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DYNAMICAL BEHAVIORS OF ATTRACTION-REPULSION
CHEMOTAXIS MODEL

XINMEI WEN*, MINGYUE ZHANG AND YANG CHEN

Abstract. A free boundary problem for the chemotaxis model of parabolic-elliptic type is inves-
tigated in the present paper, which can be used to simulate the dynamics of cell density under
the influence of the nonlinear diffusion and nonlocal attraction-repulsion forces. In particular, it
is shown for supercritical case that if the initial total mass of cell density is small enough or the
interaction between repulsion and attraction cancels almost each other, the strong solution for
the cell density exists globally in time and converges to the self-similar Barenblatt solution at the
algebraic time rate, and for subcritical case that if the initial data is a small perturbation of the
steady-state solution and the attraction effect dominates the process, the strong solution for cell
density exists globally in time and converges to the steady-state solution at the exponential time
rate.
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1. Introduction

Chemotaxis is the widespread phenomena in nature, for instance, the directional
movement of biological cells, bacteria or organisms in response to chemical signals
in the environment, including the positive (chemoattractive) chemotaxis and neg-
ative (chemorepulsive) chemotaxis. The first mathematical model is heuristically
derived by Patlak [23] and later by Keller and Segel [10,11] respectively to study
the nonlocal aggregation process of cellular slime molds Dictyostelium Discoidium
due to chemical cyclic adenosine monophosphate

up=Au—V-(uVv), x€Q,t>0,
(1) {TU—A —
t = AV +u — av,

where u = u(x,t) and v = v(x, t) stand for, the density of cells and concentration of
chemoattractant respectively. The non-negative parameter a denotes the mortality
rate of chemical, and the parameter 7 equals zero or one. Since then, this classical
chemotaxis model (1) has been generalized to simulate the biological or medical
phenomena [24], such as the bacteria aggregation [29], cancer invasion [2,33] and
SO on.

For the sake of simulation the local repulsion of cells in biological or medical
phenomena, for example, the volume exclusion or population pressure when cells
are packed. Wakita et al [30] observed that the diffusive coefficient is depended
on the cell density of bacterial colony through experiment. Kawasaki et al [9]
introduced the porous media type bacterial diffusion by modeling spatio temporal
patterns of Bacillus subtilis. Therefore, the following Patlak-Keller-Segel model
with nonlinear degenerate diffusion could be taken into consideration,

@) {utAumV~(qu), m>1, xeQ t>0,

TUr = Av +u — av,
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where the diffusive component m > 1 denotes the slow diffusion. Topaz et al [27,28]
and Carrillo et al [3,4] studied the model (2) to take into accounting over-crowding
effects.

In order to model the aggregation of microglia in the central nervous system
observed in Alzheimers disease and the quorum-sensing behaviour due to the inter-
action of chemoattractant and chemorepellent in the chemotaxis process, Luca et al
[20] (the diffusive component m = 1) and Painter et al [22] (the diffusive component
m > 1) introduced the following attraction-repulsion chemotaxis model as

ug = Au™ = V- (auVo) + V- (hhuVw), x€Q, t>0,
(3) 710y = Av + asu — azv,

Tow; = Aw + bou — baw,

where u = u(x,t), v = v(x,t), and w = w(x,t) stand for the density of cells,
concentration of chemoattractant and chemorepellent respectively. The diffusive
component m > 1, the non-negative parameters a; and b; (¢ = 1,2,3) denote the
sensitivity of cells to the chemoattractant and chemorepellent, and the growth and
mortality rates of the chemicals respectively, the parameters 71,7 = 0, 1.

The interaction between chemorepellent and chemoattractant is rather compli-
cated which makes it difficult to analyze the mathematical properties of the solution
to the system (3). Yet, there are also important progresses made recently on the
well-posedness and dynamical behaviors of the solution to the system (3), refer to,
for instance, [6-8,14-18,18,19,21,25,26,31, 32,34] and the references therein. In
particular, the existence of classical solution or the stability of the steady-state so-
lution had been proved in [6-8,14-16,18,19,26] for the linear diffusion case m = 1.
In the case that the repulsion effect dominates the process (i.e., ajas — bibs < 0),
the global existence of classical solutions was shown to the system (3) in one-
dimensional [7,16,19] or multi-dimensional bounded domain with the Neumann
boundary condition [8,16,18,26], and the long-time convergence of the global clas-
sical solutions to the steady-state solution were proved in [7,15,18,19,26]. Similar
results were also established for multi-dimensional Cauchy problem to the system
(3), concerned with the global existence of classical solution and long-time conver-
gence to the corresponding steady-state solution [25]. However, in the case that the
attraction effect dominates the process (i.e., ajaz — b1by > 0), there is a critical ini-
tialmassM:aSﬁ aSlergzOorM:#bba571:1,7'2:Osothat

1a2—b1ba ajaz—biba

the classical solution to the system (3) in two-dimensional bounded domain with
the Neumann boundary condition either existed globally in time [6,8] or blew up in
finite time [8,14,26], depending on whether the initial total mass is larger than M
or not. Similar results had also been shown for two-dimensional Cauchy problem to
the system (4), related to the blow-up in finite time [25] or global existence of the
classical solution [21]. For the nonlinear diffusion case m > 1, there are also impor-
tant results shown in [17,31,32,34] to the system (3) in multi-dimensional bounded
domain with the Neumann boundary condition. For instance, the global existence of
weak solutions [31,34] or classical solutions [17,32] had been investigated either for
ajas —b1bs < 0and m # 2— %, or for ajas —b1by > 0and m > 2— % Nevertheless,
there existed a class of spherically symmetric weak solutions in three-dimensions
which blew up in finite time [17] as it holds m =2 — 2.

However, although the important achievements have been obtained as above,
there are few studies on the global existence and dynamical behaviors of strong
solution to the congested motion problem with homogeneous nonlinear degenerate
diffusion for fixed component m > 1. Li et al [13] have studied the free boundary
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value problem for Patlak-Keller-Segel model (2) with nonlinear degenerate diffusion
(i.e.,m > 1) as the parameters 7 = a = 0, and obtained the global existence of the
three-dimensional spherically symmetry strong solution and long-time behaviors
with respect to the different diffusive components. Inspired by [13], we continue
to consider the free boundary value problem of the following attraction-repulsion
chemotaxis model (4) of parabolic-elliptic type with homogeneous nonlinear degen-
erate diffusion in this paper

us = Au™ = V- (a1uVv) + V- (hhuVw), x€Q(t), t >0,
(4) — Av = aqu,
— Aw = byu,

which is a simplified version of the model (3) (i.e.,71 = 72 = azg = bs = 0).
Define the mixed velocity as

(5) V@J%:va—th——mTVM%% m>1, (x,t)€Q(t)x(0,00),

where a1 Vv — b1 Vw is a drift velocity caused by the nonlocal attraction-repulsion,
f%VUmfl is a correction velocity provided by the nonlinear diffusion. Then,

the first equation in system (4) can be written into the following transport form

(6) us+ V- (uV)=0.

We consider the following free boundary value problem for (4) in view of (6) as
u+ V- (uV) =0, x € Q(t), t >0,
V(x,t) =a1Vv—bVw — %Vum_l, x € Qt), t>0,

(7) Tu(t) 2 V(D(8), 1) - n, T(t) 2 09(t), t > 0,
u(x,t) >0, wu(l(t),t) =0, x € Q(t), t >0,
u(x,0) = ug(x), up(x) >0, ue(I'(0))=0, x € Q(0),

where 2 = Q(t) is a moving domain with the free boundary I'(¢), n is the outward
unit normal vector on the boundary I'(¢), and the functions v(x,t) and w(x,t)
satisfy

. —Av=asu, v—0 as |x|— oo,
(8) —Aw=bu, w—0 as |x|— oo,
with
_ u(x,t), x € Q(t), t >0,
(9) u(x,t) = _
0, x & Q(t), t > 0.

