 0, then there exists a € H'(Q2) such that V-a = g.
In this case, () is equivalent to (Bl) with w := u —a and F = —2D(a).

In the following, we prove the existence of a weak solution for (BT) under the compat-
ibility condition

(A.2) Jo f(@)dz + [, h(z)dr = 0.
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Consider the divergence-free closed subspaces of H' (),
(A.3) Hi(Q):={wecH'(Q):V-w=0},
(A4) H (Q) = {w e H'(Q): V- w =0, [;wde =0},

which are equipped with the norm of H'(€). Under the compatibility condition (BE=2),
one can define the following continuous linear functionals on H};, () and HY;, (Q), re-
spectively, by

(A.5) [(V) = (f,v)a+ (F,D(v))a + (h,v)aq, VvEe H(lﬁv(Q),
(A.6) ((v) = (£,v)a + (F,D(v))a + (h,v)aq, Vv e Hi ().
which satisfy

(A7) (V) = (v = g [pv(@)de), Vv e Hiy (Q).

By Korn’s inequality [2], we have
2(D(w),D(W))a > kil Vwli2) = rel| Wit @), Vw € Ha(9),

for some positive constants k1 and k2. Hence, the Lax—Milgram lemma implies that there
exists a unique weak solution w € H;, (Q) of the following variational problem:

(A.8) 2(D(w),D(v))a = £(v), Vv eH, (Q).
In view of (BE2), we have

2(D(w),D(v)), = 2(D(W),D(v — & [ v(@)da)),,
(A.9)

=(f,v)a+ (F,D(v))a + (h,v)oe, Vv € Hi,(Q).
If we define a linear functional A on H'(R?) by
(A.10)  A(v):= Q(ID)(W),]D)(V))Q —(£,v)a — (F,D(v))a — (h,v)sa, VveH (R?),
then (BEJ) yields
(A.11) A(v) =0, VveH'(R?) such that V-v = 0.
Hence, there exists p € L?(R?) such that
(A.12) AV) = (p,V-V)g2, VveH (R?.

The identity (B0) implies that A(v) is independent of the values of v outside the domain
), which means that p = 0 outside 2. Hence, we have

(A.13) A(V) = (p,V-v)a, VveH' (R,
which together with (BI0) yields
(A14) 2(D(w),D(V))a — (f,v)a — (F,D(v))a — (h,v)oo = (p,V - v)a, Vv eH (Q).

This proves the existence of a weak solution (w, p) € H'(Q) x L?(Q) for the problem (BE).
The uniqueness of the weak solution, up to a constant addition in w, can be proved in
the routine way.
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Appendix B: Verification of aj(w) =0 when w € M\ {w.}

In this appendix, we use Matlab’s symbolic computation toolbox to verify that the
vector (b1, ba,bs,bs) given by (IZJ) is a solution of (BU) when w € IM\{w.}, where
(c1,c2,¢3,c4) is given by (IZ) and (F, G, H) is given by (I38). Therefore, the augmented
matrix ([Z2) is of rank 3 and aj(w) = 0 when w € M\{w. }.

We first write the following commands in the file StokesTest.M, and then run the file
in the command window of Matlab R2012b.

syms L t w z % define L t w z as symbols

load(’c.mat’) % the column vector c is defined by ([Z)

a=cot (w)+L*cot (L*w); ’, the parameter ) .

cw=subs(c,t,w); % the value of c at 0 = w

cw=conj(cw’); 7% the transpose of the vector c

d=[cot (L*¥w)+L*cot (w), L-cot(L*w)*cot(w), -L+L"2*cot (L*w)*cot(w), L*al;
bl=-1;

b3=- (sum(cw.*d)-2+L"2/ (L-1)*cot (w) - ((L+1)"2/2+2%L/ (L-1) ) *cot (L*w))
/(@Lx (L 2-1));

b2=-a* (L+1) /(2% (L-1) ) +b3*L"2;

b4=0;

b=[b1;b2;b3;b4];

% The following three lines define (Uju,qrw); see ()
Vi=a*cos (L*t)*sin(t)+L*sin(L*t)*sin(t)-cos(L*t)*cos(t);
V2=a*x((L-1)*sin(L*t)*sin(t)+cos((L-1)*t))/(1-L)+(1+L)*cos(L*t)*sin(t);
Q=2*L*cos ((1-L)*t)-2*a*L*sin((1-L)*t)/(1-L);

% The following 5 lines define F*, G* and H" in (I33)-(C3¥)
F1=2*L*V1-Q;

F2=2*xL*V2;

G=-V1;

H1=-V2;

H2=0;

% The following three lines define (Uj,q;), j=1,2,3,4
UU2=[cos(t)*sin(L*t)/L, sin(t)*sin(L*t) /L, cos(t)*cos(L*t),
sin(t)*cos(L*t)];

UUl=simplify(-diff (UU2,t)/(1+L));

qq=simplify((diff (UU2,t,3)+(1+L)"2*diff (UU2,t))/(1-L"2));

% The following 8 lines define the matrix A and the right-hand
side of (EM)

E1=diff (UU1,t)+(L-1)*UU2;

E2=2+diff (UU2,t)+2*%UU1-qq;

d10=H1;

diw=H1-sum(cw.*E1);

d20=H2-2%G;

d2w=H2-2*G-sum (cw. *E2) ;

dd=[subs(d10,t,0); subs(diw,t,w); subs(d20,t,0); subs(d2w,t,w)];
A=[subs(E1,t,0); subs(El,t,w); subs(E2,t,0); subs(E2,t,w)];
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A=simplify(A);

E=A*b-dd; %%%h%%A We want to verify that E=0 %L%hh%
E13=simplify(E(1:3)) % show the expressions of E(1), E(2), E(3)
% The following 12 lines simplify the expression of E(4)
% by using (MN)-(IM) and assuming sin(Aw) > 0
aa=simplify(E(4));

bb=expand(aa) ;

aa=subs (bb, cos (L*w) ,sin(w) /w) ;

bb=subs (aa,cos(w)"2,1-sin(w)"2);

aa=subs (bb,sin(L*w) ,L*sin(w));

aa=simplify(aa);

bb=subs (aa,sin(w) ,wxsin(z)/z);

aa=subs(bb,w,z/L);

aa=simplify(aa);

bb=subs (aa,sin(z)"2,z"2/(1+z"2));
aa=subs(bb,sin(z)"4,z"4/(1+z"2)"2) ;

E4=simplify(aa) ’, show the simplified expression of E(4)
% The following 12 lines simplify the expression of E(4)
% by using ([MD)-(IM) and assuming sin(Aw) < 0
aa=simplify(E(4));

bb=expand (aa) ;

aa=subs (bb,cos (L*w) ,-sin(w) /w);

bb=subs (aa,cos(w)"2,1-sin(w)"2);

aa=subs (bb,sin(L*w) ,-L*sin(w));

aa=simplify(aa);

bb=subs(aa,sin(w),-wxsin(z)/z);

aa=subs(bb,w,z/L);

aa=simplify(aa);

bb=subs (aa,sin(z)"2,z"2/(1+2z"2));
aa=subs(bb,sin(z)"4,z"4/(1+z"2)"2) ;

E4=simplify(aa) 7/, show the simplified expression of E(4)

>> StokesTest J, run this in the command window of Matlab R2012b
E13 =

0

0

0

E4 =

0

E4 =

0
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