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DISTRIBUTED LAGRANGE MULTIPLIER-FICTITIOUS
DOMAIN FINITE ELEMENT METHOD FOR STOKES
INTERFACE PROBLEMS
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Abstract. In this paper, the distributed Lagrange multiplier-fictitious domain (DLM/FD) fi-
nite element method is studied for a type of steady state Stokes interface problems with jump
coefficients, and its well-posedness, stability and optimal convergence properties are analyzed by
proving an inf-sup condition for a nested saddle-point problem that is induced by both Stokes e-
quations and DLM/FD method in regard to Stokes variables (velocity and pressure) and Lagrange
multipliers. Numerical experiments validate the obtained convergence theorem of DLM/FD finite
element method for Stokes interface problems with respect to different jump ratios.

Key words. Stokes interface problems, jump coefficients, distributed Lagrange multiplier, ficti-
tious domain method, mixed finite element, well-posedness, error estimates.

1. Introduction

Physicists and engineers use two phase flows to model a wide range of natural
phenomena. One such application is a Stokes flow with jump in the viscosity across
an interface. This can lead to kinks in the velocity field or discontinuities in pressure
at the interface. Using standard finite element methods to capture the true nature
of the solution near the interface presents a number of challenges. One method for
handling an interface problem is to create a mesh which conforms to the interface
[19]. If the interface changes with time, the mesh must be redrawn at each time
step to conform with the moving interface. The Arbitrary Lagrangian-Eulerian
method [15, 8] is able to adapt the mesh to small movements or changes in the
interface, but larger movements or deformations of the interface require that the
mesh be redrawn for the whole domain or part of the domain. However, it could
be very complicated, time consuming, and less accurate. Furthermore, the transfer
of solutions from the degenerated mesh to the new mesh may introduce artificial
diffusions, causing loss of accuracy.

Therefore, methods which allow each sub-domain to extend beyond the interface
have become increasingly popular. The extended finite element (XFEM) [9, 18]
method allows for a mesh which does not conform to the interface. In the XFEM,
the interface passes through elements. However, if the ratio of the areas or volumes
on either side of the interface becomes too large in any one element, the system
can become ill-conditioned and lead to breakdown problems with iterative linear
solvers. More recently, the cut finite element method [14, 17] was developed to
overcome this problem with the XFEM.

Fictitious domain methods were first developed to handle partial differential
equations in a complex geometry [10, 24, 25, 20, 21, 23]. The idea behind the
fictitious domain method is to extend the problem from a complicated domain to
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a larger, simpler domain where the problem can be solved more efficiently. When
finite element method is used, this allows for a simpler, more regular mesh. In
addition, the domain in which both the fluid and fictitious fluid are filled and its
mesh are time independent even when the original fluid domain is time dependent.

Lagrange multipliers defined on the actual boundary were later added to im-
plement the genuine boundary conditions [12, 13]. These boundary supported
Lagrange multiplier based methods that were first developed for linear elliptic
problems were later adapted to non-linear time dependent problems such as the
Navier-Stokes equations. The distributed Lagrange multiplier fictitious domain
(DLM/FD) method was developed for flows around rigid bodies and the particulate
flow problem [10, 11]. In [28] the DLM/FD method is applied to fluid/flexible-body
interactions, and a decoupled scheme is developed to solve for the fluid, solid, and
Lagrange multiplier terms separately. While some interesting numerical results are
provided in those papers, no theoretical analysis is given for DLM/FD finite elemen-
t method until recently, this method is analyzed for the elliptic interface problem
[1, 5] and the parabolic interface problem with a moving interface [27], where, the
well-posedness and convergence theorems of the DLM/FD method are proved for
those type of interface problems.

Most recently, the DLM/FD method is applied to fluid structure interaction
(FSI) problems involving an incompressible viscous-hyperelastic solid [4]. Its sta-
tionary case which is defined at each discrete time step is analyzed and an optimal
convergence theorem is obtained. In this setting the solid material exhibits both
solid and fluid-like properties, with its Cauchy stress tensor given by o5 = 0'{ +o3,
the sum of a fluid-like part and an elastic part. Thus the influence of fictitious fluid
to the structure equation is completely removed from the DLM/FD formulation.
Such a specific choice of structure material significantly simplifies the DLM/FD
formulation, which is, however, not for a general case of FSI problems.

In this paper, we will take DLM/FD method and apply it to the Stokes interface
problem first, where we have a domain €2 which is divided into two sub-domains €2
and €y with a jump in the viscosity term across the interface I'. The idea behind
the fictitious domain method is to create two non-matching meshes. A background
mesh is created over the entire domain 2. A second mesh is generated in the sub-
domain €25 on one side of the interface. The mesh for 25 then sits on top of the
background mesh. The fluid in 2, is extended into the entire domain €2 and then a
distributed Lagrange multiplier (physically a pseudo body force) is used to enforce
the fictitious fluid to satisfy the constraint of the structure motion in €2s.

Note that the DLM/FD method for the Stokes interface problem results one
nested saddle-point problem, where the inner saddle-point problem arises from
Stokes equations, and the outer saddle-point problem is induced by the DLM /FD
method itself regarding Lagrange multiplier and Stokes variables. It is challenging
how to accurately analyze the well-posedness, stability and optimal convergence
properties for such a nested saddle-point structure based on the Babuska—Brezzi’s
theory [2, 6]. In this paper, we will develop a new analysis tool to tackle this
problem. In fact, when analyzing the DLM/FD method for the Stokes interface
problem, we require that the viscosity of the fluid in £2; be less than the viscosity of
the fictitious fluid in Q2. We are then able to prove that our DLM/FD formulation is
well posed at both the continuous and discrete levels, and derive an optimal error
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estimate based on the assumed regularity of the true solution. Some numerical
experiments reinforce our theoretical result.