We shall investigate the global existence and dynamical behaviors of the strong

solution to the free boundary value problem (7)-(9). To be more precise, we can
show for supercritical case (i.e., 1 < m < %) that if the initial data is a small

perturbation of the self-similar Barenblatt solution, and the initial total mass M7 of
the cells density u(x, t) is small enough, or the interaction between the repulsion and
attraction almost cancels each other (i.e., |ajas —b1ba| < 1), the strong solution for
the cell density exists globally in time and converges to the self-similar Barenblatt
solution at the algebraic time rate with the same total mass (refer to Theorem
2.1 for details). Moreover, we also can obtain for subcritical case (i.e., m > %)
that if the initial data is a small perturbation of the steady-state solution and the

attraction effect dominates the process (i.e., ajaz — b1be > 0), the strong solution
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for cell density exists globally in time and converges to the steady-state solution
at the exponential time rate with the same total mass (refer to Theorem 2.2 for
details).

The rest of the present paper is arranged as follows. In Section 2, we reformulate
the original free boundary value problem (7)-(9) in Lagrangian coordinates, and
state the main results. In Section 3, we prove the main results (i.e., Theorem
2.1 and Theorem 2.2). In Section 4, we present some numerical simulations to
the free boundary value problem (7)-(9), which is consistent with the main results
established in Section 2.

2. Main results

We consider the spherically symmetric solution (u(n,t), V(n,t), R(t)) to the free
boundary value problem (7)-(9) in three-dimensional spherically symmetric domain
Q) = {xeR?:0 < |x| < R(t), R(t) > 0}, namely, the moving region Q(t) is a
ball with the center at the origin and the radius R(t)

u(x,t) = u(n, 1), v<x,t>=v<n,t>§, 0= Ix| € [0, R(1)].

Therefore, the parabolic-elliptic chemotaxis system (7)-(9) can be changed to
(10)

nue(n,t) + *u(n, )V (n,t)], = 0, n € (0,R(t)), t >0,
blbg — 1049 n 2 m 1
= 4 — m
Vint) = 22 [Carituds - @), g e (0.RW). 00,
Ry(t) = V(R(t),t), R(0) = Ry, t>0,

with the following initial data and boundary conditions
u(n,t) >0, uw(R(t),t) =0, u,(0,t) =0, nel0,R()), t>0,
(11) u(n,0) = uo(n), uo(n) >0, ug(Ro) =0, n € [0, Ro),
— o0 < (uf" Yyly=ry < 0.

Indeed, the density function u(n,t) satisfies the conservation of mass
Ro R(t)
(12) / 4rs?ug(s)ds = / 4rs*u(s,t)ds = M.
0 0

To begin with, we consider the free boundary value problem (10)-(11) for super-
eritical case (i.e., 1 <m < %) If the interaction between repulsion and attraction
cancels each other (i.e., ajas —b1b2 = 0), the (10) reduces to the well-known porous
media equation. Barenblatt [1] has proved that the porous media equation admits
a self-similar Barenblatt solution u(x,t) satisfying

(13) at = Aﬁ’m)

and
(14)
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~ Bm—1_ 1, .3 ! 9 oy 1 -1 Ro 9
(mB)2m=1 = Mmm=-1 (m7)>2 ( y* (1 —y*)m1 dy) , M, = 4rs“upds.
0 0

Similarly to (5), define the velocity by

(15) inx¢)::%i%mt):<—%?§1vam—%x¢y
The Eq. (13) can be also rewritten into a transport form as
(16) U+ V- (V) =0,
and
-~ n dR(t PN
(17) Vin.t) = D 9 (@00

(3m —1)(1 +1¢)’ dt

Suppose that the initial total mass of the solution to the system (10)-(11) equals
to that of the self-similar Barenblatt solution

R[) 1’—1\’0
(18) / 4rs?ug(s)ds = / 4ms*tg(s)ds = My > 0.
0 0

We reformulate the original free boundary value problem (10)-(11) in Lagrangian
coordinates. Define the particle path n(r,t) of the moving domain [0, R(t)] by

{mmwzvmmﬂ@, re[0,Ro), t >0,

n(r,0) =no(r), no(Ro) = Ro, r € [0, Ro),

where the function 7o(r) satisfies

(19)

~

M0(7) r
(20) / s2ug(s)ds :/ s*tg(s)ds, r € [0, Rol.
0 0

Accordingly, set the density f(r,t) and velocity v(r,t) in Lagrangian coordinates
by
(21) Flrt) =uln(rt),t), v(r,t)=V(rt),t), rel0,R).

We obtain the following equivalent system to (10) in Lagrangian coordinates as
(22)

(* ) +772f% =0, r€[0,Ro), t >0,
N
bibo — m0(r) m=1y R
v(r,t) = 1272(1@12/ 4rs?ugds — Lu, r € [0,Ro), t >0,
n 0 m—1 Tr
f(?",t) >Ov f(R()vt):O? fr(ovt):()v S [07§0)a t>07

f(r,0) = uo(no(r)),  v(r,0) = V(no(r)), r € [0, Ro).

Define the weight function o (r) £ 45~ and constant o £ —1— it is easy to verify

m—17
by using (20) and the first equation of (22) that
(23) 2 (r, e (r,t) f(r, t) = 92 (r)nor(P)uo(no(r)) = 2o, re |0, Eo], t>0.

Multiplying the second equation of (22) by of and applying (20) and (23), we
obtain the following initial boundary value problem for 7(r,t) as
(29)

{O’?ﬂt + (2)2[0?_'—1( r )m}r + (ar1a2 — b1b2)% /OT Ans®hods = 0, rejo, ﬁo), t >0,

n2ny
n(r,0) =no(r), n(0,t) =0, n(Ro,t)= R(1), r € [0, Ro], t > 0.
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In addition, it also holds that for the self-similar Barenblatt solution (u(7,t),

V(. t),R(t))

~

~ 1 L Py n ~
(25)  (rt)=r@+t)smT1, V(@)= Gm-1)(I+0)’ r € [0, Ro], t >0,
and
(26) U?ﬁt + ﬁ£—3M(o.lll+1)T = Oa re [Oa éo], t> 0.

Introduce the 7(r,t) inspired by the first equation of (24) and (26) with the modi-
fication

(27) 7(r,t) 2 G(r, )1+ o(r, )] = r(1+ 1) 7T [1+ <(r, 1)),
which satisfies
(28)
N\ 2 2 m & v —~
{ o' + (g) [cr?"'l (%%> ]T + (a1a2 — b1b2)% /0 4rs%hods =0, r€[0,Rp), t >0,
i(r,0) =mno(r), (0,t) =0, 7(Ro,t)=R(), r € [0, Ro, t >0,

and the correction term ¢(r,t) in (27) satisfies
(29)

TU?%-’-(1+t)_1{(1+<)2[0?+1(1+<)_2m(1+<+r<r)_m] — (@, + m‘f‘g}
r 3m —1
+ (a1a2 — b1b2)(1 + t)73m3—1 J; 1+ §)72/ A7s?Tgds = 0, r €0, ﬁo)7 t>0,
r 0
N R(t) N
s(0,t) =0, <(r,0)=c¢o(r), <(Ro,t)= % -1, r € [0, Ro], t > 0.

Define the nonlinear energy functional Ey(t) for the correction term ¢(r,t) by

3+[5] 54[a]—25 Ry _ o _ o
B =3 > (0P [ ot @fart o 4 s or 000k (n oy
=0 i=1 0
31l5] . rRo ) . .
+ (1 —|—t)23+a/ [7"40?(8{()2 —|—r20f+1(8t]§)2 +r4af+1(8§§r)2] (r,t)dr.
0

Jj=0

Applying the similar arguments as dealing with the Proposition 4.1 in [13], we can
show that if there exists a constant 0 < 9 < 1 such that Eo(0) < 2,

then, a unique strong solution ¢(r,t) to the system (29) exists globally in time
and satisfies for any ¢ > 0 that

(30)

2 _
+ 2L+ DT 105l 0,Rp)) < Cogo + Ma(bibz — araz),

(L+8)2 sl otiar-a
H 2 =

([0, Rol)
where 0 < @ < g;ﬁ”} and Cy are two positive constants. The details of the proof
are omitted.

Define the perturbation 9(r,t) of trajectory n(r,t) in (19) around the modified
term 7(r, ) in (27) as

(31) 9(r,t) 2 ”(’;’ t_ ﬁ(:’ D e, By, t>o0.
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Then, we can obtain the corresponding free boundary value problem for J(r,t) by
(24) and (28) as
(32)

rot ¥ — e (146 ot T+ T M+ +re) ]

+ (1 + <) + I ot A (L + <) + 9] 2 (L4 s +r6) + 9 + 70,7}

+ a?{ [ﬁ“m —bibe 102 = b } / dns’lods =0, 1€ [0,Ro), t >0,
0

(I+o)+r92 [l +9)]?
9(r,0) =no — o, 9(Ro,t) =09(0,t) =0, r€[0,Ro], t > 0.

