INTERNATIONAL JOURNAL OF (© 2020 Institute for Scientific
NUMERICAL ANALYSIS AND MODELING Computing and Information
Volume 17, Number 3, Pages 434-456

AN ADAPTIVE VISCOSITY E-SCHEME FOR DEGENERATE
CONSERVATION AND BALANCE LAWS

EBISE ADUGNA ABDI AND HANS JOACHIM SCHROLL

Abstract. An adaptive E—scheme for degenerate, viscous balance laws is presented. Taking into
account natural diffusion, numerical viscosity is locally reduced to a minimum. Numerical experiments
demonstrate the improved accuracy of the adaptive scheme. Explicit and implicit three—point E-schemes
are monotone, TVD and nonlinearly stable. A high-resolution version of the adaptive E-scheme is
derived and tested in experiments. The latter is not necessarily monotone, but TVD.
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1. Introduction

For scalar conservation laws u;+ f(u), = 0 the entropy solution may be constructed as
the vanishing viscosity weak solution to the viscous conservation law u; + f(u), = dugy.
Numerical methods for hyperbolic conservation laws appeal to that principle by using
artificial, vanishing viscosity. For example, the classical Lax—Friedrichs scheme applies
the numerical viscosity d = eAx where ¢ = 0.5Ax/At. By the CFL-condition ¢ is
bounded from below 2¢ > ||f’||oc. In agreement with the concept: sufficient diffusion
grants stability, Tadmor [25] showed that any scheme containing more numerical viscosity
than Godunov’s scheme is entropy—stable. Moreover, it is exactly the class of E—schemes
[21] that have no less numerical viscosity than that of Godunov.

In this paper we present an adaptive viscosity E—scheme for degenerate, viscous con-
servation laws

(1) Uy + f(u)ac = (d(u’ x)um)gg ) d(uvx) >0

making use of the given ”"natural” diffusion d(u,z) > 0 and adding only that much nu-
merical viscosity as needed for stability. The resulting adaptive viscosity scheme is an
E—scheme. In Sect. 5 we prove that explicit three-point E—schemes are monotone. Ap-
plying the calculus of inverse—-monotone matrices, it is shown in Sect. 6 that also implicit
E—schemes are monotone. Using Kréner’s version [18] of Harten’s theorem [10], it follows
that ¥J—time stepping with E-fluxes is a TVD operation, see Sect. 7. Numerical exper-
iments in Sect. 9 demonstrate the effect of reduced numerical viscosity in the presence
of natural diffusion. Finally, in Sect. 13 a nonlinear reaction term is included in the
analysis and stability of the adaptive E-scheme when applied to balance laws is proven.
Conclusions follow in Sect. 14.

The numerical analysis of possibly degenerate convection—diffusion equations has a
long history. Some milestones are the following: Crandall and Majda [5] studied mono-
tone schemes. Breuf}[2, 3] presented a rigorous theory of implicit, monotone methods.
Osher [21] introduced E-schemes and Tadmor [25] showed their entropy stability by
comparison to the classical Godunov scheme. Even so these schemes are designed for
hyperbolic conservation laws, their analysis relies on numerical viscosity. Karlsen et al.
in a series of papers [7, 6, 4, 12, 13, 14] developed the theory and numerics of strongly
degenerate convection—diffusion equations. In [7] they found that strongly degenerate

Received by the editors September 30, 2019 and, in revised form, March 3, 2020.
2000 Mathematics Subject Classification. 35K65, 35L65, 65M06, 65MO08.

434



AN ADAPTIVE VISCOSITY SCHEME 435

problems develop more complex structures than purely hyperbolic equations. A class of
conservative—form difference schemes, treating the convective and diffusive flux as one ef-
fective conservative flux, is shown to converge to the unique BV entropy weak solution.
Our contribution is to minimize the numerical diffusion in the effective flux (without
solving nonlinear Riemann problems). In [4] Chen and Karlsen establish continuous de-
pendence for anisotropic degenerate parabolic PDEs. Anisotropic numerical viscosity
appears in finite volume schemes on unstructured grids where total variation bounds are
not available. Error estimates and convergence rates are given in [12, 13, 14].

2. Preliminaries

Consider the convection—diffusion equation (1) with f € CY(R), || f||oc < oo and pos-
sibly degenerate "natural” diffusion d(u,z) > 0. Let eAxz > 0 denote artificial diffusion
and D = d + eAx the effective, total diffusion. On an uniform mesh z; = jAz, Az > 0
the second order central difference operator

1
———TI'p ~ 0, (DO,
A2 P ( )
is given by a symmetric matrix. At inner grid points it has the local structure
Dj-3/2+ Dj-1/2 —Dj-1/2
I'p ~ —Dj-1/2 Dj-1/2 + Djyy2 —Djy1y2
—Dji1/2 Dji1/2+ Djys)

where Djy1/5 = D(1;41/2) is evaluated at the interface z;,,/o = (j + 1/2)Az. The
convection term is discretized as

Flule % 3 Abw)

where ¢ denotes the diagonal field ¢(u); = f(u;) and A is the anti-symmetric, central
difference operator
0 1

A~1 -1 0 1
-1 0

For periodic problems it will be sufficient to consider ”inner” mesh points. Applying
periodic boundary conditions and identifying overlapping points the equations at the
boundary are the same, see Sect. 8. Also note the finite mesh and finite dimensional
discrete operators represented by finite matrices.

The convection diffusion operator — f(u), + (d(u, x)uy ). is discretized by central dif-
ferences ) )
The classical, central difference scheme has no artificial diffusion € = 0, while Lax—
Friedrichs uses € = £ 2Z. The forward marching scheme

2°At
™t = u™ + AtFa,(u™) = H(u™)

is monotone in the sense of Crandall and Majda [5] if H = I+ AtFa, is a non—decreasing
function in all unknowns. In particular, the Jacobian DFa, is off-diagonal non—negative,
or quasi—positive.