We must stress that the key advantage of DLM/FD method is its ability to
handle time dependent interface problems where the motion of the interface is not
known a priori. The DLM/FD formulation of the steady Stokes interface problem
and corresponding analysis presented in this paper will serve as a basis for tackling
the unsteady Stokes interface problem which we will carry out in our next paper,
and ultimately move towards multi-phase flows and a more generalized FSI model
than is presented in [3, 4].

The structure of the paper is as follows. In Section 2 we give a description of
the problem. In Section 3 we introduce the distributed Lagrange multiplier and
the weak form of the problem. We define the discrete form of the problem by
the mixed finite element method in Section 4, and show the present finite element
discretization problem is well posed, then derive its error estimates. In Section 5 we
present some cases of numerical tests and let the theoretical results be validated.

2. Model description

We define a steady state Stokes interface problem as follows

(1) =V - (f1Vu1) + Vp1 = fi, in {0,
(2) V-u; =0, in Oy,
(3) =V - (B2Vuz) + Vpa = fo, in g,
(4) V-uy =0, in Qo,
(5) U] = Ug, on T,
(6) (B1Vur — prI)ng + (B2Vuz — p2I)n2 = go onl,
(7) u; =0, on d\T,
(8) us =0, on 90\T,

where, the domain Q = Q; Uy € R? (d = 2,3), the interface T' = 9Q; N 99y,
as shown in Fig. 1. We can also introduce the entire solution (u,p) defined in

FIGURE 1. A domain decomposition with the interface I'.

satisfying u|o, = w1, ul|g, = u2, plo, = p1, Plo, = P2, and is associated with
the right hand side f satisfying f|o, = f1, fla, = f2, and the Dirichlet boundary
condition w = 0 on 9. In order to make the problem more general, we allow for
a nonzero flux jump gg across the interface, which occurs when accounting for the
surface tension of the fluids at the interface.
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We introduce the equations of the fictitious Stokes fluid in Qo for (@, p2) as
follows,

9) —V - (B2Vii) + V2 = fo, in Q,
(10) V-4, =0, in Q,
(11) Uz = Ug, on T,
(12) us =0, on ONL\T,

where 35 and f, are any sufficiently smooth extensions of 81 and fa into (o,
respectively. Note that in general 82 # B2 and f2 # fo. For the entire domain (2
we introduce the functions 8 and f defined by S|o, = 51, Bla, = B2, fla, = fi,
and f|o, = fo.
3. Fictitious domain method and the weak formulations

Introduce the Sobolev spaces

(13) V= (Hy(Q), Ve=(H' (%), Q=LjQ).

Let (-,-), stand for L?- product on a n—dimensional (n = 1,2,3) domain, w.
Also introduce the space A = V5, the dual space of V3, and let (-, ~)Q2 denote the
duality pairing between A and V5. In A we have the norm

Av
(14) IAlla = sup ﬁ.
veve ||V2]ve

Let @, p satisfy alo, = w1, @lo, = U2, Plo, = p1, Plo, = P2, then ulpn = 0,
and @|r = ui|r = us|r. If we add the fictitious Stokes equations (9)-(10) to the
Stokes equations (1)-(2) defined in €, and work on their weak formulations, we
then have

(BVa@, Vo)o — (5,V - v)a
= (ﬁlvulv vv)fh - (ph V- U)Q1 + (BV'&, VU)Qz - (ﬁa V- U)Qz
— (V- (B1Vu1) + Vp1,v)a, + (—v - (BVa) + V5, v)

+ (81w = piIna + (BVa — plna,v)
= (F1.0)a, + (F.0)0, + (V= D + (V@ — p)na,v)
(15 =(Fwa+ ((BiVur —piDm + (3Va — pDna,v) |, W eV,
(16) (V- u,q)o = (V- u1,q)o, +(V-8,q)0, =0, YgeQ.

On the other hand, we subtract the fictitious Stokes equations (9)-(10) from the
Stokes equations defined in Q5 (3)-(4), respectively, and find their weak formulations
defined in €5, as

(ﬂQqu - Bva|92?vv)ﬂ - (p2 _ﬁav : U)Qz = (fQ - .f7v>92 + (g(),'U)F

(17) - ((Blvul —piI)ny + (BVa *ﬁI)nzy’U)F ;
(18) (V- (u2 —ula,),q)a, =0, V(v,q) € V2 x Q2.
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If we add (15)-(16) and (17)-(18) together, then the fictitious Stokes terms are
all canceled, and the original weak formulations of (1)-(8) can be found back as
follows.

Weak Form I. Find (u,p) € V xQ with ulg, = u1, |, = w2, plo, =1, Pla, =
P2, such that

(19) (BVu,Vv)g — (p,V-v)q = (f,v)a + (g0, v)r,
(20) (V-u,q)o=0, V(v,q) eV xQ.

Now we use a distributed Lagrange multiplier to weakly impose us = 4q, , i.e.,

(21) (€ ula, —u2)g, =0, VEE€A.
The first term on the left hand side of (17) can be divided into two parts,
(22 (BaVus - AVal, Voo) = ((8 ~ H)Vuz Vor)

+ (B(Vu2 ~ Vila,), va)ﬂ

2

For the second part, we have

‘(B(VUQ - Vﬁ"ﬂz)v vv?)ﬂz‘ < ||/6~)||00||vu2 - v’&“Qz H(LQ(Q2))dHV’UQH(LQ(Qz))d

(23) < 1Bllolluz — @, Vel Vo2l (22 (0,))a-
Given any w € V5 there is a &, € A such that for all v € V5,

(24) <£w7 v>92 = (wv '1))92 + (V’w’ VU)Qza
(25) [€wlla = [lwllv,-

From (21) we attain ||us — @, ||y, = 0, leading to

(26) (B(vw - va|92),v1;2)Q —0, Vs €V

2

Thus,

(27) (ﬁgvm — vagz,wg)g _ ((ﬁ2 — B)VuQ,vm)Q . Vo € V.

