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SUPERLINEAR CONVERGENCE OF AN SQP-TYPE METHOD
FOR NONLINEAR SEMIDEFINITE PROGRAMMING

WENHAO FU AND ZHONGWEN CHEN*

Abstract. In this paper, we study the rate of convergence of a sequential quadratic programming
(SQP) method for nonlinear semidefinite programming (SDP) problems. Since the linear SDP
constraints does not contribute to the Hessian of the Lagrangian, we propose a reduced SQP-
type method, which solves an equivalent and reduced type of the nonlinear SDP problem near the
optimal point. For the reduced SDP problem, the well-known and often mentioned ” o-term” in the
second order sufficient condition vanishes. We analyze the rate of local convergence of the reduced
SQP-type method and give a sufficient and necessary condition for its superlinear convergence.
Furthermore, we give a sufficient and necessary condition for superlinear convergence of the SQP-
type method under the nondegeneracy condition, the second-order sufficient condition with o-term
and the strict complementarity condition.

Key words. Nonlinear semidefinite programming, SQP-type method, second order sufficient
condition, constraint nondegeneracy, superlinear convergence.

1. Introduction

Consider the following nonlinear semidefinite programming (SDP) problem

2 @
(1) st.  h(z) =0,

where f: R" - R, h: R" — R! and G : R® — S™ are all smooth functions. S™
denotes the linear space of m-order real symmetric matrices, ST7* and ST, denote the
linear space of m-order real symmetric positive semidefinite matrices and symmetric
positive definite ones, respectively. > and > denote positive semidefinite order and
positive definite order, which means A = B if and only if A — B € ST and A - B
if and only if A — B € ST, respectively. In the past few years, basic theoretical
issues of nonlinear semidefinite programming have been studied, such as optimality
conditions ([9, 15]), duality theory ([6]), stability analysis ([1, 7, 10]) and so forth.

There are various methods for solving nonlinear SDP problem, such as the
penalty /barrier multiplier method ([13]), the Augmented Lagrangian method ([11,
12]), the primal-dual interior point method ([21]), sequential semidefinite program-
ming (SSDP) method ([3, 22, 23]) and so forth. As one of effective methods for
solving nonlinear SDP problem, the SSDP method is a development of the SQP-
type method on semidefinite cone space. The main idea of such method is to
generate steps by solving a sequence of quadratic semidefinite subproblems. At the
current iterate xy, the trial step dj is obtained by solving the following quadratic
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semidefinite programming subproblem

min  Vf(zp)Td+ 1dTWkd
2) deR™ 2 B
st.  h(xg) + Dh(zr)d =0,
G(z) + DG(z)d = 0,
where V f(z) denotes the gradient of the objective function f(z), W} denotes the
Hessian matrix of the Lagrangian function of (1) (see (3) for its definition) or its
approximate symmetric matrix, Dh(z) denotes the Jacobian matrix of h(z) and

Dh(z)" = (Vhi(z), Vha(z), -+, Vh(z)).
Linear operator DG(z) denotes by

0G(x) 0G(x) 0G(x)
DG(Z):< aiL'1 ’ 8:62 o 8.’En >7

which satisfies

0G() vy e pm,
8.’L‘i

DG(z)d = Zn: d;
=1

Hence, the new iteration is updated by a line search xy11 = xx + apdy, where
ay € (0,1] is a step size.

Under suitable assumptions, the sequence generated by the algorithm above con-
verges globally to a KKT point of the problem (1), e.g., see [3, 23]. A fast local rate
of convergence can be arrived if Wy, is a good approximation of the Hessian matrix.
Fares et al. ([8]) proved the local quadratic rate of convergence under the maxi-
mal rank condition and the second order sufficient condition without o-term. Under
the nondegeneracy condition and the second-order sufficient condition with o-term,
Wang et al. ([19]) made a further analysis on the local property of convergence for
SSDP method and also proved that the algorithm has a local quadratic convergence
rate when W, is chosen as the Hessian matrix of the Lagrangian function. Zhao and
Chen ([23]) gave a globally convergent algorithm based on the references [3, 8, 19]
and proved the step size ay of the algorithm is always equal to 1 for k sufficiently
large under the nondegeneracy condition and the second-order sufficient condition
with o-term. Thus the algorithm is convergent superlinearly. The results on the
local rate of convergence of some other methods, such as the primal-dual interior
point method, the augmented Lagrangian method etc., for nonlinear SDP can be
found in [14, 16, 18, 20].

It’s worth noting that the results on the local convergence mentioned above all
include multiplier term. There are few researches on the convergent rate of the
sequence without multiplier term which is generated by SQP-type method for non-
linear SDP, while Boggs et al. ([2]) has already proposed an sufficient and necessary
condition in the case of nonlinear programming in the 1980s. Another point of at-
tention is that the Hessian matrix of the Lagrangian function at the optimal point
is not necessarily positive definite on the critical cone (see the example showed in
[4]). Therefore the subproblems in the SQP-type method near the optimal point
may be nonconvex when W) takes the Hessian matrix of the Lagrangian function
of (1) or its approximate symmetric matrix, which may influence the local conver-
gence properties of the method. In this paper, we analyze the convergent rate of the
sequence without multiplier term. And then an equivalent and reduced type of the
primal problem near the optimal point is analyzed and the conditions of superlinear
convergence are discussed. Finally, a sufficient and necessary condition for super-
linear convergence of the algorithm is given under the nondegeneracy condition,
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the second-order sufficient condition with o-term and the strict complementarity
condition.

The paper is organized as follows. In Section 2, we introduce the SSDP method
and give some results on the local rate of convergence. In Section 3, we first reformu-
late the primal problem into an equivalent and reduced form, which is obtained by
Schur-complement theorem. Then we analyze the conditions of superlinear conver-
gence for the reduced SSDP method. In Section 4, we give an equivalent condition
of superlinear convergence of the sequence generated by the SSDP method and
conclude with final remarks in Section 5.

2. Local convergence of an SQP-type method
The Lagrangian function of the problem (1) is

(3) L(z,1,Y) = f(z) — u"h(z) — (¥, G()),

where p € R, Y € 8™, (A, B) = tr(BT A) denotes the inner product of A, B €
R™*™ tr(X) denotes the trace of a matrix X. At the current iterate zj, we
solve the quadratic semidefinite programming subproblem (2). Suppose that the
subproblem (2) has a solution dy and that (g1, Ye41) is the Lagrange multiplier
corresponding to the constraints. Let zpy1 = x) + di, then the iterate sequence
{(zk, i, Yie)} is generated. The detailed algorithm is described as follows.

Algorithm 2.1. Local SSDP Algorithm.

Initialization. Given an initial point (g, uo, Yp) € R™ x R! x SV, k:=0.

Step 1. Solve (2) to get dj, and the corresponding Lagrange multiplier (pg+1, Yit1)-

Step 2. If dy = 0, then stop.

Step 3. Set xx41 = v + di.

Step 4. Set k:= k + 1 and go to Step 1.

Suppose that Algorithm 2.1 generates an infinite sequence {(zg, ux, Yi)}. We
give some basic assumptions in order to analyze the local convergence of the se-
quences {(zg, pi, Yx)} and {xx}.

