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A POSTERIORI ERROR ANALYSIS OF AN AUGMENTED
DUAL-MIXED METHOD IN LINEAR ELASTICITY
WITH MIXED BOUNDARY CONDITIONS

TOMAS P. BARRIOS, EDWIN M. BEHRENS, AND MARIA GONZALEZ

Abstract. We consider an augmented mixed finite element method for the equations of plane
linear elasticity with mixed boundary conditions. The method provides simultaneous approxima-
tions of the displacements, the stress tensor and the rotation. We develop an a posteriori error
analysis based on the Ritz projection of the error and the use of an appropriate auxiliary func-
tion, and derive fully local reliable a posteriori error estimates that are locally efficient up to the
elements that touch the Neumann boundary. We provide numerical experiments that illustrate
the performance of the corresponding adaptive algorithm and support its use in practice.
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1. Introduction

In this work, we consider the problem of plane linear elasticity with mixed bound-
ary conditions. Typically, mixed finite element methods are used in linear elasticity
to avoid the effects of locking while approximating additional unknowns of physical
interest directly. It is well known that stable mixed finite elements for the linear
elasticity problem involve many degrees of freedom. The application of stabilization
techniques, such as augmented formulations, allows to use simpler finite element
subspaces, including convenient equal-order interpolations that are generally un-
stable within the mixed approach.

In this framework, we consider the stabilized mixed finite element method pre-
sented in [7] for the problem of linear elasticity in the plane with homogeneous
Dirichlet and non-homogeneous Neumann mixed boundary conditions. The ap-
proach in [7] relies on the mixed method of Hellinger and Reissner, that is enriched
with suitable residual terms arising from the equilibrium equation, the constitu-
tive law and the relation that defines the rotation in terms of the displacement.
This approach leads to a well-posed, locking-free Galerkin scheme for any choice
of finite element subspaces when homogeneous Dirichlet boundary conditions are
prescribed. The method was successfully extended to the case of non-homogeneous
Dirichlet boundary conditions in [8] (the three-dimensional version can be found in
9)).

In the case of mixed boundary conditions, which is the most usual in practice,
the Neumann boundary condition is imposed weakly in [7], through the use of a
Lagrange multiplier that can be interpreted as the trace of the displacement on
the Neumann boundary. The resulting variational formulation has a saddle point
structure. Hence, the analysis of the discrete scheme has to be done for any specific
choice of finite element subspaces. In particular, it is possible to use Raviart-
Thomas elements of the lowest order to approximate the stress tensor, continuous
piecewise linear elements to approximate the displacement and piecewise constants
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to approximate the rotation; the Lagrange multiplier on the Neumann boundary
can be approximated by continuous piecewise linear elements on a suitable partition
of that boundary, as we will see later. We should mention that an extension of
the method proposed in [8, 9] to the case of mixed boundary conditions where
the Neumann boundary condition is imposed in a strong sense has been analyzed
recently in [11]. This extension leads to an augmented variational formulation with
a coercive bilinear form and the corresponding Galerkin scheme is well-posed and
free of locking for any choice of finite element subspaces.

Concerning the a posteriori error analysis of the augmented scheme presented
in [7], an a posteriori error estimator of residual type was proposed in [1] in the
case of pure homogeneous Dirichlet boundary conditions. That analysis was ex-
tended to the cases of pure non-homogeneous Dirichlet boundary conditions and
mixed boundary conditions with non-homogeneous Neumann data in [2]. All these
a posteriori error estimators are reliable and efficient, and involve the computa-
tion of at least eleven residuals per element. Moreover, they include normal and
tangential jumps, and its extension to the three-dimensional case does not seem
attractive. Recently, simpler a posteriori error estimators were introduced in [3]
for the augmented schemes introduced in [7, 8, 9] in the case of boundary condi-
tions of Dirichlet type. In the case of homogeneous boundary conditions, the new
a posteriori error estimator introduced in [3] is reliable, locally efficient and only
requires the computation of four residuals per element. Moreover, it is valid for
two and three dimensional problems and for any finite element subspaces. When
non-homogeneous boundary conditions are imposed, two new reliable a posteriori
error estimators, one valid in 2D and 3D, and a second one that is only valid in 2D
are proposed in [3]. The latter is locally efficient in the elements that do not touch
the boundary and requires the computation of four residuals per element in the
interior triangles, five residuals per element in the triangles with exactly one node
on the boundary and six residuals per element in the triangles with a side on the
boundary. Neither of these a posteriori error estimators require the computation
of normal nor tangential jumps, which makes them easy to implement.