2 2

In addition, if we replace the flux jump term, ((61 Vu, —pr1I)ng + (BVﬁ —pl)ngy
,v)p that arises in both (15) and (17), by the distributed Lagrange multiplier term
defined in 29, then we can define the weak formulation for the distributed Lagrange
multiplier-fictitious domain (DLM/FD) method for (1)-(8) as follows.

Weak Form II (DLM/FD Form). Find (@, us, p, A) € V x V5 x @ x A such
that

(28)
(BVa, Vv)a — (5, V- v)a + (A, v]a,)q, = (fiv)e, YweV
(29) (V-u,)o=0, YgeQ

(30) ((B2 = B)Vaua, Vo), — (A wa)g, = (fo = Flas, v2)q, + (w,v2)r, Yoz € Vy
(31) <£77~7‘|QQ - u2>92 = 0, V€ € A.
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Theorem 3.1. Given f € (L*(Q))? with fla, = f1, fla, = f2 , and B € L=(Q)
with Bla, = B1, Bla, = Ba, let £ € (L2(Q))? be any function that satisfies flo, =
fi1, and let B € L>®(Q) be any function that satisfies |o, = Pi.

(i). Suppose (@, uz, p, A) € V x Vo x Q x A, is a solution of Weak Form IT
(28)-(31). Then (u,p) € V x Q, is a solution of Weak Form I (19)-(20).

(ii). Conversely, let (u,p) € V x Q be a solution of Weak Form I (19)-(20), and
let X € A satisfy

(A v2)q, = ((52 — Bla,) Vus, Vv2)ﬂ

(32) - (fz - JE\Qz,Uz)Q — (w,v2)r, Yvg € Vo,

where ug := u|q,. Then, (4 :=wu, us :=ulg,, P:=p,A) EV XVexQxAisa
solution of Weak Form II (28)-(31).

Proof. (i). (19) can be proved easily by using (27), taking v € V in (28) with
v|g, = v9, and simply adding (28) and (30) together, where all the Lagrange
multiplier terms are canceled. (20) is obvious.

(ii). We only need to prove (28) and (30) hold, all the others are trivial. By the
definition of the duality pairing (-,-)q, in 2, we know there exists a unique A € A
satisfying (32), which yields (30), and

(33)
((52 - B)VU|QZ’V02)Q2 — (A v2)q, = <f2 - f|522,vz)92 + (w,v2)r, Yo € V.
Subtract (33) from (19), (28) is then obtained. O

4. DLM/FD finite element method for Stokes interface problems

4.1. DLM/FD finite element discretization. Let T} (2) be a partition of €,
independent of the location of the interface I, and Ty (€22) be a partition of Q.
Based on these meshes, define the conforming finite element spaces Vj, C V, Vo i C
Vs, Qh C Q, Ay C A where Ay = {)\ e A HUQJ{ S ‘/Q,H, <)\,'l]2>92 =
(u2,1,v2)q, YVva € Vao}. Note that the duality pairing between Ay and V3 is
the L? inner product of elements in Vo, and Va. The DLM/FD finite element
method can be defined as follows: find (wp, wo i, Pr, Am) € Vi x Va g X Qp X Ag
such that

(34)
(BVun, Von)a = (pr: V- vn)a + (A, vn)g, =(f vn)a, Yon € Vi
(35) (V-up,qn)o =0, Vg € Qn
((52 — B)\Vua u, sz,H)Qz — (Am,v2,m)qg, =(f2 — Flow, vo.m)a,
(36) + (w,vo.5)r, Yvoum € Vou
(37) (€ un —uo ), =0, V€m € Ap.

4.2. Well-posedness, stability and convergence. In this section, we study
properties of well-posedness, stability and convergence of the proposed DLM/FD
weak form II (28)-(31) and of its finite element discretization (34)-(37) under the
following assumptions: there exist constants 3, 8 such that

(38) +00>B>Py>B>B>0, Bo—B>p>0.
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If we introduce the following bilinear and linear forms

(39) a(@, uz; v, v2) = (AVa, Voo + ((62 — BV, va)g ,
(40) b(vva;Qag) = _(q,V'U)Q+<£,'U|92 _v2>92 5
(41) F(o,02) = (f.v)a + (f2 = flosv2)  + (w,wo)r,

then Weak Form IT (28)-(31) can be rewritten as: find (@, us, p, A) € V x V5 x
@ x A such that

(42) L('&,’U,Q,]NLA;U,UQ,(], é) = F('U,’Uz), V('U7 V2, 4, é) eV x ‘/2 X Q X A7
where
L(ﬁa Ug,ﬁ, Av v, V2, Q7E) = (l(’ll, Uus; v, v2) + b(vva;ﬁv }‘) - b(ﬁ’auQ; Q7E)

Correspondingly, the DLM/FD finite element method (34)-(37) can also be
rewritten as: find (wn, o g, Pn, Ag) € Vi, x Vo g x Qp, X Ay such that

L(wp, w2, 1, Dby AH; Vs V2,1, qh, E1) = F(vp, 02 1),

(43) V(vn, Vo1, qn, €r) € Vi X Vo X Qp X Ap.
We also introduce the norms

(44) v, vallvxvs, = ([0]I3 + ||1’2||%/2)% ;

(45) la:Ellaxa = (lali3 +1€13)* .

(46) o, v2,0, €11 = (013 + l[oall3, + llal + 1€N3) -
It is known from [I, 6, 7, 22] that

, V|, — v
(47) sup (& v, —v2)q,
(v,02)EV X V5 ||vav2||V><V2

J— q7v.v
~@VV)a 5 e, Vee Q.

ZCIH£HA7 V£EA7
48 sup
43 S ol

Here and thereafter, ¢ or C with (or without) subscripts denotes a generic positive
constant whose value may be different at different occurrences and is independent
of mesh sizes h and H.