Whenever diffusion D = d + eAx does not depend on u, the Jacobian reads

! L Adiag(f'(u))
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and quasi—positivity is ensured by enough diffusion
(2) 2Djz1/2 > Az f|o -

Apparently, classical, central differences require enough given, natural diffusion in

relation to the mesh size. The CFL condition £%[|f’|lcc < 1 ensures that the Lax-

. . . . 2 .
Friedrichs scheme has enough diffusion eAx = %A& , even in the absence of natural

diffusion.
Rusanov’s local Lax—Friedrichs scheme [22] adapts the numerical viscosity locally

1
(3) €jr1/2 = gmax|fi(u)] , Vu € UG

such that € = e(u) and hence D = D(u) do depend on u. In this case monotonicity is not
discussed as easily by taking derivatives. However, as E—scheme, also local Lax—Friedrichs
is monotone, see Sect. 5.

3. An adaptive viscosity E—scheme

To be on the safe side, Lax—Friedrichs applies artificial diffusion enough to approxi-
mate inviscid conservation laws disregarding any available, natural viscosity. In fact, the
scheme is designed for hyperbolic problems. Classical central differences, on the other
hand, need positive natural diffusion and fine meshes. They cannot deal with locally
degenerate viscosity and become unstable in the limit d — 0. When dealing with dif-
fusive conservation laws, it is therefore tempting to adopt the artificial viscosity to the
characteristic speed of the hyperbolic operator f’(u) and the available natural diffusion
d(u,x) > 0. To satisfy the "enough diffusion” condition (2) it is sufficient to set

1 1

(4) €j+1/2 = Max (0, §|fl|j+1/2 T Az j+1/2> )
where d; 1/, means d(t;41/2,2j41/2) With @ the average @11/ = (uj + u;j11)/2 and
Tiy1/2 = (j +1/2)Az while | f'|;41/2 denotes the local maximum

|f 4172 = I%?X|f/(u)| , Vu €Uy U -
Note that this choice avoids artificial anti—diffusion € > 0 and guarantees the local con-
dition
(5) 2Dj+1/2 2 A$|fl|j+1/2 .
The adaptive Lax—Friedrichs flux

1 D;iq1/9
(6) Flugupn) = 5 () + Flugen) = =52 (w0 — )
with
(7) Dj1y2 =dji1)2 + €j412A

and € according to (4) is consistent with the viscous conservation law (1) in the sense
that F(u,u) = f(u). It is not difficult to verify that the adaptive viscosity scheme is an
E-scheme. According to Osher [21], a three point scheme in conservation form

’r}Jrl — At

(8) u] uj - A_J? (F(u;lvu;l—i-l) - F(u?—lvu?))
is called E—scheme if its flux satisfies the E—property
(9) sign(ujr1 — uy) (F(uj,uj41) = f(u) <0, Ve €547

A flux satistying (9) is also called E-flux.
Lemma 3.1. The numerical flux (6) with sufficient diffusion (5) is an E-fluz.
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Proof. Assume u; < u < wuj4q and find
flujen) = flw)+ /() ujer —u) , &€ [u,uj41]
flug) = flu)=fF(u—uy) , né€lujul .

Using (5)
% (f(uz) + fujy1)) = flu)+ %f/(f)(uj-l—l —w)— %f’(n)(u )
< fluw)+ DZF;/z (ujy1 —u) + %(u — uy)

Diji1)2
= )+ P g )
By definition of the flux (6) the E-property (9) follows. The remaining other case u; >
u > uj41 is analogous. g

As (4) implies (5) it is clear that
Corollary 3.2. The central scheme (6) (7) and (8) with numerical viscosity adapted by
(4) is E-scheme.

Note, the condition for monotonicity (5) is sharp. Without natural diffusion d the
numerical diffusion € cannot be reduced and the adaptive scheme coincides with local
Lax—Friedrichs. The adaptive E-scheme develops its potential in the presence of limited,
variable and degenerate diffusion d > 0. With positive diffusion d > 0 and fine meshes
Az < 1 on the other hand, less artificial diffusion is required by (4) and the gain in
resolution by the adaptive scheme is less. See also the numerical experiments in Sect. 9.

4. Strongly degenerate problems and conservative differencing
Following Evje and Karlsen [7] the non-linear convection—diffusion equation
(10) ur + f(u)y = (duw)ug)s , d(u) >0
is called strongly degenerate if d vanishes on a non—trivial interval
dlu)=0, Yu€la,pf], a<p.

In that case the solution to the Cauchy problem is more complex than solutions to
hyperbolic conservation laws and naive schemes fail to capture the entropy weak solution.
The cure to the problem is conservative differencing of the total flux as follows. Denote
by k(u) the primitive

() = / d(s) ds
0
and rewrite the PDE (10) in conservative form

ur + (f(u) = k(u)a)e =0 .
Approximate the total flux f(u) + k(u), for example by the augmented Lax—Friedrichs
formula

(11) F(uj,ujp1) = 5 (fluz)+ fuje)) — €412 (wjr1 —uy)

e (klug) — k(o)

and apply conservative differencing (8).

N~
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Note that k(ujt1) — k(u;) = d(&) (uj41 —u;) for some & € @y, w;11. With adaptive
numerical viscosity
1 I
€j+1/2 = Max <0, §|f’|j+1/2 A mm(d)j+1/2) ;
where min(d) 412 is the local minimum
min(d);41/2 = mind(u) , Vu €Ty, 511 ,
the effective diffusion
1
Dji12 =d(§) +€jp1207 > §|f/|j+1/2

is enough to make an E-flux, see Lemma 3.1. In Section 9 below it is demonstrated
that this conservative E—scheme approximates the entropy weak solution at improved
resolution.

