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A CLASS OF BUBBLE ENRICHED QUADRATIC FINITE

VOLUME ELEMENT SCHEMES ON TRIANGULAR MESHES

YANHUI ZHOU

Abstract. In this work, we propose and analyze a class of bubble enriched quadratic finite volume
element schemes for anisotropic diffusion problems on triangular meshes. The trial function space

is defined as quadratic finite element space by adding a space which consists of element-wise bubble
functions, and the test function space is the piecewise constant space. For the class of schemes,
under the coercivity result, we proved that |u − uh|1 = O(h2) and ∥u − uh∥0 = O(h3), where u

is the exact solution and uh is the bubble enriched quadratic finite volume element solution. The
theoretical findings are validated by some numerical examples.
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1. Introduction

Due to the local conservation law and other advantages, the finite volume method
(FVM) is one of the most important numerical methods for solving partial differen-
tial equations, see e.g. [2, 21, 30, 31, 34]. The finite volume element (FVE) method
(FVEM) is a special type of FVM, and attracted many researchers attention (e.g.
[22, 25, 43]).

The coercivity result is a basis for the error estimate of FVEM. For the linear
FVEM over triangular meshes, its element stiffness matrix can be regarded as
a small perturbation of linear finite element method for variable coefficient, the
coercivity result then follows (c.f. [1, 4, 16, 17, 38]). However, the coercivity analysis
for the quadratic scheme is not easy. For instance, assume that the maximum angle
of each triangular element is not greater than 90◦, and the ratio of the lengths of
the two sides of the maximum angle belong to [

√
2/3,

√
3/2], then Tian and Chen

[33] presented a coercivity result for the first proposed quadratic scheme in 1991.
In 1996, Liebau [24] proposed another quadratic scheme, and required that the
geometry of the triangulation triangles is not too extreme. In 2009, Xu and Zou
[38] introduced a general framework to construct quadratic schemes, and improved
some coercivity results for the schemes presented in [15, 24, 33] . In 2012, Chen,
Wu and Xu [11] presented a general framework for construction and analysis of
higher-order FVMs, under their framework, the minimum angle conditions of the
schemes in [15, 24, 33] are same as the results in [38]. In 2017, Zou [48] presented an
unconditionally stable quadratic scheme. In 2020, Zhou and Wu [45, 46] improved
some coercivity results, e.g., the minimum angle condition for the quadratic scheme
presented in [36] is improved to 1.42◦. Therefore, most existing coercivity results
of quadratic schemes required a certain minimum angle condition. Some studies
about other types of hybrid FVMs and Hermite FVMs were presented in [6, 11, 12]
and so on, and some coercivity results on quadrilateral meshes can be found in
[7, 18, 22, 23, 29, 32, 41, 44, 47] and the references cited therein. Once the coercivity
result is proved, the error estimate in H1 norm is then routine.
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However, the L2 error estimate is much more difficult compared with H1 error
analysis. For example, for the linear FVEM over triangular meshes, by assuming
that the exact solution u ∈ W 3,p(Ω), p > 1, in 1994 Chen [9] given a proof of
optimal convergence order of L2 error estimate. In 1998, Huang and Xi [19] present
a counterexample to show that the optimal second order accuracy of L2 error norm
cannot be achieved by only assuming that (u, f) ∈ H2 × L2, where f is the right
hand side function. In 2002, Chen, Li and Zhou [10] discussed the optimal L2

error estimate of linear FVEM, they proved that the L2 error can be bounded by
h2| lnh|1/2∥f∥1,1 and h2∥f∥1,p, p > 1. In 2002, Ewing, Lin and Lin [16] proved
that the L2 error can be bounded by h2∥u∥2 + h1+β∥f∥β for 0 < β ≤ 1. Recently,
by introducing two orthogonal conditions on triangular meshes, in 2016 Wang and
Li [36] constructed k-order FVE schemes such that the L2 error can be bounded
by hk+1∥u∥k+2. Some L2 error estimates on quadrilateral meshes can be found in
[26, 27, 28, 29, 42] for an incomplete references.

Therefore, one can observe that the theoretical analysis of quadratic FVEM on
triangular meshes has not been developed satisfactorily. On the one hand, under
a certain minimum angle condition 1.42◦ for the isotropic diffusion problems, the
quadratic scheme in [36] can ensure the optimal L2 error order. On the other hand,
the unconditionally stable quadratic scheme presented in [48] does not guarantee
the optimal convergence order in L2 norm, at least it seems so numerically. Name-
ly, in the exiting literature the quadratic scheme in [36] is the unique scheme such
that the optimal L2 error estimate holds, while the scheme in [48] is the unique
unconditionally stable scheme. At this stage, in order to satisfy the wide appli-
cations of quadratic FVEM (e.g. [8, 14, 20, 35, 37, 39, 40]), it requires us make
efforts to construct an unconditionally stable quadratic FVE scheme with the op-
timal L2 error estimate. However, by the existing analysis techniques, it is difficult
to find a quadratic FVE scheme such that the local coercivity result (independent
of the minimum angle of underlying mesh) and optimal L2 error estimate holds
simultaneously.

Unlike the existing quadratic FVE schemes, in this work we propose a class of
bubble enriched quadratic FVE schemes such that the H1 (resp. L2) error order
is 2 (resp. 3). Precisely, by adding a space which consists of element-wise bubble
functions to the standard quadratic finite element space, we obtain a class of FVE
schemes with three scheme parameters α, β1 and β2, where α ∈ (0, 1/2) on the
element boundary and 0 < β1 < 2/3 < β2 < 1 in the interior of element. For some
special schemes, by element analysis, we numerically show that the local coercivity
result is valid on a class of isosceles triangles. When α = (3 −

√
3)/6, β1 and

β2 satisfy (15) (or equivalently (18)), under the coercivity result, we proved that
|u − uh|1 = O(h2). Moreover, by the Aubin-Nitsche technique and assuming that
u ∈ H3(Ω), f ∈ H2(Ω), we proved that ∥u − uh∥0 = O(h3) for these schemes.
Finally, the theoretical results are verified by several numerical examples.

For the class of schemes presented in this paper, we may find a scheme such that
the local coercivity result holds in future. Moreover, the existence of a class of FVE
schemes can be used to attack many complicated problems. For example, we may
search this class for a scheme which satisfied some additional properties, such as
the positivity-preserving.

The rest part of this paper is organized as follows. In Section 2 we present a class
of bubble enriched quadratic FVE schemes on triangular meshes. The coercivity
result and H1 error estimates of these schemes are discussed in Section 3. In
Section 4, we proved that the L2 error order is 3 of these schemes when the scheme
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parameters α = (3 −
√
3)/6, β1 and β2 satisfy (15). In Section 5 some numerical

examples are presented to validate the theoretical findings, and in Section 6 we
make conclusive remarks. Throughout the paper, we will follow the usual notations
“.”, “&” and “∼” to avoid the repetition.

