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ANALYSIS OF A SPECIAL IMMERSED FINITE VOLUME

METHOD FOR ELLIPTIC INTERFACE PROBLEMS

KAI LIU AND QINGSONG ZOU

Abstract. In this paper, we analyze a special immersed finite volume method that is different

from the classic immersed finite volume method by choosing special control volumes near the

interface. Using the elementwise stiffness matrix analysis technique and the H1-norm-equivalence
between the immersed finite element space and the standard finite element space, we prove that

the special finite volume method is uniformly stable independent of the location of the interface.

Based on the stability, we show that our scheme converges with the optimal order O(h) in the

H1 space and the order O(h3/2) in the L2 space. Numerically, we observe that our method

converges with the optimal convergence rate O(h) under the H1 norm and with the the optimal

convergence rate O(h2) under the L2 norm all the way even with very small mesh size h, while
the classic immersed finite element method is not able to maintain the optimal convergence rates

(with diminished rate up to O(h0.82) for the H1 norm error and diminished rate up to O(h1.1)

for L2-norm error), when h is getting small, as illustrated in Tables 4 and 5 of [35].

Key words. Immersed finite volume method, stability, optimal convergence rates, immersed

finite element method.

1. Introduction

Interface problem is a kind of problem whose domain is typically separated by
some curves or surfaces. It appears in many physical applications, such as fluid dy-
namics [25, 26, 9, 13, 14, 23], electromagnetic problems [4, 36, 38, 40] and materials
sciences problems [31]. Many numerical methods have been applied to solve the in-
terface problems. For standard finite element (FE) method on regular meshes, some
large errors would probably happen near the interface. To eliminate these errors,
the body-fitting FE method has been developed [2, 20, 53, 3, 11]. However, both
of them bring the mesh generation complicated, which is particularly unadapted to
the moving interface problem. To overcome the drawback, developed are a bunch of
methods using a special sort of local basis functions to handle the interface based
on Cartesian mesh. For example, the extended finite element method (X-FEM)
[57, 51], aiming at extending the solution space via the discontinuous functions; the
immersed finite element (IFE) method carrying the idea of taking the special local
basis functions on an interface element [34, 10, 12, 37, 21, 32, 55, 56, 52, 8]; the
enriched finite element method, based on the IFE technique with the addition of
new nodal basis functions [49]. Besides, the Peskin’s immersed boundary method
(IBM) [41, 42], usually applied to simulate the fluid-structure interactions where
the fluid is represented by an Eulerian coordinate while the structure is expressed
with a Lagrangian coordinate, takes advantage of the delta function to handle the
discontinuous coefficients and the jump conditions.

Unsatisfactorily however, for X-FEM, usually some penalized (or stabilized)
terms have to be included in the variational formula. With regard to the IFE
method, the L2-norm convergence rate will degenerates when the mesh becomes
very finer. When it comes to the enriched FE method, more degrees of freedom
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have to be imposed near the interface. As for the IBM, it is the first order accurate
method and smears the solution near the interface. In this paper, we choose the lin-
ear immersed finite element space as the trial space of finite volume (FV) method
which enables us to use a uniform Cartesian mesh to solve the elliptic interface
problems. There are two advantages in doing this: first, it has no need to consider
mesh regeneration in a moving interface; second, many efficient solvers and numer-
ical methods are designed for this Cartesian mesh, for example, fast Poisson solvers
[1] and Particle In Cell method for plasma particle Simulation [28, 29, 50, 36].

The FV method has been widely used in numerical solutions of the partial d-
ifferential equations, a key feature of which is preserving the local conservation
laws. At present, the FV method is very popular in computational fluid dy-
namics, engineering computing, and applied in solving the hyperbolic problems
[18, 24, 39, 43, 44, 45, 46, 47, 48, 5, 6]. Combining the advantage of IFE method
with the local conservation property of FV mehtod, a linear immersed finite volume
(IFV) method is consequently proposed [15, 16, 17, 22].

In this paper, we present a special immersed finite volume (SIFV) method on
triangular mesh for solving the following elliptical interface problem. Based on
the idea of the literature [54], we demonstrate the stability of the SIFV method
by using the elementwise stiffness matrix analysis technique, which differs from
the way presented in [16]. We construct modified control volumes for the interface
element whereby the proof on stability of the SIFV method is divided into two parts.
The first part is about the stability of the interface element, while the second part
concerns the stability of the non-interface element. In what follows, we will mainly
focus on the former, since the latter is quite natural. We adjust the position of
the control vertices with parameters in order to stabilize the interface element.
Afterwards, we analyze the convergence of the SIFV method. The differences of
our method from the classic IFV [16] and classic IFE method are that not only
it guarantees the uniform stability of our scheme in theory, but also numerically
makes sure of that the convergence order in the L2 norm is nondecreasing.

The rest of this paper is organized as follows. In Section 2, we present a special
IFV scheme for elliptic equations on the triangular mesh. In Section 3, we prove the
stability. In Section 4, we make a convergence analysis. In Section 5, we provide
some numerical examples to verify our theories.

We close the section by some standard notations for broken Sobolev space and
their associated norms. For any integer k ≥ 0, we let:

W̃ k,p(Ω) = {u : u|Ωs ∈W k,p(Ωs), s = −,+},

and define the norm of W̃ k,p(Ω) as:

‖u‖2k,p,Ω = ‖u‖2k,p,Ω− + ‖u‖k,p,Ω+ ,

and semi-norm as:

|u|2k,p,Ω = |u|2k,p,Ω− + |u|k,p,Ω+ .