Lemma 4.1. There exists a constant cs such that for any (¢,€) € Q x A,

b ’071)2;(],5
(49) sup bv, v1,8) > csllg, €lloxa-
(v,02)EV X V> lv, v2|lvxvs

Proof. Let (w,w3) € V x V; satisfy
[w, wallvxv, = (€] a with (€, wla, —w2) > a1][€]A,
and let u € V satisfy

lullv = llalle with — (¢, V- u)a > az||4ll
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Then using ||V - v|| < Vd||v|lv < Vd||v,va||vxv,, we have

b(wva; Q7£) = _(q7 V- w)Q + <£7 lez - w2>
> a1l€l2 = llallelV - wllo.q
> o |l€]A — Vllgllgllw, walv v,

d (&3]
> o113 — 5o llald — GHlw.walf v,
_ e d 2
(50) = Gl — 5o-laly V(0.6 €@ x A

Setting us = ulq, gives
(51) b(u, uz;q,€) = —(q, V- u)a > aollqlly, V (¢,€) € Q x A.

Choosing v = w + nu, v = wy + Nug, where n = ﬁ‘im, we have
o d
(62)  bo,v2i0.8) = TIEI + 5rllald = el Eln, ¥ (0.6) € @ x A

From the choice of v and ve, and using |Juz|lv, < ||u]v,

v, 201V v, <NwlY + 2nllwllvlwlv +n?[luly + w3,
+ 2n[walva uzllvs + 77 lluzly,
<2|wlf, + 2[wall3, + 207 (|ully + 20*u2]l3,
<2[wl[}, + 2l|wally, + 49°|u]%
=2|[€lA +4n*[lall?,
(53) <cllg,€lGxa, ¥ (2.6) €Q x A
O

Lemma 4.2. Assume that (38) holds. Then there exists a constant c4 such that
for any (u,u2,p,A) € V x Vo x Q X A,

L u7u b 7A; U7U b b
(54) sup (U2, p XV, 02,0:8) 5 iy AL

(v,v2,0,€)EV X Vo XxQXA |vav2aQ7£|”

Proof. Tt follows from (38) that

L(u, u2,p, \;u, ua, p, A)
=(BVu, Vu)g + (2 — B)Vug, Vuz)a,
>B(IVull§ o + I Vuzll§ 0,)
(55) >O([ully + [Vuzlla,): ¥ (w,uz,p,X) €V x Vo x Q x A,
where we have applied the Poincaré inequality, and the constant C' depends only

on the domain €2 and value of 3.
For uy € Vi, let &, € A satisfy

(Euzs V2)q, = (u2,v2)q, for all va € Vs,
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then
L(u, u2,p,X;0,0,0,8u,) = — (€uys ula, — u2)q,
= —(uz,ulq, —u2)q,
> R, — luzllos, fula, v,
> s, — 52l — gl 3,
(56) > 2wl e, — llull.

Let (w,w2) € V x Va satisfy |[w,ws]lvxv, = [P, AMloxa and b(w, wa; p, A) >
c3llp; All§xa- Then, we have

L(’LI,, Uz, p, A7 w, ws, 07 0)
:(BVU, V’U))Q + ((ﬂZ - B)V’UQ, vw?)ﬂz + b(w7 w2; p, >‘)

Zes[lp Mgxa — Bllullviwllv + [luz]lv: w:]lva)

=( B 3
>c3|p, Allya = B 5= (lully + uall3,) + 5% (lwlly + [wall3,)
263 25
c3 B
(57) :EHPJ\”gng - 7263||u’u2”%/><‘/2'

Let v = 2C7'u 4 c387 2w, vy = 2C  uy + 3 2wy, ¢ = 20 1p, € = 20~ A +
2€4,- Then we have

(58)
‘3

% 2
+ 5 2llp Alicn > € llt 2, A

1
L(“’a u2,p, A7 U7U27q7€> > §||u’u2||%/><‘/2

2
where the constant c* = min{%, Tcﬁ% }, and

v, v2, 0, €lI” < c(ull} + 2lullvwlv + w3 + |usl3,
+ 2 ualv, walv; + [[wal[3,
+ 15 + I + 2 X allwz]a + [[€u2)
< c2l|ullf + 2[|wl[3 + 2[usal3, + 2/lwall3,
+ 15 + 20Nl + 201 €u.l12)
(59) < cflu, ua, p, A,

Then, the aimed result (54) is direct consequence of (58) and (59). O

Lemma 4.3. Assume that (38) holds. Then there exists a constant cs such that
fO’F any ('U,’UQ,Q,&) €V X Vax Q X A7

(60) sup L(u,uz,p,)\;v,vz,q,ﬁ)
(usuz,p A)EV X Vo X QX A e, wa, p, Al

Z 65|HU,’U2, q7£|”

The proof of Lemma 4.3 follow the same reasoning as the proof Lemma 4.2 and
has been omitted. It is easy to see that

(61) L(u’ Uz, p, )‘; v, V2,4, 6) S CH‘uv U2, p, >‘|H |||'U, V2,4, €H|
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holds for any (u,u2,p,A) € V x Vo Xx Q@ x A and (v,v2,¢,€) € V x V5 x Q x A.
Then along with Lemma 4.2 and Lemma 4.3, we can obtain the following theorem
by using the arguments in [2].

Theorem 4.4. Suppose that (38) is satisfied. Given f € (L2(Q))%, fy € (L?())?
and w € (L*(T))? there is a unique solution (@, us,p, ) € V x Vo xQ x A to (42),
with

(62) I, w2, g, Al < CUIFlo.e + | f2llo.02 + [wlo,r).