5. Three—point E—schemes are monotone

A three—point scheme in conservation form (8) is monotone if
At

Ay F g ujr) = Flujr, u5))

is non—decreasing in all its arguments [5]. By setting f(u) = F(u,u) in the E—condition

(9) it is obvious that a monotone and consistent scheme (8) is E-scheme. To show that

consistent E—schemes are monotone, consider first

H(uj1,uj,u41) = uj —

Lemma 5.1. A consistent, three point E-scheme (8), (9) is quasi-monotone; that is
O F(v,w) >0 and 0, F(v,w) < 0.

Proof. Assume u; < uj+1. By the E-property (9)
Fluj,ujr1) < f(u) , Vu€ [uj,ujm]
Selecting u = uj41:
Fluj, ujpr) < flujrn) = Fujrn, uin) -
We find that F'(v,w) is non—decreasing in v. Choosing u = u; instead:
F(uj,ujer) < fuy) = Flug,ug)

Apparently F'(v,w) is non-increasing in w. Similar arguments in the case u; > wjy1
complete the proof. O

Lemma 5.2. If 0, F(v,w) > 0, 0, F(v,w) <0 and the CFL-condition holds

At
12 N 81)F_8111F [e'e) S 1 ’
(12) o~ ||
then the scheme (8) is monotone.
Proof.
At
Ousoy H (uj—1, 15, uj41) = 70, 1 F(uj-1,u5) 20
At
8uj+1H(uj,1, Uyj, 'LLjJrl) = —A—xaquF(uj, 'LLjJrl) 2 0.
The CFL-condition (12) ensures that
At
Ouy H (-1, gy 1) = 1 = 2= (Ou; F(uj, ujyr) = Ou, Fujon,u5)) >0 .

This completes the proof. O
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The main result of this section is an obvious consequence of Lemma 5.1 and Lemma 5.2:

Corollary 5.3. A consistent, three-point E-scheme (8), (9) is monotone if the CFL-
condition (12) holds.

Finally, the adaptive viscosity scheme as E—scheme is also monotone:

Corollary 5.4. Under the CFL—condition (12), the adaptive viscosity scheme (7, 8, 6,
4) is monotone.
6. Implicit time stepping

As diffusive problems tend to be stiff, it is appropriate to consider implicit time step-
ping applied to the semi-discrete system u; = Fa,(u). The discretization in space is
conservative

1
(13) Fao(uw)j = —x7 (Fivi2 = Fiip2) o+ Fipage = Flujuj)
with a consistent E—flux (9). For such systems, consider ¥—time stepping
1
At
The parameter 9 determines the method: ¥ = 0/0.5/1 corresponds to explicit Euler /
Crank—Nicholson / implicit Euler, respectively. Sorting out next and previous time levels

(14) (u"t —u") = 9L (u"T) + (1 = 9)Fas(u™) , 0<9<1.

1
= o nt+l ntly _ — ,n o n
At VFAL (u™T) Al + (1 =) Faz(u™)
we define the left— and right—-hand side operators
1

=gt IFaz(u) , Rp(u) = Aitu + (1= 9)Faz(u) .

To investigate the monotonicity of the implicit ¥—scheme, consider two solutions wu
and v:

Lh(u)

Lh(un—H) — Lh(v"+1) = Rh(u") — Rh(v") .

Let
1
CR, = / DFa, (0" 4+ s(u™ —v™)) ds
0
A"—ll YCR B"—1]+(1 9)CK
h — At Az > h — At Az
It follows

Az,(un—i-l _ Un-l—l) _ B}TLL(UW _ Un) .
By Lemma 5.1 the Jacobian DFa, thus C}X, and B} are quasi-positive while A} is
Z—matrix. For At small enough
At

15 1—9) —||OF — OuwFlloc <1,

(15) (1-9) 5 o <
B} is non-negative. Due to the conservation form (13), the Jacobian shows the local
structure DFa, ~

aUijl/Q _8111Fj73/2 8111Fj71/2
s _81)Fj71/2 8vF‘jJrl/Z - 8111Fj71/2 8111Fj+1/2
—0uFj11)2 OFjtr3/2 = Owkjt1y2
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It is obvious that inner columns (in contrast to rows), sum to zero. Taking into account
boundary conditions, see Sect. 8, we find DFZ_§ < 0. Here § = (1,1,...1)T denotes the
vector of ones. It follows (C% )76 < 0 and

1
(AMTs > IR

By the M—criterion (Bohl [1], Theorem 1.4.3 or Fiedler and Pték [8] Theorem (4,3)) A}’ is
M-matrix i.e. (A7)~! > 0. Finally, also implicit E-schemes are monotone in the sense:
™t — gt > (AZH)71 By (u™ —vY) , (}124'1)71 By >0 .

If initially u® > v° (componentwise for all j), then the same is true at later time.

Lemma 6.1. Under the time step restriction (15) Y—time stepping (14) for a consistent
and conservative (8) E-fluz (9) is a monotone operation.

It is well-known that monotone methods are total variation diminishing (TVD). In
the next section, we present a direct approach to TVD.

7. E—schemes are TVD

Applying Harten’s theorem [10] we shall see that the CFL—condition guarantees R},
to be a TVD operator. Moreover, Kroner’s extension of Harten’s theorem turns Ly, into
a total variation increasing (TVI) operator. Consequently the ¥J-scheme Lj(u"*!) =
Ry, (u™) is TVD for any value of ¥ € [0, 1].

