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DISCONTINUOUS GALERKIN METHODS FOR THE
BIHARMONIC PROBLEM ON POLYGONAL AND
POLYHEDRAL MESHES

ZHAONAN DONG

Abstract. We introduce an hp-version symmetric interior penalty discontinuous Galerkin finite
element method (DGFEM) for the numerical approximation of the biharmonic equation on general
computational meshes consisting of polygonal/polyhedral (polytopic) elements. In particular, the
stability and hp-version a-priori error bound are derived based on the specific choice of the interior
penalty parameters which allows for edges/faces degeneration. Furthermore, by deriving a new
inverse inequality for a special class of polynomial functions (harmonic polynomials), the proposed
DGFEM is proven to be stable to incorporate very general polygonal/polyhedral elements with
an arbitrary number of faces for polynomial basis with degree p = 2,3. The key feature of the
proposed method is that it employs elemental polynomial bases of total degree Pp, defined in the
physical coordinate system, without requiring the mapping from a given reference or canonical
frame. A series of numerical experiments are presented to demonstrate the performance of the
proposed DGFEM on general polygonal/polyhedral meshes.

Key words. Discontinuous Galerkin, polygonal/polyhedral elements, inverse estimates, bihar-
monic problems.

1. Introduction

Fourth-order boundary-value problems have been widely used in mathematical
models from different disciplines, see [23]. The classical conforming finite element
methods (FEMs) for the numerical solution of the biharmonic equation require that
the approximate solution lie in a finite-dimensional subspace of the Sobolev space
H?(Q). In particular, this necessitates the use of C'* finite elements, such as Argyris
elements. In general, the implementation of C'! elements is far from trivial. To relax
the C! continuity requirements across the element interfaces, nonconforming FEMs
have been commonly used by engineers and also analysed by mathematicians; we
refer to the monograph [16] for the details of above mentioned FEMs. For a more
recent approach, we mention the C? interior penalty methods, see [21, 10] for details.
Another approach to avoid using C! elements is to use the mixed finite element
methods, we refer to the monograph [8] and the reference therein.

In the last two decades, discontinuous Galerkin FEMs (DGFEMs) have been
considerably developed as flexible and efficient discretizations for a large class of
problems ranging from computational fluid dynamics to computational mechanics
and electromagnetic theory. In the pioneer work [6], DGFEMs were first introduced
as a special class of nonconforming FEMs to solve the biharmonic equation. For the
overview of the historical development of DGFEMSs, we refer to the important paper
[5] and monographs [17, 18] and all the reference therein. DGFEMs are attractive
as they employ the discontinuous finite element spaces, giving great flexibility in
the design of meshes and polynomial bases, providing general framework for hp-
adaptivity. For the biharmonic problem, hp-version interior penalty (IP) DGFEMs
were introduced in [30, 31, 34]. The stability of different IP-DGFEMs and a priori
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error analysis in various norms have been studied in those work. Additionally, the
exponential convergence for the p-version IP-DGFEMs was proven in [24]. The
a posterior error analysis of the symmetric IP-DGFEM has been done in [25].
In [22, 28], the domain decomposition preconditioners have been designed for IP-
DGFEMs.

More recently, DGFEMs on meshes consisting of general polygons in two dimen-
sions or general polyhedra in three dimensions, henceforth termed collectively as
polytopic, have been proposed [2, 15, 13, 12, 7, 1]. The key interest of employing
polytopic meshes is predominant by the potential reduction in the total numerical
degrees of freedom required for the numerical solution of PDE problems, which is
particularly important in designing the adaptive computations for PDE problems
on domains with micro-structures. Hence, polytopic meshes can naturally be com-
bined with DGFEMs due to their element-wise discontinuous approximation. In
our works [15, 13], an hp-version symmetric IP-DGFEM was introduced for the lin-
ear elliptic problem and the general advection-diffusion-reaction problem on meshes
consisting of d-dimensional polytopic elements were analysed. The key aspect of the
method is that the DGFEM is stable on general polytopic elements in the presence
of degenerating (d — k)-dimensional element facets, k = 1,...,d — 1, where d de-
notes the spatial dimension. The main mesh assumption for the polytopic elements
is that all the elements have a uniformly bounded number of (d — 1)-dimensional
faces, without imposing any assumptions on the measure of faces. (Assumption 4.1
in this work) In our work [12], we proved that the IP-DGFEM is stable for second
order elliptic problem on polytopic elements with arbitrary number of (d — 1)-
dimensional faces, without imposing any assumptions on the measure of faces. The
mesh assumption for the polytopic elements is that all the elements should satisfy
a shape-regular condition, without imposing any assumptions on the measure of
faces or number of faces (Assumption 5.1 in this work). For details of DGFEMs on
polytopic elements, we refer to the monograph [14].

To support such general element shapes, without destroying the local approxima-
tion properties of the DGFEM developed in [15, 13, 12], polynomial spaces defined
in the physical frame, rather than mapped polynomials from a reference element,
are typically employed. It has been demonstrated numerically that the DGFEM
employing P,-type basis achieves a faster rate of convergence, with respect to the
number of degrees of freedom presented in the underlying finite element space,
as the polynomial degree p increases, for a given fixed mesh, than the respective
DGFEM employing a (mapped) Q, basis on tensor-product elements; we refer [19]
for more numerical examples. The proof of the above numerical observations is
given in [20].

In this work, we will extend the results in [15, 13, 12] to cover hp-version IP-
DGFEMs for biharmonic PDE problems. We will prove the stability and derive the
a priori error bound for the hp-version IP-DGFEM on general polytopic elements
with possibly degenerating (d — k)-dimensional facets, under two different mesh
assumptions. (Assumption 4.1 and 5.1). The key technical difficulty is that the H*!-
seminorm to Ls-norm inverse inequality for general polynomial functions defined
on polytopic elements with arbitrary number of faces is empty in the literature.
To address this issue, we prove a new inverse inequality for harmonic polynomial
functions on polytopic elements satisfying Assumption 5.1. With the help of the
new inverse inequality, we prove the stability and derive the a priori error bound
for the proposed DGFEM employing P, basis, p = 2, 3, under the Assumption 5.1.
Here, we mention that there already exist different polygonal discretization methods
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for biharmonic problems [11, 37, 4, 32]. To the best of the author’s understanding,
the proposed DGFEM for biharmonic problem is the first polygonal discretization
scheme whose stability and approximation are independent of the relative size of
elemental faces compared to the element diameter, and even independent of the
number of elemental faces, for P, basis with p = 2,3. We point out that the P,
basis with p = 2,3 satisfies the condition that the Laplacian of any function is a
harmonic polynomials.