For convenience, we let C denote a generic positive constant which may be
different at different occurrences and adopt the following notation. A . B means
A ≤ CB for some constants C that are independent of mesh sizes.
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2. A special immersed finite volume element (SIFV) method

We consider the following two-dimensional elliptical interface problem on a bound-
ed polygonal domain Ω with Lipschitz boundary ∂Ω,

−∇ · (β(x)∇u(x)) = f(x), x ∈ Ω,(1)

u(x) = 0, x ∈ ∂Ω,(2)

where the interface Γ is a smooth curve which separates Ω into Ω− and Ω+, and
f ∈ L2(Ω), and the coefficient β(x) > 0 is a piecewise constant function with
β(x) = β− > 0 in Ω−, and β(x) = β+ > 0 in Ω+. The jump conditions across the
interface Γ are:

[u]|Γ = 0,(3)

[β
∂u

∂n
]|Γ = 0,(4)

where n is the unit normal vector of the interface Γ.
We suppose that Th is a family of shape regular and conform triangulation on

Ω. Assume that h is so small that the interface Γ never intersects with any edge of
Th more than two times. We call an element T ∈ Th as an interface element if the
interior of T intersect with the interface Γ; otherwise, we name it a non-interface
element, then Th = T ih ∪ T nh , where T ih be the set of interface elements and T nh be
the set of non-interface elements.

Let Nh, Eh ,E̊h denote the set of all vertices of its elements, and the set of its
edges, and the set of internal edges, respectively. For any internal edge e, there
exist two elements T1 and T2 such that T1 ∩ T2 = e. For a function u defined on
T1 ∪ T2, we define the jump [·] on e by:

[u] = uT1
− u|T2

.

We now recall linear IFE spaces in [33] and its associate IFV spaces in [16]. On
each element T ∈ Th, we let

Sh(T ) = span{φi; 1 ≤ i ≤ 3},

where φi, 1 ≤ i ≤ 3 are the standard linear nodal basis function for T ∈ T nh ;
otherwise, for T ∈ T ih , φi, 1 ≤ i ≤ 3 are the linear IFE basis functions. To illustrate
the linear IFE basic functions in interface element T as in Figure 1. We use D
and E to denote its interface points. Then we define the following piecewise linear
function on the interface element T ,

(5) φ(x, y) =


φ+(x, y) = a+ + b+x+ c+y, ∀(x, y) ∈ T+,

φ−(x, y) = a− + b−x+ c−y, ∀(x, y) ∈ T−,
φ−(D) = φ+(D), φ−(E) = φ+(E),

β−∇φ− · n = β+∇φ+ · n,

where n is the unit vector perpendicular to the line DE. We define the IFE space
over the entire solution domain Ω as follows:

Sh =
{
v : vT ∈ Sh(T ) and v is continuous on Nh

}
,(6)

Sh0 =
{
v : v ∈ Sh and v|∂Ω = 0

}
.(7)

We then construct a dual grid T ∗h whose elements are called control volumes.
In the finite volume methods, there are various ways to introduce control volumes.
Here, for the interface element, we will construct two special control volumes. To
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Figure 1. An interface element.

this end, we first assume that our mesh is sufficiently fine such that the interface
elements in T ih satisfy the following hypotheses [52];

• (H1) The interface Γ cannot intersect an edge of any triangular element at
more than two points unless the edge is part of Γ;
• (H2) If Γ intersects the boundary of a triangular element at two points,

these intersect points must be on different edges of this element.

Then, according to the location of the intersection, there are two geometric config-
urations (see Fig.2) as follows:

• Type I: The straight line DE intersects element T at two right-angle sides.
• Type II: The straight line DE intersects element T at right-angle side and

hypotenuse.

Figure 2. Type I, Type II geometric configurations (from left to right).

In Type I, we let D,E and midpoints of the else sides be the vertexes of control
volume. In Type II, we also let D,E be the vertexes of control volume, and choose
a coefficient k to automatically adjust the position of point F , which is the the
vertex of the control volume at the other right-angle sides. To illustrate the idea,
we construct the special control volumes in figure 2. For left side of figure 2, we

have |A2F | = |A3F |. For right side of figure 2, let α1 = |A1E|
|A1A2| , α2 = |A3D|

|A3A2| . Then
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point F satisfied the follow condition:

k =
|A1F |
|A1A3|

(8)

=
1 + α2

1(3− 2α2)− 2(α2 − 1)2α2 − 2α1((α2 − 3)(α2 − 2)α2 − 1)

1− α3
1 + α2

1(5− 2α2)α2 + α2((7− 3α2)α2 − 4) + α1(2 + α2(α2 + α2
2 − 7))

.

Next, we introduce the control volumes from the literature [17] to construct the
remaining elements.

Let S∗h be a piecewise constant function space with respect to T ∗h defined by

S∗h =
{
ψ : ψ|T∗ = constant, ∀T ∗ ∈ T ∗h

}
.

We call the grid T ∗h regular or quasi-uniform if there exists a positive constant
C > 0 such that:

C−1h2 ≤ meas(T ∗) ≤ Ch2, for all T ∗ ∈ T ∗h .

From the equation (1)-(2), we know the finite volume scheme is to find a function
uh ∈ Sh0 that satisfies the following conservation law:

(9) −
∫
∂T∗

β∇uh · nds =

∫
T∗
fdx, T ∗ ∈ T ∗h .

The equation (9) can be rewritten the variational form

(10) ah(uh, v
∗
h) =< f, v∗h >, ∀v∗h ∈ S∗h,

where

ah(uh, v
∗
h) = −

∑
T∗∈T ∗h

v∗h

∫
∂T∗

β∇uh · nds, ∀uh ∈ Sh, v∗h ∈ S∗h,

(f, v∗h) =
∑

T∗∈T ∗h

v∗h

∫
T∗
fdx, ∀v∗h ∈ S∗h.

Similar to the literature [54], we define the following semi-norms:

(11) |v|h∗ =

( ∑
e∈E∗h

h−1
e

∫
e

[v∗h]2
)1/2

, v∗h ∈ S∗h,

where he is the diameter of an edge e, and E∗h is the set of interior edges of the dual
mesh T ∗h .

3. Stability

In this section, we use elementwise stiffness matrix analysis technique to prove
the stability of our SIFV. The stability of the non-interface elements are naturally
established, so here we only prove the stability of Type I and II of the interface
elements.