Define the nonlinear energy functional E;(t) for the perturbation ¥(r,t) by

3+[ I5+[a]-2j

éo . . . . . .
Z NGRS / [ os L (GF O 0)? + 1205+ (9] 010)?)dr

3+[ RO .
33) + Z 1+1)2 / [0 (8]0)2 + 12021 (§10) + rioo*1(8]9,)?] dr

Then, we have the following main results.

1
Theorem 2.1. Assume that o1 = 4y~ ", m € (1,%), a = — 1, 0<ac< 3m o

0 < Milayas — biba] < 1, and (18) holds. Then, there is a small constant e1 > 0
such that if the initial energy E1(0) < €2, a unique global strong solution 9(r,t) to
the initial boundary value problem (32) exists and satisfies for any t > 0 that

(34) 7*9(7n7 t) € LOO(Oa 003 Hl([0> EO])) N L2(07 003 Hz([oa 1/%0]))7
and

3+[%

Z / / (1492 {1 +5)*rtof (07719)? + r2o7 1 [(819)?
(35) (7‘837197« )% }drds < C1E;(0),

where Cy is a positive constant.

Next, we consider the free boundary value problem (10)-(11) for subcritical case
(i.e., m > 2 ). If the attraction effect dominates the process (i.e., araz — bibs > 0),
there is a balance between the nonlinear diffusion and the nonlocal attraction-
repulsion, Carrillo et al [5] have shown that there is a unique spherically symmetric
steady-state solution % = @(n) with compact support [0, R] to the system (4) as

o R

(36) (@), + (aras — blbg)% / 4rs?u(s)ds =0, My = / 4rsu(s)ds,
nJo 0

and

(37) —o0 < (u™” 1) ly=r <0, @™ 'p)~R—n as n— R

Suppose that the initial total mass of the solution to (10) equals to that of the
steady-state solution

Ry R
(38) / drs*ug(s)ds = / 4rs*u(s)ds = My > 0.
0 0
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Define the particle path n(r,t) of the moving domain [0, R(t)] by

(30) ne(r, t) = V(n(r,t),t), rel0,R], t>0,
77(7'7 0) = 770(7“% nO(R) = Ry, e [OvR]u

where the function 7g(r) satisfies

no(7) T B
(40) / s2up(s)ds :/ s*u(s)ds, r€l0,R)].
0 0
Set the weight function oy £ @™~ ! and the perturbation function
(41) ort) 21 —1, re(0,R], t>o0.
r
Applying the similar arguments to deal with the (19) and (31), we can obtain the

following initial boundary value problem
(42)

o 1+¢)—2m o - .
7"0'2 Pt + (1+<,D) |: +1%}T - (0'2+1)r(1+(,0) 2 207 re [071:{)7 t>0
p(r,0) = 2 -1, so(R,t):@—l, (0,t) =0, r€[0,R], t>0.

Define the nonlinear energy functional Fs(t) for ¢(r,t) as

3+[ ]5+[a]-25
Z Z / 4 a+z+1 8jaz+1 ) +,,,2 a+ti— 1(658:&,0)2](17"

3+(5]

(43) + Z / o8 (00)? + 205t (0] 0)? + rost (0] g,)?dr

Using the similar arguments as proving the Proposition 2.1 in [13], we can show
that the spherically symmetric solution to the free boundary value problem (10)-
(11) exists globally in time and converges exponentially to the steady-state solution
(36) as follows, the details in the proof are omitted.

Theorem 2.2. Assume that oo = 4™ ', a = ﬁ, m € (%,oo), aias — biby > 0,

and (38) holds. Then, there is a constant 0 < g9 < 1 such that if the initial energy
E2(0) < €3, a unique global strong solution ¢(r,t) to the initial boundary value
problem (42) exists and satisfies for any t > 0 that

(44) p(r,t) € L%(0,00; H' ([0, B])) N L*(0, 003 H*([0, R])),

and
(45)
3+[2

Z / / o3 (01T o) + oyt (0l)? +r40§‘+1(8§<pT)2]drdsSC’QEQ(O),
along with the following long-time decay
(46) Eg(t) SOQB_CstEQ(O),
where Cy and Cs are two positive constants.

Remark 1: For supercritical case (i.e., 1 < m < 3), we can show by applying
Theorem 2.1 and the Lagrangian variable r = r(n, ) with for y2Uody = 0 s?uds,
that there is a unique global spherically symmetric strong solution (u(n,t), V(n, t),
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R(t)) in Eulerian coordinates to the free boundary value problem (10)-(11) so that
it holds

(47)
1 _ 4
|u(n, ©) = @(r(n, (1 + 37T, 1) | < Caerio(1 + ) 371, n € [0, (),
=~ 1 141 =
V0.t = V()1 + 0 T7T,8)| < Caea (L4 Fam=T 7, n € [0, R(1),
k
0471(1 +1t) 3771171 < R() <Cy(1+1) 3773—1’ ‘ddlfk(t)‘ < Cy(141) 31,371_’“7 k=12,

1

-1 =g —1 m—1 Tt~ L
Cr A+ T < @)y, 8)] < CaL+ T ne [5R0 RO,

where Cj is a positive constant.

For subcritical case (i.e., m > %), we can obtain based on Theorem 2.2 and the
Lagrangian variable r = r(n,t) with for y2udy = fon s2uds, that there is a unique
global spherically symmetric strong solution (u(n,t), V(n,t), R(t)) in Eulerian co-

ordinates to the free boundary value problem (10)-(11) satisfying
(48)

k
Ju(r ) = atr(a,0)] + V(6] + | R) — B + | =] < Coeae=Cot, k= 1,2, € [0, RO
Oy teae™ O3t < (™ y(n, 1) — (@™ )y (r, )] < Crezem ne [3R0, RO,

where C3, C5 are two positive constants.

Remark 2: At present, we don’t have an effective way to investigate the free
boundary value problem (10)-(11) for critical case (i.e., m = 3). To be more
precise, on one hand, if the initial data is a small perturbation of the self-similar
Barenblatt solution, we expect the strong solution for the cell density exists globally
in time and converges to the self-similar Barenblatt solution. Thus, the correction
term ¢(r, t) should be a strong solution of (29) and satisfy the regularity estimates

(30), whereas, it is essential that the constant

8 —6m
3m—1

I<a<

for m>1,

which means the diffusive component 1 < m < %.

On the other hand, if the initial data is a small perturbation of the steady-state
solution, we expect the strong solution for the cell density exists globally in time
and converges to the steady-state solution, in the process of proof, for example, it
is essential that the principal terms satisfy the relationship as follow

(9m = 12)@* + (6m = 8)¢ - 1oy + m(re)* > C(m)[g® + (rer)?],  C(m) >0,

which implies the diffusive component m > %.

3. Proof of main results

3.1. Preliminaries. In this subsection, we introduce some weighted Sobolev em-
bedding inequalities [12] which can be used to prove the main results in the Section
3.2.

Lemma 3.1. ([12]) Assume that Q is a bounded interval with distance function
5(r) & dist(r,0) near boundary. Set the weighted Sobolev spaces H**(Q) as

H**(Q) £ {5%f € L*(Q): / SOk fl2dr < 00, 0 <k < b},
Q
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with the norm

“ a
1 By 2 /6 0k fPdr, b> % >0,
Then, it holds
(49) Ha7b(Q) — Hb_%<Q); ||f||Hb*%(Q) S C(a7b7 Q)Hf”Ha*b(Q),

where b is a positive integer and C(a,b,$2) is a positive constant.

Lemma 3.2. ([12]) Assume that 11 € Q is a positive constant, and the function
f(r,t) defines on bounded interval Q@ and satisfies

r1
/ Tk(f2+ff)dr<oo, E>1,
0

then, it holds

(50) /0 R e < 06, K) /0 U )

where C(6, k) is a positive constant.

Remark 3: If Q = [0, Ro] and Ry = \/% in Lemma 3.2, it also holds that
VIR s o [V iy 5.7

1) [ oA ar<CBAR [ ot + fr <o CBAK >0

3.2. The a-priori estimates. In this subsection, we shall prove Theorem 2.1 in
two steps. To begin with, we show the following basic weighted energy estimates.