2. A class of bubble enriched quadratic FVE schemes

We consider the following elliptic equation

−∇ · (Λ∇u) = f in Ω,(1)

u = 0 on ∂Ω,(2)

where Ω ⊂ R2 is a convex bounded polygonal domain, u is the function to be found,
f ∈ L2(Ω) and the coefficient Λ = (λij(x, y)) is a 2 × 2 symmetric and uniformly

positive definite matrix, i.e., there exist two positive constants λ and λ such that
for all (x, y) ∈ Ω

(3) λ∥v∥2 ≤ vTΛv ≤ λ∥v∥2, ∀v ∈ R2,

where ∥ · ∥ is the Euclidean norm.
Suppose that the domain Ω is divided into a primal mesh Th consisting of a finite

number of non-overlapped triangles, where h is the largest diameter of all triangles.
For each triangular element K ∈ Th, we denote by NK the set of all three vertices,
three edge midpoints and the barycenter of K; EK the set of three edges of K. Let

Nh =
∪

K∈Th

NK , N ◦
h = Nh\∂Ω, Eh =

∪
K∈Th

EK .

The mesh Th is called shape regular if for each triangle K ∈ Th, there exists a
positive constant Csr independent of h and K, such that hK/ρK ≤ Csr, where hK
is the largest diameter of K and ρK is the maximum diameter of circles contained
in K. In this work, we require the discontinuity of diffusion coefficient Λ does not
appear in the interior of each K.

Next, we present the dual mesh of Ω. To this end, we introduce some notations.
For each K = △P1P2P3 ∈ Th, see Figure 1, let Q be the barycenter of K and
Mi (i = 1, 2, 3) be the midpoint of the line segment PiPi+1, here and hereafter
i denotes, without special mention, a periodic index with period 3. For any α ∈
(0, 1/2), Pα

i,i+1 and Pα
i+1,i are the two points on the line segment PiPi+1, subjected

to

(4)
|PiP

α
i,i+1|

|PiPi+1|
=

|Pα
i+1,iPi+1|
|PiPi+1|

= α.

For any given 0 < β1 < 2/3 < β2 < 1, let the points P β1

i,i+1 and P β2

i,i+1 on the line
segment PiMi+1, satisfying

(5)
|PiP

β1

i,i+1|
|PiMi+1|

= β1,
|PiP

β2

i,i+1|
|PiMi+1|

= β2.

Using these notations, we reach a partition of K, consisting of three quadrilaterals
and four pentagons, see Figure 1. For each node P ∈ Nh, the dual cell associated
with P is a polygonal domain surrounding P and denoted as VP . If P = Pi is
a vertex of K, then the contribution of K to VP is the quadrilateral VK,Pi :=

PiP
α
i,i+1P

β1

i,i+1P
α
i,i+2, see Figure 2(a). If P =Mi is an edge midpoint of K, then the

contribution of K to VP is the pentagon VK,Mi := Pα
i,i+1P

α
i+1,iP

β1

i+1,i+2P
β2

i+2,iP
β1

i,i+1,

see Figure 2(b). If P = Q is a barycenter of K, then the contribution of K to VP

is the pentagon VK,Q := P β1

12 P
β2

31 P
β1

23 P
β2

12 P
β1

31 P
β2

23 , see Figure 2(c). Then, the whole
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Figure 1. Partition of the triangular element K.

(a) vertex (b) midpoint (c) barycenter

Figure 2. Dual cells associated with an interior vertex (left), an
edge midpoint (middle) and a barycenter (right).

dual cell surrounding the point P is given by

VP =
∪

K∋P

VK,P .

The dual mesh T ′
h consists of all dual cells, that is

T ′
h = {VP : P ∈ Nh},

see Figure 3 for an example of T ′
h.

Based on the meshes Th and T ′
h, we define the corresponding trial function space

and test function space, respectively. Firstly, with respect to the primal mesh Th,
we denote the standard Lagrange finite element space as

(6) Uk
h = {uh ∈ C(Ω) : uh|K ∈ Pk, ∀K ∈ Th; uh|∂Ω = 0},

where Pk is the set of all polynomials of degree equal to or less than k. For any
β2 ∈ (2/3, 1), we define the space of bubble functions

Bh = {bh ∈ C(Ω) : bh|K ∈ Span{(β2 − 2/3)λ1λ2λ3}, ∀K ∈ Th},

where λi (i = 1, 2, 3) are the three linear nodal basis functions of K, in other words,

λi(Pj) = δij :=

{
1, i = j,
0, i ̸= j,

i, j = 1, 2, 3.

The trial function space Uh is given by

(7) Uh = U2
h ⊕Bh.
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Figure 3. The primary mesh Th and its associated dual mesh T ′
h.

Then, the uh ∈ Uh can be represented as

uh|K =
3∑

i=1

uh(Pi)ϕPi +
3∑

i=1

uh(Mi)ϕMi

+ 3λ1λ2λ3

(
9uh(Q) +

3∑
i=1

uh(Pi)− 4
3∑

i=1

uh(Mi)

)
,(8)

where

(9) ϕPi = λi(2λi − 1), ϕMi = 4λiλi+1.

Since the bubble function λ1λ2λ3 is vanish on the boundary of K, we have uh is
continuous on Ω and thus Uh ∈ H1

0 (Ω).
Secondly, the test function space Vh contains all the piecewise constant functions

with respect to T ′
h defined as

(10) Vh = Span{ψP : P ∈ N ◦
h},

where ψP is the characteristic function on VP . Then from (7) and (10), we have

(11) dimUh = dimVh = #N ◦
h ,

where dimS and #S are the dimension and cardinality of the set S. We remark

that the points P β2

12 , P
β2

23 and P β2

31 coincide with the barycenter Q when β2 = 2/3,
see Figure 1. The corresponding dual partition of K can be seen in Figure 4 and
the trial function space Uh degenerate into the standard quadratic finite element
space U2

h , i.e., the uh ∈ Uh can be represented as

uh|K =
3∑

i=1

uh(Pi)ϕPi
+

3∑
i=1

uh(Mi)ϕMi
.

In this case, the equality (11) also holds by letting the set N ◦
h exclude all the

barycenters.
The bubble enriched quadratic finite volume element solution of Eqs. (1) and (2)

is a function uh ∈ Uh which satisfies the following local conservation law

−
∫
∂VP

(Λ∇uh) · nds =

∫
VP

f dxdy
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Figure 4. Partition of the triangular element K, where β2 = 2/3.

on each dual cell VP , P ∈ N ◦
h , where n is the unit outward normal on the boundary

∂VP . For any vh ∈ Vh, we have vh =
∑

P∈N◦
h
vPψP , where the coefficients vP =

vh(P ). Then the above bubble enriched quadratic finite volume element schemes
for solving (1) and (2) can be rewritten as: Find uh ∈ Uh such that

(12) ah(uh, vh) = (f, vh), ∀ vh ∈ Vh,

where the finite volume element bilinear form

(13) ah(u, vh) = −
∑

P∈N◦
h

vP

∫
∂VP

(Λ∇u) · nds, u ∈ H1
0 (Ω), vh ∈ Vh

and (f, vh) denotes the standard L2 inner product of f and vh.
From the construction of the dual mesh, one can see that it depends on three

parameters α ∈ (0, 1/2), β1 ∈ (0, 2/3) and β2 ∈ (2/3, 1). Hence, (12) actually leads
to a class of quadratic finite volume element schemes. In this paper, we consider a
special class of schemes, i.e.,

(14) α =
3−

√
3

6
,

the β1 and β2 satisfy
(15)

4+9

(
1− 1√

3

)(
−4− 2√

3
+ 3β1

)
β1+2

(
−1− 3

2
β1 + 3β2

)
(2− 3β1) (3β2 − 2) = 0.