Assumption A

A1l f(z), h(z) and G(z) are twice continuously differentiable on R™.

A2 The nondegeneracy condition holds at a feasible point z*, i.e.,

< ll))gg;)) >Rn + ( hn(TS;(()é(f*))) ) N < ‘7;7: ) ’

where lin(Tsp (G(2*))) is a linearity space of the critical cone Ty (G(z*)).

A3 Second-order sufficient condition.

A3.1 (Second-order sufficient condition with o-term) Suppose that (z*, u*,Y™)
€ R" x Rl x 8™ is a KKT triple of the problem (1), i.e.,

(4) Vf(z") = Dh(a*)"p* = DG(a")'Y™" =0,

(5) h(z*) =0, G(z*) = 0, Y* =0, (Y*,G(z")) =0,
where DG(z)* denotes the adjoint operator of the linear operator DG(x) and sat-

isfies

G () G (z) 9G(z)
Yv 8$1 >3<K 6372 >7"'a<Ya 83:”

DG(z)*Y = (< >)T, Y es™.

Moreover,

(6) d"V2,L(x*, 1", Y*)d + L) (Y*, DG(z*)d) > 0 for all d € C(z*)\{0},
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where,

(7) C(z*)={deR" | Dh(z*)d =0, DG(z*)d € Tsm(G(z")), Vi) 'd =0}

is the critical cone, linear-quadratic function Yp : §™ x 8™ — R is defined by
Yp(D,A) =2(D,ABTA), (D,A) € S™ x 8™,

where B' is the Moore-Penrose generalized inverse of B.
A3.2 (Second-order sufficient condition without o-term) Suppose that (x*, p*,
Y*) € R"® x R! x 8™ is a KKT triple of the problem (1) and

(8) d'V2, L(z*, 1", Y*)d > 0 for all d € C(x*)\{0}.
A4 The strict complementarity condition holds at x*, i.e.,
rank(G(z*)) + rank(Y™) =m for all Y* € Q,

where Q* is the set of the multipliers corresponding to the constraint G(z) = 0 at
xT*.
Fares et al. ([8]) and Correa and Ramirez ([3]) give the following result about

the local convergence of Algorithm 2.1.

Theorem 2.1. ([3, 8]) Suppose that the assumptions A1 and A3.2 hold. Suppose
that (Dh(z*)T, DG(x*)) has full rank and that

Wy — V2, L(z*, 1", Y*) = o(1).

Then there is 0 > 0 such that if ||zo — x*|| < 6, ||po — p*|| < & and ||Yo —Y™*|| <
0, Algorithm 2.1 is well defined and the sequence {(xk,pr,Yr)} generated by it
converges superlinearly to (x*, u*,Y™*). The convergence rate is quadratic especially
when

(9) Wi = Vi L(z*, 5, Y™) = O(llzy, — 27| + | (e, Yi) = (0 Y)))
and the second derivatives of f,h,G are locally Lipschitz continuous at x*.

Though the sequence generated by Algorithm 2.1 under the assumptions of The-
orem 2.1 is convergent quadratically, we need to suppose that (Dh(z*)T, DG (z*))
has full rank and that the assumption A3.2 holds. Zhao et al. ([23]) analyze the
local convergence rate under the nondegeneracy condition and the second-order
sufficient condition with o-term.

Theorem 2.2. ([23]) Suppose that the assumptions A1, A2, A3.1 and A4 hold
and that the second derivatives of f, h, G are locally Lipschitz continuous at x*. The
sequence {(xy, ug, Yx)} s generated by Algorithm 2.1. Suppose that the matriz Wy,
is uniformly positive definite, uniformly bounded and satisfies

(10) (Wi — Vo, L(z*, 1", Y*))die = o(||di))-

If the sequence {xy} converges to x*, then the sequence {(xy, ux, Yi)} converges to
(x*, u*, Y™*) superlinearly.

It’s worth noting that it is not necessary to get the convergence rate of the
sequence with multiplier term. Moreover, quadratic or superlinear convergence of
the sequence {(xg,tk, Yi)} above is not equivalent to the traditional one of the
sequence {xy}. Now we discuss the convergence rate of {zy}. The following lemma
is required.
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Lemma 2.3. Suppose that the assumptions A1, A2, A3.1 hold and that the
second derivatives of f,h,G are locally Lipschitz continuous at x*. The sequence
{(xk, pr, Yi)} is generated by Algorithm 2.1. Suppose that the matriz Wy is uni-
formly positive definite, uniformly bounded and satisfies (9). Then there is 6 > 0
such that if ||xg — x*|| <9, ||ux — p*]| < 0 and ||V — Y*|| <6, then

ldill + llprsr = w* I+ 1 Yer = Y7 = Ol — 27| + |G, Yie) = (07, YD)

Proof. The proof is finished by combining Theorem 3.2 in [19] with Lemma 3.8 in
[23]. O

Theorem 2.4. Suppose that the assumptions A1, A2 and AS3.1 hold and that
the second derivatives of f, h, G are locally Lipschitz continuous at x*. The sequence
{(zk, pi, Yie)} is generated by Algorithm 2.1. Suppose that the matric Wy is uni-
formly positive definite, uniformly bounded and satisfies (9). Then there is § > 0
such that if ||xg —x*|| <6, ||po—p*|] < d and |Yo —Y™*|| < 6, then Algorithm 2.1 is
well defined and the sequence {(xy, pr, Yr)} converges quadratically to (z*, u*,Y™*)
and the sequence {xy} converges to x* superlinearly.

Proof. By Lemma 2.3 and
1

5(a+b)2 <a?+b* <(a+0b)? Va,b>0, a,b e R,

we have that
ldill = O(er), Vi1 — Y| = Olex),
where e = ||(zk, pk, Yi) — (%, p*, Y*)||. By the assumption Al,
0 = h(zk)+ Dh(zr)ds
= h(a") + Dh(z*)(zy, — z*) + O(||lzy — 2”|?)

+Dh(z")dy + O([lze — 2"[[[|dx])
(11) = Dh(z*)(zps1 —2%) + O(e).
By the definition and the property of the projection operator Ilsw(-) ([17]), that
is, let A € 8™ has the following spectral decomposition,

A=QAQT,
where A is the diagonal matrix of eigenvalues of A and @ is a corresponding or-
thogonal matrix of orthonormal eigenvectors. Then

sy (A) = QALQ7,
where Ay is the diagonal matrix whose diagonal entries are the nonnegative parts

of the respective diagonal entries of A. Thus, the complementarity condition of (1)
and one of (2) can be reformulated as

(12) sn(G(z") = Y7) = G(z")
and
(13) HS«T (G(xk) + DG(Z‘k)dk — Yk—H) = G(xk) + DG(Z‘k)dk,

respectively. Since the projection operator Hsf(') is strongly semi-smooth, it fol-
lows that there is an operator M* € Ollsp (G(z*) —Y™) such that
sm(G(2") = Y™)
= HST (G(xk) + DG(ZL’k)dk - Yk+1) + M*(G(QJ*) - G({Ek) — DG(Z’k)dk

(14) +Yir1 — Y*) 4+ O(||G(2*) — G(xr) — DG(zp)dy + Yip1 — Y*||?).