With the proper choice of finite element subspaces, existence and uniqueness of
the solution to the discrete problem is proved in a similar manner. We assume that
the spaces Vj, Vo i, Qn, and A g satisfy the following inf-sup conditions

(Em,unlo, — vz m)

(63) sup L > ¢ |€ulla, VEw € Ay

(wn,u2,q)EVLXVa i HuhaquHVsz

(qn, V - up)¢

(64) sup L > eollanlls Van € Q.

up€Vy ||uh||V
One possible choice of spaces is

(65) Vh:{’UGV:’vh{EPQ(K), VKET;L},
(66) V27H:{'U2€V2:'U2|K€P2(K), VI(ETH}7
(67) Qn={1€Qn(C°Q)":qlx € PI(K), VK € T},},
(68) Ag =V p.
Then, if the mesh sequences are quasi-uniform, the inf-sup conditions (63) and (64)
hold for the Lagrange multiplier term [1, 5] and for the pressure terms [7, 22, 6],
respectively.
By (63), we know there exists (wp, w2, i) € Vi X Vo g which satisfies
lwn, wonlvev, = [l€alla with (€n,wilo, n— wom) > alléulli, and by (64)

there exists uj, € V3, which satisfies [luxllv = llgnllq With (gn, V - un)a > callgnll3-
The proofs of the following lemmas and theorem then follow the proofs of Lemma
4.1, Lemma 4.2, Lemma 4.3 and Theorem 4.4.

Lemma 4.5. Suppose that (38), (63) and (64) are satisfied. Then there is a con-
stant ¢ such that for all (qn,€mx) € Qn X An

(69) sup b(un, w2, 115 qn. Ex)
(wn, w2, qH)EVR XV i l|lun, u2,H||V><V2

Lemma 4.6. Suppose that (38), (63) and (64) are satisfied. Then there is a con-
stant ¢ such that for all (vy,ve g, qn,En) € Vi X Vau X Qn X Ay

> cllqn, Exlloxa-

sup L(uh7u2,H7ph7AH;vha’UlH?q}LagH)
(wn, w2 H,ph,AH)EVEX V2 g XQr XAy |||uh7 U2 H, Ph, AH|H
(70) 20|||”h7 V2, H,4qh, €H|”

Lemma 4.7. Suppose that (38), (63) and (64) are satisfied. Then there is a con-
stant ¢ such that for all (up,ws g, ph, Ax) € Vi, X Vo g x Qn X Ag

sup L(wp, w2, 1, ph, N U0y V2,1, Qhs  §H)
(Vn,v2,1,qn,6H)EVR X V2 g XQp X An Hlvfu V2. H, qh, £H|||

(71) >cl|wn, w2, m, P, Aul-
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Theorem 4.8. Suppose that (38), (63) and (64) are satisfied. Given f € (L?*(2))?,
f2 € (L*(92))¢ and w € (L*(T))? there is a unique solution (up,us fr,ph, Aig) €
Vh X V27H X Qh X AH to (43), with

(72) llwn, wa b, pn, Alll < CC1fllo.2 + | F2llo.0: + l[wllo.r)-

In the sequence, we will give a convergence analysis of the proposed DLM/FD
finite element method.

Theorem 4.9. Let (@, u2,p,\) € V X Vo x Q X A be the solution of (42), and
let (wn,uo 11,0, Am) € Vi X Vo X Qn X A be the solution of (43). Then there
ezists a constant C independent of h and H such that

@ —unllv + [luz —uzmllve + [P = Prllo + 1A = Aulla

<C( inf |u— inf —

<C(, inf i —vallv +,0 [uz — vo,ul|ve
73 + inf - + inf ||A-— .
(73) b lp—anlle +, ik YA =Enla)
Proof. Subtracting (43) from (42) for all (v, v2 1, qn, €r) € Vi x Vo g X Qn X Ag,
we have
(74) L(w — up, w2 — U2, 7, D — Phy A — AH; Uk, V2.1, Gh, Em) = 0.

For any (wp, wa i1, 7h, Cir) € Vi x Vo, g XQpxApr, denote e = 4—wy, e, = up—wp,
e = Uy — Wy H, €2 = Up g — W2 H, S =P —Thy, Sh = Ph — Th, € = X — CH,
€g = Ag — Cy. Then we have

(75) L(e, ez, s, €;vpn,v2,1,pn, &) = L(en, €2 1, 8h, €15 Vn, V2,1, Ph, EH)-
From lemma 4.6 and the continuity of L(-,-, -, -5+, *),

|||€h, €2 H, Sh, 6HH|

L(en,ea,m, Sh, €15 Vh, V2,H, Gh, EF)

<C sup
(Vh,v2, H,qn L H)EV X Vo, g XQr X Al llvn, v2, 1, g, Enll
e sup L(e, ez, s, €vn, v2,1,qn,&n)
(vh,v2, 0,91 ,EH)EVR X Vo g XQp XAl |||'Uha V2.H, Gh, £H|”
0 . lle.e2. 5. €lllfon. va.1r. 1. €l
(02, 1,qn.E10)EVi X Va1 X QX Apt lon, v2, 1, qn, Enll
(76) =C||e, ea, s, €|||.
Thus,
1t — wp, uz — w2 1, p — pr, A — Al
=|le —en,es —ea.1,5 — Sn, € — x|
<lle, ez, s, €ll + llen, e2,a, sn, €nll
<A+ O)lle, ez, s, €|
(77) =1+ O)|la — wn, uz — w2, 1,5 — 1, A — L,
which completes the proof of this theorem. O

In order to get an estimate for infg, e, ||A — €u|| we need to have a character-
ization for the Lagrange multiplier A. First, in (28) we pick any v € V' such that
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v = 0 outside €2;. Integrating by parts gives

Similarly, we can pi

ck (v,v2) € V x (H}(22))? such that v|g, = v2 and v = 0
outside Q. Adding (2

(78) f=-V-(8Va)+Vp, in Q.
(v,
8) to (30) and integrating by parts yields
(79) fo==V-(B2Vuz) + Vp, in Q.
Now, let v € Vj and take vy = v|q, in Q3. Adding (28) to (30) and imposing
both us = @), and Vug = Vi|q, weakly in Q5 gives us
(Bva VU) - (257 V- U)Q1 - (257 V- U)Qz + (ﬁgVUg, VU)Q2

(80) :(f,v) + (f2,v)a, + (w,v)r,

where the integrals over €2 have been split into 21 and 5. Integrating by parts,
we have

— (V- (BVa@),v)q, + (BVan,,v)r + (Vi,v)a, — (B,v-ni)r + (Vh,v)q,
(81)
— (p,v - na)r — (V- (B2Vug), v)a, + (B2Vuz n2,v)r = (f,v)q, + (f2,v)0, + (w,v)r.