Lemma 3.3. Let T > 0 and the assumptions of Theorem 2.1 holds, and there is
a constant 0 < g1 < 1 such that the strong solution ¥(r,t) to the initial boundary
value problem (32) for t € (0,T] satisfies

(52)
911 (o, Aol + 197 1o 0, oy + (1 F ) (106l 0 0, mopy + 197t 0 0, 7p1)) < 8T < 1.

Then, it holds for any t € [0,T) that
Ry
/0 (7“40?192 + T20f+1192 + 7"40‘1”119% + 7“40‘1’+219§T + r%f‘ﬂf) (r,t)dr
Ry
+(1+ t)2/0 (7“40?19? + r201a+119§ + r4af‘+119ft) (r,t)dr
Ry
+/ / [(1+ s)r*of9? + (1 + s) 'r2of ™ (92 + r202)](r, s)drds
0o Jo
Ry
+ / / [(1 + 8)3r1a 092, + (1 + s)r2o® T (92 + 7"21928)] (r, s)drds
Ro
53)  <Cg [rtof 24+ 1r?08 +rlo r,0)dr,
C 1 a+1 8£ﬁ 4 a+1 8119 2 d

where Cg is a positive constant.
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Proof. First, multiplying the first equation of (32) by 739 and r31J; respectively,
integrating the resulted equations by parts over [0, Ro], and applying the a-priori
assumption (52), we can obtain after a complicated computation that

1 d EO EO
f—/ riof9?dr + (14+1)71 / r2® T2 + (rd,)?)dr
(54)
ﬁ() T
<(b1by — alag)/ rof9{[H(1+¢) + 972 = [{-(1+)] 7%} / 4rs*tgdsdr,
0 0

and

d IAZU EO
pn 7“20‘1“'181 (r,t)dr + / {7“40‘1"19? +(1+ t)_2r20‘f‘+1[192 + (rﬁT)Q]}dr
0 0
(55)
Eo T
<(abe — ara) [ 1ot 0.0+ )+ 02 = @1+ 912} [ ansPTudsdr,
0 0

where the nonlinear function §1(r,t) is expressed by

31(7“7 t)
~ 2—2m
s [m(l—&-g)—l—ﬁ] —(1+t)_1+ﬁ (1—|—§)2—2m
(m=1)[A-0+c+re)+9+ rﬁr}m_l (m—-11+c+re)m"
1 (1 + §)272m (1 + C)172771

F (1) e (9 +19,) + 2(1 + )" It

1+ +re)m (I +¢+rg)m=t"

and satisfies
(56) C’_l(l + t)_l[ﬁQ + (rﬁT)Q] <Fi(rt) <C(1+ t)_1[192 + (7“19T)2},

for a generic positive constant C.
Moreover, we have after a straightforward computation that

ED T
(blbg — a1a2)/ T‘Ulaig{[ﬁr(l + §) + 79]_2 — [’ﬁr(l + §)]_2} / 47r52ﬁ0dsdr‘
0 0
(57)

Ro
SMl‘ble — a1a2|(1 + t)73m3*1 / 7‘20?+1[’t92 + (Tﬂr)z]dr,
0

ﬁ() T
’(blbg - alag)/ rof O { (1 +¢) + 972 = (-1 +¢)] %} / 4rs*Ugdsdr
0 0

(58)
Ro . Ro
Sb/ rAa®02dr + Cy My (biby — arag)?(1 + )~ Fn-1 / r2a0 T2 + (rd,)?dr,
0 0
for the positive constants 0 < b < 1 and Cj,.
Therefore, substituting (57) and (58) into (54) and (55) respectively, and using
0 < My|b1by — aras] < 1, we have

}/%0 EO
pn riof9?dr 4+ (14t) 71 / r2® 9?2 + (rd,)?)dr <0,
0 0

(59)
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and
(60)
d Ro Ro
T 20T g (r, t)dr + {7“40‘1119? + (1412200 92 + (rd,)*] }dr < 0.
0

Integrating the summation (59) + (1 +¢) x (60) with respect to time on [0, ¢] yields
to

Ry
/ (r4af‘192 + 7"20?"’1192 + 7“40‘1""1193)(17“
0
Ro
+ / / 1+ s)_1 [(1 + 3)27“40?19? + r20‘1)‘+1192 + 7"40?“19?} drds
o Jo
Ry
(61) SC/ (7“40?192 + T20f+1192 + 7"40‘1”1192) (r,0)dr.
0

Furthermore, differentiating the first equation of (32) about the time ¢, we obtain

ro®y — 02205 + 04) (1 + ) + 0,95 — (302 — 01)0e )}
+ [o0TH (019 + r0209,4)]
(62) = Fa(r,t) + Js(r, 1),
where the nonlinear terms 6,(r,t), (i = 1,2,3,4) and the low-order terms §,(r, t),
(j = 2,3) are given by
[ (L +) + 0" 2"
(L +<s+7rg) +09 +rd ™
(- (1 + <) + 0272
L+ +76) + 0 +rd,|m+t’
L4+¢) + 922 [[.(1 +c+rs) + 9 + 19, ] ™,

01(r,t) (2 — 2m)

(7

O2(r,t) = — m[n),

(
(

O3(r,t) 2(1 = 2m) [0 (1 + <) + 9] " [ (L + < +76) + 0 + 19, ]‘m
O4(r,t) & —m[n, (1 + <) + 9 20,1 + ¢ +re.) + 9 +r0,] 7™,
and
Falr, t) 22 “*1[93[nr( +g)+19]r+(2m—1)(1+t)‘1(1(rg%@}[ﬁr(l+c)]t
o+ ol
~{or+[or - 2*2m)(1+t)*1%][m(1+<)1 3

|
om0 G B i,

1 (1_~_<)172m
1+s+re)m

{ +1

(63) + 207!

+ 207" {0 W (14+<) + 9 + m(1+1¢)~

(61 —62) — (1 +1) }(ﬁﬂr)t,

2— 2

S

Fa(r,t) (biba — a1az)—2 (@ + Trs +9) 2 = (@ + 7rs) 7] t/ Ars*Tods.
0
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We can prove by (52) that
(65)

O1(r,t) <(1+1)" [(2 —2m)

(1+§)1—2m o (1+§)2—2m ]
I4+s+re)m (14 +rg)m+t

+er (L4075 [T+ (9] + o))
=1

_ (1+g)2—2m oo

O2(r,t) <—m(1+1t) 1—m+€1(1+t T +Z 19" + 9,
(1+¢+rg)mtt [ — }
_ (1—%—()72"1 i

Os(r,t) <(1 —2m)(1+1) ' = e (1 +¢)~ i 1+E 9| + |rd,|!

(I4+s+re)™ [ — }
1-2m
0a(r ) < — m(1+4) snzs _(1F)

_ 3m+1 © . .
—_ 14+t¢t) 3m=1]1 v, G .
(1+C+7’§r)m+1+61( +*) [ +z§::1(‘ I+ r |)}
Multiplying the Eq. (62) by 73¢9; and 739, and integrating the resulted equations
by parts on [0, Rg] respectively, we can derive the following estimates from the
a-priori assumption (52) and Cauchy inequality as

1d Ry 4 2 Ro atl
§$/ T Ufﬁtdr—i—/ r? o7 Fa(r, t)dr
0 0

Ro
SCb(l + t)_3 |:1 + Ml(blbg — a1a2)2(1 + t)73;1:yll:| / 7"20'?+1[192 + (rﬂr)g]dr
0

Ry

(66) +(b+M1|b1b2—a1a2|)(1+t)_1/ 20992 1 (r9,,)2dr,
0

and

1 d ﬁ 2 a+1 ﬁo 4 _«a g2
2t ), [r*o? ™ Fa(r, t) — 2r39,Fa (r, t)]dr + ; riod5dr

Ro 4 2 2 1 2 Ro 2 1192 2
Sb/ riofdr + (1 +¢)" " 3m-T [51 +(1+ t)m} / r2of 97 + (rdee)?]dr
0

0
2 2 8—6m Ro 2 17,92 2
A4t [b+ch1(b1b2—a1a2) (1+t)*3m—1]/ P20 92 4 (r9,0)2)dr
0
(67)