In the following discussion, we exemplify approach for Type I interface element.
Define χAi(i = 1, 2, 3) are the characteristic functions on T ∗i , with T ∗i denotes by
Ai ∈ T ∗i , where Ai are the vertexes of element T . Thereafter, the element stiffness
matrix AI of the SFIV method can be obtained by the following:

aij = aτ (φi, χAj ) = −
3∑
l=1

∫
∂T∗i ∩T

(β∇φi · n)χAjds. i, j = 1, 2, 3.
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By Green’s formula and the jump condition, we have :

−
3∑
l=1

∫
∂T∗i ∩T̂

(β∇φi · n)χAjds =

3∑
l=1

∫
T∗i ∩∂T̂

(β∇φi · n)χAjds.

For the left picture of Figure 2, we let ui = uh(Ai), A1 = (0, 0).A2 = (0, 1), A3 =
(1, 0), D = (0, α2), E = (α1, 0) and 4A1ED ∈ Ω−,�DA2A3E ∈ Ω+, then nDE =
(α2, α1)/|DE|. Combining with (2.5) we have

β−α2a
− + β−α1b

− = β+α2a
+ + β+α1b

+,(12)

α1a
− + c− = α1a

+ + c+, α2b
− + c− = α2b

+ + c+,(13)

c− = u1, a+ + c+ = u2, b+ + c+ = u3.(14)

Obvious that equations (12)-(14) can be used to determine all 6 coefficients a±, b±, c±.
Let b = β+/β− , then we can get all the entries of AI as follows:

aI11 = − b(α3
1 + α2

1α2 + α1α
2
2 + α3

2)

−bα1α2(α1 + α2) + (α2
1(α2 − 1)− α2

2 + α1α2
2)
,

aI12 =
bα1(α2

1 + α2
2)

−bα1α2(α1 + α2) + (α2
1(α2 − 1)− α2

2 + α1α2
2)
,

aI21 =
bα2(α2

1 + α2
2)

−bα1α2(α1 + α2) + (α2
1(−1 + α2)− α2

2 + α1α2
2)
,

aI22 =
b(bα1α2(α1(2α2 − 1))− α2 − (α2

2 − α1α
2
2 + α2

1(1− α2 + 2α2
2)))

2(−bα1α2(α1 + α2) + (α2
1(α2 − 1)− α2

2 + α1α2
2))

.

Notice that

aI13 = −aI11 − aI12, a
I
23 = −aI21 − aI22,

aI31 = −aI11 − aI21, a
I
32 = −aI12 − aI22,

aI33 = aI11 + aI12 + aI21 + aI22.

Lemma 3.1. There exists a unique 2× 2 symmetric matrix BI such that

(15) (GI)tBIGI =
AI + (AI)t

2
,

where

GI =

(
1 −1 0
1 0 −1

)
.

Proof. The proof process can refer to Lemma 5 of the literature [54]. �

Lemma 3.2. BI is positively definite when α1, α2 ∈ (0, 1).

Proof. The eigenvalues of systematic matrix BI can be directly calculated as fol-
lows:

λ1(BI) = − b(α3
1 + α2

1α2 + α1α
2
2 + α3

2)

2((α2
1α2 − α2

1 − α2
2 + α1α2

2)− bα1α2(α1 + α2))

λ2(BI) =
b(2bα1α2(2α1α2 − α2 − α1)) + ((α1 + α2)3 − 2α2

1 − 2α2
2 − 4α2

1α
2
2)

2((α2
1α2 − α2

1 − α2
2 + α1α2

2)− bα1α2(α1 + α2))

In fact that α1, α2 ∈ (0, 1), we get (α2
1α2−α2

1−α2
2 +α1α

2
2) < 0. Thus λ1(BI) > 0.

Defined function

f1(α1, α2) = (α1 + α2)3 − 2α2
1 − 2α2

2 − 4α2
1α

2
2.
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Noting the function f1 is symmetric with respect to α1 and α2, then we just compute
the greatest value at triangle: 4 = {(α1, α2)|0 < α1 < 1, α2 < α1}. By denoting
α2 = Sα1, we obtain that

f1(α1, S) =
(
(1 + S)3α1 − 2(1 + S2)− 4S2α2

1

)
α2

1, α1, S ∈ (0, 1).

In fact that
(
(1 +S)3α1−2(1 +S2)−4S2α2

1

)
|(0,S) = −2(1 +S2) < 0,

(
(1 +S)3α1−

2(1+S2)−4S2α2
1

)
|(1,S) = (S−1)3 < 0 and (1+S)3

8S2 < 1, it means that f1(α1, S) < 0.

Therefore, λ2(BI) > 0.
�

In Type II, stiffness matrix AII contain the patch T1 ∪ T2 = �A1A2A3A4

(T1 = 4A1A2A3, T2 = 4A1A3A4, see Fig 2 ). Let ui = uh(Ai)(i = 1, ..., 4), A1 =
(0, 0), A2 = (0, 1), A3 = (1, 0), A4 = (−1, 1), D = (α2, 1 − α2), E = (α1, 0), F =
(0, k) and �A1EDA3A4 ∈ Ω+,�DEA2 ∈ Ω−, then nDE = (1−α2, α1−α2)/|DE|.
All the entries of AII as follows:

aIIij = −
∑

i,j=1,2,3

∫
∂T∗i ∩T1

(β∇φi · n)χAjds

−
∑

i,j=1,3,4

∫
∂T∗i ∩T2

(β∇φi · n)χAjds. i, j = 1, · · · , 4.