By applying (78), (79), and n; = —nqy, we obtain

(82) (BViiny,v)r + (B2Vug ng, v)r = (w, v)r.
By applying (79) and (82) to (30), then

(A v2)q, = —(Bvuz,vvz)g + (B2Vuz, v2)0, — (f2,v2)q, + (f,v2)a, — (W, v2)r

2

= (V ‘ (%/32VU2),02)Q — (BVuz na, va)r

2

— (V- (B2Vu2),v2)q, + (82Vus na, vo)r
- (f27v2)92 =+ (.fa 02)92 - ('LU,’UQ)F - (Vﬁa 1)2)92 + (Vﬁa 02)92
= (gv : (52VU2),’02) — (BVuz 2, v2)r + (B2Vug g, v2)r
2 Qo

— (w,v2)r — (Vp,v2)0, — (V- (B2Vuz),v2)a, + (Vp,v2)q,

~ (v, + (FLos)e, + (2VuaV L)

= (EV : (52V’u2),’02) — (BVug g, va)r — (BVang, va)r — (Vi v2)a,
52 Q2

+ (.f~7 '02)92 + (52VU2V%,’U2>QQ

= (g f), - (0 gwoe),,

(83) — (B(V’U,Q U -+ V’I] ’nl),’l)g)p -+ (ﬂQV’U/QV%,Ug)QQ.
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We can write A = A1 + A2 + A3 where

(84) (A1, v2)q, = —(%ﬁ - £, 02>927
(85) (A2,v2), = —(B(Vuz — Vit)ng, va)r,
(56) (asosla, = (= (1= D)V + BaVua¥V 4 va),

For the immersed interface, if the interface is of class C® and the boundary 052 is
of class C?, we have the following regularity result for the Stokes interface problem

[26]
(87) we (HX(QU)IN(HT(Q)Y, pe HY(QUQ)NLAQ).

where, 1 < 7 < 1.5. However, if the interface is only Lipschitz continuous then we
may have the following reduced regularity results

(88) we (H (QUWL))IN(HT(Q)Y, pe H(Q UQ) N LAQ).

Since the theory of regularity for the Stokes interface problem is not yet fully
developed, we make the assumption that 1 < r < 2 and 0 < s < 1 in order to
obtain an error convergence rate. The actual values for r» and s will depend on the
jump coeflicient 3 as well as the regularity of the interface. The numerical results in
Section 5 show such a reduced regularity for the problems we have chosen. Thanks
to the equivalence between Weak Form I and Weak Form II, we further have

(89)
ae (H (QULNINHT(Q))Y, use (H ()Y, pe H(QUQ)NLAQ).

Using these regularity results and the results from [1], we can see that there exist
&15 € A and &5 € Ay such that

(90) A1 — &nlla < CH|(B/B2)F2 — Fll(12(60))45
(91) X2 — &amlla < CH  (lula, Iz @uy)e + w2l 2))2)-

To get an error estimate for Ag, let my be the L? projection of Vz into Vs p,
that is,

(92) (THW2, V2, 1)0, = (W2,V2,15)0,, Yvom € Voq.

Then let ESH =PyA3 € Ay satisfy

(93) (Puda,vs)a, = (ma(—(1= S)Vi+ BTuaV L)) | Vor€ Vi,
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so we have (A3 — PyAs,vo ) =0 for all vo g € V2 . Then,
(A3 — P A3, v2)
A3 — PuAslja = sup ————=~

v €V, ||v2||V2
(A3 — PrAs,va — mva)

= sup
v2EVa [vallv,
(A3,v2 — V) — (T (—(1 — %)Vﬁ + 52VU2V%),’02 — THV2)q,
= sup
v2EVs [v2(lva
(94) = sup (—(1 - %)Vﬁ, Vo — THV2)q, + (52VU2V%, Vo — THV2)Q,
v2EVa [vallv,

By applying the Cauchy-Schwartz inequality and the standard L? error estimate
for g, we have

(—(1 = LYV5,v2 — maron)a, < Ol Villoga vz — wrvsllo.,

B2
(95) < CH||p|l g1 (0, llv2lve,
(BQVUZVév'UQ — THV2)q, < CHVéHOO,Qszu?HO,Qz |va — THV2(l0,0,
B
(96) < CHHVEHoo,Qz||U2||v2||122||v2~

If [V(B/B2)| is bounded a.e. on Q, then there exists a constant C' such that

(97) IXs = &rrlla < CH (5] () + lluzlvs) -

By combining the error estimates for A and using the standard interpolation error
estimates for @,us, and p in (73), we have the following a priori error estimate
theorem.

Theorem 4.10. Let (@, u2,p,A) € V X Vo x Q x A be the solution of (/2), and
let (wp, wa i, ph, Air) € Vi X Vo X Qp X A be the solution of (43). If conditions
(58), (63), and (64) are satisfied, and |V (5/52)| is bounded a.e. on Qa, then
@ —unllv + [luz — w2 llv, + 15— prlle + 1A = Aulla
<C(h? + H)(|a]l (a0 + 1wl ,))a
(98) + 1Bl 25 (u000) + [1(B/B2) F2 — Fll(22(02))4),

where the constants T, r and s are from the reduced regularity (89) and o = min{T—
1,7 —1,s}.

Proof. Tt follows from the standard finite element interpolation error estimates that

(99) inf ||u — 'Uh”V S ChT_ln’lNl,H(HT(Q))d
v EV)
(100) inf lus — vo,mrllvy < OR"Hlus || (s ()
vo, HEV2 B
(101) inf lp — qnllo < CR®[|Pl 1= (2, u0)

GrnE€EQR
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(a) (b) ()

FIGURE 2. A example of the meshes. (a) T,(€2), (b) Tu(Q2), (c) Tr(22).