Ro
+C’b(1+t)74[1+M1(blbgfalag) (1+1)" smﬁl}/ r20o T 92 4 (r9,)?]dr
0

where 0 < b < 1 and C} are two positive constants, and the nonlinear function
Falr,t) is given by

Fa(r,t) £ — {3601 + 2r(03 + 02) [ (1 + <) + 9], }97 — Oa(rdye)? — 2001949,
and satisfies
(68)  CTHL4 )T DF + (r0ne)?] < Falrt) < C(L+ )7 [0F + (r9,4)],

for a generic positive constant C.
Thus, based on 0 < Ml\alaz — b1bs| < 1, one has that

Ro
U‘f‘ﬁfd?“ +(1+ t)_1 /0 7"20‘1”1 [19? + (7"19”)2} dr

Ro
(69) <C.(1+ t)_3/ r2o¢ 92 + (r9,)?]dr
0

1d
2dt
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and

1d [Fo Ro

—— [r2o{ T Fa(r,t) — 2r°9,Fa(r, t) | dr + / rio 92, dr

2dt 0 0

1 EO
<(1+41)72 [e +C(1+ t)*Sm—l} / r2of 07 + (r9,)?]dr
0
Ro
(70) +C(1+1)74 / rof 97 + (r9,)?]dr.
0

Taking the summation (1+¢)? x (69) and (1+¢)'™7 x (70) together for p = 1,2, and
integrating the resulted inequalities with respect to the time on [0, t] respectively,
we can obtain by applying(68) that

(1+41)2 /RO (7"40?19? + 2o ty? 4 r4af‘+119ft)dfr
.
+ / / {1+ 5)3r 0002, + (1 + s)r?o{ T 92 + (10,5)?] bdrds
10 Oﬁo
M <y} /O (0% (0402 + 120 L(09)% + 1ot (849,)2] (r, 0)dr.
j=0

Next, we divide the first equation of system (32) by o¢ and rewrite the resulted
equation to obtain

1 (1 + <)2—2m
m(1+1t) Tt<tro) [ralﬁrr + 4019, + (1 + a)rolrﬂr}
i
_ P G i 3 B T
=+ (4 a1+ 0 e [(2 3m) + (2 — 2m) Jalrﬂ
(1 _|_§)1—2m

—2m(1+t)~!

(1 Fc+rg )m+1 7"§1~0'1’l9r + 01g1(7‘, t) + (1 + Ol)O'lrgQ(T, t)

(72) + gS(Tv t),

where the lower order terms g;(r,t), (i = 1,2, 3) are defined by

g1(rt)
nr(l4s)+9 2-2m 1 2—-2m
R Eovr e = 0 ) b0, )
-1+ s +re) +0 + 1] (1+¢+7e)
AT 1 9 1—2m 1 1—2m
—omd{ — [Ar-(1+¢) + 9] m_(l"l't)il% "
[r(1+s+76) + 9+ o] (U tctroym

(1 +<) +9] 2"

(Lt s+re) +0+r0,]"

[t 9" a9
[ﬁr(l—i-q—i—rcr)—i-ﬁ—i-rﬁr}erl (146 +re)mtl ’

—om(1 +t)3mll{

(1 +t)1(1+§)12m}§r

A+s+re)m

(73)  —m(l+ t)3mll{

(1 9 2-2m _ 1 2—2m
ga(r,t) & — [7-(1+5) + 9] (4t Ve LEOTT
(14 +re) + 9+ rd,] (I+<+re)m
- (14)t—2m (14¢)2-2m
+(@+t)H2m -1 m
( ) [( )(1+g+rgr)m (1+§+T§T)m+1]
2—2m
(74) +m(1+t)7! (1+5) O,

_wsr
(1+¢+re)m+t
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—biby (1 1 r ~
75 3(r,t 22102 [ / Ams2iiyds.
™ B0 £ S g )

It is easy to verify by (52) that
(76)  gi(r,t) <C(L+ )" e (|9,] + [rder]) +0(1+ )" 2 (9] + [r9,])],
(77)  golrt) <er(1+6)" 527 (9] + |rd, ),

19 T
(78)  gs(rt) <Clataz — biby|(1 +t) "t % / Ars*tods.
= Jo

Multiplying (72) by ral% (1 +t)(1+¢)*™ 2(1 + < + r¢.)™" and making L?-norm
over [0, Ry], it follows from (76)-(78) and the a-priori assumption (52) that

ﬁ[} o o [e%
/ [7’20}+519M + 4ro}+7z9r +(1+ 04)7'2015017"197«} % dr
0

Ro
SC’/ [(1 + t)27’40f‘19% + 1"40?192 —+ T20'%+a192 + T4U%+a19%]dr
0

Ro
(79) + Ce? / (r*oytev2, + r2oit 92 + rtof ot 92)dr.
0
We can also estimate the terms on left hand side of (79) as
0 e [=3 [=3
/ [T201+E'[97‘7‘ + 41‘017L 20,4+ (1+ a)r2012 01T79T]2dr
0

Ry Ro Ry
(80) :/ rio? T2 dr + 4/ rlo?te92dr — / o1 T 4o + (14 a)roi.]d%dr,
0 0 0

and

Ry Eo a a @
1+ a)? / rio ot 92dr §2/ [7”20';+ 20 + 47"(711+ 29, 4+ (1 +a)r’op o179y ] dr
0 0

§0 « o
(81) + 2/ (T2U}+§19'rr + 4rai+ 2 ﬁT)2dr.
0

According to the inequalities (79)-(81) and the equivalence of o1, and r, it holds

Ro
/ (7‘40f+°‘19fr R i o 9?)dr
0

ﬁo 1
(82) <C / [2(1 + )24 (0M9)? + 2o T2 ol T2 | dr
0 1=0

In addition, one has

Ro
/ r2o{92%dr
0

s <[

The combination of inequalities

ML;U)

‘ )
(=]

ﬁo EO
r2o%+a193dr +/ rﬁa‘f‘ﬁfdr < C/ (r2of+a19$ + rﬁal"ﬁf)dr.
0

—~~ N

82)-(83) and (61)-(71) leads to

Ro
/ (rtof 292, + r?of92)dr
0
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39 <cY / 00 010)? 4 1200 (O10)? + (rOl, )]} r, 0) .
j=0"0

Finally, we can conclude (53) by (61), (71) and (84). O

Next, we establish the below higher weighted energy estimates by an inductive
method.

Lemma 3.4. Let T > 0 and the assumptions of Theorem 2.1 holds, and there is
a constant 0 < g1 < 1 such that the strong solution 9(r,t) to the initial boundary
value problem (32) fort € (0,T) satisfies

2 1
Z(l + t) HajﬁHQoo ([0,Ro]) + Z(l + t)J”a{Z"ngQoe({o)ﬁo])
=0 j=0
it+j—
+ > (1+t)||oy 2aﬂau9||Lw([0 Bal)
0<5<[#2],3<i+2j<3+[a]
i+
+ > (L+ ) |lroy ™~ 2aﬂa’q9||Lm([O Rl
0<G <252 ) i+2i=4+(a]
. i+j—3 .
(85) + > (1+t)||r20y ™ 9]0 0. S €1 < 1.
0<G<[*H52),i+25=5+(a]
Then, it holds for any t € [0,T] that
[i+22J+1] ﬁ
0
> o+ / (1o (019)? + 2o (1) + riat ™ (019,)2] (r, t)dr
1=0 0

. ﬁo . . .
—|—(1+t)2j/ [7‘401‘””1(856:.“19) + 200t =191 9t ) ](r,t)dr
[7,+2J+1]

0
Ro .
+ Z / / 1+5s) 2l 1{ (1+s) 2T4Uf‘ 8”119)2 —|—7‘20‘f+1[(8§79)2

(ral )21} (7, s)dsdr

[z+2_]+1

Ro
(86) <C7 Z / o (009)? + r2o T (019)? + rtet T (0,9,)%] (r, 0)dr,

where j > O, i Z 1,i42j <5+ [a], and Cy is a positive constant.