The remainder of this work is structured as follows. In Section 2, we introduce
the model problem and define the finite element space. In Section 3, the hp-version
symmetric interior penalty discontinuous Galerkin finite element method is intro-
duced. In Section 4, we present the stability analysis and a priori error analysis
for the proposed DGFEM over polytopic meshes with bounded number of element
faces. In Section 5, we will derive the new inverse inequality for polytopic meshes
with arbitrary number of elemental faces satisfying Assumption 5.1. Then, we
present the stability analysis and error analysis. A series of numerical examples are
presented in Section 6. Finally, we make concluding remarks in Section 7.

2. Problem and Method

For a Lipschitz domain w C R?, d = 2,3, we denote by H*(w) the Hilbertian
Sobolev space of index s > 0 of real-valued functions defined on w, endowed with
seminorm | - |gs(,,) and norm || - || g+ (). Furthermore, we let L,(w), p € [1,00], be
the standard Lebesgue space on w, equipped with the norm || - ||z (.. Finally, |w]
denotes the d—dimensional Hausdorff measure of w.

2.1. Model problem. Let  be a bounded open polyhedral domain in R?, d =
2,3. We consider the biharmonic equation

(1) A*u=f inQ,
where f € Ly(€2). We impose Dirichlet boundary conditions

(2)

where n denotes the unit outward normal vector to 0. It is well-known that
by choosing g, € H?%(09Q), gy € HY?(0Q), the problem (1) is well-posed with
u € H?(Q) (see [26, page 15]).

U= gp, on 0,
Vu-n= gy, on 01},

2.2. Finite element spaces. We shall adapt the setting of meshes from [14]. Let
T be a subdivision of the computational domain 2 into disjoint open polygonal
(d = 2) or polyhedral (d = 3) elements x such that Q) = U,c7& and denote by h,
the diameter of k € T i.e., hy := diam(x). In the absence of hanging nodes/edges,
we define the interfaces of the mesh T to be the set of (d —1)-dimensional facets of
the elements k € T. To facilitate the presence of hanging nodes/edges, which are
permitted in 7, the interfaces of T are defined to be the intersection of the (d —1)—
dimensional facets of neighbouring elements. In the case when d = 2, the interfaces
of T are simply piecewise linear segments ((d— 1)—dimensional simplices). However,
in general for d = 3, the interfaces of 7 consist of general polygonal surfaces in R3.
Thereby, we assume that each planar section of each interface of an element k € T
may be subdivided into a set of co-planar triangles ((d—1)-dimensional simplices).
Asin [15, 13], we assume that a sub-triangulation into faces of each mesh interface
is given if d = 3, and denote by £ the union of all open mesh interfaces if d = 2
and the union of all open triangles belonging to the sub-triangulation of all mesh
interfaces if d = 3. In this way, £ is always defined as a set of (d — 1)—dimensional
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simplices. Further, we write &,y and Ep to denote the union of all open (d — 1)-
dimensional element faces F' C £ that are contained in 2 and in 02, respectively.
Let Ting :={x€Q:x € FF €&t andlet I'p :i={x€dN:x € FF € é&p},
while I' :=T';;s UT'p.

Given k € T, we write p, to denote the (positive) polynomial degree of the
element k, and collect the p, in the vector p := (p, : K € T). We then define the
finite element space S¥ with respect to 7 and p by

Sy ={ue Ly(Q) : ulx € Pp.(k),c €T},

where P, (r) denotes the space of polynomials of total degree p, on s, satisfying
pr > 2 for all k € S2. As in [15], we point out that the local elemental polynomial
spaces employed within the definition of S%’- are defined in the physical coordinate
system, without the need to map from a given reference or canonical frame. Finally,
we define the broken Sobolev space HS(2, T) with respect to the subdivision 7 up
to composite order s as follows

(3) H(,T)={ue€ L) :u|l, € H*(k) VK€ T},
which will be used to construct the forthcoming DGFEM.

2.3. Trace operators. For any element x € 7, we denote by dk the union of
(d — 1)-dimensional open faces of k. Let x; and x; be two adjacent elements of T
and let x be an arbitrary point on the interior face F' C I'iy; given by F' = 0k;N0k;.
We write n; and n; to denote the outward unit normal vectors on F, relative to
Ok; and Okj, respectively. Furthermore, let v and q be scalar- and vector-valued
functions, which are smooth inside each element «; and «;. By (v, q;) and (vj,q;),
we denote the traces of (v,q) on F' taken from within the interior of x; and k;,
respectively. The averages of v and q at x € F' are given by

o} = gt w), {a) = gla,+a,)
respectively. Similarly, the jump of v and q at x € F' C 'y, are given by
[v] :==vin; +v;n;, [q]:=q; 1y +q; - ny,
respectively. On a boundary face F' C I'p, such that F' C 9k;, k; € T, we set
{v} =vi, {a}=aq; []=vini [q]=q; n;,
with n; denoting the unit outward normal vector on the boundary I'p.
3. Interior Penalty Discontinuous Galerkin Method

With help of the above notation, we can now introduce the DGFEM for the
problem (1), (2): Find u; € ST such that

(4) B(un,vp) = £(vy) for all vy, € S%,
where the bilinear form B(-,-) : S¥ x S} — R is defined by
B(u,v) := Z /

(5) RET " F
- /F ({2} V2] + (A0} [Vu])ds + /F (ofu] - o] + [Vu)[V] ) ds.

Furthermore, the linear functional £ : S¥ — R is defined by

6) Lv):= Z fvdx+/F gD (VAU ‘n+ av) + 9N (TVU ‘n— Av)ds.