Define

BII =

 aII22
aII23+aII32

2
aII24+aII42

2
aII23+aII32

2 aII33
aII34+aII43

2
aII24+aII42

2
aII34+aII43

2 aII44

 ,

then all the entries of BII as follows:

bII11 =
b(α2 − 1)(1 + α2

1 − 2α2 − 2α1α2 + 2α2
2)

b(α1 − 1)(−1 + α2)2 + (α2
1 + α2

2 + α1(1− 4α2 + α2
2))

,

bII12 =
b(k + α2 − 1)(1 + α2

1 − 2α2 − 2α1α2 + 2α2
2)

b(1− α1)(α2 − 1)2 + (α2
1 + α2

2 + α1(1− 4α2 + α2
2))

,

bII22 =
b(b(α1 − 1)(α2 − 1)

(
2k(1 + α1 − 2α2) + (3 + 2α1)(α2 − 1)

)
+ S1)

2(b(1− α1)(α2 − 1)2 + (α2
1 + α2

2 + α1(1− 4α2 + α2
2)))

,

bII13 = 0, bII23 =
1

4
b(2k − 3), bII33 =

b

2
,

where

S1 = α2(2k + α2 − 4α2
2 − 2) + α2

1(2α2 − 5− 2k(α2 − 2)− 2α2
2)

+α1

(
(3 + 4k)α2

2 − 1− 8(k − 1)α2

)
.

Lemma 3.3. BII is positively definite when α1, α2 ∈ (0, 1).

Proof. Now if det(BII) has a positive number which depends on jump coefficient b
in some connected domain containing the b = 1, by a simple continuity argument,
we know that each eigenvalues is positive. Using the commonly used software
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Mathematica, we compute that

det(BII) =
−b3

(
(1− α1)2 + (α1 − α2)2

)
16
(
b(α1 − 1)(α2 − 1)2 − (α2

1 + α2
2 + α1(1− 4α2 + α2

2))
)2

×
(
b(α1 − 1)(α2 − 1)2

(
4k2(α2 − 1)− (3 + 8α1)(α2 − 1) + k(4− 8α1 + 4α2)

)
+ 2S2k

2 − 4S3k + S4

)
,

where

S2 = 1 + α2
1(3− 2α2)− 2(α2 − 1)2α2 − 2α1((α2 − 3)(α2 − 2)α2 − 1),

S3 = 1− α3
1 + α2

1(5− 2α2)α2 + α2((7− 3α2)α2 − 4) + α1(2 + α2(α2 + α2
2 − 7)),

S4 = 2 + 2α4
1 − 12α2 + 25α2

2 − 29α3
2 + 16α4

2 − 4α3
1(1 + α2)

+α1(1− 5α2 + 17α2
2 − 21α3

2) + α2
1(23α2 − 7− 12α2

2 + 8α3
2).

Then, we define some functions as follows:

f2(k, α1, α2) = 4k2(α2 − 1)− (3 + 8α1)(α2 − 1) + k(4− 8α1 + 4α2),(16)

f3(k, α1, α2) = 2S2k
2 − 4S3k + S4.(17)

Because S2 > 0, S3 > 0 and through the Nsolve method of Mathematica to
solve the extreme values of this functions at rectangle area: (0, 1)×(0, 1) we can get
three extreme-value points (1/3, 1), (1, 1), (0.253528, 0.291058). Then we can know
that the extreme-value of the S2 − S3 all are less than zero. It can also be directly
calculated that the maximum value of the function S2−S3 at the boundary is also
less than zero. According to the continuity of the function, we know S2 − S3 < 0.
Thus, it can be determined that the parameter k = S2/S3 belongs to the interval
(0,1). Therefore, the construction of (8) in this paper is meaningful. If we want to
make sure the det(BII) > 0, only need to determine the function f2 > 0, f3 < 0.

First, we know that the function f2 is a quadratic function of the variable k.
Since the symmetry axis of the function on the variable k is S3/S2 > 1, and
f2(0, α1, α2) = −(3 + 8α1)(α2 − 1) > 0, f2(1, α1, α2) = 3 + 5α2 − 8α1α2 > 0, thus
f2 > 0 when k ∈ (0, 1).

Second, we expand the parameter k = S2/S3 about the variable α1, α2, then

f3(k, α1, α2) = f3(α1, α2)

=
S5

S6
(α2 − 1)

(
(α1 − α2)2 + α1(1− α2)2

)
,

where

S5 =4α4
1 − 12α3

1 + α2
1

(
8α2(3 + 2(α2 − 2)α2)− 7

)
+ 2α2

(
α2(21 + 4α2(4α2 − 9))− 5

)
− 2α1

(
2 + α2(1 + 4α2(5α2 − 8))

)
− 3,

S6 =α2
1(2α2 − 3) + 2α1

(
(α2 − 3)(α2 − 2)α2 − 1

)
+ 2(α2 − 1)2α2 − 1.

Similar to the proof method of function f2, the symmetry axis of the function S6

on the variable α1 is less than zero, and S6|α1=0 = 2α2
2(α2−1)−(1−α2)2−α2

2 < 0,
S6|α1=1 = 2(α2 − 1)2(2α2 − 3) < 0, we get S6 < 0. Also, we can get the extreme-
value points of S5 by the Nsolve method of Mathematica, it have two extreme-
value points (1,1) and (0.0316798, 0.303731). By comparing the function value of
S5 at the extreme point and the maximum value of the boundary, we know S5 < 0.
So we can find the function f3 < 0, thus det(BII) > 0.

�
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Let E i be the set of all edges in T ih which meet the interface Γ between their
vertices. Each element e ∈ T ih is separated into two pieces e− and e+ by the
interface Γ such that e− ∈ Ω+ and e+ ∈ Ω+. We get a small positive constant
θ << 1/2, then we can divide region T ih into two sub-regions T igh and T ilh ( for

example θ = 10−4), where T igh be the set of interface element with minimum value

of |e−|/|e| and |e+|/|e| are greater than θ, and T ilh be the set of interface element
with minimum value of |e−|/|e| or |e+|/|e| is less than equal to θ. Then, there are

a minimum positive value Cθ of λ(BI) and λ(BII) at the sub-regions T igh .

3.1. The inf-sup condition. Now we analyze the inf-sup condition for SIFV
linear form defined in (10). The finite element scheme is as follow:

(18) a(u, v) := ΣT∈Th

∫
T∈Th

β∇u∇v, for all u, v ∈ H̃1(Ω) ∪ Sh(Ω),

and the energy norm is defined as:

‖u‖h :=
√
a(u, v), for all u, v ∈ H̃1(Ω) ∪ Sh.