Proof. First, we show the following higher weighted energy estimates for j =
2,3,--+,3+ [ | by the inductive method

) Rg . .
(1+1t)% / [r1o(8]0)? + r2f T (0] 9)2 + rio{ (0] 9,)? ] dr

RO . .
/ / (14 8)7 Y1+ 8)*rtof(07719) + 1209 TH(070)? + (r019,)?] }dsdr

<CZ/ ro(OW)? + r2ot L (@40)? + 1ot (010,)?) (r, 0)dr,

where C' is a generic positive constant.
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Suppose that J(r, t) satisfies (85) and the following inequality for 1 < j < k—1,

kE=1,2,---,3+[5] as

ﬁo . .
(1+t)% / (110 %(0]9)? + 20T (0] 0)? + riot T (0]9,)?] dr

/ / (L4 8)2 {1+ 8)>*0(01119) + r20 7T H(079)% + (r029,)?] }dsdr

Ro
<C’12/ o (0M9)? r2af‘+1(5‘£19)2 +r40f‘+1(8iz9r)2] (r,0)dr.

We just need to prove the following case j = k. Taking the time derivative 85_1
on Eq. (62), one has

raC Oty 4 [0 T (01080 + 027089,)], — 208 (03 4 04)[7-(1 + <) + 9], 080
(89) +o2F1(30y — 01)080, = 0F [Fa(r, t) + Fa(r,t)] + Fs(r, 1),
where the nonlinear function §s(r,t) is defined by
s (r,t) 2207 OF (03 + 04) (0 (1 + ) + ) 04] — (05 + 0) [ (1 + <) + 9], 059}
— {o T OF T (0194 + r029,) — 01070 — 102079, ]}
(90) — oy OF (309 — 01)0,] + 07T (302 — 01)0F D,

Multiplying the Eq. (89) by 730F4, and integrating the resulted equations by parts
on [0, Ry] respectively, with the help of the a-priori assumption (52) and Cauchy
inequality, we have after a tedious computation that

1d Ro 4 k. q\2 RO 2 _a+l

—— riof (07 9) dr + réol " Fe(r, t)dr

2 dt 0 0
Rg

<(b+4e1 + Mi|biby — ajas|)(14t)~* / [rAof (0F9)2 + r2a0TH(9F9)? + riod ™ (0FY,)?]dr
0

k—1 Ro
+Cy Y (1)t / [rto(019)? + r?of T (019) + rtat 1 (0(0,)] dr
1=0 0
(91)
= 20—2k4+1— 6 Ro
+ CyMy (bibs — araz)? S (1452 ‘sm—l/ rho (09)%dr,
1=0 0

where 0 < b < 1 and C}, are two positive constants, and the nonlinear function
Fe(r,t) is given by
Fe(r,1)

(92)

£ — {301 +2r(03 + 04) [, (1 + <) + 9], } (05 9)? — O2(rOf 9, ) — 20010790} 9,
It is easy to derive by the a-priori assumption (85) and Cauchy inequality that
(93)

CH A+ )7 (079)? + (rof0,)?] < Folr,t) < C(L+ 1) [(970)? + (rOF9,)?],
for a generic positive constant C.
Therefore, it holds by using 0 < Mj|ajas — b1ba| < 1 that

1d

7y
sai | et s eT @y [ Rt @ka)? 4 rtor 0k, 7] dr
0



474 X.-M. WEN, M.-Y. ZHANG AND Y. CHEN

(94)
k-1 7,

3062(1“)21*%*1/ 103 (819) + r200+ 1 (89) + riot+ (8b9,)?] dr
1=0 0

Multiplying the Eq. (89) by r39F "9, integrating it by parts on [0, Eo] respectively,
and applying the a-priori assumption (52) and Cauchy inequality, we show after a
complicated computation that

1d Ro 2 a+1 3 k—1 Ro 4 _argk+1 912
—— Se(r,t) — 2r oFy [6t Fa(r,t) + s (r, t dr + riol (077 9) dr
2 dt )

0
<Ch(el +1 Z(l + )27k 1)/ [t (8109)% + r* ot T (819)? + ot T (819,) ] dr

Ro
+(b+51)(1+t)_2/ [rot (8F9)° + rPot T (0F9) + ot (00, )? dr
(95)

k o
+ CpyM1(b1b2 — a1a2) 2 Z (1+1) 2(l—k= =) / r4af‘(8éz9)2dr
1=0 0

Summing (1 + ¢)? x (94) and (1 + ¢)? x (95) together for p = 1,2,---,2k and
q=1,2,---,2k+1 respectively, integrating the resulted inequalities on [0, Ro], and
using 0 < Mjlajas — biba| < 1, we get (87) for j = k by the inductive hypothesis
(88).

Next, we show the following higher regularity estimates for j > 0,7 > 1,2 <
i+2j <5+ [a] by an inductive method

ﬁo . - . . . .
(020 [ oyt @0 o) + rPot T 0] 0}0)? ar
0
[7,+2J+1

w0 / [0 (010)2 + 12051 (BL0)? + rat ) (209, )2] (r, 0)dr,

where C' is a generic positive constant.
Suppose that 9(r,t) satisfies (85) and the following estimates for j > 0, ¢ > 1,
2<i4+2j<k, k=23,---,44 o] as

. EO . . . . - .
(14 1) /0 (Ao (BJ 01 10)? + 12051 (0)010)?) dr
[L+2J+1]

07 <C Z / [0 (819)? + r20 1 (89)? + rio (819,)?] (r, 0)dr.

Thus, we just need to prove the following case i + 2j = k + 1. Taking the mixed
derivatives of time and space 9 9.~ over (1+¢)71(1+¢)?™ 2(1 +< + 7)™ 1(72),
it holds

m[ro10] 051 + (i + 3)010] 029 + (i + a)ro1,0] 8LV
:81{8};_1{(1 + t)_1(1 + g)Qm_Q(l + ¢+ rgr)mﬂ[algl (r,t) + (14 a)o1,82(r, t)
(98) +gs(r )]} + 1+ A+ 21+ +re,)" 1 ral THO M + Ga(r, ),

where the lower order term G (r,t) is given by

Gl(T’, t)
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1+ 2m—2 _ 1 2m—2
I%Tﬂt]—(l-f—t) ILH
I4+s+re)™™ I4+s+re)—m™

olﬁr) — magai_l {ralﬂw +[(t+3)o1 + (¢ + cx)ralr]ﬂr} — mrolatjaf;"'lﬁ

(e ol ot

. o ',"g‘,r‘
+ojor 1(1+<

(99)
J qi—1 . o Tor
+ 1+ a)d/0; { [2 3m+ (2 —2m) T

g] 0'1,«19} —m[(t+ 3)o1 + (i + a)rolr}afaiﬁ.

ati—1 o~
Multiplying (98) by ro; 2 and taking L?-norm on [0, Rp], applying the similar
arguments as dealing with the estimates (82) and (83), it implies after a tedious
calculation that

Ro . o o
[ ot @lor ) 4 20 900y dr
0

Ro ) o (1+¢)2m—2 2
2 _a+i+1 J ai—1 -1
S/o i {875@ [(1+t) (I4+¢+rg)—m-1 (181 + (1 +a)orres +g3)]} dr

i r260H=1G2dr 4 O(1 + 1)2 Ro P2oati=1(git15i-29)2 4y
o 1 t T

(100) +c/ [riog (0] 019)% + (1 + )2 rtey T 1 (0] T 0l 9) dr.
In addition, the terms on the right hand side of (100) can be estimated by

Ro .
/ r2e® T LGE (r, t)dr
0

J Ro ) . ) ) . )

<Cet> Z(lth) 2= a/ [riof il (0] T oimhw)? 4 r2ep T T2 (0] T ol 1) dr
1=01,=0

(101)

- rRo . i
+C(1+1)¥ rtot TN (0] 017 10)? + 2ot T (0] 077 20)?  dr.
o 1 t=r 1 tYr

Due to the definitions of g;(r, ), (i = 1,2,3) in (73)-(75) and inequalities (76)-(78),
it is also easy to verify that

EU . L 1 2m—2
/0 r201‘1+2+1{8§8ﬁ71 [(1+t)71—( +<) 1g3(r t ]} dr

I+s+re)
g iz2 9] 8=6m Ro i . )
102 <C(b1by — ara2)? 148 2 w1 20027 (9d =B gi-1=79) 2y,
0 1 t T
B=0~=0

and

EO . s _ (1+<)2m—2 2
J, e {eo [0+ 0 S im0 + 0+ g

(103)

ST Sy e ERORN R 12@2@)]

B=0~v=0kK=0

where the nonlinear functions D1 (t) and Dy(t) are defined by
Ro ) . _ -
D1 (t) é/ 200t |rg18] 7 POIH 9| 4 |(o1 + r2)0) POl V)
0
(104) + |[rél TPai 9| 10 P a2 1| ] x [|raf Tr eyt | + 182 oy |] P dr
and
R . o o
Do (t) é/ 1200t |rg18] PO TVY| + |(o1 +72)0] Poi Y|
0
+1rd] Poi 9| + 0] P i) ? x [[rof ot
(105) + 827 a0 Pdr
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Then, we investigate the following inequality by two cases.