Our aim in this paper is to extend the analysis from [3] to the augmented dual-
mixed method introduced in [7] in the case of mixed boundary conditions. With
that purpose, we develop an a posteriori error analysis based on the Ritz projection
of the error and obtain an a posteriori error estimator that is reliable and efficient,
but that contains a non-local term. We then introduce an auxiliary function and
derive fully local a posteriori error estimates that are reliable and locally efficient
up to those elements that touch the Neumann boundary (see Theorem 5 below).
As compared with the a posteriori error estimator introduced in [2] in the case of
mixed boundary conditions, the a posteriori error estimates presented here are less
expensive and easier to implement. Numerical experiments support the use of the
new a posteriori error estimates in practice.

The rest of the paper is organized as follows. In Section 2, we recall the aug-
mented variational formulation proposed in [7] for the linear elasticity problem in
the plane with mixed boundary conditions and describe simple finite element sub-
spaces that lead to a well-posed, locking-free Galerkin scheme. In Section 3, we
develop the a posteriori error analysis and propose the new a posteriori error esti-
mators. Finally, in Section 4 we provide several numerical experiments that support
the use of the new a posteriori error estimates in practice.

We end this section with some notations to be used throughout the paper. Given
a Hilbert space H, we denote by H? (resp., H?*?) the space of vectors (resp., square
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tensors) of order 2 with entries in H. Given 7 := (7;;) and ¢ := (¢;;) € R**2, we
denote ¢ := (1), tr(7) := 11+ and 7: ¢ = Z?,j:l 7ij Gij. We also use the
standard notations for Sobolev spaces and norms. Finally, C or ¢ (with or without
subscripts) denote generic constants, independent of the discretization parameters,

that may take different values at different occurrences.

2. The augmented mixed finite element method

In this section we recall the augmented mixed finite element method introduced
in [7] to solve the linear elasticity problem in the plane with mixed boundary con-
ditions. Let Q C R? be a bounded and simply connected domain with a Lipschitz-
continuous boundary I', and let I'p and I'y be two disjoint open subsets of I' such
that I' = I'p UTy and I'p has positive measure. We denote by C the elasticity
operator determined by Hooke’s law, that is,

C¢ = Atx(QT + 2p¢, V¢ € [LA(Q)2,

where A, i > 0 are the Lamé parameters and I is the identity matrix in R?*2. It
is easy to see that

1 A

T a0 MOL Y @

Now, assume we are given a volume force f € [L?(Q2)]? and a traction g €
[H=1/2(T'x)]?. We consider the problem: find the displacement u and the stress
tensor o such that

—div(e) = f in Q,

(1) o = Ce(u) inQ,
u =0 on I'p,
on = g on I'y,

where e(u) := 1 (Vu+(Vu)*) is the strain tensor of small deformations and n is the
unit outward normal to I'. The approach in [7] provides simultaneous approxima-
tions of the displacement u, the stress tensor o, the rotation v := 3 (Vu — (Vu)*)
and the Lagrange multiplier & := —u|p,,.

Let k1, ko and k3 be positive parameters, independent of A\, and define

Hi () :={veH'(Q) :v=0 onlp},

H(div; Q) == {1 € [L*(Q)]**? : div(T) € [L*(Q)]*}
and
(L2 = {n e [L* Q¥ :n+n° =0}

We recall that [H~1/2(T y)]2 is the dual of [Hol>(Tx)]? == {v|ry : v € [H}(Q)]?, v
=0 on I'p} and denote by (-, ), the associated duality pairing with respect to the
[L?(T n)]?-inner product. We define H := H(div; Q) x [Hf_ ()] x [L2(Q))252,

Q = [HééQ(FN)]Q, and consider the bilinear forms A : Hx H — R and B :
H x Q — R, and the linear functionals F': H — R and G : Q — R defined by
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A((o;0,7), (T, v,n))

:/chlazrju/gu-div(r)+/QT:7—/QV-diV(U)
_/Qg':’r] +/¢1/Q(e(u)—C710)1(€(V)+0717)
—|—/~;2/Qdiv(0')-div(7')

s [ (v 5u- @) ) (n4 57y - @91

B((r,v,m),x) = (tn,x)ry,
F(r,v,n) = /Qf' (v — kadiv(T)) ,

G(x) = (& X)ry
for any (o, u,v),(7,v,n) € H and any x € Q. We endow H with the norm

1/2
(v, n)|lu = (|\T|\12H(div;9) + ||VH[2H1(Q)]2 + HWH[QLZ(Q)PX?) , V(r,v,m) € H.