Theorem 7.1 (Harten). The method
n+1 n n n n n
uitt = ui + ajpye (ui = uf) = Bioaj (uf —uj)
s TVD Zf Oéj+1/2 > O, ﬁj,l/g > 0 and Oéj+1/2 + ﬁj+1/2 < 1.

Corollary 7.2. Let F(v,w) be a consistent, Lipschitz continuous

-
E-flux (9). Under the CFL-condition
(17) 1- 19)2—;2L <1

Ry, is a TVD operator: TV (Rp(u)) < TV (u).

Proof. The E—condition (9) implies the flux to be quasi-monotone, see Lemma 5.1 i.e.
OuF(u,v) >0 and 9, F(u,v) < 0. Hence,

Fuj, ujer) = fluy)
Cit12 = ]ujil_uj =<0,
F(uj,ujrr) — flu;
By = (u; g‘+1) ‘( 1)
Uj+1 — Uj

and Cj+1/2 + Ej+1/2 > —2L. By definition

[AtRy(w)]; = uj + ojpay2 (wjvr — ug) = Bj—1/2 (uj — uj—1)

with
At
iy =—(1- ﬁ)A_ij-l—l/Q > 0,
At
Bjs12 = —(1 - ﬁ)A_xEj-l—l/Q > 0,

and a2 + Bijp1/2 < (1 — ﬂ)%QL < 1. The claim follows by Theorem 7.1. O
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Using the same coefficients C; 1/ and Ej; /5 the left-hand side reads

[AtLy(w)]; = ) + jary2 (g — ug) — Bio1ya (uj — uj_y)

with non—positive coefficients

~ At
Q12 =V Cjrz < 0,
~ At
5]’-1—1/2 :ﬁ_AxEj.H/Q < 0.

A direct application of Kroner’s lemma ([18] Lemma 2.3.20) shows that L, is a TVI
operator.

Lemma 7.3 (Kroner). Consider

u?’“ _ u;l + ®ji1/2 (u;'l+1 — uy) — 5j—1/2 (u? — U}L—l)

If ajiiyo <0 and Bi_1/2 <0, then TV (u"*1) > TV (u™).
It follows that the ¥—scheme is TVD:

Corollary 7.4. Assume F' is a consistent, Lipschitz continuous (16) E-flux (9). Given
the CFL—condition (17) the 9—scheme Ly (u™*1) = Ry (u™) is TVD.

Proof. TV (u"™1) < TV (Lp(u™*t)) = TV(Ry(u™)) < TV (u™). ]
8. Boundary conditions

What type of boundary condition to pose with the multiphysics PDE (1) depends on
the local type of the PDE. In case of periodic data it is appropriate to ask for periodic
solutions thus avoiding the identification of specific boundary conditions. For example,
assuming 1-periodic initial data «(0,z) = u(0,1 + z) and diffusion coefficients d(u, z) =
d(u,1 + x), the 1-periodic solution is to be determined on the mesh

1
z; = jAx Aa::M , j=12,....M .

Identifying uar4+; with u; the conservative space discretization (13) reads
) F(uy,u2) — F(up,ur)
FAm(u):_E F(uj,ujﬂ)—F(uj,l,uj) y ]:2,3M—1
F(unr,ur) — Funr—1,unr)

Due to the conservation form, inner columns of the Jacobian sum to zero. By periodicity
ug = ups and the first column
1

Az (Fy (w1, ug) — Fu(unr, wr), —Fy (w1, u2),0- - 0, Fy (unr, ur))"

sums to zero. Similarly the last column sums to zero and DF(u)%_d = 0. By Lemma 5.1
for consistent E—schemes the Jacobian is quasi—positive. Monotonicity follows along the
lines in Sect. 6.

For parabolic boundaries, for example when d(u,0) > 0 at the left boundary, also
Dirichlet conditions are common. In that case u(t,0) = ug = v is given and the space
discretization reduces to

F(uy,uz) — F(y,u1)

Faz(u) = —ﬁ F(ug,u3) — F(u1,us2)
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Apparently the Jacobian is quasi—positive

Fy(u1,u2) — Fy(y,u1) Fy(u1,ug)

_AL —F,(u1,us) Fy(ug,uz) — Fo(ui,uz)  Fy(ug, us)
X

Columns sum to zero except the first column where the sum is short of one term

1
A—wa('y,ul) é 0.

Again DFY 6 < 0 and monotonicity follows.

Without diffusion d(0) = 0 or for a homogenous Neumann condition u(t,0), = 0
the boundary is hyperbolic and well posedness of the initial boundary value problem
is nontrivial, see [9, 16, 17]. In this situation the in—going characteristics need to be
specified.

(DFgmé)l =

9. Numerical experiments

This first example is constructed to demonstrate the effect of reduced artificial diffu-
sion. Consider the viscous advection equation

(18) Ut + Uz = (d(2)ug),

with degenerate diffusion

(19) d(z) = max (0, 4—10 cos (%))

and initial data wu|t—o = X[—4,—3]u[—2,—1]- Approximate solutions are computed on the
interval [—6, 6] using a mesh size of Az = 1/20 and applying periodic boundary condi-
tions.

1 T
— Yadaptive £

09
~ = YiocalLF

20d
— = 206y AX

20 €44apiive A X[

0.8

0.7

0.6

05—~ ———— ==+ ——

0.3

0.2

0.1

FIGURE 1. Approximations to (18) at ¢ = 3 with given—, local and
adaptive viscosities, Az = 1/20, CFL=0.8.