Du() 4 (14T S Da(1)

i+28-2k+1 . fy _ _
Sols%(1+t)2(nfﬁ) Z / [T4U¢fc+9+l(ag*ﬂaf+l,l9) +T2o_a+9 1(8;‘77'885’19)2]61’!"
o=i—~y—2 70
(106)
i+2j—-28+2k—1
+ Cref(1 4129 Z / rdod 0T () T 90T 9)2 4 r2o 0O (07 T 00 0)? dr.

Case 1: One the one hand, if 2y +28 > i+ j+kfor j > 0,i > 1,14+2j <
54 [a,0<8<5,0<k<B,0<vy<i—1,it implies

(107) a—i—2j+28+2y4+22>0.
Thus, we can deduce by (85) that
(108)
. EO . .
Dy(t) < (14109 / P2 HRTRRITIRRR ()R o ) 4 (0] 07 0)) dr
0
Obviously, it holds either for v+ 28 — i — 2j + 2 > 0 that
(109)

Ro
D, (t) <e3(1 +1)2F=9) /0 [rio (0]~ ap T 9)? + 2t TN (0 0 0)? dr

or for v+ 28 —i—2j+ 2 < 0 that

i+2j—26+2k—1

gl(t) SC&%(1+t)2(5*J) Z / 2 a+9 1 ( 3?7“87?*119)2

(110) + (977 009 dr

where we have used the following inequality

Ao »
[, R g g ) oo )

2

+2j—284+25 Ry -
<C Z /A 4U?+2+2J72ﬁ+2ﬁ(8?7K(9£’£9)2d?".
6=~ %

Case 2: On the other hand, if 2y +28 < i+ j+ kK for j > 0,i > 1,i +2j <
54 [a,0<8<5,0<k<B,0<y<i-—1,1it also implies

a+i—2y—-284+2k>0.
Then, we can deduce

atitloy . 2
ro, =& ﬁa;“*w]

Ro
Dy (t) <e2(1 + £)25#) /0 |

ati—1—

o . A 2
+ ‘7“01 A )

ati—1—rn

i~ B i 2
+‘01 N )

ati—1— . . 2
+oy Wag—ﬁa:*—m‘ }dr
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it holds naturally either for v + 28 — 2k = 0,1 that
Ro , o
5‘31@) SE%(I + t)Z(H—ﬁ) / [7”40?+Z+1_’Y(ag_ﬁaf_—i_l_'ylg)Q
0

+ 720 a+i7177(ag7607z‘5w19)2 + T4U?+i717v(35753£717719)2
(111) + 2ot TP 92 9)? dr
or for v+ 28 — 2k > 2 that

i+28—2k+1 R, 4
0.0 <@+ ST [ [t oo o)
9=i—ny—2 O
(112) + 200t 1(9] 7P 9092 dr,

where we have used the following inequality

Z / 40?+i72~/72ﬁ+2n(8g7ﬂ87i1—7+q19)2dr

q=—-2
Y+28—-2Kk+2
< > / rlop R (9] = it ay) 2y

q=—2

The D5(¢) can be estimated by the similar argument as proving the D1 (t), and the
details of the proof are omitted. Thus, we can obtain (106).

Substituting (101)-(103) into (100), it is natural to conclude (96) for i+2j = k+1
under the inequality (106) and the inductive hypothesis (97) for 2 <i+2j < k. O

Proof of Theorem 2.1: Summing (86) from j = 0 to j = 3 + [§] and from
i =1 to 5+ [a] — 2j respectively, we can prove (35) in Theorem 2.1. According
to the weighted energy estimates (35) and weighted Sobolev embedding inequality
(49) and Hardy inequality (51) on [0, Ro], we can verify the a-priori assumption
(85), and conclude (34) in Theorem 2.1 as follows.

First, we verify the a-priori assumption (85). Obviously, it follows from the
weighted energy inequality (35) that

(113) Eq(t) < C1E1(0).
What left for us is to prove the a-priori assumption satisfying
2
27 Yi 2] Vi
Zo(l DX N0 0, 7y + Z 10297 17 10,01
i=
211 ~i+ti—3 57 5i 9112
+ > (14 )%} 2aai9||x[0RD
0<j<[#52],3<i+2j<3+(a]
2 it+j— J 2
+ > (14 0% |lre" 2 07010 (0.R])
0<j<[352 ] i+2j=4+[a]
i+ 2 | i
(114)  + > (1+8)%|r2ei " agarﬁ”?m([oﬁo]) < Cs By (t).

0<5 <[44 ),i+2j=5+[a]

In the case that the space variable r € [0, P§ ], we show the following inequality as

251197 9192 27 J 95,9112
| Z W+ DY IR0 _ o oy + Z W+ 0¥ RO _ o s
i+2j<3+(q] i+2j=4+[c]
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(115)
+ 14 6)%|r26029| L < CEL (D).
Y W00 gy < OB
i+25=5+[a]

Based on the weighted Sobolev embedding inequality (49) and the following em-
bedding inequality

(116) 10Ol e o,y < CONFC O s oy <0 C(6) >0,
it holds that
(117)

a1 912 <C||div)? < Cs(1+8)"YE(b),

i+2jz<';+[oz]| o HLw([O’RO] | HH2 s+el-2i ([0, 52]) = s ) 1®)

(118)

81'61'19 2 ~ <C 6ja4+[a]—2j19 2 ~ < Oyl 4+t -2 p 0,
Z_HJZ;HQ]M V0017 o 2y SCITOID; s 0,20y < Cs1+ D Er(t)
and
(119)

2338219 2 - <C 8j6§+[a]72j19 2 ~ < Co(1l4+ )Y E (1),
i+2j§5:+[a] 4 ||L°°< =D 95, ”Hl([o,%n = G(1+1) 1®)

Summing the inequalities (117), (118) and (1

) together, we can obtain (115).

19
In the case that the space variable r € [, Ry], we investigate the following in-
equality as

2 1
> @ +1)% i) +) (1412070, [
J=0 J=0

Lo ([ 22 Ro) (122 ,Ro))
21 _i+Ii—3 qj ai 112
(120) + Y A+ pY)ey " 200! gl (B A < CsEi(t).

4<i+2j<3+[a]

With the help of (116) and the weighted Sobolev embedding inequality (49), we
have
(121)

2
SOOI ) <ClOEOI < Cs(1+0) M Ei(0)

HOHoT+om2 0+101=25 ([ B0, Ro))

and
(122)

1
J 2 J 29 1|2 —2j
SO 50 gy S OVt B gy < G+ O ER(),

If the constants ¢ > 2, 4 <i+2j <5+ [a],0<1<6—1i—2j,0<qg <1l it holds
by the Hardy inequality (51) that

i+i—5 aj i g2
||Ul a 9 19” RO Eo])

(123) < Clot zaﬂawn?

Hotla]+10-2i—45,6—i— 2]([ Ro]) —

Taking the summation of (121), (122) and (123) together, we can obtain (120).
The combination of (115) and (120) leads to (114).

< Cs(1+ 1) Y E ().
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Next, we prove (34) in Theorem 2.1 as follows. For 1 <m < §, o = m— +2j =
S5+[a,ifj=0,i=5+[a,a=a+i—1=a+4+][a],b=1i=>5+[a], it implies
HﬂH =2 (0,Ro)) <C[” A o 0, 2oy 1Y [ SIS Ro])}

§C4517
and
19717 10, Re1y SCION o2 < Cief.