In the following discussion, we shall to prove that if α satisfies (14), β1 and β2
satisfy (15), then the finite volume element solution uh converges to exact solution
u with convergence order 3 under L2 error norm.

To this end, we first explore the Eq. (15). Discard the unreasonable solutions,
there are infinitely many pairs 0 < β1 < 2/3 ≤ β2 < 1 which satisfy (15). In fact,
(15) is equivalent to

(16) c2β
2
2 + c1β2 + c0 = 0,

where
(17)

c2 = 9, c1 = −9

2
(2 + β1) , c0 = 2+ 3β1 +

4 + 9
(
1− 1√

3

)(
−4− 2√

3
+ 3β1

)
β1

2(2− 3β1)
.
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Figure 5. The relationship of β1 and β2 which satisfy (15) (or
equivalently (18)).

Suppose that

β±
2 =

−c1 ±
√
c21 − 4c2c0
2c2

are the two roots of (16). Then, we have β−
2 ≤ β+

2 and

2β−
2 ≤ β−

2 + β+
2 = −c1

c2
= 1 +

β1
2
<

4

3
,

which implies that β−
2 < 2/3. Consequently, the reasonable solution of (16) is

(18) β2 = β+
2 =

−c1 +
√
c21 − 4c2c0
2c2

,

where c2, c1 and c0 are defined in (17), and

β1 ∈

[
6 +

√
3−

√
21 + 6

√
3

9
,
29 + 4

√
3−

√
265 + 76

√
3

39

)
.

The relationship of (18) is graphically depicted in Figure 5. Moreover, from (18),
we can derive some special pairs of (β1, β2) by a direct calculation, for example

β1 =
6 +

√
3−

√
21 + 6

√
3

9
≈ 0.2366, β2 =

2

3
;

β1 =
1

4
, β2 =

135 +
√
5265− 2400

√
3

240
≈ 0.7012;

β1 =
1

3
, β2 =

7 +
√
25− 8

√
3

12
≈ 0.8615.

(19)

We mention that for the first pair of parameters (β1, β2) in (19), see also the
‘�’ in Figure 5, since β2 = 2/3, then it is identical to the quadratic scheme in [36].
The rest part of this paper is devoted to the H1 and L2 error estimates of these
schemes.
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3. Coercivity and H1 error estimates

In this section, for the α satisfies (14), β1 ∈ (0, 2/3) and β2 ∈ (2/3, 1) satisfy
(15), we numerically discuss the coercivity result by element analysis. Based on
the coercivity result, we prove that the finite volume element solution converges to
exact solution with convergence order 2 under H1 error norm.

3.1. Preliminaries. For a given ω ̸= 0, suppose that the mapping Π maps a
uh ∈ Uh to u∗h := Πuh ∈ Vh, satisfying for each vertex Pi,

u∗h(Pi) = uh(Pi), i = 1, 2, 3,

and for each midpoint Mi,

(20) u∗h(Mi) =
1− ω

2
(uh(Pi) + uh(Pi+1)) + ωuh(Mi), i = 1, 2, 3,

and for each barycenter Q,

u∗h(Q) = uh(Q).

We remark that if ω = 1 (resp. ω = 2/
√
3), then (20) reduces to the mapping in

[22, 33] (resp. [45, 48]). Obviously, the mapping Π is a bijection.
To prove the global coercivity result

(21) ah(uh, u
∗
h) & |uh|21, ∀uh ∈ Uh,

it suffices to prove

(22) aKh (uh, u
∗
h) & |uh|21,K , ∀uh ∈ Uh, ∀K ∈ Th,

where

aKh (uh, u
∗
h) = −

∑
P∈Nh

u∗h(P )

∫
∂VP∩K

(Λ∇uh) · n ds.

From (8), we have

uh|K =

3∑
i=1

uh(Pi)φPi +

3∑
i=1

uh(Mi)φMi + uh(Q)φQ,

where

φPi = ϕPi + 3λ1λ2λ3, φMi = ϕMi − 12λ1λ2λ3, φQ = 27λ1λ2λ3, i = 1, 2, 3.

For any ω ̸= 0, by (9), it is trivial to verify

(23)

3∑
i=1

φPi +

3∑
i=1

φMi + φQ =

3∑
i=1

φ∗
Pi

+

3∑
i=1

φ∗
Mi

+ φ∗
Q = 1.

For any uh ∈ Uh, in each K, we define the vector

(24) u = (uh(P1), · · · , uh(P6), uh(P7))
T ,

where Pi+3 :=Mi, i = 1, 2, 3 and P7 := Q. Hence, there holds

(25) aKh (uh, u
∗
h) = aKh

 7∑
j=1

uh(Pj)φPj ,
7∑

i=1

uh(Pi)φ
∗
Pi

 = uTAKu,

where AK = (aij)7×7 with

(26) aij = aKh (φPj , φ
∗
Pi
).
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Lemma 3.1. Assume that Th is shape regular, then for each K ∈ Th,
(27) |uh|1,K ∼ ∥Gu∥, ∀uh ∈ Uh,

where

(28) G =


1 0 0 0 −1 0 0
0 1 0 0 0 −1 0
0 0 1 −1 0 0 0
0 0 0 1 −1 0 0
0 0 0 0 1 −1 0
1 1 1 −4 −4 −4 9

 ,

u is defined in (24).

Proof. Since Th is shape regular, then by a scaling argument, we have

|uh|1,K ∼ |uh|1,K̂ , ∀K ∈ Th,

where K̂ is the reference triangular element consists of three vertices (0, 0), (1, 0)
and (0, 1). Note that |uh|1,K̂ = 0 is equivalent to uh being a constant function,

which holds if and only if

uh(P1) = · · · = uh(P6), 9uh(Q) +
3∑

i=1

uh(Pi)− 4
3∑

i=1

uh(Mi) = 0,

and if and only if

(29) uh(P1) = · · · = uh(P6) = uh(Q).

On the other hand, we also have ∥Gu∥ = 0 if and only if (29) holds. That is, |uh|1,K̂
and ∥Gu∥ are all positive semi-definite quadratic forms of uh(Pi), i = 1, · · · , 7, and
have the same null-subspaces, thus the desired result (27) is proved. �

Lemma 3.2. Let

(30) T =
1

63



55 −8 −8 −21 21 −1
−8 55 −8 −21 −42 −1
−8 −8 55 42 21 −1
−8 −8 −8 42 21 −1
−8 −8 −8 −21 21 −1
−8 −8 −8 −21 −42 −1
−15 −15 −15 0 0 6


and define

BK =
1

2
TT
(
AK + AT

K

)
T,

where AK is given by (26). Then we have

(31) GTBKG =
1

2

(
AK + AT

K

)
.

Proof. Firstly, we claim that

(32)

7∑
k=1

aik =

7∑
k=1

akj = 0, i, j = 1, · · · , 7.