KET Y

AuAvdx + /r ({VAU} -] + {VAv} - [u])ds
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The well-posedness and stability properties of the above method depend on the
choice of the discontinuity-penalization functions o € Loo(T") and 7 € Loo(T") ap-
pearing in (5) and (6) . The precise definition will be given in next sections based on

employing different mesh assumptions on the elements present in the computational
mesh 7.

Remark 3.1. The DGFEM formulation introduced in this work coincides with the
SIP-DGFEM defined in [34, 31, 24, 25, 28], which contains the inner product of
the Laplacian of functions. We note that for the alternative formulation of the
biharmonic problem based on Frobenius product of the Hessians of functions in the
literature, see [9, 10], the forthcoming analysis and results in this work are also
valid.

4. Error Analysis I: Bounded Number of Element Faces

In this section, we study the stability and a priori error analysis of the DGFEM
(4) under the following mesh assumption, which guarantees that the number of
faces each element possesses remains bounded under mesh refinement.

Assumption 4.1 (Limited number of faces). For each element k € T, we define
C.= card{F el':FC 8&}.

We assume there exists a positive constant Cr, independent of the mesh parameters,
such that

C. < Cp.
inea%( n=E

4.1. Inverse estimates. In this section, we will revisit the inverse inequalities in
the context of general polytopic elements from [15, 13] without proof. The detail
of proof can be found in Chapter 3 of [14]. To this end, we introduce the following
set of definitions and mesh assumptions.

Definition 4.1. For each element r in the computational mesh T, we define the
family F of all possible d-dimensional simplices contained in k and having at least

one face in common with k. Moreover, we write /@f to denote a simplex belonging
to F;* which shares with k € T the specific face F' C Ok.

Definition 4.2. An element k € T is said to be p-coverable with respect to p € N,
if there exists a set of my overlapping shape-regular simplices K;, i = 1,...,m,,
my € N, such that

di K;
(7) dist(k, 0K;) < Cas%(z), and | K| > cas|kl
D
foralli=1,...,m,, where Cys and cqs are positive constants, independent of x

and T .

Equipped with Definition 4.2, we are now in a position to present the following
hp—version trace inverse inequality for general polytopic elements which directly
accounts for elemental facet degeneration.

Lemma 4.1. Let k € T, F C Ok denote one of its faces. Then, for each v € Pp(k),
the following inverse inequality holds

|F

|
(8) ||UH%2(F) S OINV(pa KvF)pQ ||UH%2(“)’

K]
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where

K
Ciny,1 min {#F,pz(dfl)}, if K is p-coverable
supanCn |K’b |

||

supnan |’%f‘| 7

Cinv(p, K, F) :=

inv,1 otherwise,

and with IibF € Fy as in Definition 4.1. Furthermore, Ciy,1 are positive constants
which are independent of |H|/SuprFCK |E], |F], p, and v.

Next, in order to present an inverse inequality which provides a bound on the
H'(k)-seminorm of a polynomial function v, x € T, with respect to the Lo(k)—
norm of v, on the general polytopic meshes k € T. It is now necessary to assume
shape-regularity of the polytopic mesh x € T.

Assumption 4.2. The subdivision T is shape-reqular, in the sense of [16], i.e.,
there exists a positive constant Cy, independent of the mesh parameters, such that

hi
VeeT, — <C..

K

with p, denoting the diameter of the largest ball contained in k.

Lemma 4.2. Given that Assumption 4.2 is satisfied, then, for any k € T which is
p-coverable and v € Pp(k), the following inverse inequality holds

4
p
9) VoI, ) < Cinvﬂh—i”””iz(n)’

where Ciny 2 15 a positive constant, which is independent of v, h,, and p, but depends
on the shape-regularity constant of the covering of k.

Remark 4.1. We emphasize that the above inverse inequalities in Lemma 4.1,
4.2 are both sharp with respect to (d — k)-dimensional faces degeneration, for k =
1,...,d—1. Moreover, they are both essential for proving stability of DGFEM (4)
over general polytopic elements k € T with degenerating faces.

4.2. The stability of DGFEM. For the forthcoming error analysis, we introduce
an inconsistency formulation of the bilinear form (5) and linear form (6), without
using polynomial lifting operators, cf. [24]. We define, for u,v € S := H?(Q) + S¥,
the bilinear form

(10)
Blu, v) ;:; [ v+ /F ((VE(Aw) - o] + (VI(A0)} - [u] ) s
- /F ({ﬁ(Au)}[Vv]+{ﬁ(Av)}[Vu])ds+ /F (U[u] : [v]—l—T[Vu][Vv])ds.

and the linear functional £: S — R by

(11)
0(v) = Z/fvdx—i—/

= J. . gD (Vﬁ(Av) ‘n+ ov) + gn (Tvv ‘n— ﬁ(Av))ds;

here, I : Ly(Q) — S%)'_2 denotes the Lo-projection onto the finite element space
55_2. It is immediately clear, therefore, that B(up,vp) = B(upn,vy) and £(vy,) =
(vp,) for all up, v, € ST



DG METHODS FOR THE BIHARMONIC PROBLEM ON POLYTOPIC MESHES 831

Next, we introduce the DGFEM-norm |||-|||:

(12) o112 = 3 18000y + [ (ol + rI[0]) s,

KET

for all functions v € H?(Q,T). The continuity and coercivity of the inconsistent
bilinear form B(-,-), with respect to the norm |||-|||, is established by the following
lemma.

Lemma 4.3. Given that Assumption 4.1, 4.2 hold, and let o : T' — Ry and
7: T — Ry be defined facewise:

2 4
PilFl\ o Pk
Caﬁer{rgj'?;j}{(CINV(pﬁuﬁaF) |Ii| )(Cmv,th)}a
x € F el F C Ok, ﬂaﬁj,

2 F 4
Co (Crnv (prs K, F) il |)(Oi p”),

|I€| nv,2h_i
xe Felp,F C 0k.

P F|

K]

CT max {CINV (pl-w R, F)
ke{ki,Kkj} )
Pl F|
.