SUPERLINEAR CONVERGENCE OF AN SQP-TYPE METHOD 597

Similar to (11), we have that

(15)  Glaw) + DGlz)dy — G(") = DG(a")(wner — 2°) + O(E).

Thus,

(16) |G(2*) — G(xk) — DG (z)dy + Yig1 — Y| = O(ept1) + O(er).
Therefore, it follows from (12)—(16) that

(17)  —(M" = )DG(")(xks1 — 27) + M*(Yirr = V™) = O(eg) + Oleg41)-
By (9),

(Wi = V2, L(z*, 5", Y*))d = O(||di||ex) = O(eR).
Since (dg, ptk+1, Ye+1) is a KKT triple of the subproblem (2), we have that
0 = Vf(xr)+Widy — Dh(xp)" pps1 — DG(zr)* Yigt
= Vf(zr) — Dh(zp)Tu* — DG(xp)* Y™ + V2, L(z*, u*, Y *)dy + O(e3)
—Dh(xy)" (41 — 1) = DG(ap)* (Y1 — Y7)
= VoL(xp, u*,Y*) = Vo L(z*, u*, Y*) + V2 L(z*, u*, Y*)dy, + O(e?)
—Dh(xr)" (41 — 1) = DG(xx)* (Vo1 — Y7)
= Vi L(z" 1" Y") 2k +dyp — 2) + O(|lex — 2*||) — Dh(ay) " (1 — 1)
—DG(z1)* (Y1 — V™) + O(3).
Noting that
Dh(ew)T (11 — 1) + DG ()" (Vips — Y™)
= Dh(z") (g1 — 57) + DG(@") (Yierr — Y™) + Olenersn).

Therefore,
ViaL (@, 1", Y ) (@1 — 2%) — Dh(z*)" (a1 — 1)
—DG(z*)* (Y1 = Y7)
(18) = O(}) + O(epeps).
By (18), (11) and (17), we have that
V2, L(xz*,p*,Y*) —Dh(z*)T —DG(z*)* Ty —
—Dh(z") 0 o fie1 — 11
—(M* — I)DG(z*) o) M* Yir1 — V™

(19) = O(e}) + o(ex1).

It follows from the assumptions A2, which means that * is a singleton, i.e., Q* =
{Y*}, and from A3.1 that the left operator of (19) at z* is nonsingular (see [17],
Proposition 3.2). So €x41 = O(€}), i.e., the sequence {(zg, px,Ys)} converges to
(z*, u*, Y*) quadratically.

Now we will prove that the sequence {xj} converges to z* superlinearly.

If €41 satisfies

(20) k1 = O(||zp — 27 [|ex),
then
_p* 0]
[ o I _ (€k+1*> — O(e) = 0,
e — 2% [loe — 2]

i.e., the sequence {z}} converges to x* superlinearly. Therefore, it is enough to
prove that (20) holds.
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Since ||z — z*|| = O(ex) and ||dg|| = O(eg), similar to (11) and (15), we have

0 = h(z*)+ Dh(z*)(zy — %) + O(||zx — z*||?)
+Dh(z")dr + O(||lzx — 27 [|[|dl])
= h(z")+ Dh(z*)(zr — =) + Dh(z™)dy, + O(||z) — ™ ||ex)
(21) = Dh(z*)(zr41 — %) + O(||zk — 27| €k)-

G(z) + DG(wg)dy — G(27) = DG (2" )(zp41 — 27) + O([|zg — 27 [|ex).
Therefore,
|G(z") = G(ak) — DG(zk)dy + Yiy1 — Y| = O(||lzw — 27 [|ex) + O(€nr1).
Similar to (17), we have that
(22) —(M*—=1)DG(2*)(xpy1— %)+ M*(Yip1 —=Y™) = O([|zx — 2™ ||ex) + O(€f11)-
It follows from (9) that
= O(ldillex)  (d = zp41 — 2™ + 2" —xp)
= O(llzx — z"[lex) + O(||zp41 — 2" ||ex)
= O(llzr — z"[|ex) + o(€ex+1)-
Since (dg, k+1, Yi+1) is a KKT triple of the subproblem (2), we have that
ViwL(x*a :u*7 Y*>($k¢+1 - 33*)
—Dh(z*)" (prr1 — ) = DG(z*)* (Y1 — V™)

(23) = Oz — o llex) + olexs1).
By (23), (21) and (22),
V2, L(xz*,p*,Y*) —Dh(z*)T —DG(z*)* Tpy1 —
—Dh(z") o o k41 — K
—(M* — I)DG(z*) 0 M* Yipr — Y
(24) = O(llzr — 2™ |[er) + o(ert1)-

Since the left operator of (24) is nonsingular at z*, it follows that ez = O(||axy —
x*||ex). Thus, the result is proved. O

Under the assumptions of Theorem 2.2 or Theorem 2.4, the sequence {(xg, g, Y%)}
converges superlinearly when Wy is an approximate symmetric matrix of the Hes-
sian matrix of the Lagrangian function. However, the Hessian matrix may not be
positive definite (even negative definite) even if the second-order sufficient condition
with o-term holds. In this case, it is unsuitable to approximate the Hessian matrix
by a positive definite matrix. Actually, Diehl et al. ([4]) show that the classic
SQP-type method under the assumptions A1-A3.1 may only have a linear rate of
convergence if the assumption A3.2 does not hold and Wy is any positive definite
and bounded matrix. Therefore, we consider an equivalent and reduced problem
near the optimal point where the Hessian matrix of the Lagrangian function of the
reduced problem is always positive definite on its critical cone, i.e., the assumption
A3.2 holds.
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3. Local convergence of a reduced SQP-type method

Motivated by Dorsch et al ([5]), we assume, without loss of generality, that G(x)
has the following form near the optimal solution z* of (1).
_( Alz) B(x)
G(l‘) - ( B(:E)T C(x) )
where A(z*) is nonsingular and rank(G(z*)) = rank(A(z*)) = r. In fact, this
matrix partition holds after a reordering of the variables or, equivalently, by con-
sidering the matrix PTG (z)P instead of G(z), where P is a permutation matrix.

By continuity, there is a neighbourhood A7 (z*) of z* such that rank(A(z)) = r for
all x € Ni(z*). Let

S(z) = C(x) — B(z)TA(z) 'B(z) € 8™, x € Ni(z*).
Then, for all = € N;(2*), we have that
(I A@)'B@) \' [ A@x) O I, A(z)"'B(z)
GM_( 0 Iy ) < O Sz >< 0 Iy >

where I,. and I,,_, are r-order and (m — r)-order identity matrices, respectively.
Therefore, for all x € Nq(z*), G(z) = 0 if and only if S(z) > 0. Thus, we get an
equivalent problem of (1) near the optimal point z*

min  f(z)
(25) st h(z) =0,
S(z) = 0.