Combining (90), (91) and (97), we see that there exists €5 = &1y +&n+E31 € Ap,
such that

inf A —&xlla < H/\ - EHHA

Eu€EAn
<CH™ (13/82)f2 = Fll e + lullar- @y
(102) Hluall (a2 + 1Bl (02)) -
Thus, the aimed result (98) is a direct result of Theorem 4.9 and estimates (99),
(100), (101) and (102). O

5. Numerical experiments

In this section, we study the numerical performance of the DLM/FD finite el-
ement method, in which the P? finite element is used to discretize wp,, U2 i, AH,
and the P! finite element is used to discretize p,.

Let © = (0,1) x (0,1), Qs is a circle with center (0.3,0.3) and radius 0.1. The
meshes Tp, (), T (€2) are constructed independently, as depicted in Fig. 2 (a) and
(b). Since up, and A are defined on different meshes, that is, T, (2) and Ty (22), we
employ the subgrid integration technique [27] to compute the Lagrange multiplier
terms that appear in the presented DLM/FD finite element method (34)-(37), such
as (/\H,vh)92 and (& H,uh>92. To that end, a submesh is also constructed based
on Ty (), T (Qs), see e.g. Fig. 2 (c).

5.1. Example 1. In this example, we first verify the theoretical convergence rates
for the case of smooth exact solutions by appropriately choosing different parame-
ters 8 = 1, B2 and functions f = f;, fo such that the exact solution of the Stokes
interface problem (1)-(8) in the entire domain 2 is

w=(sin(z—y),sin(z—y))", p=c"cos(y).

Thus, » = 2 and s = 1 in the regularity result (89) for the above chosen solutions.

The numerical results of this example are reported in Tables 1-3 and Figures 3-5,
where the values v and v denote the components of the velocity vector w. From
those tables and figures, we observe the first order convergence rate for errors of
velocity in H! norm and for errors of pressure in L? norm, which is consistent with
that predicted by Theorem 4.10 when the exact solutions are smooth. In addition,
the convergence rate of velocity in L? norm is shown as higher than first order in



954

A. LUNDBERG, P. SUN, AND C. WANG

TABLE 1. Results of Example 1: f; =1, 82 =10, h/H = 4.

h H lu —uplli,e | [lu—unllo,e [ [lv=ovnlli,e [ [lv—=ohrllo,e | lIp = pPrllo.o
T/16 | 1/ 64 7.56036-03 3.15896-04 7.27926-03 3.0614¢-04 9.0696¢-02
T/20 | 1/ 80 | 6.1280e-03 2.44916-04 5.98900-03 2.38860-04 1.29976-01
1/24 | 1/ 96 5.1337¢-03 2.0517¢-04 5.0780e-03 2.0024e-04 1.4636e-01
T/28 | 1/112 | 4.40406-03 1.73756-04 1.3398¢-03 1.71516-04 6.58470-02
1/32 | 1/128 | 3.79616-03 1.5159¢-04 3.75286-03 1.49786-04 1.25136-02

rate 0.99 1.05 0.95 T.02 113
TABLE 2. Results of Example 1: $; =1, 2 = 100, h/H = 4.

h H [l —uplli,e | llu—unllo,e [ [lv=vnlli,e | [lv—=vhrllo,e | lIp = Prllo.o
/16 | 1/ 64 1.4762¢-02 5.75666-04 1.4250e-02 5.5804e-04 3.3312e-01
1/20 | 1/ 80 | 9.5808¢-03 3.79836-04 9.39736-03 3.72056-04 2.91586-01
T/24 | 1/ 96 1.0001e-02 3.48060-04 9.76116-03 3.36936-04 4.23046-01
T/28 | 1/112 | 7.4827¢-03 2.81560-04 7.40786-03 2.78000-04 2.47536-01
1/32 | 1/128 | 6.67936-03 2.46616-04 6.5439¢-03 2.43066-04 1.65660-01

rate T.07 117 1.05 115 0.83
TABLE 3. Results of Example 1: §; =1, 82 = 1000, h/H = 4.

h H Nu —upllie | lu—uplloe | lv—vnlli,o [ [[v—vanllo.e | llp—Ppullo.o
T/16 | 1/ 64 | 2.02376¢-02 7.21716-04 1.9445¢-02 6.7732¢-04 3.1828¢+00
T/20 | 1/ 80 1.01296-02 1.0190e-04 9.9393¢-03 3.93966-04 2.70956+00
1/24 | 1/ 96 1.5544e-02 1.03476-04 1.4321e-02 3.89276-04 2.22376+00
T/28 | 1/112 | 1.03430-02 3.25016-04 1.0011c-02 3.15950-04 1.94626+00
1/32 | 1/128 | 8.49520-03 2.75016-04 8.1013¢-03 2.67176-04 1.6841c+00

rate 7.00 1.26 T.02 123 0.93

these tables, which is however not covered by our current theoretical results, will
be explained at below together with Example 2.

5.2. Example 2. In this example, we choose the same geometric settings as that
of Example 1, but f; = fo = 1, w = 0 and different parameters BN , 52, thus the exact
solution of this example is not prescribed and non-smooth. Then we take the P2 P!
mixed finite element solution as the “numerical exact solution” of this example,
which is obtained based on a locally refined and body-fitted mesh with 30329 nodes
and 60304 triangular elements. Obviously, the regularities of such non-smooth
solutions are reduced from the case of smooth solutions, i.e., 1 <r <2, 0<s<1
in (89).