}, x € F ey, Fcalﬂﬁalij,
CrCinv (Prs K, F) xeFelp, FCok.

Where C, and C; are sufficiently large positive constants. Then the bilinear form
B(-,-) is coercive and continuous over S X S, i.e.,

(15) B(v,v) > Cooer|||V]||> for all veS,
and
(16) B(w,v) < Ceons|[wll[ [I0]l]  for all w,veS,

respectively, where Ceoer and Ceony are positive constants, independent of the local
mesh sizes hy, local polynomial degree orders py, kK € T and measure of faces.

Proof. The proof is based on employing standard arguments. Firstly, we will prove
(15). For any v € S, we have the following identity

(17) B(v,v) = ||Jvl|* + 2/{Vﬁ(Av)} - [v)ds — 2/{ﬁ(Av)}[Vv]ds.
r r
We start to bound the second term on the right-hand side of (17). To this end, given

F € T'int, such that F' C Ok; N Ok;, with k;, k; € T, upon employing the Cauchy—
Schwarz inequality and the arithmetic—geometric mean inequality, we deduce that

/F{Vﬁ(Av)} - [v]ds
< % (||\/Fvﬁ(Avi)HL2<F> + ||\/Fvﬁ(Avj)||L2(F>) IV Lo

~ ~ 1
< e (Vo TVIH(A0) ) + VoV AG) 3, (1)) + 2 IVET0L I,
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Using the inverse inequalities stated in Lemma 4.1 and Lemma 4.2, we deduce that
(18)

/F (VII(A0)} - [o]ds

2
F A =
<e (CINV(pmv'%i?F) |I€| || o 1VH(AU7‘)H%2(K/'L)
pi Pl — o ) 1 )
—i—CINv(pnj,/fij) |I€‘| Vo VH(AUJ‘)HLQ(NJ-) +§H\/E[v]“L2(F)
J
2 4
P | F Ph 15
<e (OINV(pm-aHiaF)W(OiDVQhT)U HITL(AW) 17, ()
2 4
pl@j|F| pK]‘ _ = 1
+OINV(ij,nj,F)W(Cinv,th)a 1|H(Avj)|%2<nj>> + gl\ﬁ[v]l\iz(m-
J Kj

By using the stability of the La-projector Il in the Ly-norm together with the
Definition of o in (13), we have
(19)

n € 2 2 1 2
AT} - plds < 5= (180100 + 1800 0,)) + 5o IVA ey

Similarly, for F' € I'p, where F' C 0k NN, k € T, we have
~ € 1
@) [ (TR} s < Sl + 1o IVl

Next, we seek a bound on the last term on the right-hand side of (17). We point
out that only using the trace inverse inequality in Lemma 4.1 and Definition of 7
n (14), the following two relations hold. For F' € T'in, where F' C dk,; N Jk;, we
have

(21)
~ € 1
/F (A0} Volds < & (1807, 0 + 1805 F 0 ) + g IV L0
Similarly, for F' € I'p, where FF C 0k NN, k € T, we have
~ € 1
@) [ ({@0)Tds < Aol + VAT

Inserting (19), (20), (21) and (22) into the (17), we deduce that

E(’U,’U) >(1— 2Cp  2¢Cr E ||AU||%2(,£) +(1- El ol[v]]* +7|[Vv][* ) ds,
C C 2/ Jr
a T KET

because the number of element faces is bounded by Assumption 4.1. So the bilinear
form B(-,-) is coercive over S x S, if Cy > 4eCp, C; > 4eCp and € > % The proof
of continuity follows immediately.

O

4.3. Polynomial approximation. In this section, we will revisit the polynomial
approximation results in the context of general polytopic elements from [14] without
proof. To this end, we introduce the definition and the assumption of suitable
covering of the mesh by an overlapping set of shape-regular simplices.

Definition 4.3. We define the covering T = {K} related to the computational
mesh T as a set of open shape-reqular d—simplices IC, such that, for each k € T,
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there exists a K € 7;3, such that k C K. Given 7;3, we denote by €y the covering
domain given by Uy := UK.
h

Assumption 4.3. We assume that there exists a covering 7;? of T and a positive
constant Oq, independent of the mesh parameters, such that

rna7)_< card{/i’ ceT K NK#0, Ke 773 such that k C IC} < Ogq,
KE
and

h/C = dlam(lC) S Cdiamhm

for each pair k € T, K € 7;?, with k C IC, for a constant Cgiam > 0, uniformly with
respect to the mesh size.

We point out that functions defined in €2 can be extended to the covering domain
Qy using the following classical extension operator, cf. [33].

Theorem 4.1. Let Q be a domain with Lipschitz boundary. Then there exists a
linear extension operator € : H*(Q)—H*(RY), s € Ny, such that €v|g = v and

€0l s ray < Cellv]| s (),
where C¢ is a positive constant depending only on s and Q.
Lemma 4.4. Let kK € T, F C Ok denote one of its faces, and K € 77? be the
corresponding simplex, such that k C K, ¢f. Definition 4.3. Suppose that v € Lo()

is such that €v|x € H'(K), for some I, > 0. Then, given Assumption 4.3 is
satisfied, there exists IL,v|. € Pp(k), such that following bounds hold

(23) o= Tyoll ey < G5 €0lmeys e 20
Jor 0 <q <l
sn—d)2
(24) [lv=TI,0]| oy < Col FI'/2 ];’111//2 Con(p; 5, F) 2 (€0 g iy L > /2,
and
(2) se—(d+2)/2
HV(U—ﬁpU)HLQ(F) < C3|F|1/2%Om(pvHaF)l/QHQEUHHln(K), le > (d+2)/2,
where

hd
Cm(p7 R, F) = min {7HF7pd_l}7

SupﬁfCﬁ |K:i; |

sk = min{p + 1,1.} and Cy, Cy and Cs are positive constants, which depend on
the shape-regularity of IC, but are independent of v, h,, and p.