Approximations generated by the local Lax—Friedrichs scheme in comparison to the
adaptive viscosity method are displayed in Fig. 1. Explicit Euler time stepping is applied.
By Corrolary 5.4 the time step should be limited by (12). With local and adaptive
viscosity coefficients however, the partial derivatives 9, F and 9,,F' may be complicated.
A good practical compromise is to limit

At
(20) ﬁ mjax (Dj+1/2 + Dj_l/g) = CFL 5
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1 T

— Uadaptive E

09r

— — YiocalLr
20d
— — 20 €, AX

——20¢, AxH

adaptive

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

FIGURE 2. Approximations to (18) at ¢ = 3 on refined mesh Az = 1/40, CFL=0.8.

with a CFL number less that one. With constant characteristic speed f’(u) = 1 local Lax—
Friedrichs applies constant artificial viscosity 2¢; = 1 according to (3) and disregarding
any given viscosity. The adaptive scheme however, reduces artificial diffusion where
natural diffusion is available. This leads to less effective diffusion D = d 4 eAz and
reduced damping, see Fig. 1.

Artificial viscosities scale with the mesh size. On a refined mesh Az = 1/40 the
adaptive scheme does not require any artificial viscosity for = € [—2, 2], see Fig. 2.

0.7 T

— Yadaptive E

— — YiocalLr H
20d
— — 20 €, AX

——20¢ Ax[]

adaptive

0.6

05

0.4

0.3

021

FIGURE 3. Approximations to Burgers’ equation (21) at time ¢ = 5,
Az =1/20, CFL=0.8.

A test with the fully nonlinear viscous Burgers’ equation

(21) u + %(uz)w = (d(u,x)uy), , d(u,z)=max (0, % coS (W—Gx))
demonstrates the stability and superior accuracy of the adaptive E—scheme. Note the
solution dependent natural diffusion in Fig. 3.
As expected, the difference between both schemes measured in L'-norm scales linearly
with the mesh size. Table 1 confirms that both schemes converge to the same solution.
The next test case is a degenerate convection—diffusion equation

(22) we+ fu)e = (d(w)us),
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TABLE 1. L' deviation between local Lax—Friedrichs and adaptive E—
schemes applied to advection (18) (left) and Burgers’ equation (21)

(right).
Az | Lt difference | rate Az | L' difference | rate
1/20 0.40451 - 1/20 0.084450 -
1/40 0.27122 0.58 1/40 0.045939 0.88
1/80 0.14990 0.86 1/80 0.023048 1.00
1/160 0.07991 0.91 1/160 0.011570 0.99
1/320 0.04151 0.94 1/320 0.005797 1.00

with convective Burgers flux and strongly degenerate diffusion
d(u) = 0.05 max(0, u* — 0.25%) .

Initial data is a step function wu|i—o = X[—4,—2] + 0.7X[0,1;)- The solution is a pair of
shocks and rarefaction waves where the second pair is faster, catches up and interacts
with the slower pair ahead. The mesh size is Az = 1/20 with CFL number 1.0. Fig. 4
displays approximations by the conservative E-scheme (11), (8) at time ¢ = 5. Note
that for increasing d the local minimum min(d), /2 is easily evaluated as min(d);; /2 =
d(min(uj, uj+1)). Observe the strongly degenerate diffusion for v < 0.25 and the effect
of the adaptive numerical viscosity.

0.9

0.8
Uadaptive £

— = YocalLF
20d
— = 206y AX

20 €ogapive A X

0.7

0.6

0.5

0.4

0.3

0.2

0.1

FIGURE 4. Approximation to the strongly degenerate problem (10) at
t=5, Ax = 1/20, CFL=1.0

To confirm that our scheme finds the entropy weak solution, we recompute the case
by Evje and Karlsen [7] with Burgers type flux f(u) = u? and piecewise linear diffusion

0 for0<u<0.5
d(u) = ¢2.5u—1.25 for 0.5 <u<0.6
0.25 for 0.6 < u

The approximation features the desired increasing shock located at x ~ 0.4, see Fig. 5.
Instead of extremely fine meshes, we apply minmod slopes as described in Section 10
with step—size Az = 1/320 and CFL=0.5.

In the next experiment we approximate the solution to the conservation law

(23) w+ V- fu) =V (d@)Vu) ,  flu) = (u?/2,ut/4)"
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uadaplive Ehr

0.8

0.2

FIGURE 5. Approximation to the strongly degenerate problem (10) at
t=0.15, Az = 1/320, CFL=0.5

TABLE 2. Piecewise constant initial data.

-1.0 | +1.0| -1.5 | +1.0
+1.5| -0.5 | +1.5| -0.5

in two variables |z| < 10 and |y| < 6. The viscosity coefficient depends on z alone. It is
largest around z = 0 and fades out towards the left and right boundaries.

d(z) = max (07 4% (% +sin (ﬂxli(j)%)>>>

Initial data is piecewise constant. In square blocks of size 4 x 4 units, the data shown
in Tab. 2 is given. In the background, the u—value is zero. Finally, boundary conditions
are periodic in both variables.

FIGURE 6. Approximation to (23) by the adaptive E-scheme at ¢ = 3,
Az = Ay = 1/20, CFL=0.5.

The one dimensional schemes are applied in both coordinate directions. Approxima-
tions are advanced in time by an explicit Euler step. The time—step is limited by (20)
applied to both directions and with a CFL limit of 0.5.

The approximation by the adaptive E-scheme on a 400 x 240 points mesh is displayed
in Fig. 6. A cross—section along the line y = —1.3 reveals large differences around = = —1,
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FIGURE 7. Cross—section at y = —1.3, t = 3, Az = Ay = 1/10 (blue)
and Az = Ay = 1/20 (red).

see Fig 7. While the adaptive scheme resolves the minimum already on the coarse grid,
local Lax—Friedrichs can only hardly sense it. Mesh refinement confirms the location of
the minimum. Apparently both schemes converge to the same solution.