The augmented variational formulation proposed in [7] for problem (1) reads:
find ((o,u,7),€) € H x Q such that
(2)
Al u,y),(r,v,m)) + B((r,v,n),§) = F(r,v,n), V(r,v,n) € H,

B((U’u’7)7X) = G(X)7 Vx € Q.

Problem (2) exhibits a saddle-point structure; therefore, its analysis is based on the
Babuska-Brezzi theory [4]. Hereafter, we assume that the stabilization parameters
(K1, ke, k3) satisfy the assumptions of Theorem 3.3 in [7], namely, (K1, K2, k3) is

independent of A, k1 € (0,2 ), ke > 0 and k3 € <O, m>, where kp € (0,1)

_°D
1—Fkp
is the constant of Korn’s first inequality. We also recall that V := Ker(B) =
{(r,v,n) e H: Tn =0 on I'y}. Then, the bilinear form A(:,-) is continuous in
H and V-elliptic, that is, there exist positive constants M and «, independent of
A, such that

|A((0',U,’Y)7(7'7V7”7))| < MH(U’uaPY)”H ||(7'7V7”7)||H7 V(a,u,'y), (T7V7n) € H,
and
A((r,vym), (T,vom) > a|(tvin)l,  Y(r.v.n) € V.

Moreover, the bilinear form B(-,-) satisfies the following inf-sup condition:

)
T, v, 1),

sup ZUTVX) S g0 vy e q,

rery Tl H(@iv; Q)

T#0

where 3 is a positive constant, independent of \, and Hy = {7 € H(div; Q) : 7 =
7%, div(T) =0 in Q}. As a consequence, the augmented variational formula-
tion (2) has a unique solution ((o,u,7),&) € H x Q and there exists a positive

constant C, independent of A, such that

(e, 0, 7). O)llxq < C (Iflliz2(nz + lIglliz-1/20x2) -
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Now, let h and h be two positive parameters and consider finite dimensional
subspaces H, C H and Q; C Q. Then, the Galerkin scheme associated to problem
(2) reads: find ((on,un,vy),€;) € Hy x Qj such that
(3)

A((ahv Uhp, ’Yh)a (Th7 Vh, nh)) + B((Tha Vh, nh)a Ef;)
= F(Thavhanh) V(Thvvhanh)e H;,,
B((on, un, 1), X7) = G(xj) VX, €Qj,-

The well-posedness of problem (3) has to be proved for each particular choice of
the finite element subspaces H;, C H and Q; C Q. In what follows, we assume
that €2 is a polygonal region and let {7x}r>0 be a regular family of triangulations
of Q such that Q = U{T : T € T, }. Given a triangle T € T, we denote by
hr its diameter and define the mesh size h := max{hy : T € T, }. We also
assume that each point in I'p N Ty is a vertex of Ty, for all A > 0. In addition,
given an integer £ > 0 and a subset S of R?, we denote by P;(S) the space of
polynomials in two variables defined in S of total degree at most ¢, and for each
T € Tn, we define the local Raviart-Thomas space of order zero, RTo(T) :=
span { (1,0)%,(0,1)%, (z1,22)*} C [P1(T)]?, where (x1,z2)* is a generic vector of
R?. Then, we take H, := HZ x HEp p, % H,:Y, where the finite element subspaces
HT, HY ;, and H;Ly are defined as follows:

HY = {71, € Hdiv; Q) : 74|y € [RTo(T)*]*, VT € T },
Hp o= {vn € [C]* : vilr € [PL(D)]>, VT € Th; vi =0 onlp},
HY = {my, € PR : mlr € [Po(T)?, VT € Tn}.
On the other hand, let v; = {€1, €2, ..., €, } be an independent partition of the
Neumann boundary with h := max{|é;|: j=1,...,m}. Then, we define

Q= {xi € CENENHP 0P < Xk, € P12, Vi=Towum .