Proof. The proof for relation (23) and (24) can be found in [14, Lemma 23]. The
relation (25) can be proven in the similar fashion. O

4.4. A priori error analysis. We now embark on the error analysis of the
DGFEM (4). First, we point out that Galerkin orthogonality does not hold due to
the inconsistency of B (+,-). Thereby, we derive the following abstract error bound
in the spirit of Strang’s second lemma, cf. [16, Theorem 4.2.2].
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Lemma 4.5. Let u € H*(Q) be the weak solution of (1), (2) and up € S% the
DGFEM solution defined by (4). Under the hypotheses of Lemma 4.3, the following
abstract error bound holds

(26)

C
o= unll < (14 S2) nt = ] +
’Uh,Gss—

coer

B —
1Bl )
Ceoer wp €S2\ {0} |||wh|||

We now derive the main results of this work.

Theorem 4.2. Let T = {k} be a subdivision of 2 C R?, d = 2,3, consisting of gen-
eral polytopic elements satisfying Assumptions 4.1, 4.3 and 4.2, with 7;? ={K} an
associated covering of T consisting of shape-reqular d—simplices, cf. Definition 4.3.
Let uj, € S2, with p, > 2 for all k € T, be the corresponding DGFEM solution de-
fined by (4), where the discontinuity-penalization function o and T are given by (13)
and (14), respectively. If the analytical solution u € H?(SY) satisfies u|,. € H'*(k),
lp, > 3+d/2, for each k € T, such that Culx € H'*(K), where K € 77? with k C K,
then

(27)
2 hi(SN_m 2
|||U - Uh||| <C Z W (gn(R Cmvpli) + Dn(Fa Civv, CmaPR)) Hefu”Hln(ic)a
KET PR

with s, = min{p, + 1,1},

h7d+4
gﬁ(F7 Cmupfi) ::1 + = 3 Z Cm(pfiu KJ7F)U|F|
Rk FCok
(28) h—d+2
+ = " Conlp, 5, F)7|F.
Pr FCOk
and
h—d—2
Dn(Fu CINVacmupn) = R_3 Z Cm(pm’ivF)U_”Fl
K FCok
k|7th7?
5" S~ Gy (s s )| |
Dr FCok
(29) o
+ il Z Cm(pm’ivF)T_llFl
Dr FCOk
k|7t -1
+ 5 > Cinv(ps, s F)T 7Y F)
Dr FCOkr

where C' is a positive constant, which depends on the shape-reqularity of 7;?, but is
independent of the discretization parameters.

Proof. We start with the abstract bound (26) in Lemma 4.5. To bound the first
term in the right-hand side of (26), we employ the approximation results in Lemma
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4.4. We deduce the following bound

(30)
inf_[lu—op|* < fllu— Hpull®
'UhGST
<> (IIA(U—HpNU)liQ(N) +2 ) ofl(u =T u)ull7, )
KET FCOk
+2 ) TlV(u—HpNU)lnliz(m)
FCok
2(5~_2) h d+4
<OZ 20 L+ = ZC (pw, &, F)o | F|
keT P p“ FCok
+ Z Cm(pm'%vF)T'F' Heu”Hlm(IC)?
Pr FCok

with s, = min{p, + 1,1} and C a positive constant, which depends on the shape-
regularity of the covering 721, but is independent of the discretization parameters.
We now proceed to bound the residual term arising in (26). After integration by

parts, and noting that u is the solution of (1), we get
(31)

‘Ed(u, w) — (u, wh)‘ - ] /F{VAU ~ VI(AW)} - [wn] — {Au— TI(Au)} [Vwyds
< (/Fa—1|{vm _ V(AW 2ds + 7 [{Au — ﬁ(Au)}|2ds)1/2|||wh|H.

Next, we derive the error bound for the first term in the brackets of (31). Adding
and subtracting VAIl,u,

/ o {VAu — VII(Aw)}2ds
T
< / 20~ {VAu — VAT, u}|?ds + 20_1|{Vﬁ(Aﬁpu - Au)}|2ds =1 + L.
T

Using, the above approximation result (25), we have

2(5~_3) h d
(32) Il < O Z 2([ 73) pfl < Z Om(pmﬂaF)Ul|F|> H@U”?{LK(’C)

keT P FCok

Similarly, employing the inverse inequalities (8) and (9), the Lo-stability of the
projector II, and the approximation estimate (23), gives

2(sx—2) 17 -2
K h.
(33) I < cz o) | LQ <Z Oy (pws 5, F)o 1|F|> I€ulFie i)

keT P Pr pn FCok

Next, we will use the same technique to bound the second term in the bracket of
(31). It is easy to see that following relation holds

/ 7 {Au — TI(Au)}|*ds
T

< / 27 H{Au — Aﬁpu}|2ds + 27'71|{ﬁ(Aﬁpu - Au)}|2ds =13+ 1.
r
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with
2(S~—2) h d
(34) L <C Z 2([ —2) 71 < Z Cm(pn,H,F)T1|F|> ”6’”’”?{%(/@
weT P FCok
and
hi > |’<0| ' -1 2
(35) Ly <OZ i > Cixv (e, 5 )T F] | 1€l 30, -
keT P FCox
By inserting relation (32), (33), (34) and (35) into the bound (31), together with
relation (30), the final error bound (27) is derived. O

Remark 4.2. The above result generalizes well-known a priori bounds for DGFEMs
defined on standard element shapes, cf. 34, 31, 24], in two key ways. Firstly, meshes
comprising polytopic elements are admitted; secondly, elemental faces are allowed
to degenerate. For d = 3, this also implies that positive measure interfaces may
have degenerating (one—dimensional) edges. Thereby, this freedom is relevant to
standard (simplicial/hexahedral) meshes with hanging nodes in the sense that no
condition is required on the location of hanging nodes on the element boundary. If,
on the other hand, the diameter of the faces of each element k € T is of comparable
size to the diameter of the corresponding element, for uniform orders p, = p > 2,
h = maxeeT hs, $x = s, s = min{p + 1,1}, | > 3 + d/2, then the bound of
Theorem 4.2 reduces to
5—2
lw = unll < C == llull(o)-
p 2

This coincides with the analogous result derived in [31] for standard meshes con-
sisting of simplices or tensor-product elements. It is easy to check that the above a
priori error bound is optimal in h and suboptimal in p by 3/2 order, as expected.