10. A relaxed, high resolution adaptive viscosity E—scheme

Adaptive viscosity E-schemes develop their potential in the presence of natural diffu-
sion. In inviscid, purely hyperbolic regions, high resolution may be achieved using TVD
reconstructions [19]. For systems of conservation laws however, the conserved variables
are nonlinearly coupled and do not obey the TVD principle. Therefore it is questionable
to apply TVD reconstructions to conserved variables. The relaxation approximation [11]
provides an alternative approach:

Ut +Vy = 0
(24) Vg + a2um _ % (f(u) _ U)

Under the sub—characteristic condition a > || f’|l Natalini [20] proved convergence to-
wards the solution of the nonlinear hyperbolic conservation law w; + f(u), =0 as b — 0.

The interesting aspect of the relaxation system is that the nonlinear flux function
appears as a stiff source term, but not in the PDE operator. The latter is a linear
advection system with characteristic variables

(25) (vtau) +alvEau), =0 .
The solution of the Riemann problem is the left and right state, respectively
(v+au)jrie = (v+au),
(v—au)jy12 = (v—au)ji1 .
Especially v on the interface is the average of both characteristic variables
1 a
Vir1/2 = 5 (U5 +vj41) = 5 (W41 — uj)

The stiff ODE on the right hand side of (24) is solved by Duhamel’s principle: u

is constant and v exponentially decays to f(u). In a fractional step approach, we set

v} = f(u}) and obtain the Lax-Friedrichs flux with numerical viscosity e = 537 = §

J
P2 = 5 (F0) + F04) — 5 (i — )
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Note that the sub—characteristic condition a > ||f'|lcc with a = % is equivalent to
the CFL—condition %H f'llee < 1. The local Lax—Friedrichs flux is obtained by using a
variable advective speed a;ji1/2 = 2¢j41/2 = |f'|j41/2, see (3). So—called relaxed high-
resolution schemes, based on TVD-reconstructions of the characteristic variables (25),
are described in the papers [23, 24].

Given a system of viscous conservation laws

u + f(u)z = (d(z,u)ug),

with diagonal and non—negative diffusion matrix d = diag > 0 the adaptive E-scheme
applies as follows: In each computational cell C; the propagation speed of the fastest
wave, that is the largest eigenvalue Apax of Df, is determined

[Amax|j+1/2 = max;—; ;41 (max|A| : det(Df(u;) — AI) =0) .

The relaxation parameter defining the artificial viscosity is componentwise adapted to
the available natural diffusion

ajr1/2 = 2654172 = max(0, [Amax|j+1/20 — djq1/2) -

Recall dji1/2 = d(j11/2,Uj41/2) With @119 = (u; 4+ uj41)/2 and note that both
Amax and d depend on u and thus on space and time. In both adjacent cells C; =
(j_1/2,%;41/2) and Cjy1 the characteristic variables wt = f(u) + @j41/2U are recon-

structed by linear TVD slopes U;f and o . At the common interface ;11,2 we find
wiie = flug)Fagpouy+ o) (@500 —15)

Wi = fuin) —ajppuin + 050 (T2 — i)
As above, the relaxed, high-resolution FV flux is obtained as average

1 J- A
fw™)jz12 = 5(f(ﬂ?) + f(U?+1)) - aﬁ;/Q (“?4—1 - “?) - Tx (Jj_ﬂ - J;‘F)

but augmented by the second order central difference for the natural diffusion

an
Ffyrje = fu")ja1/0 = =32 (ufn = uf)

As the TVD limited slopes depend on discrete lateral gradients, the resulting finite
volume scheme lives on a five—point stencil and the CFL limit is 1/2. For scalar problems
it is TVD but not monotone and therefore not limited to first order accuracy.

11. Testing the high resolution adaptive E—scheme

Fig. 8 depicts the high resolution scheme with Koren slope limiter [15] applied to the
viscous advection equation (18) (19). Both the initial condition and mesh size are as in
Sec. 9, except the CFL number which is set to 0.4. As expected, the hr—scheme gives
the sharpest result with least numerical damping. The interested reader may observe
that the (native) adaptive E—scheme does not resolve viscous effects below the stability
limit 0.5/f'[;41/2Az. In this example the effective total diffusion D = d + eAzx = 0.5 is
constant. That is why for the adaptive E—scheme both peaks appear at the same hight.
The high resolution scheme however, resolves the local effect and damps the second peak
less. The same effect is seen by reducing the mesh size in Fig. 2.

The next experiment is to demonstrate the resolution of small variations in diffusion
in Burgers’ equation. Let d(z) = (0.6 — cos(xm/6))/40 and consider the positive part
(solid green) or the absolute value (dashed green) in Fig. 9. Note that the difference of
both coefficients is below the stability threshold 1/80. The initial condition is u(0,x) =
(1.0 — sin(z7/6))/2.0. In solid blue we see the approximation by the hr-scheme with
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FIGURE 8. Approximations to advection equation at t = 3.0, Az =
1/20, CFL=0.4.

diffusion coefficient in solid green. The difference to the dashed green coefficient is scaled
up and plotted in cyan. We conclude that in contrast to the native adaptive E-scheme,
the high resolution version can detect small variations in diffusion coeflicients.

1
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FIGURE 9. Approximations to Burgers’ equation at ¢t = 3.0, Az = 1/40, CFL=0.4.

12. High resolution adaptive E—schemes in gas dynamics
The Navier—Stokes equations [17] describe conservation of mass

(26) pt+V-(pu)=0,

and momentum

D
ﬁ(pu)+puv-u+Vp:V-o .