([ORO}
Similarly, ifj=17i:3+[a],aza—i—z—lza—&—?—&—[ ], b=1i=3+[a], it also
holds that

” tHLoc([O Ro)) C||19t||Ha+2+ [a].3+ (] ([0,Ro]) < 046%(1 +t)72’
andif j=2,i=14+al,a=a+i—1=a+][a],b=1i=1+ [a], that
”ﬂttHLoo( 0,Ro]) = CHﬁtt”H(wr 11+led ([0,Ry]) = C(451(1 +t)

Therefore, we can conclude (34) from the above facts.
4. Numerical simulations

In this section, we carry out numerical simulations for the free boundary value
problem (10)-(11), which is consistent with the main results of Theorem 2.1 and
Theorem 2.2 in Section 2.

For the supercritical case (i.e., 1 <m < 3), To begin with, we discretize
the spatial domain by placing a grid over the domain [0, Ry], and for simplicity,
we use the uniform grid with the grid spacing Ar = 1/N (N is a positive inte-
ger). Similarly, we discretize the temporal interval with the grid spacing At. The
discretized solution at each discrete time is presented as a vector
(124)

n =n(r,t"), r=14iAr, t"=nAt, for i=0,1,2,---,N, n=0,1,2,---.
Moreover, define the discretized mass by
i
Z m(rg—1 + Tk+1)2ﬂo(7‘k)AT, 1=1,2,---N,
k=1
0, i=0.

(125) My; =

Discretize n, and 7, by applying the central difference method and 7 by using the
forward Euler scheme respectively, and modify the unstable scheme by replacing
n? with 2(n ; +n? ). Thus, an explicit discrete scheme for the initial boundary
value problem (24) can be written into a following form as
n+1 1inn n 2
n; - *(771‘ + - ) 1 n 1
2t L= o P — (a1az — ble)( ) My,

(126) At o7 () n
77? = 770(7"1‘), 7761 = 07 7’]% = R(tn)a

where the constants ¢ = 1,2,--- ,N—1,n=0,1,2,---, and P* = P(n}) represents

m
an appropriate discretization to the spatial operator P(n) = (2)2 {0‘1”1 (ngf, ) }
- -

of the first equation in (24), which is formed as

- 2Tia0(Ti)AT + [ao(ri—i-l) — ?/,6\0(7‘1')]
(n3')? (" — i)

- 2o (r;) Ar
Py = [(77?)2(17?—77?_1)
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25 (g 270 (r ) (0™ = 2n7 n
(127) o USL(ZZ) i T U‘O(Zl)(:]z nnz :—771—1) .
(771' ) [772' (771' - m_l)] Ar

Consistently, for the self-similar Barenblatt solution (u(7, t),f}(ﬁ, t), R(t)), we
also obtain the following discretized equation

(128)
it = 1( + ) — iP(””) for i=1,2 N-1,n=0,1,2
n; 9 777—}-1 771 1 U?(’ri) ) — L4y i ) — YUy, Ly 4 .

Selecting an effective total mass M7y ~ M; and using least square method, we can
solve the system (14) and obtain approximate value of Mj.
Next, define the initial data n? be a small perturbation of the self-similar Baren-
blatt solution as
(129) 7 £ 9(ri, 0)[1 + €(r;)] = [l +e(ry)], 0<e(r;)) <1, i=0,1,2,---,N.
Then, we can define the discrete density function u? = u(n?,t") and the velocity
function V;* = V(nP*,t™) by discretizing (23) as
(130)
n_ 2rof(r)Ar
n 5 9
()" (e —niy)
For the subcritical case (i.e., m > }), using the similar method to deal with
the mass My and the partial derivatives of 1 on fixed region [0, R] and modifying
unstable scheme by replacing n;* with %(7717‘_1 +ni* +nj, 1), we can obtain the explicit
difference scheme and the initial data which is similar to (126) and (129) respec-
tively. To derive the certain discrete spherically symmetric steady-state solution
u; = u(r;), we define an approximate discrete scheme in the following form

(131)

V;n:(nt)?> for i:1u27"'7N_17n:1’27”.

aiag — b1b2

W(riy1) = w(ry) — —————s Z T(rp—1 + e 2@(rg)Aryi = 1,2, | N — 1,

m(r;)2a(r;)™
where the right boundary condition satisfies iy = 0. Dealing with the left boundary
condition @y by the one sided difference to obtain u; = g, we can express the
density and velocity function by replacing Y in (130) with ;.

4.1. Simulation for the supercritical case. For the supercritical case m €
(1, %), we have proved that if the initial total mass of cell density is small enough
or the interaction between repulsion and attraction cancels almost each other, the
strong solution to the free boundary value problem (10)-(11) exists globally in time
and converges to the self-similar Barenblatt solution at the algebraic time rate as
shown in Theorem 10 in Section 2. This is verified numerically by Figure 1.

Indeed, Figure 1 (a) demonstrates that the maximum value of the cell density
decays in time. Figure 1 (b) shows that the difference of the cell density u and the
self-similar Barenblatt solution @ tends to zero as t — co. Moreover, Figure 1 (c)
and Figure 1 (d) present that the velocity decays and then levels off, the difference
between the two velocities V and V decays sharply and tends to zero as t — oo.
These numerical simulations are consistent with what we have shown in Theorem
10: The cell density concentrated at the center will expand outward and decay as
the time grows up, and the cell density function and velocity function converge to
the self-similar Barenblatt solution as time ¢t — oc.
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Density with Time Evolution Density Difference with Time Evolution

x10%° 10

Density u

Density Difference [u — i

wo

(a) (b)

Mixed Velocity with Time Evolution Mixed Velocity Difference with Time Evolution

Mixed Velocity V
Mixed Velocity Difference [V — V

(c) (d)

FIGURE 1. Time evolution of the density (a), the difference of the cell density u
and the self-similar Barenblatt solution @ (b), the mixed velocity (c¢) and the mixed
velocity difference (d). Spreading for the supercritical case m = 13. Here the
initial data is fixed as 7Y = 7; x 1.01 and the boundary condition R(t") is fixed as
a small perturbation of R(t") as R(t") = R(t") x 1.01. The initial total mass M
is small (M; /=~ 4 x 10~% as ajaz — biba = 1) or the interaction between repulsion
and attraction cancels each other (|ajaz — bib2| < 1).

4.2. Simulation for the subcritical case. For the subcritical case m > %,
we have shown that if the initial data is a small perturbation of the steady-state
solution and the attraction effect dominates the process, the strong solution for
the cell density function exists globally in time and converges to the corresponding
steady-state solution at the exponential time rate as established in Theorem 2.2 in
Section 2. This is verified numerically by Figure 2 and Figure 3.

Indeed, Figure 2 (a) shows that the time evolution of the cell density on the
compact support [0, R]. Figure 2 (b) presents the difference of the cell density u
and the steady-state solution @ tends to zero as the time t — oo. Figure 2 (c)
and Figure 2 (d) demonstrate the time evolution of the mixed velocity, namely,
the velocity decays and then level off, and the difference between the two velocities
V and V decays sharply and tends to zero as the time t — oco. These numerical
simulations are consistent with what we have obtained in Theorem 2.2.

In addition, we plot the computed solution at various constant coefficient ajas —
b1bs in Figure 3, It is worth noting that faster reduction with coefficient ajas —
b1bs = 10, yet, it takes more time for the strong solution of the cell density to the
free boundary value problem (10)-(11) with coefficient ajas — b1be = 1 to converge
to the steady-state solution given by [5].
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Density with Time Evolution

Density Difference with Time Evolution

#107°

Density Difference u — @

(a) (b)

Mixed Velocity with Time Evolution

Mixed Velocity Difference with Time Evolution

Mixed Velocity Difference [V — 7|

FIGURE 2. Time evolution of the density (a), the difference of the cell density u and
the steady-state solution @ (b), the mixed velocity (c) and the difference between

the two velocities V and V (d). Convergence to the steady-state solution for the
subcritical case m = g Where the initial data is fixed as 77? = r; X 1.0001
and the boundary condition R (¢™) is fixed as a small perturbation of R(t") as
R(t™) = R(t") x (1 + %). The initial total mass M is fixed (M2 ~ 5 X
10_3), the interaction between repulsion and attraction is nonnegative (we assume
aia2 — blbg = 10).

Density Difference with Time Evolution

Density Difference with Time Evolution

Density Difference u — 7

FIGURE 3. Time evolution of the density difference with ajas — b1bs = 10 (a) and
the density difference with ajas — b1bs = 1 (b). Convergence to the steady-state
solution for the subcritical case m > %. The initial total mass M, is fixed (M2 =~
5x 1073).
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