5. Error Analysis II: Arbitrary Number of Element Faces

In this section, we pursue the error analysis on meshes which potentially violate
Assumption 4.1 in the sense that the number of faces that the elements possess
may not be uniformly bounded under mesh refinement. We note that this may
arise when sequences of coarser meshes are generated via element agglomeration of
a given fine mesh, cf. [3]. To this end, following Definition 4.1, we introduce the
following assumption on the mesh 7.

Assumption 5.1 (Arbitrary number of faces). For any k € T, there exists a set
of non-overlapping d-dimensional simplices {nf}pcan C F) contained in Kk, such
that for all ' C Ok, the following condition holds

dlry |

|F |’

where Cs is a positive constant, which is independent of the discretization parame-
ters, the number of faces that the element possesses, and the measure of F.

(36) h < C

In Figure 1 we present one polygon which satisfy the above mesh assumption.
We note that Assumption 5.1 does not place any restriction on either the number
of faces that an element k, k € T, may possess, or the relative measure of its faces
compared to the measure of the element itself. Indeed, shape-irregular simplices
/@f , with base |F| of small size compared to the corresponding height, defined by
d|xf'|/|F|, are admitted. However, the height must be of comparable size to h,,
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FIGURE 1. Polygon with many tiny faces.

cf. the polygon depicted in Figure 1. Furthermore, we note that the union of the
simplices fif does not need to cover the whole element s, as in general it is sufficient
to assume that

(37) U " cr

5.1. Inverse estimates. We will first revisit some of the trace inverse estimates
on simplices, cf. [36].
Lemma 5.1. Given a simplex T in R%, d = 2,3, we write F C 0T to denote one
of its faces. Then, for v € Py(T), the following inverse inequality holds
(p+1)(p+d) |F]|

(38) [ollZ,ry < ﬁmﬂvﬂizm-

By using Lemma 5.1, together with the mesh Assumption 5.1 on general poly-
topic meshes, the following trace inverse inequality holds (cf. [19, Lemma 4.9]).

Lemma 5.2. Let v € T; then assuming Assumption 5.1 is satisfied, for each
v € Pp(k), the following inverse inequality holds

(p+1)(p+d)
(39) ||U|\%2(an) <Cs h, ||UH%2(K)'
The constant C is defined in (36), and is independent of v, |Ii|/SupK§?CK I&E |, |F],
and p.

Next, we introduce the harmonic polynomial space on element k € T, with
polynomial degree p.
(40) Hp(k) = {u € Pp(k), Au = 0}.

Here, we point out that harmonic polynomials are commonly used in the context
of Treffz-method, see [27, 29]. It is easy to see that for p = 0,1, H,, basis is identical
to the P, basis.

We will derive a new H'-seminorm to Ly-norm inverse inequality for all harmonic
polynomials, based on the inequality (39).

Lemma 5.3. Let k € T; then if Assumption 5.1 is satisfied, for each v € H,(k),
the following inverse inequality holds

(p+ 1)(19+d))2
hn

Here, C is defined in (36), and is independent of v, |,‘$|/sup,,%FCN \&E |, |F|, and p.

(41) IVollZ, 0 < (Cs o117 -
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Proof. We start by using the integration by parts formula and the fact that Av = 0,
for all v € H, (k). Then, use the arithmetic-geometric mean inequality, the Cauchy—
Schwarz inequality and Lo-norm of n is one.

€ 1
Vol = | Fo- T = [ (n-Vopds < 51901, 00 + 3ol 00

Employing the trace inverse inequality (39), we have

e~ +D)p+d 1., +D)p+d
IV, () < gcsTHVUHQLZ(N) + gcsTHUH%Q(H)-
By choosing € = (Cs(p + 1)(p + d)) " ths, we deduce the desired result. O

Remark 5.1. We point out that the constant in the H'-seminorm to Ly-norm
inverse inequality (41) is square of the constant in Lo-norm trace inverse inequality
(39). This bound is sharp in both h and p with respect to the Sobolev index. One
direct application of this inverse inequality is to improve the result in the multi-grid
algorithm for DGFEM introduced in [3]. It can be proved that for DGFEM with Py
basis, the upper bound on the mazximum eigenvalue of the discrete DGFEM bilinear
form is independent of the number of elemental faces. It means that the smoothing
step of multi-grid algorithm does not depend on the number of elemental faces for
meshes satisfying the Assumption 5.1.

5.2. The stability of DGFEM. In the rest of this work, we will only consider
the case p, = 2,3, k € T, for the stability analysis and a priori error analysis.
The key reason is that the stability analysis under the Assumption 5.1 requires
the polynomial v € S$ satisfying the condition A%y = 0 (Biharmonic polynomial
functions). Only for p, = 2,3, k € T, we know that polynomial basis P, satisfies
the above condition. For the consistency reason, we will still keep p explicitly in
the rest of the work.
First, we introduce the following bounded variation assumption on S’,‘;.

Assumption 5.2. For any k € T, there exits a constant 6 > 1, independent of
all the discretization parameters, such that for any pair of elements k; and k; in T
sharing a common face, the following bound holds

-1 < ((pm- + 1) (ps, + d))/((pnj +1)(ps; +d)

42
(42) e e

) <o,

Remark 5.2. We point out that the above assumption is imposing bounded varia-
tion on h and p simultaneously. It is more general than the usual assumption which
imposes the bounded variation on h and p separately. e.g. For ki, k; satisfying As-
sumption 5.2, it is possible to have h., much larger than h,;, if we choose py, also
larger than p,; based on relation (42). However, this situation is not allowed under
the usual bounded variation assumption.

Next, we prove the coercivity and continuity for the inconsistent bilinear form
B(-,-) with respect to the norm |[||-|||, is established by the following lemma.

Lemma 5.4. Given that Assumption 5.1, 5.2 hold, px, = 2,3 for k € T, let o :
I' > R4 and 7: T — Ry to be defined facewise:

CU{((erl)(erd) 3}

S 1})3;% +d)

, X€eF ey, Fcaniﬂanj,
(3)  o(x) = 3
), x€ Felp, FCOk.
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1 d
CT{W}, XGFEFint, Fcalﬂﬁaﬂj,
o Prt 1)13191@ +d)
T h/n )
Where Co and Cr are sufficiently large positive constants. Then the bilinear form
B(-,-) is coercive and continuous over S X S, i.e.,

xe Felp, F COk.