Actually, it follows from (26) and (23) that

7∑
k=1

aik =
7∑

k=1

aKh (φPk
, φ∗

Pi
) = aKh

(
7∑

k=1

φPk
, φ∗

Pi

)
= aKh (1, φ∗

Pi
) = 0, i = 1, · · · , 7



A CLASS OF BUBBLE ENRICHED QUADRATIC FVE SCHEMES 881

and
7∑

k=1

akj = aKh

(
φPj ,

7∑
k=1

φ∗
Pk

)
= aKh (φPj , 1) = 0, j = 1, · · · , 7,

where we have used the fact that Λ∇φPj
is continuous across the dual edges inside

K.
Secondly, by (28) and (30), we find that

(33) TG = I− 1

7
1,

where I is the identity matrix and 1 is a 7× 7 matrix with all entries equal to 1.
Finally, we deduce from (33) and (32) that(

AK + AT
K

)
TG = AK + AT

K − 1

7
(AK + AT

K)1 = AK + AT
K ,

which leads to (31). �

3.2. The coercivity result. In order to present the coercivity result, we intro-
duce the following assumption.

(A1) For the α satisfies (14), β1 ∈ (0, 2/3) and β2 ∈ (2/3, 1) satisfy (15) (or
equivalently (18)), BK is a uniformly positive definite matrix.

Theorem 3.1. Assume that Th is shape regular, then under the assumption (A1),
the coercivity result (21) holds.

Proof. Under the assumption (A1), for any K ∈ Th, it follows from (25), (31) and
(27) that, for any uh ∈ Uh,

aKh (uh, u
∗
h) = uTAKu =

1

2
uT
(
AK + AT

K

)
u = (Gu)

T BK(Gu) & ∥Gu∥2 ∼ |uh|21,K ,

which validates (22) and then (21). �

In the rest part of this subsection, for the scheme derived from (15), we numer-
ically discuss the positive definiteness of BK on isosceles triangular element. For
simplicity, we assume that Λ is an identity matrix on K.

Firstly, we set

ωi = ωL +
ωR − ωL

Nω
(i− 1), 1 ≤ i ≤ Nω + 1,

where Nω = 200, ωL and ωR are two parameters.
Secondly, for each ωi, the mapping Π can be uniquely determined by (20), then

we compute its corresponding minimum angle condition θimin on a class of isosce-

les triangular elements Kj = △P j
1P2P3. Specifically, we assume the coordinates

P j
1 (1/2, hj), P2(0, 0) and P3(1, 0), where hj = (

√
3j)/(2Nt), j = 1, · · · , Nt and

Nt = 200. For the ωi, its corresponding smallest angle and 6× 6 symmetric matrix
of Kj are denoted by arctan(2hj) and Bi

Kj
respectively. Then, we let

(34)

θimin = min
1≤j0≤Nt

{
arctan (2hj0) : B

i
Kj

is a positive definite matrix for all j0 ≤ j ≤ Nt

}
.

The numerical results of two special schemes are presented in Figure 6, where
the horizontal coordinate is the ω, while the vertical coordinate is its corresponding
minimum angle condition computed by (34). In Figure 6(a), we choose ωL = 0.3
and ωR = 2. In Figure 6(b), we choose ωL = 0.22 and ωR = 0.8.
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Figure 6. The effect of ω to the minimum angle condition on
isosceles triangle.

The numerical results of the schemes (15) are presented in Figure 7(a), where
the horizontal coordinate is the β1. In Figure 7(a), we choose ωL = 0.2 and ωR = 2,
and θmin is computed by

θmin = min
1≤i≤Nω

θimin,

where θimin is defined by (34). Moreover, the numerical results of the schemes α
satisfies (14), β1 ∈ (0, 2/3) and β2 ∈ (2/3, 1) are presented in Figure 7(b). From
Figures 6 and 7, we can see that for the α satisfies (14), β1 ∈ (0, 2/3) and β2 ∈
(2/3, 1) satisfy (15), the assumption (A1) is valid under a certain minimum angle
condition.

3.3. H1 error estimates. By a routine work, we have the following H1 error
estimates.

Theorem 3.2. Assume that Th is shape regular and the exact solution u ∈ H1
0 (Ω)∩

H3(Ω). Then, under the assumption (A1), we have

(35) |u− uh|1 . h2∥u∥3.

Proof. It follows from the Green’s formula that

ah(u, vh) = (f, vh), ∀ vh ∈ Vh,
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Figure 7. The minimum angle conditions of some special schemes
on isosceles triangle.

which leads to
ah(u− uh, vh) = 0, ∀ vh ∈ Vh.

Therefore, by (21) and the continuity of ah(·, ·) (c.f. [38]), we deduce that

|uh − uI |21 . ah (uh − uI , (uh − uI)
∗) = ah (u− uI , (uh − uI)

∗)

.
( ∑

K∈Th

(
|u− uI |21,K + h2K |u− uI |22,K

)) 1
2

|uh − uI |1,

where uI ∈ U2
h is the piecewise quadratic interpolation of u such that for each

triangular element K

uI(Pi) = u(Pi), uI(Mi) = u(Mi), i = 1, 2, 3.

Consequently, by the standard interpolation error estimate [3, 13], we find that

|uh − uI |1 . h2∥u∥3,
which yields to (35). �

4. L2 error estimates

In this section, for a class of schemes α satisfies (14), β1 ∈ (0, 2/3) and β2 ∈
(2/3, 1) satisfy (15), we use the Aubin-Nitsche technique to obtain the L2 error
estimates.

4.1. Preliminaries.

Lemma 4.1. If α satisfies (14), then for each edge e ∈ Eh, we have

(36)

∫
e

v(w − w∗) ds = 0, ∀ v ∈ U2
h , w ∈ U1

h ,

where U1
h and U2

h are defined by (6).

Proof. For each edge e ∈ Eh, let P1 and P2 be the two endpoints, and M1 be the
midpoint, c.f. Figure 1. Note that on the edge e, each v ∈ U2

h and w ∈ U1
h can be

represented as

v = v(P1)λ1 + v(P2)λ2 +

(
v(M1)−

v(P1) + v(P2)

2

)
4λ1λ2
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and

w = w(P1)λ1 + w(P2)λ2

respectively. To prove (36), it suffices to validate (36) for v = λ1 and w = λ1,
v = λ2 and w = λ1, v = λ1λ2 and w = λ1.

Firstly, we consider the case v = λ1 and w = λ1. A direct calculation yields that∫
e

vw ds =

∫
e

λ21 ds =
1

3
|e|.

On the other hand, the facts

w∗ = 1, on edge P1P
α
12,

w∗ =
1

2
, on edge Pα

12P
α
21,

w∗ = 0, on edge Pα
21P2

yield that∫
e

vw∗ ds =

∫
e

λ1λ
∗
1 ds =

∫
P1Pα

12

λ1 ds+
1

2

∫
Pα

12P
α
21

λ1 ds =
1

3
|e|.

Secondly, we consider the case v = λ2 and w = λ1. By a straightforward
calculation, we deduce that∫

e

vw ds =

∫
e

λ1λ2 ds =
1

6
|e|

and ∫
e

vw∗ ds =

∫
e

λ2λ
∗
1 ds =

∫
P1Pα

12

λ2 ds+
1

2

∫
Pα

12P
α
21

λ2 ds =
1

6
|e|.