The discrete variational form of finite element methods of (1)-(3) is to find uh ∈ Sh0

such that:

(19) a(uh, vh) = (f, vh), ∀vh ∈ Sh0.

Theorem 3.4. Under the above hypotheses(H1-H2), the special immersed finite
volume (SIFV) linear form ah(·, ·) satisfies the inf-sup condition

(20) inf
uh∈Sh(Ω)

sup
v∗h∈S

∗
h(Ω)

ah(uh, v
∗
h)

|uh|h|v∗h|h∗
≥ αθ,

where αθ is positive constant which may not depend on T and T ∗, but depend on θ.

We begin with the H1-norm-equivalence of the immersed finite element method
and the standard finite element method. Finally we will get the proof of Theorem
3.4 in this Section.

In order to get the next theorem, we define

S̄h(T ) = span{ϕi : 1 ≤ i ≤ 3},∀T ∈ T ih ,

where ϕi is the standard linear nodal basis function. Then define a linear mapping
Π : Sh(T )→ S̄h(T ),∀T ∈ T ih , by

Π

( 3∑
i=1

Ciφi

)
=

3∑
i=1

Ciϕi, ∀Ci ∈ R.

In order to facilitate the calculation, we just proof the next H1-norm-equivalence
Theorem in reference element. Let T = ∆A1A2A3 with the abscissae A1(0, 0),
A2(1, 0), and A3(0, 1). The straight line DE divides T into a quadrilateral T+ =
�EDA2A3 and a triangle T− = 4EDA1 (see fig3).

Now we are ready to prove the following norm-equivalence.

Lemma 3.5. (H1-norm-equivalence) For any uh|T ∈ Sh(T ),∀T ∈ T ih , we have

(21) C2|ūh|1,T ≤ |uh|1,T ≤ C1|ūh|1,T ,

where constant C1, C2 depending only on the coefficient β(x) > 0 and independent
of interface location.
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Figure 3. A reference interface element.

Proof. It is easy to verify that Cβ,1
∫
T
|∂uh∂n |

2 ≤
∫
T
|∂ūh∂n |

2 ≤ Cβ,2
∫
T
|∂uh∂n |

2 from [7].
Let

|uh|21,T =

∫
T

(
∂uh
∂n

)2 + (
∂uh
∂t

)2,

where t is the unit tangent vector of the line DE. Using the (12)–(14), we get

∣∣∂uh
∂t

∣∣2 =

∣∣∣∣uD − uE|DE|

∣∣∣∣2 = (α2
1 + α2

2)(W1/W2)2,

where

W1 = β+α1α2(u3 − u2) + β−(α2(u3 − u1) + α1(u1 − u2) + α1α2(u2 − u3)),

W2 = β+α1α2(α1 + α2) + β−
(
α2

1(1− α2) + α2
2(1− α1)

)
.

Obviously, β+α1α2(α1 +α2) > 0, (α2
1(1−α2) +α2

2(1−α1)) > 0, which means that

W2 < max{β−, β+}(α2
1 + α2

2).

Then

∣∣∂uh
∂t

∣∣2 ≤W 2
1 /
(

max{β−, β+}
)2

(α2
1 + α2

2).

We notice that∫
T

(
|u1 − u3|
|P1P3|

)2 ≤ |ūh|21,
∫
T

(
|u2 − u1|
|P1P2|

)2 ≤ |ūh|21,
∫
T

(
|u2 − u3|
|P2P3|

)2 ≤ |ūh|21,

which implies ∫
T

|∂uh
∂t
|2 ≤ Cβ,3|ūh|21.
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On the other hand, we consider two cases. Firstly, let |T−|
|DE|2 ≤ |T

+|, then by

adding one term minus one term, we have∫
T

(
∂ūh
∂t

)2 =

∫
T

∣∣ ūD − ūE
|DE|

∣∣2
=

∫
T

(
α2(u3 − u1) + α1(u1 − u2)

)2
/(α2

1 + α2
2)

≤ Cβ
(∫

T

(
∂ūh
∂t

)2 +
(
α1α2(u2 − u3)

)2
/(α2

1 + α2
2)

)
≤ Cβ

(∫
T

(
∂uh
∂t

)2 + |u|21,T+

)
≤ Cβ |u|21,T .

Secondly, let |T−|
|DE|2 > |T

+|, then

α1α2/(α
2
1 + α2

2)− 1 + α1α2 > 0.(22)

Noting that (22) is symmetric with respect to α1 and α2, we obtain that the value
range of (22) is α1, α2 ∈ ( 1√

2
, 1) such that |T−| > |T+|. In fact that∫

T

(
∂ūh
∂t

)2 ≤
∫
T

(
u2 − u1

|P1P2|
)2 + (

u3 − u1

|P1P3|
)2

Therefore, ∫
T

(
u2 − u1

|P1P2|
)2 . h

∫
|P1P2|

(
u2 − u1

|P1P2|
)2

. h
∫
|P1P2|

(
∂uh
∂t′

)2

. (
∂uh|T−
∂t′

)2 · |T−|+ (
∂uh|T+

∂t′
)2 · |T+|

. |uh|21,T ,

where t′ is the unit tangent vector of the vector
−−−→
P1P2. Similarly, we can get∫

T
(u2−u1

|P1P2| )
2 . |uh|21,T . Combining with the above inequalities, we get C2|ūh|1,T ≤

|uh|1,T ≤ C1|ūh|1,T . �

For a vertex xi of Nh, we define Ωi = {T ∈ Th, xi ∈ T} and call it the patch of

the vertex xi. The lower bound of the sub-region T igh has been given in the front

of this article, and then we need to analyze sub-region T ilh .

Lemma 3.6. When h is sufficiently small, we have∑
T∈T ilh

|v̄h|21,T ≤
∑

T∈T nh ∪T
ig
h

|v̄h|21,T .(23)

Proof. In fact, the sub-region T ilh contain some patches. The interface Γ cut on each
patch are approximate straight lines when h is sufficiently small. For convenience,
we have only proved the following two cases (see Figure 4), other cases can be
similarly proved.