We refer to the equivalent problem (25) as a reduced problem of (1). Denote the
Lagrangian function of the reduced problem (25) by

(26) L(z,p,Y) = f(x) = i"h(x) = (Y, S(2)),

where i € R, ? € §™~". Under certain constraint qualifications there is a multi-
plier pair (i*,Y*) € R! x ™77 associated with the optimal point z* of (1) such
that

(27) Vf(z*) — Dh(z*)Ti* — DS(a*)"Y* =0,

(28) h(z*) =0, S(z*) =0, Y* >0, (Y*,S(z*)) = 0.

At the current iterate xj, we have the reduced quadratic semidefinite program-
ming subproblem as follows

min Vf(l‘k)Td + %dTWkd
(29) st.  h(zy) + Dh(z)d = 0,
S(z) + DS(xx)d > 0,

where W), is the Hessian matrix of the Lagrangian function of (25) or its approxi-
mate symmetric matrix. It follows from the equation (28) in [5] that, for all d € R",

DS(ex)d ( —Azk) " B(ax) )TDG(mk)d< —Azk) " B(a) )

m—r m—r

Denote the solution of (29) by dj, and the corresponding Lagrange multiplier by
(ftk+1, 571@-1-1)- Set 41 = g, +dj. Thus, we obtain the following reduced sequential
semidefinite programming (RSSDP) algorithm conceptually.

Algorithm 3.1. Local RSSDP Algorithm.

Initialization. Given an initial point (xg, fig, 170) ER" x R! xS k= 0.
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Step 1. Solve (29) to get dj, and the corresponding Lagrange multiplier (firs1s Yi1)-

Step 2. If dy, = 0, stop.

Step 3. Set zpy11 = ) + dy.

Step 4. Set k := k + 1, go to Step 1.

Let the sequence {(x, fix, Yi)} be generated by Algorithm 3.1. By the definition
of S(z), the o-term in the second-order sufficient condition of the reduced problem
(25) vanishes. By Lemma 5.a in [5], the multiplier pairs of the primal problem (1)
and the reduced problem (25) are both determined uniquely when the assumptions
A1l and A2 hold. Furthermore, it follows from Lemma 4 in [5] that the multiplier
pairs associated with the optimal point x* of the above two problems have the
following relations

B P = ( ~Aa®) 7 B(a") )TY*( ~A®) " B(x") )

Iy ) P

Lemma 3.1. Suppose that the assumptions A1, A2 and A3.1 hold. The critical
cone C(z*) of the primal problem (1) at the optimal point x* is equal to that of the
reduced problem (25) and

for all d € C(x*), where (u*,Y™*) and (i*,Y*) are the Lagrange multipliers of (1)
and (25) associated with x*, respectively.

Proof. We first prove the following conclusion
C(z*) =C(z*) 2 {d € R" | Dh(z*)d = 0, DS(z*)d € T, nr(S(a)), Vi(z*)Td = 0}.
Denote G(z*) by G*. Let No(G*) ={X € 8™ | X = G(x), © € N1(z*)}. Define

— Ty—-1 T
F(X) — ( ((IWO)X(IMO) ) ((IrvO)X(Ovjm—T) )

It is obvious that, for all z € Nj(z*),
(I,0)G(z)(I.,0)" = A(z), (I,,0)G(2)(O,Ln—)" = B(x),

Fat) = HGTR0,

), X € No(GY).

Iy
F(G(z))"DG(x)dF(G(x)) = DS(x)d, for all d € R™.
Since F'(+) is twice continuously differentiable on No(G*), so is F(G(-)) on Ni(z*).

Moreover, the columns of F(G(z*)) span the kernel space of G(z*) and the kernel
space of S(z*) is S™~". By the definition of tangent cone,

{deR" | DG(z")d € Tsy (G(z"))}
= {deR"| F(G(z*)"DG(z*)dF(G(x*)) = 0}
= {deR"|DS(z*)d > 0}
= {deR"|DS(x*)deT r_r(S(x*))}.
Therefore, C(z*) = C(x*).
Define map ¢ : No(G*) — 8™~ satisfying
#(X)=F(X)TXF(X).
Obviously, ¢(-) is twice continuously differentiable on NMo(G*) as well. It follows

from chain rule and
* * O
eriar=( 42, ) =t
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that for all Y € 8™, we have that
Dx¢(G™)Y

= (DxF(GHY)TG*F(G*) + F(G)TYF(G*) + F(G")TG*(Dx F(G*)Y)

= FGHTYF(G*)eS™ .
As F(G*) has full column rank, for all Y € S™~", there is a matrix

Yo = F(G")(F(G)F(G") 'Y (F(G) T F(G*) T F(G)T
such that
Dx¢(G*)Yo =Y.
Therefore, Dx ¢(G*) is onto. Next we can prove that ¢(-) satisfies
STNN(G") ={X eS| ¢(X)eSI "}

In fact, it is obvious that ¢(Xo) € ST~ " for all Xy € ST* NN(G*). On the con-
trary, the domain of ¢(-) implies that X € N2(G*) for all Xy € {X € 8™ | ¢(X) €
ST}, Hence, ¢(Xo) € ST is equivalent to Xo € ST*. So ST is C? reducible to
SI'™" at G*. The remainder of the proof follows from (3.272) in [1]. O

Similar to Theorem 2.4, we have the following result.

Theorem 3.2. Suppose that the assumptions A1, A2 and AS.1 hold and that
the second derivatives of f,h,G are locally Lipschitz continuous at x*. The se-
quence {(xg, i, ?k)} is generated by Algorithm 3.1. Suppose that the matriz Wi
is uniformly positive definite, uniformly bounded and satisfies

(30) Wi — Vi, L(a*, ", Y") = Ol — «*|| + [|(, Vi) — (7%, Y)])).

Then there is § > 0 such that if |zo — z*|| < 0, ||jio — i*|| < 6 and ||Yo — Y*| < 6,
then Algorithm 3.1 is well defined and the sequence {(xy,fix,Yz)} converges to
(x*, @*,Y™*) quadratically and the sequence {x} converges to x* superlinearly.

Proof. Tt follows from the assumption Al and the definition of S(x) that S(x) is
twice continuously differentiable in some neighbourhood N (z*) of x*. Since G(z)
is locally Lipschitz continuous at z*, so is S(z) at z*. By Lemma 5.a in [5], the
nondegeneracy condition of the reduced problem (25) holds at z*. The rest of the
proof runs as in Theorem 2.4. [l

Under the assumptions of Theorem 3.2, the condition (30) ensures that the whole
sequence {(xy, fir, Yi)} converges quadratically and then {x;} converges superlin-
early, which is unnecessary for superlinear convergence of the sequence {x}. Now
we discuss the equivalent condition of superlinear convergence of the sequence {zy}.
We first have the following lemma.

Lemma 3.3. Suppose thal the assumptions A1, A2, A3.1 and A4 hold. The
sequence {(zk, fix, Yi)} is generated by Algorithm 3.1. {dp} is a solution to the
subproblem (29). If the sequence {x\} converges to x*, then

S(xy) + DS(xg)dp =0
holds for all k sufficiently large.