Finally, we consider the case v = λ1λ2 and w = λ1. Still by a direct calculation,
we have ∫

e

vw ds =

∫
e

λ21λ2 ds =
1

12
|e|

and ∫
e

vw∗ ds =

∫
e

(λ1λ2)λ
∗
1 ds =

∫
P1Pα

12

λ1λ2 ds+
1

2

∫
Pα

12P
α
21

λ1λ2 ds =
1

12
|e|.

By the same arguments, (36) holds for v = λ2 and w = λ2, v = λ1 and w = λ2,
v = λ1λ2 and w = λ2. This completes the proof. �

Lemma 4.2. For any α defined by (4), β1 ∈ (0, 2/3) and β2 ∈ (2/3, 1) defined by
(5), we have

(37)

∫
K

(w − w∗) dxdy = 0, ∀w ∈ U1
h , K ∈ Th.

Moreover, if α satisfies (14), β1 ∈ (0, 2/3) and β2 ∈ (2/3, 1) satisfy (15), then

(38)

∫
K

v(w − w∗) dxdy = 0, ∀ v ∈ U1
h , w ∈ U1

h , K ∈ Th.

Proof. Note that

U1
h = Span{λ1, λ2, λ3}

in K, to prove (37), it suffices to verify (37) for w = λ1. A straightforward calcu-
lation yields that ∫

K

w dxdy =

∫
K

λ1 dxdy =
1

3
|K|.
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By the definition of the mapping Π, we find that

w∗ = 1, in polygon VK,P1 ,

w∗ =
1

2
, in polygons VK,M1 and VK,M3 ,

w∗ =
1

3
, in polygon VK,Q,

w∗ = 0, in polygons VK,P2 , VK,M2 and VK,P3 .

Suppose that the areas of △P1P
α
12P

β1

12 and △P β1

12 P
β2

31Q are S1 and S2, respectively.
Then ∫

K

λ∗1 dxdy =
1

3
|K|,

where we have used the fact that

|VK,M1 | = |VK,M3 | =
1

3
|K| − 2S1 − 2S2.

That is, (37) holds for w = λ1. Similarly, (37) is valid for w = λ2 and λ3.
We next prove (38). Firstly, for the special functions v = λ2 and w = λ1, we

have ∫
K

vw dxdy =

∫
K

λ1λ2 dxdy =
1

12
|K|.

On the other hand,∫
△P1Pα

12P
β1
12

λ2 dxdy =
1

6

(
1− 1√

3
+ β1

)
S1,∫

△P1P
β1
12 Pα

13

λ2 dxdy =
1

6
β1S1,∫

△P
β2
31 P

β1
23 Q

λ2 dxdy =

∫
△P

β1
23 P

β2
12 Q

λ2 dxdy =
1

3

(
4

3
− β1 +

β2
2

)
S2,∫

△P
β1
12 P

β2
31 Q

λ2 dxdy =

∫
△P

β2
12 P

β1
31 Q

λ2 dxdy =
1

3

(
1

3
+
β1
2

+
β2
2

)
S2,∫

△P
β2
23 P

β1
12 Q

λ2 dxdy =

∫
△P

β1
31 P

β2
23 Q

λ2 dxdy =
1

3

(
4

3
+
β1
2

− β2

)
S2.

(39)

It follows from (39) that∫
K

λ2λ
∗
1 dxdy =

5

54
|K|+ 1

12

(
−4− 2√

3
+ 3β1

)
S1 +

1

18

(
−1− 3

2
β1 + 3β2

)
S2.

Note that

S1 =
1

4

(
1− 1√

3

)
β1|K|,

S2 =
1

12
(2− 3β1) (3β2 − 2)|K|.

Therefore, if β1 and β2 satisfy the relation (15), we deduce that∫
K

vw∗ dxdy =
1

12
|K|.

In other words, (38) holds for v = λ2 and w = λ1. By the same arguments, we have

(40)

∫
K

λiλj dxdy =

∫
K

λiλ
∗
j dxdy =

1

12
|K|, i, j = 1, 2, 3 and i ̸= j.
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It follows form (37) and (40) that∫
K

λ21 dxdy =

∫
K

λ1(1−λ2−λ3) dxdy =

∫
K

(λ∗1−λ2λ∗1−λ3λ∗1) dxdy =

∫
K

λ1λ
∗
1 dxdy,

where we have used the fact that λ1 + λ2 + λ3 = 1 in the first and last equalities.
Similarly, we get ∫

K

λ2i dxdy =

∫
K

λiλ
∗
i dxdy, i = 1, 2, 3.

Thus, (38) is verified and the proof is complete. �

Remark 4.1. From the process of proof in Lemma 4.1 and Lemma 4.2, we see that
the Eqs. (36), (37) and (38) are valid independent the choice of ω, and moreover
the Eqs. (36) and (37) are valid independent the choice of parameters β1 and β2.

4.2. Application of the Aubin-Nitsche technique. We introduce an auxiliary
problem: let w ∈ H1

0 (Ω) be the weak solution of

−∇ · (Λ∇w) = u− uh in Ω,

w = 0 on ∂Ω,

where u is the exact solution of (1) and (2), uh is the bubble enriched quadratic
finite volume element solution of (12). Then we have

(41) a(w, v) = (u− uh, v), ∀ v ∈ H1
0 (Ω),

where a(·, ·) is the finite element bilinear form defined by

(42) a(w, v) =

∫
Ω

(Λ∇w) · ∇v dxdy.

Thus, by the regularity (c.f. [3, 13]), there exists a unique solution w ∈ H1
0 (Ω) ∩

H2(Ω) such that

(43) ∥w∥2 . ∥u− uh∥0.
Let v = u− uh in (41),

(44) ∥u− uh∥20 = (u− uh, u− uh) = a(w − wh, u− uh) + a(wh, u− uh),

where wh = Ihw ∈ U1
h is the piecewise linear interpolation such that for each vertex

Pi, i = 1, 2, 3 of the triangular element K

wh(Pi) = w(Pi).

By the standard approximation theory (c.f. [3, 13]), we obtain

(45) ∥w − wh∥1 . h∥w∥2.
It follows from the Cauchy-Schwarz inequality, (3), (45) and (35)

(46) |a(w − wh, u− uh)| . h3∥w∥2∥u∥3.
For the second term a(wh, u−uh) of (44), we note that uh is the finite volume ele-

ment solution of (12), then we do not have the Galerkin orthogonality. Fortunately,
by the definition of u and uh, we find that for the wh ∈ U1

h ⊂ Uh,

ah(u,w
∗
h) = (f, w∗

h)

and
ah(uh, w

∗
h) = (f, w∗

h).

It follows by subtraction that

(47) ah(u− uh, w
∗
h) = 0.
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Then by (47) and the equality a(u,wh) = (f, wh), we get

(48) a(wh, u− uh) = a(u− uh, wh) = a(u− uh, wh)− ah(u− uh, w
∗
h) = E1 + E2,

where

E1 = (f, wh − w∗
h)

and

E2 = ah(uh, w
∗
h)− a(uh, wh).