Let v̄h = Σ14
i=1viϕi. we use basic functions and extended calculations directly.

Then it is easy to verify that for element T7 and ST7 = ∪xi∈T7Ωi , we have

|v̄h|21,T7
≤ |v̄h|21,ST7�T7

, ∀v̄h ∈ S̄h(T ).(24)
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Figure 4. The patch of elements T7 ∪ T10.

For element T7 ∪ T10 and ST7∪T10
= ∪xi∈T7∪T10

Ωi (see Figure 4), we also have

|v̄h|21,T7∪T10
≤ |v̄h|21,ST7∪T10�T7∪T10

, ∀v̄h ∈ S̄h(T ).(25)

So we know that ∑
T∈T ilh

|v̄h|21,T ≤
∑

T∈T nh ∪T
ig
h

|v̄h|21,T .

�

Now we are ready to prove the inf-sup condition for linear IFV.

Proof. of Theorem 3.4. In fact, we have (semi-) norm equivalences from [54]:

|v∗h|h∗ ' |v̄h|h,
and |vh|h ' |v̄h|h which have been demonstrated in Theorem 3.5.

Thus if the inequality

(26) ah(vh, v
∗
h) ≥ αθ|vh|2h,

holds for all vh ∈ Sh(Ω), the inf-sup condition (20) holds.
Therefore

ah(vh, v
∗
h) =

∑
T∈T nh ∪T

ig
h

aT (vh, v
∗
h) +

∑
T∈T ilh

ah(vh, v
∗
h).

From Lemma 3.2–3.3 and Lemma 3.5, we know∑
T∈T nh ∪T

ig
h

aT (vh, v
∗
h) ≥ Cθ

∑
T∈T nh ∪T

ig
h

‖vh‖21,T ≥ Cθ
∑

T∈T nh ∪T
ig
h

‖v̄h‖21,T ,

and by Lemma 3.2–3.3, we have∑
T∈T ilh

ah(vh, v
∗
h) > 0,

then, combining Lemma 3.5–3.6, we get

ah(vh, v
∗
h) ≥ Cθ

2
(

∑
T∈T nh ∪T

ig
h

‖v̄h‖21,T +
∑
T∈T ilh

|v̄h|21,T ),

≥ αθ|vh|21,h
where αθ = Cθ

2 .
�
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4. Convergence analysis

For the convenience of proof, we define a piecewise constant interpolate operator
I∗h : Sh → S∗h such that:

I∗hu(x) = u(xi), ∀x ∈ T ∗i , i ∈ Nh.

Lemma 4.1. ([33]) There exits a constant C such that

(27) ‖u− Ihu‖h ≤ Ch‖u‖2,

for any u ∈ H1(Ω)⊕ Sh(Ω).

Theorem 4.2. Assume that u and uh are the solutions of (1)-(4) and (10), re-
spectively, then

(28) ‖u− uh‖h . h‖u‖2,

when h is sufficiently small.

Proof. Let vh = Ihu− uh, then by Theorem 3.4, we get

‖Ihu− uh‖2h ≤ ah(Ihu− uh, I∗hvh)

≤ ah(Ihu− u, I∗hvh) + ah(u− uh, I∗hvh)

≤ ah(Ihu− u, I∗hvh)

≤ ‖u− Ihu‖h‖Ihu− uh‖h,

and by Lemma 4.1,

‖u− Ihu‖h . h‖u‖2,

so that it is easy to see from triangle inequality that (28) follows. �

Lemma 4.3. ([16]) Assume that Mlm is the vertexes of control volume in the dual
grid T ∗h , then we have:

(29) a(uh, vh) = ah(uh, I
∗
hvh) + Eh(uh, vh), uh, vh ∈ Sh,

and where:

Eh(uh, vh) =
∑

T∩Γ6=0

ET (uh, vh),

and

ET (uh, vh) =
1

2

∑
Mlm∈∂T

( ∫
Γllm

(β∇uh · n)(vh − vl)ds+

∫
Γmlm

(β∇uh · n)(vh − vm)ds

+

∫
ejk

(β∇uh · n)(vh − vh(xjk))ds
)
,(30)

where l,m = i, j, k and point xjk ∈ ejk, see Figure 5.

Proof. If Mjk is the midpoint of edge ejk, we know that

ET (uh, vh) =
1

2

∑
Mlm∈∂T

( ∫
Γllm

(β∇uh · n)(vh − vl)ds+

∫
Γmlm

(β∇uh · n)(vh − vm)ds
)
.
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Figure 5. Interface of T ∗i and T ∗j .

Then, for any point Mjk ∈ ejk, we have

ET (uh, vh) =
1

2

∑
Mlm∈∂T

( ∫
Γllm

(β∇uh · n)(vh − vl)ds+

∫
Γmlm

(β∇uh · n)(vh − vm)ds

+

∫
ejk

(β∇uh · n)(vh − vh(xjk))ds
)
,(31)

where xjk = λjxj + λkxk, and λj =
|xk−Mjk|
|ejk| , λk =

|xj−Mjk|
|ejk| .

�

We begin with the following auxiliary problem: Let ω ∈ H1
0 (Ω) be such that

a(ω, v) = (u− uh, v), v ∈ H̃1(Ω) ∪ Sh(Ω),(32)

where the bilinear form a(·, ·) is defined by (18) and uh is the solution of (10).
Clearly we have ‖ω‖2 . ‖u− uh‖0.

Theorem 4.4. Let u be the solution of the interface problem (1)-(4), and uh be

the SIFV solution of discrete variational problem (10). If u ∈ H̃2(Ω) ∩ W̃ 2,∞(Ω),

and f ∈ H̃1(Ω) ∩ W̃ 1,∞(Ω), one has

(33) ‖u− uh‖0 . h2(‖u‖2,Ω + |f |1,Ω) + h3/2(‖u‖2,∞,Ω + |f |1,∞,Ω).