Here p and pu denote mass— and momentum densities respectively. D/Dt is the material
derivative Df/Dt = 0f/0t +u - Vf and p the pressure. Applying the product rule
D(pu)/Dt = (Dp/Dt)u + pDu/Dt and using the continuity equation (26), conservation
of mass may also be written on the compact but non—conservative form
Du
"Dt
The Cauchy stress tensor is given by

c=AV-wI+p(Vu+ (Vu)h)

+Vp=V.0o.
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Assuming constant entropy, the system is closed by an equation of state p = p(p), for
example the gamma-law p = p” with v = 1.4 for air under normal conditions.

1.4

0.4 . b

0.2 T \ 7
. /7\ ’ \
= . / |
02 \ ‘/;// |
& o
0.4 R | | ‘ ‘
6 -4 . 0 | | |

FIGURE 10. Approximations to Navier—Stokes system (27) at t = 6,
Az = 0.1, CFL=0.8 and 0.4 (hr). Density (blue), velocity (red), diffu-
sion (green). Local Lax—Friedrichs (dotted), adaptive E (dashed), and
hr adaptive E (solid).

In conservative form and in one space variable, the system reads

(27) (o) () = Con, )

Fig. 10 shows the adaptive E-scheme in comparison to local Lax—Friedrichs when
applied to the one-dimensional system (27) with given diffusion

Ot 20(a) = (0, 5 (7))

Note that for negative x < 0 the system degenerates to the inviscid, isentropic Euler
equations. The initial density is p(0,x) = 1.0—0.5 cos(zm/6) with zero initial momentum
and periodic boundary conditions. The mesh size Az is 0.1 with CFL number 0.8 for
local Lax—Friedrichs and adaptive E—schemes. The high-resolution adaptive E—scheme
uses minmod slopes [19]. It lives on a five—point stencil and hence the CFL limit is 0.5.
The CFL number for the simulations shown in Fig. 10 is 0.4.

On the right hand side we see a by natural diffusion smoothed out and right going
wave. Here the adaptive E—scheme is sharper than classical Lax—Friedrichs due to less
artificial diffusion. On the left hand side a shock—wave forms. Due to lack of natural
diffusion, the adaptive E—scheme reduces to local Lax—Friedrichs. Especially in this
regime the minmod limited slopes help to increase resolution.

Our last experiment simulates ”dancing” waves in the two—dimensional Navier—Stokes
system

P pu pv
pu | +| pu*+p | + puv =
2
pv /, puv ) p?+p /),
0 0
(28) (A +20)ug + (A + p)vy + Mty

[1Vg . (A + p)ua + (A4 2p)vy
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with degenerate, density—dependent dynamic viscosity

3
pip,x) = % max (0, 0 + sin (%) sin (%))
and Stokes hypothesis 3A + 2 = 0. The initial density is a perturbed sin-wave
1 —6 3
p(O,x,y) =1+ 1—0 sin <¥> sin (W)

with p(0,z,y) = 0.25 within the rectangle [—3,3] x [—2,2]. At time ¢t = 0 the flow is at
rest, i.e. (u,v) = (0,0). The mesh is uniform and square with Az = Ay = 1/20.

FIGURE 11. Density in 2d Navier—Stokes (28) at t = 1, Az = Ay =
1/20, CFL=0.5.

FIGURE 12. Density in 2d Navier—Stokes (28) at t = 2, Ax = Ay =
1/20, CFL=0.5.
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Natural viscosities given in (28) are d® = (0, A + 2u, )T and @ = (0, u, A + 2u)7.
Artificial viscosities are adapted component— and coordinatewise such that the total,
effective viscosity D = d + eAx is nowhere less than the local characteristic speed in
each direction |u|++/p'(p) and |v|+ +/p’(p) respectively. As there is no natural diffusion
in the continuity equation, the numerical viscosity for p is strictly positive. This is in
contrast to the momentum equations where numerical viscosities degenerate locally. The
time step is limited by (20) applied coordinate— and component—wise, i.e. the maximum
taken over all three components and in both directions to determine a global time step.
The CFL number for the simulations shown here is 0.5. We apply the high—resolution,
adaptive E-scheme with monotonized central limiter [19].

Despite low and degenerate artificial viscosities, the scheme is stable and produces
approximations free of spurious oscillations as displayed in Figs. 11 and 12. In Fig. 13
we observe the p—dependent natural diffusion deceasing to zero on the left side. Like
in the one-dimensional experiment above, the adaptive viscosity E-scheme develops its
potential in the presence of natural diffusion as can bee seen around x = 2. The limited
slopes in contrast increase resolution in the hyperbolic regime and especially around
r=—4.

% -4 2 0 2 4 6
X

FIGURE 13. Cross—section along y = 1 at ¢ = 1. Density p (blue), x—
momentum pu (red). Upscaled natural diffusion (A + 2u)/Az (green
dashed), artificial diffusion (green solid). Local Lax—Friedrichs (dotted),
adaptive E (dashed), and hr adaptive E (solid).

Fig. 14 displays a considerable increase in resolution as compared to local Lax—
Friedrichs at ¢ = 2; actually the relative deviation is 40%. Also in comparison to hr local
Lax—Friedrichs using mc-limited slopes, see Fig. 15, we still find a relative improvement
of 8% which comes essentially for free. To adapt the numerical viscosity dynamically
does not cost any extra computations. In contrast, the time—step actually may increase
with less diffusion overall.

13. Stability when applied to balance laws
Consider
(29) ug + f(u)e = (d(u, ¥)us), + g(u)

with
f9eC'R), [fle<oo, v<g <p, duz)>0.
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FIGURE 14. Difference in density between hr adaptive E and local Lax—
Friedrichs at ¢t = 2.
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F1cure 15. Difference in density between hr adaptive E and hr local
Lax—Friedrichs both using mc—limited slopes, ¢t = 2.