Proof. Suppose, by contradiction, that there exists an infinity index set K; such
that

S(x1) + DS(zp)dy € ST\{0}, Vk € K1,
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which implies that
M (S(zr) + DS(xp)dy) > 0, Vk € K1,

where A1 (+) denotes the maximal eigenvalue function of a square matrix. By the
complementarity condition of the subproblem (29), we have that

M (=Yig1) =0, Vk € Ky
It follows from the continuous property of the maximal eigenvalue function that
M(=Y*) =\ (lim —Yj4q) = 0.
1(=Y7) = A (lim —Yip)
By A4 and Lemma 5.b in [5], the strict complementarity condition of the reduced

problem (25) holds, which implies by S(z*) = 0 that Y* = 0. That is a contradic-
tion. Thus, the result is true. O

For convenience, we define an n x 1(m —r)(m — r + 1)-order matrix as

B d8(x) 95 (z) aS(x)\\ "
Ag(z) = <svec( Ot ) ,svec < Oy )’ ,svec . ,
where, for all Z = (z;;) € S™, the operator svec(-) is defined by

svec(Z) = (211, V2219, 220, V2213, V2223, 233, Zmm) "~ € RaMmAD)

Obviously, Ag(z)Td = svec(DS(x)d) for all d € R™. It follows from the strict
complementarity condition that

(31) C(z*) =C(z*) = {d € R" | Dh(z*)d =0, Ag(z*)Td = 0}.
Moreover, for all Y € ™", we have that
Ag(z)svec(Y)

o (o (52 vt e (%52 ) )
- () ()

= DS(x)*Y.

Therefore, the nondegeneracy condition of (25) is equal to that (Dh(z*)T, Ag(z*))
having full column rank. Now, we define a matrix near the optimal point x* as

Pla) = 1= (Dh(aw), Asa) [( 2050 ) (Dhan)” Ast)] (258 ).

Clearly, P(z) is an orthogonal projection matrix from R" to Ker((Dh(zg)T, As(zi))T).
For abbreviation, we denote P(xy) by Pk.

Theorem 3.4. Suppose that the assumptions A1, A2, A3.1 and A4 hold and
that the second derivatives of f,h, G are locally Lipschitz continuous at x*. The se-
quence {(x, fir, Yi)} is generated by Algorithm 3.1. If the sequence {x}} converges
to x*, then the step di, in Algorithm 3.1 is a superlinearly convergent one, i.e.,

lxx + dy, — o

lim =0

k—too |l — ¥
if and only if the matriz Wy, satisfies
(32) Py(Wy, = V3, L™, i, Y*))dy, = o(||di]))-
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Proof. By the definition of the projection matrix Py,
Pr(Dh(x1)" firg1 + DS (21) Vi)

= P ( Dh(x)", As(zx) ) ( Sveﬁff/;l) )

= 0

= Py ( Dh(zi)", As(zi) ) ( Sveg(}/*) )

= Pu(Dh(wy)"it* + DS(ax)*Y™).
Since (ci;€7 [Lk+1?k+1) is a KKT triple of the subproblem (29), we have that

Wid, = =V f (1) + Dh(ar)T finsr + DS () Yiss.
Abbreviate P(z*) to Px, then,
Po(Wy, — V2 L(x*, i, Y™))dp

= P(-Vf(z )+Dh( k) ki1 + DS (k) Yigr — Vi, Lz, i, Y™ )dy,)
= —Pu(Vf(x > Dh(x > = DS(xx)'Y* + Vi, L(a*, i Y*)dw
= —B(V, fi( Y*) = Vo Lz, i N*)+V§mf4(ﬂf Y ) dy)

(33) = —PkVZ L(x*, i, Y* )(xk—l—dk—x)—i—o(ka—x*H).

Again by P(z*) = P(xk) + o(1) that
Po(Wi — V2, L(x*, i*,Y*))dy = —P*V2 L(z*, i*, Y*)(z), + dj — z*)

(34) to(lzrts — 27[1) + o([Jzr. — 27|))-
By (11),

(35) —Dh(z*) (@41 — 2*) = ofl|ox — o).
Similarly, by Lemma 3.3, it holds for k sufficiently large that
(36) As(@) (w41 — 2) = of |z — 2|)).

By (34), (35) and (36),
PrV2, L*, i*,Y™)

Dh(x ) (Th+1 — 27)
As(l'*)T
—Pu(Wi — V2, L(a", ", Y*))d,
= o)
0]
(37) Fo(llzrsr — 2"|) + ofllzx — 7).

We can prove that the left coefficient matrix in (37) has full column rank.
Suppose, by contraction, that there exists a nonzero vector d € R™ such that

P*V2 L(z*, ji*,Y*)d =0, (Dh(z*)T, As(z*))Td = 0.
By the second part of the equation above, P*d = d. Hence,
dTV2, L(z*, 5", Y*)d = d* P*V? L(z*, i*,Y*)d = 0.

By Lemma 3.1 and (31), ngﬂ( *,[i*, Y*) is positive definite on Ker(Dh(z*)T, Ag(z*))
\{0}. Thus, d = 0, which is a contradlctlon.
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If the sequence {xy} converges to 2* superlinearly, then

lim (d |/ [}z — 27| = 1.
k—+

By (33),
(38)  Pu(Wi — V2,L(z*, ", Y"))dx = O(|zks1 — z*|]) + o[|zx — 27|))
and thus

[P (Wi, — V2, L(x*, i*,Y*))di|

el
B N M A ) A B L
oo — o] el
) (o<|xk+l =), ol D) o)
A I P [ R PA

i.e., (32) holds.
On the contrary, if (32) holds, then, it follows from (37) and its left coefficient
matrix having full column rank that

ek = = O(IP(Wi = V3, L(2", 3%, Y™))dx|
to(llzrer — ™) + O(Ika — a7
o([|zrsr = 2™ |) + olaw — &) + o([ldill)-

By ||dil| < l[@xs1 — 2| + llox — 2*[|, [lzh1 — @*]| = o(|z — @*])). Thus the result
is proved. O

(32)

The preceding theorem guarantees a sufficient and necessary condition for the
step dy, being a superlinear convergent one, which is also equivalent to the fact
that the primal sequence {z} generated by Algorithm 3.1 converges superlinearly
when the unit step size is always accepted. Inspired by the technology in Section
3, where a conceptual algorithm 3.1 is applied and an unspecific reduced problem
(25) is solved, we next analyze the equivalent condition for the primal sequence
{1} generated by Algorithm 2.1 being superlinearly convergent.

4. Superlinear convergence of the SSDP algorithm

In this section, we will construct a projection matrix to obtain an equivalent
condition for superlinear convergence of the standard sequential semidefinite pro-
gramming algorithm.

At the optimal point x*, we suppose that rank(G(z*)) = r and that G(z) has a
spectral decomposition as follows

G(z) = Q(z)"Diag(Ai(2), Xa(2), -+, A (2))Q(@),
where Q(z) = (q1(2), ¢2(x), - -+ , gm(z)) is an orthogonal matrix, A;(x), Az(x), - -,
Am(x) are the eigenvalues of G(z) in decreasing order. Denote that Q%*(z) =
(1(2), q2(), -+ ¢ (@), Q) = (@r+1(2), -5 @ ().