Proof. Let v = u− uh in (32), we have

‖u− uh‖20 = a(ω, u− uh) = a(ω − ωh, u− uh) + a(ωh, u− uh).(34)

Let ωh = Ihω, and by Theorem 4.2, we get

a(ω − ωh, u− uh) . ‖ω − ωh‖h‖u− uh‖h
. h‖w‖2‖u− uh‖h
. h2‖u− uh‖0‖u‖2.(35)

Next, we need to estimate the term a(ωh, u − uh). According to Lemma 4.3, we
know

a(ωh, u− uh) = a(ωh, u)− a(ωh, uh)

=< f, ωh − I∗hωh > −Eh(uh, ωh)(36)

= I1 + I2.(37)



978 K. LIU AND Q. ZOU

We estimate the upper bound of the first term I1,

I1 =
∑
T∈Th

∫
T

f(ωh − I∗hωh)dx

=
∑
T∈T nh

∫
T

f(ωh − I∗hωh)dx +
∑
T∈T ih

∫
T

f(ωh − I∗hωh)dx

=
∑
T∈T nh

∫
T

(f − f̄)(ωh − I∗hωh)dx +
∑
T∈T ih

∫
T

f(ωh − I∗hωh)dx

. h2|f |1|ωh|1 +
∑
T∈T ih

|f |1,∞,Ω
∫
T

|ωh − I∗hωh|dx

. h2|f |1|ωh|1 + Ch3/2|f |1,∞,Ω|ωh|1,

and by the the proof of Lemma 4.1 in [16], and Theorem 4.2, we have

|
∑

T∩Γ6=0

∫
Γllm

(β∇uh · n)(vh − vl)ds|

=|
∑

T∩Γ6=0

∫
Γllm

(β∇(uh − u) · n)(vh − vl)ds|

+ |
∑

T∩Γ6=0

∫
Γllm

(β∇(u) · n)(vh − vl)ds|

=|
∑

T∩Γ6=0

∫
Γllm

(β∇(uh − u) · n)(vh − vl)ds|

+ |
∑

T∩Γ6=0

∫
Γllm

(β∇(u) · n)vhds|

=|
∑

T∩Γ6=0

∫
Γllm

(β∇(uh − u) · n)(vh − vl)ds|

+ |
∑

T∩Γ6=0

∫
Γllm

(β∇(u) · n)(vh − v̄h)ds|

=|
∑

T∩Γ6=0

∫
Γllm

(β∇(uh − u) · n)(vh − vl)ds|

+ |
∑

T∩Γ6=0

∫
Γllm

(β∇(u− Iu) · n)(vh − v̄h)ds|

.h

( ∑
T∈T ih

‖uh‖21,T
)1/2( ∑

T∈T ih

‖vh‖21,T
)1/2

.h

( ∑
T∈T ih

(‖u− uh‖21,T

+ ‖u‖21,T )

)1/2( ∑
T∈T ih

‖vh‖21,T
)1/2

.
(
h2‖u‖2,Ω + h3/2‖u‖2,∞,Ω

)
‖vh‖h,
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Table 1. Numerical results of Classic IFVE for Example 5.1 with
β− = 1, β+ = 10.

N D0e order D1e order e∞ order
32 1.60e-02 6.75e-01 3.66e-03
64 4.00e-03 1.9973 3.38e-01 0.9986 1.32e-03 1.4659
128 1.00e-03 1.9988 1.69e-01 0.9991 5.29e-03 1.3241
256 2.50e-04 1.9991 8.46e-02 0.9992 2.70e-03 0.9673
512 6.27e-05 1.9986 4.24e-02 0.9982 1.21e-04 1.1557
1024 1.57e-05 1.9972 2.12e-02 0.9969 6.12e-04 0.9878
2048 3.94e-06 1.9936 1.07e-02 0.9925 3.35e-04 0.8711

Table 2. Numerical results of Special IFVE for Example 5.1 with
β− = 1, β+ = 10.

N D0e order D1e order e∞ order
32 1.60e-02 6.78e-01 1.33e-03
64 4.02e-03 1.9984 3.39e-01 0.9970 4.94e-03 1.4311
128 1.01e-03 1.9927 1.70e-01 0.9963 2.31e-03 1.0975
256 2.54e-04 1.9882 8.62e-02 0.9829 1.70e-03 0.4752
512 6.49e-05 1.9736 4.42e-02 0.9623 1.05e-04 0.6542
1024 1.66e-05 1.9635 2.30e-02 0.9450 4.63e-04 1.1893
2048 4.42e-06 1.9100 1.25e-02 0.8784 2.65e-04 0.8029

where Iu is the interpolation function of standard finite element function and v̄h is
the integral average of vh,thus

I2 .
(
h2‖u‖2,Ω + h3/2‖u‖2,∞,Ω

)
‖vh‖h.

Finally, summarizing the bounds for Ii(i = 1, 2) and (35) , we get

‖u− uh‖0 . h2(‖u‖2,Ω + |f |1,Ω) + h3/2(‖u‖2,∞,Ω + |f |1,∞,Ω).

�

5. Numerical Examples

In the section, the previous established convergence theory are demonstrated by
three numerical examples. For the example, the computational domain are chosen
as Ω = [−1, 1] × [−1.1]. The uniform triangulation of Ω is obtained by dividing
Ω into N2 sub-squares and then dividing each sub-square into two right triangles.
The resulting uniform mesh size is h = 1/N .

For convenience, we shall adopt the following error norms in all the examples:

Die := ‖u− uh‖i,Ω, (i = 0, 1), e∞ := maxj∈Nh |uI(xj)− uh(xj)|.
Example 5.1, In this example, we consider the elliptic interface problem (1)

with a circular interface of radius r0 = π
6.28 . The exact solution is

u(x, y) =

{
r5

β− , if (x, y) ∈ Ω−,
r5

β+ + ( 1
β− −

1
β+ )r5

0, if (x, y) ∈ Ω+,

where r =
√
x2 + y2, Ω− := {(x, y)|x2 +y2 ≤ r2}, and Ω+ := {(x, y)|x2 +y2 > r2}.