From Theorem 4.9 in [7] and Section 2.2 in [2], we know that, if {7}n>0 and
{7 }i,>0 are uniformly regular on I'y, then the Galerkin scheme (3) is well-posed
and a Cea estimate can be obtained provided h < Cj h. This compatibility con-
dition between the mesh sizes h and h is satisfied by choosing a particular choice
of independent partition ;. Indeed, let us denote by I'n = {e1,...,en} the
partition of I'y inherited from the triangulation 7, where adjacent elements are
numbered consecutively. In what follows, we choose 7; as the partition of I'y ob-
tained by joining pairs of adjacent elements in I'yy j, if the number of edges in I'y 5
is even; if the number of elements in I'y p, is odd, we leave one element of I'y , in
75, and proceed with the remaining elements as before. Adjacent elements in 7; are
numbered consecutively too. Let us introduce the discrete spaces

o), = {¢h e HV2(Ty) : dule, € Pole;), Vj= 1n}
and
Q; = {X,; € C(Ty) NHL(TN) © X3le, € Pri(E;), Vij= 1,...,m}.

Lemma 1. Assume that vy, is of bounded variation (that is, the ratio of lengths of
adjacent elements is bounded). Then, there exist C > 0, independent of h and h,
such that

<¢ha X;;,>FN

sup ——2=%— > C||xi |l 12 YV xi € Qi ,
bne®,\{0} ||¢h||H—1/2(rN) hWH " (Tw) h h
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where (-, -)ry denote de duality paring between H=/?(Tx) and H&{?(FN) with re-
spect to L2(T' y)-inner product.

Proof. First, we remark that if y;, is of bounded variation, then 7; is of bounded
variation as well. Let us assume, for simplicity, that n is even. Then, m = 5
and the dimension of Q; is m — 1. For each €; € ~;, there exist two elements, I;,
r; € Y, such that €; = [;Ur;. We tagged [; and r; as left and right in the numbering
direction of 7;, so that r; is adjacent to l;11. Then, using that 7; is of bounded

variation, it follows that

|7:]

0<Cr <g¢i= B <Cy<1l, Vi=1,...,m,

€

and
é.
0<Cs< | il <Cy Vi=1,...,m—1
|€is1]

Now, for each i = 1,...,m — 1, we introduce the constant functions

ci_1 inr;

Xi ‘= (]. — Ci+1)71 n li+1
0 otherwise

and the discrete space @% = span{x1,x2,--->Xm-1} C ®p. It is not difficult to
see that the constant functions x; are mutually orthogonal, so that the dimension
of ®2 is m — 1, that is, is equal to dimension of Q5. Then, the proof follows as in
Lemma 5.2 in [10]. O

Remark. To ensure that vj is of bounded variation, it is enough that the trian-
gulation 7T is quasiuniform in a neighborhood of I'y. O

From the previous Lemma, there exists C > 0, independent of h and l~1, such
that the following discrete inf-sup condition is satisfied:

sup <phaX}~L>FN

> Cllxll 12 , VYxj, €Qj.
p, e\ (0} Ionlli—12(00 2 " Hoo ()L heoh

In this case, the well-posedness and stability of the Galerkin scheme (3) holds if we
assume that the family of triangulations {75 }r>0 is uniformly regular on I'y (in
order to apply Lemma 4.6 in [7]).

In the following Theorem, we recall the rate of convergence of the Galerkin
scheme (3) for this particular choice of finite element subspaces.

Theorem 2. Let ((o,u,7),§) € Hx Q and ((on,un,v,),&;,) € Hu x Qj, be

the unique solutions to problems (2) and (3), respectively. Assume that o €

[H (], div(o) € [H"(Q)], u e [H Q). v € [H/ (] and & € [Hy, *(Tn)]*,
for some r € (0,1]. Then, there exists C' > 0, independent of A, h and fl, such that

there holds

(. 0.9).) ~ (@n 7). &)@ < CF €] ey
+Ch" (||U||[HT(Q)]2X2 + ||diV(0')||[H7~(Q)]2 + ||u||[HT+1(Q)]2 + ||7||[HT(Q)]2><2 ) .