(45) B(v,v) > Ceoer||V||I> for all veS,
and
(46) B(w,v) < Coone|lw|| [0l for all w,v e S,

respectively, where Ceoer and Ceony are positive constants, independent of the local
mesh sizes h, local polynomial degree orders p,, k € T, measure of faces and
number of elemental faces.

Proof. Recalling the second term on the right-hand side of (17) in the proof of
Lemma 4.3, upon application of the Cauchy—Schwarz inequality, the arithmetic—
geometric mean inequality, inverse inequality (38), relation (36) and (37), we deduce
that

JATT@0} s <€ 3 VTR0, + - [ llas

KET FCOk r
-1 (pn + 1)(17& +d) 0 2 1 2
<ed 3 o te PO O}, o) + - [ oll]ds

KET FCOk
<e Z(max U_l)cs (px + 1)(ps + d)

= 1
2 o 2
oy Fcom h,. [VII(AD)[7, () + de /F a|[v]["ds.

Using the inverse inequality (41) stated in Lemma 5.3, Assumption 5.2, the stability
of the La-projector II in the La-norm together with the Definition of o in (43) we
deduce

/F{vﬁ(m)} [olds < ¢ ) (max a—l)(@W)gnﬁ(Av)ng(ﬁ)

=t FCok
1
(47) +E/FU|[U]|2ds

6(059)3 2 1 2
<SG Tl + g JRICRS

Next, we bound the last term on the right-hand side of (17). We point out that
only using the trace inverse inequality (38) in Lemma 5.1 and Definition of 7 in
(44), the following relation holds:

) J AT < G 3 Il + g [ Vel

T keT

Inserting (47) and (48) into (17), we deduce that

~ 3
Blo,v) > (1_2e(gse) _2eé159) ZHADH%Q(H)—%(I—%)/F(o’|[v]|2+7-|[Vv]|2)dS,
i T KET
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because the constant Cs and 6 are bounded by Assumption 5.1 and 5.2, respectively.
So the bilinear form B(-,-) is coercive over 8 x S, if C, > 4¢(C,0)3, C; > 4eC,0
and € > % The proof of continuity follows immediately. O

Remark 5.3. We point out that it is possible to prove Lemma 5.4 without using
Assumption 5.2. The technical difficulty is that in order to use the inverse inequal-
ity (41) stated in Lemma 5.3, it is essential to take out the face-wise penalization
function o out of the summation over all the element boundary Ok, which means
that the information of o on F, F' C Ok, is coupled over all the element bound-
ary. It implies that the definition of the function o on face F, shared by k; and
Kj, depends not only on the discretization parameters of ki, k; but also on all of
their neighbouring elements. This definition may be not practical under the mesh
Assumption 5.1, which allows the number of neighbouring elements to be arbitrary.

5.3. A priori error analysis. Before deriving the a priori error bound for the
DGFEM (4) under the Assumption 5.1, we recall the approximation result for
function u on the element boundary.

Lemma 5.5. Let k € T and K € 77? the corresponding simplex such that k C K,
satisfying the Definition 4.3. Suppose that v € HY(Q) is such that €v|x € H'=(K).
Then, given that Assumption 5.1 is satisfied, the following bound holds

N sk—1/2
(49) o =Tpvlleaom < Crr=m I1€Vllmepe), e 2 1/2,
and

" hs,i73/2
(50) V(0 =)l Ly00) < C5WH€UHH%(IC)= I 2 3/2,

where s, = min{p+ 1,1}, Cy and Cy are positive constants depending on Cs from
(36) and the shape-regularity of K, but is independent of v, hy, p, and number of
faces per element.

Proof. The proof for relation (49) can be found in [14, Lemma 33]. The relation
(50) can be proven in the similar fashion. O

Next, we derive the a priori error bound with help of above the Lemma.

Theorem 5.1. Let T = {k} be a subdivision of Q@ C RY, d = 2,3, consisting of
general polytopic elements satisfying Assumptions 4.8, 5.1 and 5.2, with 7;? = {K}
an associated covering of T consisting of shape-regular d-simplices, cf. Defini-
tion 4.8. Let uj, € S%, with p, = 2,3 for all k € T, be the corresponding DGFEM
solution defined by (4), where the discontinuity-penalization function o and T are
given by (43) and (44), respectively. If the analytical solution u € H?(Q) satisfies
ul, € H'"(k), I, > 7/2, for each k € T, such that €ulx € H'*(K), where K € 7;?
with & C IC, then
hi(sm—z)

(51) llu = unll® < C Y =57 (Gullins pa) + Db, pi)) €0l 3, -

keT Pr
with s, = min{p, + 1,1},
(52) Gi(h p)::1+h—i(maxa|F)+E(maXT|p).
A R p3 \ FCor Di \ FCOx

K
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h73 h73

Di(hy, pr) == %3( max 071|F) + %6( max 071|F)
Pr FCok Pk FCok

(53) h—l h—l

+ %1( max T_1|F) + T2( max 7'_1|F)

Dk FCok Pk FCOr

where C' is a positive constant, which depends on the shape-regularity of’ﬁf and Cs,

but is independent of the discretization parameters and number of elemental faces.

Proof. The proof of the error bound follows the same way of proof for Theorem
4.2. For brevity, we focus on the terms defined on the faces of the elements in the
computational mesh only. Thereby, employing (49) in Lemma 5.5, we deduce that

/FU[U — II,v]ds < 2 Z Z olpllv = Tpol7, )

k€T FCOk
(54) <2y (}%%)i alp) [o = TLp0l|7, om)
KET

h2s'”'_1 9
SCé;Qgidﬂ;iﬁwﬂmwm

With help of Lemma 5.5, 5.1 and 5.3, the inconsistent error is derived in the similar
way, (Il

Remark 5.4. We point out that the regularity requirements for trace approzimation
result in Lemma 5.5 s lower compared to the trace approximation result in Lemma
4.4, which requires the control of the Loo-norm of the function. Similarly, by using
the Assumption 5.2, for uniform orders p, = 2,3, h = maxXgeT hy, Sk = S, § =
min{p + 1,1}, I > 7/2, then the bound of Theorem 5.1 reduces to

s—2

h
e = wnll < Ol
The constant C depends on the constant Cs and 0, but independent of the measure
of the elemental faces and the number of elemental faces.