We use two typical jump rations: β−/β+ = 1/10 and β−/β+ = 1/1000. Tables
1-4 report numerical results.



980 K. LIU AND Q. ZOU

Table 3. Numerical results of Classic IFVE for Example 5.1 with
β− = 1, β+ = 1000.

N D0e order D1e order e∞ order
32 1.60e-02 6.76e-01 4.89e-03
64 4.01e-03 1.9944 3.39e-01 0.9885 2.50e-03 0.9678
128 1.01e-03 1.9930 1.69e-01 0.9853 1.63e-03 0.6176
256 2.54e-04 1.9883 8.54e-02 1.0244 1.48e-03 0.1298
512 6.44e-05 1.9814 4.32e-02 0.9213 6.74e-04 1.1433
1024 1.64e-05 1.9675 2.20e-02 0.9534 4.32e-04 0.6396
2048 4.32e-06 1.9278 1.11e-02 0.9315 2.30e-04 0.9231

Table 4. Numerical results of Special IFVE for Example 5.1 with
β− = 1, β+ = 1000.

N D0e order D1e order e∞ order
32 1.60e-02 6.67e-01 8.65e-03
64 3.99e-03 2.0038 3.39e-01 0.9971 3.52e-03 1.0979
128 9.89e-04 2.0142 1.69e-01 0.9972 1.75e-03 1.0044
256 2.45e-04 2.0135 8.54e-02 0.9920 8.64e-04 1.0207
512 5.99e-05 2.0294 4.32e-02 0.9846 4.95e-04 0.8036
1024 1.49e-05 2.0097 2.20e-02 0.9716 2.37e-04 1.0599
2048 3.82e-06 1.9649 1.14e-02 0.9440 1.23e-04 0.9466

Table 5. Numerical results of SIFV results for the Example 5.2.

N D0e order D1e order e∞ order
32 8.42e-04 5.44e-02 1.69e-03
64 1.88e-04 2.1606 2.69e-02 1.0146 2.73e-04 2.6333
128 6.21e-05 1.5992 1.34e-02 1.0012 1.22e-05 4.4770
256 1.43e-05 2.1110 6.72e-03 0.9999 5.20e-06 1.2360
512 3.08e-06 2.2227 3.36e-03 0.9997 2.98e-06 0.8029
1024 9.36e-07 1.7200 1.68e-03 0.9990 1.93e-06 0.6263
2048 1.92e-07 2.2838 8.41e-04 1.0007 3.51e-07 2.4630

Example 5.2, In this example, we consider the elliptic interface problem (1)
with a straight line edge. The exact solution is

u(x, y) =

{
1
β− (x cos(30◦)− y sin(30◦))2 − 0.1112( 1

β− −
1
β+ ), if (x, y) ∈ Ω−,

1
β+ (x cos(30◦)− y sin(30◦))2, if (x, y) ∈ Ω+,

where Ω− := {(x, y)|x cos(30◦)− y sin(30◦) ≤ 0.111}, and Ω+ := {(x, y)|x cos(30)−
y sin(30) > 0.111} .

Numerically we test the case β−/β+ = 1000. The correspond numerical results
are shown in Tables 5.

Example 5.3, In this example, we consider the elliptic interface problem (1) with
a shape edge as in [19, 27, 30]. The interface given by the zero level set function
φ(x, y) = −0.05− y2 + ((x− 1)tan(40◦))2x. The interface is displayed in Figure 6.
The right hand function f is chosen to fit exact solution u(x, y) = φ(x, y)/β.
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Figure 6. Example 5.3 with β+/β− = 10:(a) shape of interface
(b) exact solution .

Table 6. Numerical results of SIFV results for the Example 5.3.

N D0e order D1e order e∞ order
32 5.54e-03 2.56e-01 6.13e-03
64 1.38e-03 2.0007 1.28e-01 0.9785 2.14e-03 1.5144
128 3.49e-04 1.9892 6.57e-02 0.9653 1.36e-03 0.6495
256 8.88e-05 1.9742 3.56e-02 0.8840 6.85e-04 0.9981
512 2.29e-05 1.9535 2.01e-02 0.8249 3.39e-04 1.0136
1024 6.03e-06 1.9274 1.19e-02 0.7548 1.98e-04 0.7750
2048 1.60e-06 1.9543 7.00e-03 0.7700 9.31e-05 1.0915

Numerically we test the case β+/β− = 10. The correspond numerical results are
shown in Tables 6.

6. Concluding remarks

We present a special immersed finite volume (SIFV) method for elliptic interface
problems. We utilize the immersed finite element space to define the trial function
space, selecting the piecewise constant function space as the test space, and con-
struct some modified control volumes for the interface elements so as to ensure the
stability of the SIFV method. Through such a means, the method not only retains
the local conservation which is an important property of the FV method, but also
is capable of handling the interface jump conditions as the IFE method does. We
prove that our method achieves the optimal convergence in the energy norm and
convergence rate of O(h3/2) in L2 norm. While in practice, our numerical examples
illustrate that the SFIV method owns convergence rates of O(h2) in L2 norm and
O(h) in H1 norm, respectively. In future, we expect to show theoretically that the
convergence rate is up to O(h2) with the L2 norm for our method, and look forward
to resolving the stability issue of the SIFV method taking the quadrilateral mesh.

Acknowledgments

The research was supported in part by the special project High Performance
Computing of National Key Research and Development Program 2016YFB0200604,
NSFC Grant 11571384, Guangdong Provincial NSF Grant 2017B030311001. The



982 K. LIU AND Q. ZOU

authors are grateful to Dr. Hao Wu for many of his helps which lead a significant
improvement of the paper.

References

[1] Adams J C, Swarztrauber P, Sweet R. Efficient fortran subprograms for the solution of
separable elliptic partial differential equations. 1999.
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