Proof. See Theorem 4.10 in [7] and take into account the definition of ~;. O
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3. A posteriori error analysis

In this section, we follow [3] and develop an a posteriori error analysis for the
discrete scheme (3) using an appropriate Ritz projection of the error. Given a
triangle T' € Ty, we denote by E(T') the set of its edges, and denote by Ej(I'y)
the set of all the edges in 7; contained in I'y. Then, we assume that each side
ei € Ep('y), i € {1,...,n}, is contained in a side €;, for some j € {1,...,m}; in
this case, we denote by &, = |¢].

Let ((o,u,7),€&) be the unique solution to problem (2) and assume that the
Galerkin scheme (3) has a unique solution, ((&4,un,vy;),&;), that depends contin-
uously on the data. We define the Ritz projection of the error with respect to the
inner product of H,

((oy0,7), (T, v,n)u = (0, T) g(aiv; o) + (W, V)1 @)z + (V, M)z2(@)2x2

as the unique element (&, u,) € H such that for all (7,v,n) € H,
(4)
<(&a ﬁa :7)7 (Tv v, 77)>H = A((o’ —Ohp,U—Up,7 _'Yh)v (Tv v, 77)) +B((T7 v, ”7)7 5 —5;1) .
We remark that the existence and uniqueness of (&, u,7) € H is guaranteed by the
Lax-Milgram Lemma.

Using the continuous dependence of the solution on the data, we are able to
bound the error in terms of its Ritz projection and the residual in the Neumann
boundary condition, that is,

||((0 = on,u—un,v—7,),& —€E)||HxQ <
< C (1@, 8l + llg = onnllig-svzry e )
Assume that g € [L?(I'y)]?. Then, applying Theorem 2 in [5] (see also [2, (2.16)]),

the residual in the Neumann boundary condition can be bounded in terms of a
L?-norm:

7 2
6)  llg—omnllfy1ogyye < Clog(l+k) > hellg = onnl[f )
ecEn(TN)

(5)

where k = max{“ :“ e; is a neighbor of ej}. Then, according to (5), to obtain

reliable a posteriori error estimates for the discrete scheme (3), it is enough to
bound from above the Ritz projection of the error. In the next lemma we obtain
an upper bound for ||(&,@,¥)||g in terms of residuals.

Lemma 3. There ezists a constant C' > 0, independent of h, h and A, such that
I, 5.7l < € (11 +divon)llgaioys + llon — ol

(7) + Huh +£ﬁ||[H(1)(<2(FN)]2 + He(uh —C” UhH [L2(Q)]2%2

= 57 = (V)| g ) -
Proof. We first use that ((o,u,), &) is the unique solution to problem (2) to write

<(5'a u, ;Y)y (7-7 v, n)>H = F(T’ v, 77) - A((Uha Up, Vh)a (T7 v, 77)) - B((T’ \ 77)’ Eﬁ) )
for all (7,v,n) € H. Equivalently,

(0, T)r@iv.o) = Fi(r), VreH(div;Q),
(V) = Fa(v), VvelH: (9],

VM2 = Fs(m),  Vne[LX(Q)5,
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where Fy : H(div; Q) = R, Fy : [HE (Q)]> = R and Fs : [L3(Q)]55 — R are the
bounded linear functionals defined by

Fi(r) = —Hg/ﬂ(f—f— div(op)) - div(T) — /Q(C_lah —Vuy, +v,): T

_ ,ﬁ/ C Y e(up) —Clop) 7 — (Tn,€&; + Wp)ry s
Q

Fy(v) = /Q(f—kdiv(ah)) ‘v o— /@1/ (e(up) — %C‘l(ah +0})): Vv

Q
— K3 /Q('Yh — %(Vuh — (Vup)*)) : Vv,

Fin) = [ Glon =t in—rs [ (v = 5(Vun = (Fw)*) o,

Then, the result follows using the Cauchy-Schwarz inequality, the triangle inequal-
ity, the continuity of C~! and the definition of the H-norm. O

Motivated by the previous results, we define the a posteriori error estimate

1/2
vim (30 Mo il )
TeTh

where

7]% = ||f—|—diV(O’h)||[2L2(T)]2 + ||0'h _0'71||[2L2(T)]2><2

+ log(1 + k) Z ile llg — Uhn||[2L2(e)]2

e€E(T)NEL(TN) )

7 = 5 (Vun = (Vw)?)