Let £(G(x)) be the linear space generated by the column vectors of Q7(z).
Then the column vectors of Q) = Q7(z*) span the linear space £(G(z*)). Denote
the orthogonal projection matrix from R" to L£L(G(x)) by Py(G(x)). Note that
P,(G(x)) is continuously differentiable in a neighbourhood of G* = G(z*) about G
(see Example 3.140 in [1]). Therefore, F,(G(z)) = P,(G(z))Q7 is also continuously
differentiable in a neighbourhood of G, = G(z*) about G. Espec1a11y7 L(Gh) = Q1.
The rank of F,(G(x)) is equal to m —r for x close to z* sufficiently, i.e., its column
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vectors are linear independent. Let U(G(z)) be a matrix generated by the column
vectors of the matrix F,(G(x)) using Gram-Schmidt orthogonal method. In this
case, the matrix U(G(xz)) is well defined and is continuously differentiable about G
in a neighbourhood of G and U(G(z*)) = Q7. Moreover, the linear space L(G(x))
generated by the column vectors of Q7 (z) coincides with that of U(G(z)), and we
have U(G(z))TU(G(z)) = Iy—r. Thus, U(G(2))TG(2)U(G(z)) = 0 is equivalent
to G(x) > 0 in a neighbourhood of z*.

Suppose that the sequence {(xy, pi, %)} is generated by Algorithm 2.1 and that
dy, is a solution to the subproblem (2). Let

S(x) = U(G(2))"G(«)U(G(x))
and Uk = U(G(Z‘k)), S'k = S(xk), Yk = UEYkUk.

Lemma 4.1. Suppose that the assumptions A1, A2 and A3.1 hold. {(xy, ux, Yz)}
generated by Algorithm 2.1 is an infinite sequence. {dy} is a solution to (2). If
{z} converges to x*, then

DG(x1)* Yy, — DS(x1)* Vi = O(||di—1||?).
Proof. By the definition of (Sk, f’k) and U,?Uk =Im_r,

9S(xk) ¢
T
- (GG iy,
813
T
- <78U(§(“)) Glan)Us + UF 288 1 4 7 Gy 2ULG @) U,?YkUk>
T
= (02 ey 4 958 4 G Ny bt vt )
T
<UkL G ), U VU UE > + <8%(3”,"),Uw5 ViUUF >
@)+ (6o vutvowr ).

It follows from Qy = (Q%,Q)) and QxQF = I, that
QUANT + QR (@) = Im, (@)TQR =0.

Since both U and @} have full column rank and the linear spaces spanned by
them respectively coincide with each other, U} L is invertible and vlbQy = o.
Therefore,

wrQn~'ul = (U TUEQU@O)T + (U Q)T Ul Q@)
(40) = @'

Similarly, let Ui be the matrix constructed by the standard orthogonal basis of
the orthogonal complement space of the linear space £L(G(z)). Then,

QUUEQY™ = (UL +UUHDQUEQ)™ = Uy

Therefore,

(41) nUl = Quuren vl “C Quaen’.
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Set the eigenvalues of G(z—1) + DG(xk—1)dr—1 in decreasing order and let QZ be
the matrix whose column vectors are the last m — r eigenvectors. By the definition
of the orthogonal projection operator P, (-) (also see Example 3.140 in [1]),

Py(G(xp-1) + DG(zp-1)dr—1) = Q1O

Since P, (G(zx)) = Q1(Q))T and P,(G) is continuously differentiable in a neigh-
bourhood of G, about G, we have that

2 QL@DT = Q@Y +O(IG(@) = Glwr—r) — DG(wr-1)de-l)
= QUQDT +O(ldr-1]?)-

By (Yi, G(zx—1) + DG(xk—1)dp—1) =0,
(43) Vi = QiTw(Q))7,

where T}, is a diagonal matrix formed by the eigenvalues of Yj. Therefore, it follows
from (41), (42) and (43) that

UUIUUY = Q

= QITw(Q])
(44) = Y+ O(”dk—l” )-
By the complementarity condition of the subproblem (2),
YiG(wy) = Yi(G(wp-1) + DG(@p-1)dx-1) + O(||dy-1[1*) = O([|d—1]*)-

Hence,

i

DT+ O0(ldk-1[?)
DTRLQNT + O(||dk—1]%)
O(|ldx-111%)

@) 022G ) v = (60 P EE Dy v — o)
It follows from (39;, (44) and (45) that Z
(DS () i),
= @20 G, iy + 24
60 LEIDGT ) + O )
= (DG Vi + Oy 1),
which proves the lemma. O

Since U* = Q7 at the optimal point x*, we have that

(46) S(@*) = (@QNTGENHQL YV =(@QNTYQ!
and (z*, p*, Y*) is a KKT triple of the following SDP problem
min  f(z)
(47) s.t. }E( x) =0,
S(z) = 0.

Denote the Lagrangian function of (47) by
Lz, ji,Y) = f(x) — pTh(z) = (Y, 8(z)), pe R, Y e S™ 7.
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Then the second-order sufficient condition with o-term (6) is equivalent to
(48) dTV2 L(z*, p*,Y*)d > 0, ¥d € C(z*)\{0},
where the critical cone C(z*) is as follows

C(z*) ={deR"| Dh(z*)d=0, (Q1)TDG(z*)dQ) = 0, Vf(z*)Td =0}
={deR" | Dh(z*)d =0, (U*)TDG(z*)dU* = 0}.

Denote U(G(x)) = (u1(x),ua(x), -, um—r(z)). For 1 < i < j < m-—r, we
define .
oy [(Oui(@) TG (@)uy (@) 9(ui(z)" G(z)u;(z))
Ulj (Z) - y Ty )
oy Oy,
V('rk) = (’Uflv ﬁvf% ’U12€27 ) \/ivfm—rv T ’Ufn—r,m—r) € Rnx%(miﬂ(miwﬂ)’

where vfj =v(rp)(1<i<j<m-—r).

Lemma 4.2. It holds for alld € R", Y € ™" that

(49) V() d = svec(DS(xy)d),
(50) V(wp)svec(Y) = DS(z)"Y.
Proof. For all d € R", by the definition of Vj,
V() td
= ((of)"dV2(uly)"d, (v3)Td, - V2(0F ) T (V)T )T
(viy)"d (vfp)"d o (Vi)
= svec : : . :
(vp—r)d (v _y2)"d o (Uf )T
Moreover,
(viy)"d
_ 5(Ui($k)TG($k)uj($k))dl T 5(Uz‘($k)TG(fﬂk)Uj($k))dn
0x1 oz,
= (Dg(xk)d)ij.

So (49) holds.
For all Y € §™~", by the definition of V(xy),

V(xk)svec(f/) = (Ufla \/ivlf% U§27 R \/ivfm—m e Uk )SVGC(Y/)

YYm—r,m—r

(Svec (a (U(Ga0) GV (G(1))) ) ) '

5‘:c1

svec(Y)

(Svec (a (U(Glan)) Gl U (Glan) ) ) '

oxy,
0S(xk) o
Y
( < axl ,
= DS(xp)*Y,
which means that (50) holds. O
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Since the assumption A2 is equivalent to (Dh(z*)T,V (z*)) having full column
rank, the critical cone can be further reformed as

(51) C(z*) ={d € R™ | Dh(z*)d =0, V(z*)"d = 0}.