We next estimate E1 and E2 respectively.

4.3. The estimate of E1 = (f, wh − w∗
h).

Lemma 4.3. Assume that Th is shape regular and f ∈ H2(Ω), α satisfies (14),
β1 ∈ (0, 2/3) and β2 ∈ (2/3, 1) satisfy (15), then for all wh ∈ U1

h,

(49) |(f, wh − w∗
h)| . h3∥f∥2|wh|1,

where the hidden constant independent of the mesh size h.

Proof. Since wh ∈ U1
h , then by (38) and Cauchy-Schwarz inequality

|(f, wh−w∗
h)| = |(f−Ihf, wh−w∗

h)| ≤ ∥f−Ihf∥0∥wh−w∗
h∥0 . h2∥f∥2∥wh−w∗

h∥0.

For each K ∈ Th, suppose that

wh =

3∑
i=1

wh(Pi)λi

and denote

w21 = wh(P2)− wh(P1), w31 = wh(P3)− wh(P1).

Then

wh − w∗
h = w21λ2 + w31λ3, in polygon VK,P1 ,

wh − w∗
h = −1

2
w21 + w21λ2 + w31λ3, in polygon VK,M1 ,

wh − w∗
h = −1

3
(w21 + w31) + w21λ2 + w31λ3, in polygon VK,Q.

It follows that

∥wh − w∗
h∥20,VK,P1

≤
∫
K

(w21λ2 + w31λ3)
2 dxdy . h2K(w2

21 + w2
31),

and

∥wh − w∗
h∥20,VK,Pi

. h2K(w2
21 + w2

31), i = 1, · · · , 7.
Consequently,

∥wh − w∗
h∥20,K . h2K(w2

21 + w2
31).

Note that Th is shape regular, then by the scaling argument,

|wh|1,K ∼ |wh|1,K̂ .

On the other hand, by a direct calculation,

|wh|21,K̂ =
1

2

(
w2

21 + w2
31

)
.

Therefore, we obtain

(50) ∥wh − w∗
h∥0,K . hK |wh|1,K
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and
∥wh − w∗

h∥20 =
∑

K∈Th

∥wh − w∗
h∥20,K .

∑
K∈Th

h2K |wh|21,K . h2|wh|21,

and the desired result (49) is proved. �

4.4. The estimate of E2 = ah(uh, w
∗
h)− a(uh, wh).

Lemma 4.4. Assume that Th is shape regular, Λ ∈ W 3,∞(Ω), u ∈ H3(Ω). Then,
under the assumption (A1), for all wh ∈ U1

h, we have

(51) |ah(uh, w∗
h)− a(uh, wh)| . h3∥u∥3|wh|1.

Proof. Firstly, let us discuss the relationship between the finite volume element
bilinear form ah(uh, w

∗
h) and finite element bilinear form a(uh, wh). Note that

w∗
h(P ) = 0, ∀P ∈ Nh ∩ ∂Ω, then it follows from (13) and the Green’s formula that

ah(uh, w
∗
h) = −

∑
K∈Th

∑
P∈Nh

∫
∂VP∩K

(Λ∇uh) · nw∗
h ds

=
∑

K∈Th

∫
∂K

(Λ∇uh) · nw∗
h ds−

∑
K∈Th

∫
K

∇ · (Λ∇uh)w∗
h dxdy,

and from (42)

a(uh, wh) =
∑

K∈Th

∫
∂K

(Λ∇uh) · nwh ds−
∑

K∈Th

∫
K

∇ · (Λ∇uh)wh dxdy.

Combining the above two equalities,

E2 = ah(uh, w
∗
h)− a(uh, wh) = E21 + E22,

where

E21 =
∑

K∈Th

∫
K

∇ · (Λ∇uh)(wh − w∗
h) dxdy

and

E22 =
∑

K∈Th

∫
∂K

(Λ∇uh) · n(w∗
h − wh) ds.

Next, we estimate E21 and E22 respectively. For E21, by (38) and (50), we
deduce that

|E21| =

∣∣∣∣∣ ∑
K∈Th

∫
K

(∇ · (Λ∇uh)− Ih(∇ · (Λ∇uh)))(wh − w∗
h) dxdy

∣∣∣∣∣
≤
∑

K∈Th

∥∇ · (Λ∇uh)− Ih(∇ · (Λ∇uh))∥0,K∥wh − w∗
h∥0,K

.
∑

K∈Th

h3K |∇ · (Λ∇uh)|2,K |wh|1,K

.
∑

K∈Th

h3K∥uh∥3,K |wh|1,K ,

where in the last inequality we have used the facts that Λ ∈W 3,∞(Ω) and |uh|4,K =
0. On the other hand, by the triangle inequality and inverse inequality

∥uh∥3,K ≤ ∥uh − uI∥3,K + ∥uI∥3,K
. h−2

K ∥uh − uI∥1,K + ∥u− uI∥3,K + ∥u∥3,K
. h−2

K ∥u− uh∥1,K + ∥u∥3,K .
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Consequently, we get

|E21| .
∑

K∈Th

(
hK∥u− uh∥1,K + h3K∥u∥3,K

)
|wh|1,K

. h∥u− uh∥1|wh|1 + h3∥u∥3|wh|1

. h3∥u∥3|wh|1,

where we have used the fact (35) in the last inequality.
To estimate E22, let ΛM be the piecewise constant interpolation on each edge of

triangular element K, satisfying

ΛM (x, y) = Λ(Mi), ∀ (x, y) ∈ PiPi+1, i = 1, 2, 3.

Note that (ΛM∇uh) · n is a quadratic polynomial on ∂K and ∇u is continuous
across ∂K, then by (36) and w∗

h|∂Ω = wh|∂Ω = 0, we have∑
K∈Th

∫
∂K

(ΛM∇uh) · n(w∗
h − wh) ds = 0

and ∑
K∈Th

∫
∂K

((Λ− ΛM )∇u) · n(w∗
h − wh) ds = 0.

Using the fact Λ ∈W 3,∞(Ω), we obtain

|E22| =

∣∣∣∣∣ ∑
K∈Th

∫
∂K

((Λ− ΛM )∇(uh − u)) · n(w∗
h − wh) ds

∣∣∣∣∣
≤
∑

K∈Th

∫
∂K

|(Λ− ΛM )∇(uh − u)||w∗
h − wh| ds

.
∑

K∈Th

hK∥∇(u− uh)∥0,∂K∥wh − w∗
h∥0,∂K

.
( ∑

K∈Th

hK∥∇(u− uh)∥20,∂K

) 1
2
( ∑

K∈Th

hK∥wh − w∗
h∥20,∂K

) 1
2

.

By the trace theorem (c.f. [3]), we get( ∑
K∈Th

hK∥∇(u− uh)∥20,∂K

) 1
2

.
( ∑

K∈Th

(
|u− uh|21,K + h2K |u− uh|22,K

)) 1
2

. h2∥u∥3
and ( ∑

K∈Th

hK∥wh − w∗
h∥20,∂K

) 1
2

.
( ∑

K∈Th

(
∥wh − w∗

h∥20,K + h2K |wh|21,K
)) 1

2

.h|wh|1,

where we have used the fact that

|u− uh|2,K ≤ |u− uI |2,K + |uI − uh|2,K
. hK∥u∥3,K + h−1

K ∥uI − uh∥1,K
. hK∥u∥3,K + h−1

K ∥u− uh∥1,K .
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Consequently,
|E22| . h3∥u∥3|wh|1.