+ ||E(Uh) - Cilo-h||[2L2(T)]2><2 + ‘ *
[L2(T)]2><2

We recall that any T' € T, has at most one of its sides on I'y. In the next theorem
we establish that the a posteriori error estimator 7 is reliable and efficient.

Theorem 4. Assume that g € [L?(T'w)]?>. Then, there exist positive constants,
Cets and Cre1, tndependent of h, h and X\, such that

Ceffn < ||((a_o'hau_uhafy_f)lh)aé_é}l)HHXQ < Creln'

Proof. The reliability of 7 (second inequality above) follows from its definition and
inequalities (5)—(7). To prove that 7 is efficient, we recall that £ = —u on I'y and
use the triangle inequality and a trace theorem to get

[[un +5h||[Hgg2(rN)]2 < lun - u”[Hgg?(FN)P + |l& - €||[H352(FN)]2

IN

C ||uh - u||[H1(Q)]2 + ||€iL - éH[HééZ(FN)]? :

On the other hand, from the proof of Lemma 6.5 in [6] (see also [2]), we deduce
that

(8)

Yo hellg—ownllfaye <
e€E(T)NER(T'N)

. 2 2
<o 3 (WIdivie — o)y + o = onllfey: )
e€E(T)NE,L(TN)

The result follows proceeding with the remaining terms as in [1]. O
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Since the a posteriori error estimate 7 is not fully local, it cannot be used in an
adaptive algorithm. A first attempt to define a reliable and fully local a posteriori

error estimator can be achieved by using an interpolation argument. Indeed, it

suffices to remark that the space [HééQ (T n)]? is the interpolation space of index

1/2 between [H}(I'y)]? and [LZ(FN)JQ. Then, if g € [L?(T'y)]?, there exists a
constant Cre1 > 0, independent of h, h and A, such that

||((U —Oh, U — Up,7Y _’Yh)aé _€H)||H><Q < Crelﬁ

where
. ) 1/2 . ~2 2 2
n = ( Z nT) ) with N == Nr + Z ||uh + siLH[Hl(e)]z .
TETh e€E(T)NE,R(T'N)

An alternative approach, based on the introduction of an auxiliary function (see
[5]), allows us to derive a fully local, reliable and quasi-efficient a posteriori error
estimate. Indeed, let @, be the unique continuous piecewise linear function defined
in © such that @i, (x) = uy(x) for all node x of 75 in QUTp and ay(x) = —&; (x)
for all node x of 7j, on I'y. We remark that 1, is defined so that 1, + &;, vanishes
at the nodes of T, on I'y.

Lemma 5. There ezists a constant C > 0, independent of h, h and X, such that

e, 0,9)|g < C ( |If + diV(Uh)||[L2(Q)]2 + llon — UZH[Lz(Q)]zxz
+||an +€BH[H352(FN)]2 + [|e(un) _C_lah||[L2(Q)]2X2
+ H7h - %(vuh - (Vuh)t)H[LQ(Q)]QX2 + [Jun — l717"L||[H1(Q)]2 ) :

Proof. The proof is analogous to that of Lemma 3, but with
Fi(7):=— ko /Q(f +div(op)) - div(T) + /Q(uh —ay) - div(T)
- /Q(Cflo'h — Vi, +v,): T
— K1 /chl(e(uh) —Cilo'h) :T — (tn, &, + Up)ry V7T € H(div; Q).

We remark that we bound
Hc_lo'h — Vuy, +7hH[L2(Q)]2X2 < He(uh) - C_lo'hH[L2(Q)]2><2
+ ||7h - %(Vuh - (vuh)t)H[Lz(Q)]zxz + ||v(uh - ﬁh)||[L2(Q)]2><2 .

O

Now, since iy, + &;, vanishes on the nodes of 75 on I'y, by virtue of Theorem 1
in [5], if |Tp| > |€1]| + |€m|, we have that

2

d
E(uh‘FEE)

)

(L2 (e)])?