6. Numerical Examples

In this section, we present a series of numerical examples to illustrate the a
priori error estimates derived in this work. Throughout this section the DGFEM
solution uj, defined by (4) is computed. The constants C, and C;, appearing in
the discontinuity penalization functions o and 7, respectively, are both equal to 10.

6.1. Example 1. In this example, let 2 := (0,1)? and select f, gp and gnx such
that the analytical solution to (1) and (2) is give as

2

u(z,y) = sin(rx)? sin(my)>.

The polygonal meshes used in this example are generated through the PolyMesher
MATLAB library [35]. In general, these polygonal meshes contain no more than 8
edges, which satisfy Assumption 4.1. Typical meshes generated by PolyMesher are
shown in Figure 2.

We will investigate the asymptotic behaviour of the errors of the DGFEM on a
sequence of finer polygonal meshes for different p = 2, 3,4, 5. In Figure 3, we present
the DG-norm, broken H'-seminorm and Ls-norm error in the approximation to u.
First, we observe that [||u — up||| converges to zero at the optimal rate O(h?~1) for
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-

(A) T with 64 polygons. (B) T with 256 polygons.

FIGURE 2. An example of a polytopic mesh 7 with bounded
number of elemental faces.
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fixed p as the mesh becomes finer, which confirms the error bound in Theorem 4.2.
Second, we observe that the |u — uthl(gLT) converges to zero at the optimal rate
O(hP) for fixed p. Finally, we observe that the [[u — up||L,q) converges to zero
at the optimal rate O(h?T) for fixed p > 3. However, for p = 2, the convergence
rate is only O(h?). This sub-optimal convergence result has been observed by other
researchers, see [34, 24].

Finally, we will investigate the convergence behaviour of DGFEM under p-
refinement on the fixed polygonal meshes. To this end, in Figure 4, we plot the
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DG-norm error against polynomial degree p in linear-log scale for four different
polygonal meshes. For all cases, we observe that the convergence plot is straightly
which shows the error decays exponentially.

—*—64 poly DG

-%-256 poly DG

~. %1024 poly DG
*e —# 4096 poly DG

*
Ela

[l =[]

2 25 3 35 4 4.5
p

o

FIGURE 4. Convergence of the DGFEM under p-refinement.

6.2. Example 2. In this example, let 2 := (0,1)? and select f, gp and gx such
that the analytical solution to (1) and (2) is give as

u(z,y) = z(1 —z)y(l —y).

The DGFEM solution is computed on general polygonal meshes with a lot of tiny
faces, stemming from the agglomeration of a given (fixed) fine mesh consisting
of 524,288 triangular elements. The mesh agglomeration procedure is done in a
rough way such that the resulting polygonal meshes generated by this procedure
will contain more than 500 edges at the coarsest level. We emphasize that the reason
for using the polygonal meshes with a lot of faces is to investigate the stability and
accuracy for the proposed DGFEM. We will use polygonal meshes consisting of 32,
134, 512, 2048, and 8192 elements in the computation. In Figure 5, we show some
of polygonal meshes used in this example.

8! i i i !

%Y 5 5 0y 0y 0y 0y 0y
AR T I AN AR
ORI ORIA TSR IAII TGS,
e R iR Res Teh AT T R
AT AR TSNS
TR RIIIIIIAES.
SR I AN O AN
LTI RITII IR IAIIES:
T e T o
GR LB L EE LB B LB G

OGS SES OO ST OHTh

(A) T with 32 polygons. (B) T with 512 polygons.

FIGURE 5. An example of a polytopic mesh 7 with a lot of ele-
mental faces.

We will investigate the asymptotic behaviour of the errors of the DGFEM on a
sequence of finer polygonal meshes for different p = 2,3. In Figure 6, we present
the DG-norm, broken H'-seminorm and Ls-norm error in the approximation to u.
First, we observe that the |||u — uy||| converges to zero at the optimal rate O(h?~1)
for fixed p as the mesh becomes finer, which confirms the error bound in Theorem
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FIGURE 6. Convergence of the DGFEM under h-refinement for p = 2, 3.

5.1. Second, we observe that |u — uthl(glﬁT) converges to zero at the optimal rate
O(hP) for fixed p. Third, we observe that ||u — unl/1,(q) converges to zero at the
optimal rate O(hP*!) for fixed p = 3. For p = 2, the convergence rate is only O(h?)
as we expected. Finally, we mention that by choosing the discontinuity penalization
functions o and 7 defined in Lemma 5.4, there is no numerical instability observed
in the computation. The condition number for the proposed DGFEM employing
the polygonal meshes with a lot of tiny faces is at the same level of the condition
number for the DGFEM employing the polygonal meshes with less than 10 faces.

7. Concluding Remarks

We have studied the hp-version IP DGFEM for the biharmonic boundary value
problem, based on employing general computational meshes containing polygo-
nal/polyhedral elements with degenerating (d— k)-dimensional faces, k =1,...,d—
1. The key results in this work are that the hp-version IP-DGFEM is stable on
polygonal /polyhedral elements satisfying the assumption that the number of ele-
mental faces is uniformly bounded. Moreover, with the help of the new inverse in-
equality in Lemma 5.3, we also prove that IP-DGFEM employing P, basis, p = 2, 3,
is stable on polygonal /polyhedral elements with arbitrary number of faces satisfying
Assumption 5.1. The numerical examples also confirm the theoretical analysis.

From the practical point of view, the condition number for DGFEM to solve
biharmonic problem is typically very large. The development of efficient multi-grid
solvers for the DGFEM on general polygonal/polyhedral meshes, is left as a further
challenge.
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