Therefore, we have

|E2| = |ah(uh, w∗
h)− a(uh, wh)| ≤ |E21|+ |E22| . h3∥u∥3|wh|1

and (51) is proved. �

Remark 4.2. From the process of proof in Lemma 4.4, we see that if the coefficient
Λ is piecewise constant with respect to Th, then E21 = E22 = 0, thus E2 = 0.

4.5. Convergence rate of L2 error estimates.

Theorem 4.1. Let u be the exact solution of (1) and (2), uh be the finite volume
element solution of (12). Assume that Th is shape regular, Λ ∈ W 3,∞(Ω), u ∈
H3(Ω), f ∈ H2(Ω). Then, under the assumption (A1), we have

(52) ∥u− uh∥0 . h3(∥u∥3 + ∥f∥2).

Proof. Combining (44), (46), (48), (49), (51) and the fact

|wh|1 ≤ |w − wh|1 + |w|1 . ∥w∥2
yield that

∥u− uh∥20 . h3(∥u∥3 + ∥f∥2)∥w∥2 . h3(∥u∥3 + ∥f∥2)∥u− uh∥0,
where we have used (43) in the last inequality. The proof is complete. �

Remark 4.3. From the process of proof in Theorem 4.1, we see that once the H1

error estimate (35) is obtained, the L2 error estimate (52) is valid independent the
choice of ω. However, ω is crucial in the coercivity analysis, e.g., [45, 46, 48].

Remark 4.4. If α satisfies (14), then the orthogonal condition (36) holds. If β1 ∈
(0, 2/3) and β2 ∈ (2/3, 1) satisfy (15), then the orthogonal condition (38) holds.
The two orthogonal conditions play an important role in our L2 error estimates.

5. Numerical examples

In this section, we present several numerical examples to validate the theoretical
findings of this paper. The numerical experiments are implemented on a personal
computer with 2.16 GHz CPU and 4 Gb RAM and Matlab R2016a is used as the
testing platform.

Examples 5.1, 5.2 and 5.3 are designed for constant, variable and discontinuous
coefficients, respectively, while Example 5.4 is a highly anisotropic diffusion prob-
lem. In these examples, we choose Ω = [0, 1]2 and employ four types of triangular
meshes. The first kind of mesh (Mesh I) is a uniform triangular one, see Figure
8(a), and the coordinates of the vertices are given by

xij = (i− 1)h, yij = (j − 1)h, 1 ≤ i, j ≤ n+ 1,

where h = 1/n is the mesh size. The third mesh (Mesh III) is a random triangular
one, see Figure 8(c), which is obtained by randomly disturbing the interior vertices
of Mesh I and keeping the connections unchanged. Specifically, the coordinates of
the interior vertices in Mesh III are

xij := xij + ωrxh, yij := yij + ωryh, 2 ≤ i, j ≤ n,

where ω ∈ [0, 0.5] is the disturbance coefficient, while rx and ry are two random
numbers that belong to (−1, 1). The second mesh (Mesh II) is also a random one
where the interior vertices are only allowed to be disturbed along y direction, see
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(a) Mesh I (b) Mesh II (c) Mesh III

Figure 8. Three mesh types used in the numerical examples.

(a) first level (b) second level (c) third level

Figure 9. Mesh IV.

Figure 8(b). The last mesh (Mesh IV, see Figure 9) is constructed by the uniform
mesh such that when j is an even number,

yij := yi,j−1 + h2, i = 1, 3, · · · , n+ 1,

yij := yi,j+1 − h2, i = 2, 4, · · · , n.

In these examples, we choose ω = 0.25 for Mesh II and Mesh III. Let

(53) θmin = min
K∈Th

θK ,

where θK is the minimum interior angle of K. The θmin of these meshes are pre-
sented in Table 1, one can see that for the Mesh IV, θmin → 0◦ provided h → 0.
Here we investigate the numerical performance of the following seven finite volume
element schemes:

• Bubble 1/4: α = (3−
√
3)/6, β1 = 1/4, β2 = (135+

√
5265− 2400

√
3)/240.

This is the scheme presented in this paper.

• Bubble 1/3: α = (3−
√
3)/6, β1 = 1/3, β2 = (7 +

√
25− 8

√
3)/12. This is

the scheme presented in this paper.
• TianChen91: α = 1/3, β1 = 1/3, β2 = 2/3. This scheme was presented in
[33] by Tian and Chen in 1991.

• Emonot92: α = 1/6, β1 = 1/4, β2 = 2/3. This scheme was presented in
[15] by Emonot in 1992.

• Liebau96: α = 1/4, β1 = 1/3, β2 = 2/3. This scheme was presented in [24]
by Liebau in 1996.

• WangLi16: α = (3−
√
3)/6, β1 = (6+

√
3−
√
21 + 6

√
3)/9, β2 = 2/3. This

scheme was presented in [36] by Wang and Li in 2016.
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Table 1. The minimum angle θmin for the four types of triangular meshes.

h Mesh I Mesh II Mesh III Mesh IV
1/2 45.00◦ 33.89◦ 32.90◦ 11.31◦

1/4 45.00◦ 26.51◦ 22.19◦ 3.95◦

1/8 45.00◦ 24.25◦ 17.42◦ 1.67◦

1/16 45.00◦ 22.42◦ 12.94◦ 0.77◦

1/32 45.00◦ 21.02◦ 9.91◦ 0.37◦

1/64 45.00◦ 20.54◦ 12.01◦ 0.18◦

• Zou17: α = (3 −
√
3)/6, β1 = (1 − 1/

√
3)/2, β2 = 2/3. This scheme was

presented in [48] by Zou in 2017.

Example 5.1. We consider the problem (1) and (2), choose the constant diffusion
coefficient and right hand side function

Λ(x, y) =

(
1 1
1 2

)
, f(x, y) = 3π2 sin(πx) sin(πy)− 2π2 cos(πx) cos(πy),

which allows the exact solution

u(x, y) = sin(πx) sin(πy).

The numerical results of the seven schemes on Mesh I are graphically depicted
in Figure 10 as log-log plots of the discrete errors versus the characteristic mesh
size h. One can observe that for the three schemes: Bubble 1/4, Bubble 1/3 and
WangLi16, the convergence order in H1 and L2 error norm are all of 2 and 3
respectively, which validate the theoretical results in Theorem 3.2 and Theorem
4.1. For the four schemes: TianChen91, Emonot92, Liebau96 and Zou17, we can
see that the convergence order in H1 error norm are all of 2. However, the errors
in L2 norm are all approximately one order lower than the optimal order 3 even
though Mesh I is uniform.

The relation between the error orders and bubble enriched schemes (15) is de-
picted in Figure 11, where the convergence orders are computed from the errors on
the finest two levels of Mesh I. From Figure 11, one can see that the convergence
order in H1 and L2 error norm are all of 2 and 3 respectively provided α satisfies
(14), β1 ∈ (0, 2/3) and β2 ∈ (2/3, 1) satisfy (15), namely the theoretical results in
Theorem 3.2 and Theorem 4.1 are verified again.