9)  [lan+ &l a2y < Clog(l+r) D he
e€En(I'N)
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where tr denotes the unit tangential vector along e. This result motivates the

1/2
definition of the fully local a posteriori error estimate 7 := ( Y oreT T ) , where
_ . 2 2 2
np o= |lf+ le(Uh)||[L2(T)]2 + llon — UZ||[L2(T)]2X2 + [Jup — uh”[Hl(T)]2

+ |le(an) - C_lahH[QLZ(T)]zxz +{lvn = 3 (Van - (vuh)t)H[QL%T)]“z

+ log(l+ k) Z (ﬁe llg — Uhn||[2L2(e)]2
e€E(T)NE,(TxN)

&)

+  he
(L2 (e)])?

Theorem 6. Assume that g € [L?>(T'y)]? and |T'p| > |é1]+ |ém|. Then there exists
positive constants, Cess and Cre1, independent of h, h and X\, such that

||((0-_o-hau_uha7_7h)a5_£ﬁ)||HXQ < Crelﬁy
and
Cots 11 <||((0 = o, u—wn,y = 74).€ = €)1, q

/
+( Z ||u_ﬁh||[2H1(T)]2)12'

T%ﬁL
OTNT N #D

Proof. The reliability estimate follows from (5), (6), Lemma 5, (9) and the definition
of 7. To prove the second inequality, we proceed similarly as in Subsection 2.3.2 in
[2] and obtain that

>, he

e€EL(T'N)

2
<C (||“h - “||[2H1(Q)]2 + ||§13, - 5||[2H152(FN)]2) :

(o]

d ,_
E(Uh-FE;L)

[L2(e)]?

Then, the proof follows taking into account (8) and proceeding with the remaining
terms as in [1]. O

4. Numerical experiments

In this section we present some numerical results that illustrate the performance
of the augmented mixed finite element scheme (3) for the finite element subspaces
defined in Section 2 and of the adaptive algorithms based on the a posteriori error
estimates 77 and 7 derived in Section 3.

We recall that, given the Young modulus F and the Poisson ratio v of a linear

elastic material, the corresponding Lamé constants can be computed by p := ﬁ

and \ = (1+1/)E(+21/) In the examples below, we take £ = 1 and consider the

values v = 0.4900 and v = 0.4999, which yield the following values of p and A:
v I A

0.4900 | 0.3356 | 16.4430

0.4999 | 0.3334 | 1666.4444

Given an error indicator ¢ := ( Z C%) 1 2, we consider the following adaptive
TETh
algorithm:
(1) Start with a coarse mesh Tj,.
(2) Solve the Galerkin scheme for the current mesh 7y,.
(3) Compute (r for each triangle T € Ty,.
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(4) Consider stopping criterion and decide to finish or go to the next step.
(5) Use bisection procedure to refine each element 7" € Ty, such that

CT/ Z %maX{CT : TGE}

(6) Define the resulting mesh as the new T;, and go to step 2.

Let (o, 1,7, &) and (o, un, v, &;,) be the unique solutions to problems (2) and
(3), respectively. We define the individual errors e(o) := [0 — o4 g(aiv; ), e(u) =
[u— |z )2, e(Y) = |7 —Yullz2@)2x2 and e(§) := [|§ - th HY2 (T2 and the
total error

1/2
€total = (6(0')2 + e(u)2 + 6(7)2 + 6(6)2) / .
The effectivity index of a given a posteriori error estimate ¢ is then given by I({) :=
€tota1/C. Besides, we define the experimental convergence rate as

T(@) R log(etm’»al/ei.otal)

log(N/N")

where N and N’ denote the degrees of freedom (dof) of two consecutive triangula-
tions, and egora1 and €},,,; are the corresponding total errors.

In the table below, we specify the examples to be considered here. We choose
the data f and g so that the exact solution is u(z1, z2). The numerical experiments
showed in this section were carried out in a notebook Intel Core i7-820 with four
dual processors using a Matlab code.