We next construct a matrix P(x,) according to (Dh(zx)?, V(). Let

P(x) = I — (Dh(zr)",V(zr)) [( ‘e&(:)kT) ) (Dh(:r@?V(m))} : ( 1‘3?35:)%2 > .

It is easy to check that P(xy) is an orthogonal projection matrix from R™ to the
Kernel space Ker((Dh(xy)T, V(xp))T).

Now, we give an equivalent condition for superlinear convergence of the SSDP
algorithm by abbreviating Py, = P(zy).

Theorem 4.3. Suppose that the assumptions A1, A2, A3.1 and A4 hold and
that the second derivatives of f,h,G are locally Lipschitz continuous at x*. The
sequence {(Tk, i, Yi)} is generated by Algorithm 2.1 and assume that xj, converges
to x*, rank(G(z*)) = r. Then the iterate xy, is a superlinearly convergent one, i.e.,

|z + di — 27|

lim =0
k—+o00 ||$;c — a:*H
if and only if the matriz Wy, satisfies
(52) Pp(Wi = Vo L(a*, 5", Y™)dy, = o(||dy|)).-

Proof. By Lemma 3.1 in [23], limg—c0 (dk, ftk+1, Ye+1) = (0, ", Y™*). According to
the assumptions, we have that

Vo L(x*, p*,Y™") = VIE(I*7N*7Y*) =0,
Viwi’(x*vu*7y*) - meL(m*,u*,Y*) = Vix<y*7G(m*)> - VJancQA/*a §*>7

where Y* is defined by (46). By the definition of P and (50), for all (u,Y) €
Rl % Smfr’

(53) Pu(Dh(2)T 1+ DS(21)*Y) = Po(Dh(xe)” o+ V(x)svec(Y)) = 0.
Therefore, it follows from (dj, pig+1, Ye+1) being a KKT triple of (2) that
Py(Wy, = V3, L(z*, 1", Y ™)) di
=Py, (=V f(z) + Dh(zy) i1 + DG (1) Vi1 — Vo L(z*, 1, Y*)dy)
Bp, (_v F(zx) + Dh(z)Tw + DS(xy)* V™ — V2, L(x*, w*, V") dy,
+Dh(zr) T pigs1 + DG (wg)* Yipr — V2, L(x*, 1", Y*)dy + meﬁ(x*,u*,f/*)dk)
=—P (Vmﬁ(xk,p*, Y*) = Vo L(a*, 1", Y*) + V2 L(z*, u*, Y*)dk)
+ Pe (D) s + DG(@) Yesa + (V2 (Y, Gla") = V2,7, 8(2))) di )
53 o * Y * * Ok Q%
P (DG (k) Yiess = D) Vs + V2V, G@")) = V27", 5(")) ) d.)
(54)
— PV L™, 1 Y ) (@ — %) + ol o — 2*])).
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By the assumption Al and Y11 — Y* = o(1), one has

Vie Vi1, Gzr)) = Vi (Yir1, G(@)) + O(|lzx — 2*))
= VL{Y",G(z")) + O(l|lzy, — z7|)) + o(1)
= Vi{Y",G(z")) +o(1),

which implies that

DG(wp11) Yiy1 = DG(xx) Vi + Vi (Yarr, Gzi))dy + o(||dil])
= DG(x) Yiy1 + V2, (Y, G(x*))dy + o(||di]),
DS(xg11)Virr = DS(xk)"Yisr + Vo, (V" 8%)d + o(|[di ).

Therefore, it follows from Lemma 4.1 that
DG(ag) Vi1 = DS () Vi + (VE(V", G(a) = V2,7, 8) ) dy

= DG(wk41) Vis1 — DS(2p41) Y1 + o(||di )
O(lld|1?) + o(lldw) = o(l|dx|)-

Thus, by (54), (55) and P(zy) = P(z*) + o(1),

(55)

PVE Lt V) (wpgr —2°) = —Pu(Wi — V2, L™, 1%, V™)) d
(56) +  o(|zkt1 — z*|)) + o(llzk — 2™ [|) + o([|dkl])-
By (21),
(57) Dh(z*)(zg41 — x*) = o(||lzx — ™).

Then, similar to (14), there exists an M* € Illsy (U*(UHT(G(z*) = Y*)U*(U")T)
such that
sy (U (U (Gla) - Y)U* (U)7)
= sy (U(U)"(G(xx) + DG(x1)di = Yir1)U*(U)T)
+M* (U*(UH(G(*) = G(zx) — DG(z1)dy + Yirr — YU (U)T)
(58)  +O(|U(U)T(G(z") = G(ax) — DG(ap)dy + Y — Y )U(U)T|?) .

a3

Moreover,

(59) sy (U(U")"(G(z") =Y )US(UNT) = U (U") " G(a")U* (U,

sy (U*(U*)T(G(xx) + DG (ax)di — Yir))U*(U)T)
(60) = U(U")"(Glax) + DC(ay)di)U" (U,

(61) G(xy) + DG(x)dy — G(2") = DG (") (xh41 — %) + o[l — 27).
Since U(G(x)) is continuously differentiable, by (41) and (42), it holds that
U(U*)" = UkpaUpps + O(lzas1 — )
R (@Le)" + Olzirs —27|))
= Q@) +O(lzrsa — ™ |) + O(llde]1?)
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and
U*(UT (G(z*) — G(ar) — DG(xk)dy + Yiyr — YU (UT
— U*(U*)T (G(m*)fY*)U*(U*)T
+QZ+1( NZ+1)T (G(xr) + DG (2 )dr — Yit+1) QZ+1(QZ+1)T
+O(lzksr — 2" [) + O(lldk 1)
= U U)'GE U (U")" = Ql11(Q1)" (Glaw) + DG(xr)di) Q)1 (Q7 1) "
+O(||lzrr1 — 2"[|) + O(||dx )
= UNUN'G@EHUT U = U U) (G(zx) + DG () di) U (U)T
+O(lzkr — 2" [) + O([ldk 1)
= U (U (G(&") = G(zx) — DG(xx)di)U" (U*)" 4 O(||zrs1 — "[|) + O(||di||*)
(62) = O(l|lzkr1 — ™)) + O(||dwl*).

Hy = U (U)T(G(x*) — G(xg) — DG(xg)dy, + Yiyr — YU (U)T € S™.
Then, Hi = O(|Jz+1 — 2*||) + O(||dk|?). From (41) and (58)-(62),
QUQNTDG(x* ) (wp41 — 2*)QUQY)T l{*(U*)TDG(x*)(ka — e UH(U*)*

= M(Hy)+ O(||H*)

(63) = M*(Hg) + o([|lzk+1 — 2"||) + o(l|dkl]).

Since G(z*) = 0, Y* = 0 and (G(z*),Y™) = 0, we assume, without loss of generality,
that

where A, is a diagonal matrix whose diagonal elements are in decreasing order.
Moreover, the first r diagonal elements of A, are the positive eigenvalues of G(z*)
as well as the last m — r diagonal elements being the negative eigenvalues of —Y*.
Let

Hpe HYY\ _((Q0)THRQY  (Q9)THrQL
ey (@)THQS (Q)THQI )

where Q¢ is formed by the first r columns of @, and Q] by the last m — r ones.
Since

iy = QTH,Q. = (

sy (UH(UH)T(G(a") =Y )U*(U)T) = Usp (-Y),
by Proposition 2.2 in [17], there exists an M € llsy (0) such that

M*(szcz*( M(Hg) g) 4

Thus, we have that

Q)TN (H)QY = ( O Im_r)(mfg?a) g)( 0 >—0.