The numerical errors on Mesh II, III and IV are graphically depicted in Figures
12, 13 and 14 respectively. One can observe that the numerical results are similar
to Mesh I. Moreover, we observe that the existence and uniqueness of the finite
volume element solution and corresponding convergence order are all independent
of the minimal angle θmin of the meshes, even though θmin → 0◦ for the Mesh IV.

Example 5.2. We solve the problem (1) and (2), where the variable diffusion
coefficient and right hand side function are given by

Λ(x, y) =

(
1 + x 1

2 (x− y)

1
2 (x− y) 1 + y

)
, f(x, y) = −2(2 + x)ex+y.

This problem has the analytic solution

u(x, y) = ex+y.

The numerical errors on Mesh IV are similar to Example 5.1, see Figure 15. For
these schemes, the H1 errors are of order 2, while the L2 error order are 3 for the
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Figure 10. Numerical errors for Example 5.1 on Mesh I.

0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42

β
1

1.8

2

2.2

2.4

2.6

2.8

3

3.2

N
u
m

e
ri
ca

l c
o
n
ve

rg
e
n
ce

 o
rd

e
r

L2

H1

Figure 11. Numerical convergence order of the class of bubble
enriched schemes (15) for Example 5.1 on Mesh I.
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Figure 12. Numerical errors for Example 5.1 on Mesh II.
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Figure 13. Numerical errors for Example 5.1 on Mesh III.
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Figure 14. Numerical errors for Example 5.1 on Mesh IV.

0 0.5 1 1.5 2
log10(1/h)

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

lo
g
1
0
|u

−
u
h
| 1

Bubble 1/4
Bubble 1/3
TianChen91
Emonot92
Liebau96
WangLi16
Zou17
2nd order

0 0.5 1 1.5 2
log10(1/h)

-7

-6

-5

-4

-3

-2

-1

lo
g
1
0
‖
u
−
u
h
‖
0

Bubble 1/4
Bubble 1/3
TianChen91
Emonot92
Liebau96
WangLi16
Zou17
2nd order
3rd order

(a) H1 errors (b) L2 errors

Figure 15. Numerical errors for Example 5.2 on Mesh IV.

three schemes Bubble 1/4, Bubble 1/3 and WangLi16, and approximately 2 for the
rest four schemes. For the other three meshes, there also have similar results.
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Figure 16. Numerical errors for Example 5.3 on Mesh IV.

Example 5.3. We still solve the problem (1) and (2), where the discontinuous
anisotropic diffusion coefficient is

Λ(x, y) =



(
1 0

0 1

)
, x ≤ 0.5,(

1 1.5

1.5 3

)
, x > 0.5.

The exact solution and corresponding right hand side function are given by

u(x, y) =

{
4xex+y, x ≤ 0.5,

(x+ 1.5)ex+y, x > 0.5,
f(x, y) =

{
−8(x+ 1)ex+y, x ≤ 0.5,

−(7x+ 15.5)ex+y, x > 0.5.

Since in this example the diffusion tensor is discontinuous across the line x = 0.5,
then we use the Mesh I, Mesh II and Mesh IV. On Mesh IV, the numerical errors
are presented in Figure 16, where we see that the convergence orders of H1 and L2

errors of the seven schemes are similar to the previous examples. For the Mesh I
and Mesh II, there also have similar results.

Example 5.4. We solve a highly anisotropic diffusion problem which was presented
in [5], where

Λ(x, y) =

(
cos θ sin θ
− sin θ cos θ

)(
1 0
0 κ

)(
cos θ − sin θ
sin θ cos θ

)

and

u(x, y) =
arctan

(
0.5− (x− 0.5)2 − (y − 0.5)2

)
arctan 0.5

.
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Figure 17. Numerical errors for Example 5.4 on Mesh IV.

Table 2. The running time (minute) of numerical errors for Ex-
ample 5.4 on Mesh IV.

Bubble 1/4 Bubble 1/3 TianChen91 Emonot92 Liebau96 WangLi16 Zou17

4.71 m 4.69 m 2.99 m 3.06 m 3.05 m 3.01 m 3.17 m

The right hand side function is given by

f(x, y) =
2(

1 + (x+ y − x2 − y2)
2
)2

arctan 0.5

(
(κ+ 1)

(
1 +

(
x+ y − x2 − y2

)2)
+ 8(κ− 1)(x− 0.5)(y − 0.5)

(
x+ y − x2 − y2

)
sin θ cos θ

+ 4
(
x+ y − x2 − y2

) (
(x− 0.5)2

(
κ sin2 θ + cos2 θ

)
+ (y − 0.5)2

(
sin2 θ + κ cos2 θ

) ))
.

In this example, we choose

κ = 104, θ =
π

6
.

The numerical errors on Mesh IV are similar to the previous examples, see Figure
17. For the other three meshes, there also have similar results. On Mesh IV, the
running time (minute) of these schemes are presented in Table 2. We observe that
the running time of bubble enriched quadratic schemes are greater than the classic
quadratic schemes, since the new schemes have one more degree of freedom on each
triangular element. Note that the exact solution u(x, y) ≥ 0, ∀ (x, y) ∈ Ω, here we
test the positivity preserving property of these schemes. The results are given in
Table 3, where

umin = min
P∈N◦

h

uh(P ),

and N ◦
h includes the barycenters, we observe that these schemes all produce non-

negative solutions at each P ∈ N ◦
h .

6. Conclusions

This paper presents a class of bubble enriched quadratic FVE schemes over
triangular meshes for solving anisotropic diffusion problems. The trial function
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Table 3. The values of umin for Example 5.4 on Mesh IV.

h 1/2 1/4 1/8 1/16 1/32 1/64
Bubble 1/4 0.456073 0.207996 0.097254 0.046800 0.022935 0.011350
Bubble 1/3 0.455906 0.207945 0.097252 0.046800 0.022935 0.011350
TianChen91 0.454781 0.208081 0.097266 0.046801 0.022935 0.011350
Emonot92 0.455069 0.207958 0.097253 0.046800 0.022935 0.011350
Liebau96 0.454921 0.208006 0.097258 0.046801 0.022935 0.011350
WangLi16 0.454967 0.207982 0.097256 0.046801 0.022935 0.011350
Zou17 0.454968 0.207981 0.097256 0.046801 0.022935 0.011350

space consists of a quadratic finite element and an element-wise bubble functions.
Under the assumption (A1), we proved that |u − uh|1 = O(h2) and ∥u − uh∥0 =
O(h3). We mention that the assumption (A1) is derived from element analysis
approach and it is just a sufficient condition to ensure (21). Moreover, from Figures
6 and 7, we see that the assumption (A1) is valid under a certain minimum angle
condition. On the other hand, for the Mesh IV used in Section 5, we have θmin → 0◦

(the θmin defined by (53)) provided h→ 0, and the numerical results indicate that
there exists one unique FVE solution even though θmin is very small. Therefore,
more studies about the coercivity analysis should be developed further, and we
expect that all the FVE schemes are unconditionally stable.
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