Three point E—schemes applied to balance laws are monotone. The following lemma
generalizes Corrolary 5.3.

Lemma 13.1. Let F' be a consitent E-fluz (9). Under the CFL-condition

At
—|Fy — Fulloo <1+ At
(30) Py~ Fulloo 1+ Aty
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the augmented discrete operator

At

~As (F'(uj, ujpr) — Fuj—1,u5)) + Atg(u;)

(31) H(uj—1,uj,uj41) = u;
18 monotone.

Proof. By Lemma 5.1 the flux is quasi-monotone. Thus

At
8uj,1H = A_xaujle(ujil’u‘j) Z 0
and A
t
aquH = —A—xauj+1F(Uj,Uj+1) Z 0 .

due to the assumption (30)

At
8ujH =1- E (8qu(U,j,U,j+1) — &L_].F(uj_l,uj)) + Atg'(uj) >0 .
This completes the proof. O

Moreover, 9-time stepping for the operator (31)

1

AW ") =0 (Fae + G) (") + (1= 9) (Faw + G) (u")

with 0 < ¥ < 1, conservative space discretization (13) and the diagonal field G(u); =
g(u; ) is stable in the sense of Hadamard. To this end consider the scheme expressed as

an operator root equation

- uo—u((),-) _
(33) Th— ( Lh(un)_Rh(un—l) , n:172,“.7N > o

with the augmented left— and right—hand sides

(32)

1 1
Ly(v) = N Y (Faz +G)(v) , Rp(v) = N +(1—9)(Faz +G) (v) .
The discrete solution operator, that is the numerical scheme, is given by the inverse
operator w =T, 1(0). Stability means that T, ! is uniformly Lipschitz continuous

(34) lu = ol < S|[Th(uw) = Tu(v)ll

with a stability constant S independent of h = (At, Ax). Taking @ as the solution to the
balance law (29), convergence follows, assuming the method is consistent in the sense

[aln —ull < S|Th(ulp)lf =0, h—0.

Lemma 13.2. Under the time step restrictions

IpAt <k <1, (1-0) <%||6UF—awF||OO—At”;“) <1,
X

the 9-scheme (33) with conservative Fa, (13) and consistent E-fluz (9) is stable i.e.
there is a stability constant such that (34) holds.

Proof. To verify the stability inequality (34) it is natural to consider
T (u) = Tj(v) = L (u") = Lp(v") = (Rp(u" ™) = Ra(0" ™)) , n=1,2,...,N.
By the mean value theorem

(35) Ap(u” = ") = Tjl(uw) = Ty (v) + By~ (u" ™! ="
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with
A= - ﬂ/DFm+G><£<>>ds,
n 1 n n n
B = o I+(1-9 /DFM+G><5( ds , &(s) ="+ s(um —v") .

By Lemma 5.1, the consistent E—flux is quasi-monotone and DF, is quasi—positive.
The additional diagonal field G does not effect quasi—positivity of the augmented Jaco-
bian D (Fa, + G) = DFa,+diag(g'(u;)). Due to the conservation form (13) DFZ, 6 < 0.
By the Lipschitz—bound for ¢’ it holds D (Fa. + G)T 0 < pd and thus

1
ANTS > [ — —du s .
(4375 (57 - on)
Under the restriction Atdu <k <1, A} is M—matrix and

1 At
36 AN = (A 7] < < = O(AD).
(36) 1(AR) ™l = [[(AR) ™4l e (At)

With DFa, also B} is quasi-positive. Unless the time step is restricted by (30) Bj}
cannot be expected to be monotone. Under the milder condition

(1-9) ((DFAm)jJ’_V—;M>At<1 .

Byl is bounded
_Ph<Bh<Ph:KI+ (19 </ DFaa(€ ds+uI>
and P;* > |By| > 0 is monotone. Moreover, (P7)76 < 226 + (1 — 9)ud. Thus,

13 n 13 1
1Pl = (P lloo = [(P™)6lloc < 57 + (1 = D)
At

In combination with (36)

o At 1 max(u, 0)
n\—1pn—1 < _ < ’ )
(37) [(A™M)~ P < T 0unt (_t +(1 ﬂ)u) <1+ . At

From (35) with (36) and (37) it follows
[u™ = v 1 = OA|Ty (u) = Ti (V)1 + (1 + O(AY)|Ju " — o1
With a suitable constant and by iteration, find
K Y
< (14 eAt)" | T3 (u) = T3 (0) |1 + zn: (14 cAt)" ™" eAt| Ty (u) - Th(v)]x
=1

< e“MBt (1 4 enAt) , max | T} (u) — TE ()|l , VYnAt<T .

Finally, stability follows ||u — v||1,00 < (1 + ¢T) eT || Th(u) — Th(v)||1,00 - O
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14. Conclusions

The three—point, adaptive viscosity E—scheme is monotone and TVD. It reduces nu-
merical diffusion whenever there is enough natural (given) diffusion. Without numerical
diffusion, the scheme is second order accurate. In the convection dominated case, the
scheme adaptively turns on artificial viscosity and reduces to first order. By construc-
tion it cannot resolve diffusive effects below the stability threshold. Nevertheless, high
resolution is achieved by the application of TVD limited slopes and/or mesh refinement.
The high-resolution adaptive E—scheme is not necessarily monotone, thus not limited to
first order, but TVD. The method is stable and accurate independent of natural viscosity.
Hence, it applies to fully nonlinear and degenerate viscous conservations laws. With fully
implicit time stepping the scheme is unconditionally stable and therefore well-suited for
adaptive mesh refinement to resolve shock positions and low diffusion effects. An adap-
tive, discontinuous Galerkin E-scheme on multidimensional domains is currently under
development.
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