Im—r
Multiplying @7 to the both sides of (63),
Q)T DG (w1 — 2)QT = ol|lwrss — 27 ) + ol — ).
Applying svec(-) to the both sides above again, we conclude from

DS(a") (w1 — %) = (Q1) DG (a") (wps1 — 27)Q]
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and Lemma 4.2 that
V(@) (zpg1 —2*) = svee(DS(z*)(zpp1 — 2%))

svec((Q1)" DG (z*)(zk41 — 2)Q7)
o(|zg+1 — 2™ ||) + o([[zx — z7])-

(64)
By (56), (57) and (64),
PV, L, 7, V)
Dh(x*) (Tge1 — x¥)
V(x*)T
—Pp(Wy — V2, L(z*, pn*,Y*))dg
= O
0]

Folllzrer — 27[]) + o[l — 2™[]) + o

|d])-
The rest of the proof is similar to that in Theorem 3.4. O

5. Conclusions

In this paper, we introduced a sequential semidefinite programming (SSDP) local
method for solving nonlinear semidefinite programming problems, which is inspired
by the classic sequential quadratic programming method. We first give the sufficient
conditions for superlinear convergence of {x}. Since the curvature of the SDP
constraints does not contribute to the Lagrangian Hessian matrix when they are
linear, Dorsch et al ([5]) consider a reduced SDP, where the positive semidefiniteness
of a symmetric matrix G(z), depending continuously on z, is locally equivalent to
the fact that a certain Schur complement S(z) of G(x) is positive semidefinite.
For the reduced SDP problem, the well-known and often mentioned ”o-term” in
the second order sufficient condition vanishes. A reduced sequential semidefinite
programming (RSSDP) method is proposed for solving the reduced SDP problem.
Under the nondegeneracy condition, the second-order sufficient condition with o-
term and the strict complementarity condition, we made an analysis on the local
convergence rate of the RSSDP algorithm and proposed an equivalent condition
for its superlinear convergence. Finally, we proposed an equivalent condition for
superlinear convergence of the sequence {xj} generated by SSDP method.

Acknowledgment

This research was supported by Chinese NSF grant 11871362.

References

[1] J.F. Bonnans and A. Shapiro, Perturbation Analysis of Optimization Problems, Springer,
New York, 2000.

[2] P.T. Boggs, J.W. Tolle, and P. Wang, On the local convergence of quasi-Newton methods for
constrained optimization, SIAM J. Control Optim., 20(2)(1982), 161-171.

[3] R. Correa and H.C. Ramirez, A global algorithm for nonlinear semidefinite programming,
SIAM J. Optim., 15(1)(2004), 303-318.

[4] M. Diehl, F. Jarre, and C.H. Vogelbusch, Loss of superlinear convergence for an SQP-type
method with conic constraints, STAM J. Optim., 16(4)(2006), 1201-1210.

[5] D. Dorsch, W. Gémez, and V. Shikhman, Sufficient optimality conditions hold for almost all
nonlinear semidefinite programs, Math. Program., 158(1-2)(2016), 77-97.

[6] J.Y. Fan, Duality theories in nonlinear semidefinite programming, Appl. Math. Lett.,
18(9)(2005), 1068-1073.



612

W. FU AND Z. CHEN

[7] R.W. Freund, F. Jarre, and C.H. Vogelbusch, Nonlinear semidefinite programming: sensi-

tivity, convergence, and an application in passive reduced-order modeling, Math. Program.,
109(2-3)(2007), 581-611.

[8] B. Fares, D. Noll, and P. Apkarian, Robust control via sequential semidefinite programming,

SIAM J. Control Optim., 40(6)(2002), 1791-1820.

[9] A. Forsgren, Optimality conditions for nonconvex semidefinite programming, Math. Pro-

gram., 88(1)(2008), 105-128.

[10] R. Garcés, W. Gémez and F. Jarre, A sensitivity result for quadratic semidefinite program

with an application to a sequential quadratic semidefinite programming algorithm, Comput.
Appl. Math., 31(1)(2012), 205-218.

[11] X. X. Huang, K. L. Teo, X. Q. Yang, Approximate augmented Lagrangian functions and

nonlinear semidefinite programs, Acta Math. Sin. (Engl. Ser.) 22(5)(2006), 1283-1296.

[12] X. X. Huang, X. Q. Yang, K. L. Teo, Lower-order penalization approach to nonlinear semi-

definite programming, J. Optim. Theory Appl. 132(1)(2007), 1-20.

[13] L. Mosheyev and M. Zibulevsky, Penalty/barrier multiplier algorithm for semidefinite pro-

gramming, Optim. Method Softw., 13(4)(2000), 235-261.

[14] D. Noll, Local convergence of an augmented Lagrangian method for matrix inequality con-

strained programming, Optim. Method Softw., 22(5)(2007), 777-802.

[15] A. Shapiro, First and second order analysis of nonlinear semidefinite programs, Math. Pro-

gram., 77(1)(1997), 301-320.

[16] D. Sun, J. Sun, and L. Zhang, The rate of convergence of the augmented Lagrangian method

for nonlinear semidefinite programming, Math. Program., 114(2008), 349-391.

[17] D. Sun, The strong second-order sufficient condition and constraint nondegeneracy in nonlin-

ear semidefinite programming and their implications, Math. Oper. Res., 31(4)(2006), 761-776.

[18] H. Wolkowicz, R. Saigal, and L. Vandenberghe, Handbook of Semidefinite Programming:

Theory, Algorithms, and Applications, Springer Science & Business Media, 2012.

[19] Y. Wang, S. Zhang, and L. Zhang, A note on convergence analysis of an SQP-type method

for nonlinear semidefinite programming, J. Inequal. App., https:// doi:10.1155/2008,/218345,
2008.

[20] H. Yamashita and H. Yabe, Local and superlinear convergence of a primal-dual interior point

method for nonlinear semidefinite programming, Math. Program., 132(2012), 1-30.

[21] H. Yamashita, H. Yabe, and K. Harada, A primal-dual interior point method for nonlinear

(22]

23]

semidefinite programming, Math. Program., 135(1-2)(2012), 89-121.

Q. Zhao and Z.W. Chen, On the superlinear local convergence of a penalty-free method for
nonlinear semidefinite programming, J. Comput. Appl. Math., 308(2016), 1-19.

Q. Zhao and Z.W. Chen, An SQP-type method with superlinear convergence for nonlinear
semidefinite programming, Asia Pac. J. Oper. Res., 35(3)(2018), 1850009.

School of Mathematical Sciences, Soochow University, Suzhou, PR China.
E-mail: wenhfu@163.com

School of Mathematical Sciences, Soochow University, Suzhou, 215006, PR China.
E-mail: zwchen@suda.edu.cn