The numerical results of this example are reported in Tables 4-6 and Figures 6-8.
We observe that the convergence rate in H! errors of velocity ranges between 0.25
and 0.6, which is consistent with the reduced regularity of the exact solution. It is
also seen that the order of convergence shown in Table 5 is even lower than that
shown in Table 6 in which the solution is expected to be less regular as a consequence
of the larger jump ratio between the viscosities. To improve and also to explain this
numerical phenomenon, a finer mesh will help considering that we are comparing
with a “numerical exact solution” in order to obtain a reasonable convergence rate,
which is however limited by our computer resources available. On the other hand,
it is always crucial how to choose an optimal space for the Lagrange multiplier
regarding a different jump ratio when the mesh is non-matching, especially. In this
paper, we define the discrete space of Lagrange multiplier on T (£22) instead of
introducing a new finite element mesh for the Lagrange multiplier in Q5, which
can produce a satisfied convergence rate to match with our theoretical results but
may not be optimal corresponding to different jump ratios. Thus, our numerical
experiments may show a possibly lower order of convergence for the case with
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FIGURE 3. Loglog convergence plots of Example 1 (81 = 1, 83 =
10, h/H = 4).

a smaller jump ratio of viscosities, but the overall numerical convergence results
basically satisfy our theoretical results relative to the regularity constraints of the
original model. We will continue our research on this direction in our future work
to further improve the convergence behavior of the Lagrange multiplier in regard
to different jump ratios of viscosities.
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FIGURE 4. Loglog convergence plots of Example 1 (8; =1, B2 =
100, h/H = 4).

While not covered by the theoretical results given in this paper, it can be shown
using Nitsche’s technique that the convergence rate of velocity in L? norm is half
an order higher than that in H! norm, as seen in the numerical results. Whereas,
such higher-order convergence phenomena in L? norm is not reflected on Example
1, where the convergence rate of velocity in both H' norm and L? norm are all first
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FIGURE 5. Loglog convergence plots of Example 1 (81 =1, 82 =
1000, h/H = 4).

order. Additionally, in Example 2 we also notice a significantly higher convergence
rate in pressure than that is predicted by our theory.

Note that in both examples, we always let H < h since this mesh ratio can give
us better accuracy in numerical experiments. It is reasonable because a smaller
mesh size H can define more Lagrange multipliers in s, further, introduce more
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TABLE 4. Results of Example 2: f; =1, 82 =10, h/H = 4.

h H Nu —upllie | Nlu—uplloe | lv—vulli,o [ [[v—vnllo.e | llp—Ppullo.0
1/16 | 1/ 64 8.5369e-02 1.55856-03 8.6160e-02 1.5568¢-03 4.6481e+00
1/24 | 1/ 96 5.8084¢-02 8.4369¢-04 5.8416e-02 8.43640-04 2.38016+00
1/32 1/128 6.2376e-02 7.8786e-04 6.2016e-02 7.8807e-04 6.6086e-01
1/40 | 1/160 5.66140-02 6.1394c-04 5.6600e-02 6.14000-04 8.85490-02

rate 0.41 0.97 0.42 0.96 1.13

TABLE 5. Results of Example 2: §; =1, 2 = 100, h/H = 4.

h H Nu —uplhio [ [lu—uplloe | [lv—valli,o [ [lv—vnllo.o | llp — prllo.e
1/16 1/ 64 2.2787e-01 5.9846e-03 2.2970e-01 5.9832e-03 5.1065e+00
1/24 1/ 96 1.7219e-01 3.7622e-03 1.7438e-01 3.7624e-03 3.1313e-01
1/32 1/128 1.8279e-01 3.4502e-03 1.8187e-01 3.4505e-03 2.1628e-01
1/40 1/160 1.8092e-01 2.9917e-03 1.8095e-01 2.9921e-03 1.8788e-01

rate 0.23 0.73 0.25 0.73 3.59

TABLE 6. Results of Example 2:

By =1, B = 1000, h/H = 4.

h H Nu —upllio [ llu—uplloo | lv—vallio [ [Ilv—vhllo.o | llp — prllo.o
1/16 | 1/ 64 3.4946e-01 1.02686-02 3.5008¢-01 1.0270e-02 1.9852¢+00
1/24 | 1/ 96 2.7260e-01 6.54040-03 2.74560-01 6.5401c-03 5.5888e-01
1/32 | 1/128 2.75960-01 5.7744e-03 2.7400e-01 5.7746e-03 5.4940e-01
1/40 | 1/160 2.4382e-01 1.2110e-03 2.43806-01 12111e-03 2.49546-01

rate 0.36 0.92 0.37 0.92 2.08

constraints to the DLM/FD scheme through Lagrange multipliers to guarantee the
equality between the fictitious fluid velocity and structure velocity. The stability
and the convergence of the DLM/FD scheme are then more ensured in contrast
with a coarser mesh in 5.

As a complement, considering that the ideal convergence rate of DLM/FD finite
element method is about first order for velocity in H' norm and pressure in L? norm
in the case of smooth solution, and one-half order lower in the case of non-smooth
solution, we may also adopt a lower order stable Stokes-pair (such as the MINI
element) instead of the P? P! Taylor-Hood element to obtain the same convergence
result but with less computational cost in our numerical experiments, which will
be carried out in our next numerical study for DLM/FD method on other interface
problems such as FSIs.

6. Conclusion and future work

In this paper we develop a type of DLM /FD finite element method for the Stokes
interface problem, and define a mixed finite element approximation scheme to nu-
merically solve the problem. In analyzing the problem, we look at the case where
a sub-domain is completely immersed inside a larger domain, and the viscosity co-
efficient 31 in the outer domain is less than the viscosity f2 in the inner domain,
as well as the case where the interface between the two fluids stretches across the
whole domain. In either case, there is a jump in the viscosity coefficient across the
interface. With the restriction f; < P2, we are able to prove that the developed
DLM/FD method is well posed at both the continuous and discrete levels, and the
corresponding finite element method gives an optimal error estimate relative to the
regularity constraints of the original model. Numerical experiments confirm the
obtained theoretical results.
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FIGURE 6. Loglog convergence plots of Example 2 (81 = 1, 83 =
10, h/H = 4).

In future work, we will apply the DLM/FD method and analysis developed in
this paper to the time dependent Stokes interface problem, with the goal of moving
towards fluid structure interaction problems.
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FIGURE 8. Loglog convergence plots of Example 2 (8, = 1, 82 =
1000, h/H = 4).
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