EXAMPLE Q u(xy,z2)
1 10,12 uy (21, 2) = ug(w1,m2) = T1 9 71 T2
2 = L12\[0,1? | wi(z1,22) = uQ(xl,a:g) ro/3 sin((20 — 7)/3)
3 10,22\ B[0,1] | u(zy, ) = 5(1 — 22 — 22)e 307177 (1 —ap)*

In order to emphasize the robustness of the a posteriori error estimates 77 and 7
with respect to the Poisson ratio, we first consider Example 1 with I'p := ({0} x
[0,1]) U ([0,1] x {0}) and T'y :=T'\ T'p. In Tables I and II we present the dof, the
total errors, the convergence rates, the values of the a posteriori error estimates 7
and 7 and the corresponding effectivity indices obtained in a sequence of uniform
meshes with v = 0.4900 and v = 0.4999, respectively, taking x; = p, ko = ﬁ and
K3 = ‘g‘. We remark that, independently of how large the errors could become, the
effectivity indices obtained with the two values of v are very similar (they remain in
a neighborhood of 0.9). These results numerically confirm the robustness of 7 and
7] with respect to the Poisson ratio (and hence, with respect to the Lamé parameter
A).

On the other hand, the feasible values of the stabilization parameter k3 depend on
the unknown constant kp from Korn’s first inequality. With the aim of studying the
robustness of the scheme (3) with respect to the parameter k3, we fixed v = 0.4900,
K1 = p and kg = ﬁ, and run the code for different values of k3. In Tables I, ITI, IV
and V, we display the dof, the total errors, the convergence rates, the values of the
a posteriori error estimates and the corresponding effectivity indices for a sequence
of uniform meshes using different values of k3. We remark that the optimal order of
convergence for the total error is achieved in all cases, confirming the robustness of
the discrete scheme (3) with respect to the parameter k3. Moreover, the effectivity
indices are in all cases in a neighborhood of 0.9.

In what follows, we fix v = 0.4900, k1 = u, ke = and k3 = &, and consider

1
2n 87
Examples 2 and 3 to illustrate the performance of the adaptive algorithms based
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TABLE 1. Ex. 1 (v = 0.4900): Dof, total errors, convergence
rates, a posteriori error estimates and effectivity indices (uniform

refinement).
| N | €total | T(etotal) | ﬁ | €total /ﬁ | 77 | €total /77 |
50 0.9543E4-2 — 0.1243E43 | 0.7677 | 0.1261E+3 | 0.7568

182 0.6781E+2 | 0.5288 | 0.7457E+2 | 0.9094 | 0.7922E+2 | 0.8560
686 0.3284E+2 | 1.0932 | 0.3553E+2 | 0.9243 | 0.3686E+2 | 0.8909
2654 | 0.1611E+2 | 1.0530 | 0.1720E+2 | 0.9364 | 0.1749E+2 | 0.9206
10430 | 0.8003E+1 | 1.0220 | 0.8472E+1 | 0.9447 | 0.8541E+1 | 0.9370
41342 | 0.3995E41 | 1.0092 | 0.4208E+1 | 0.9494 | 0.4225E+1 | 0.9455
164606 | 0.1996E+1 | 1.0041 | 0.2097E+1 | 0.9519 | 0.2102E+1 | 0.9499
656894 | 0.9980E+0 | 1.0019 | 0.1047E+1 | 0.9532 | 0.1048E+1 | 0.9522

TABLE 2. Ex. 1 (v = 0.4999): Dof, total errors, convergence
rates, a posteriori error estimates and effectivity indices (uniform

refinement).
| N | €total | T(etotal) | ’f] | €total /'f] | 77 | €total /77 |
50 0.9383E+-4 — 0.1222E4-5 | 0.7676 | 0.1240E+5 | 0.7568

182 0.6688E+4 | 0.5243 | 0.7330E+4 | 0.9123 | 0.7783E+4 | 0.8593
686 0.3243E+4 | 1.0911 | 0.3490E+4 | 0.9290 | 0.3621E+4 | 0.8954
2654 | 0.1591E+4+4 | 1.0529 | 0.1688E+4 | 0.9423 | 0.1717E+4 | 0.9264
10430 | 0.7904E+3 | 1.0220 | 0.8310E+3 | 0.9511 | 0.8377E+3 | 0.9435
41342 | 0.3945E43 | 1.0092 | 0.4126E43 | 0.9562 | 0.4142E43 | 0.9523
164606 | 0.1971E4-3 | 1.0041 | 0.2056E+3 | 0.9589 | 0.2060E+3 | 0.9569
656894 | 0.9855E+2 | 1.0019 | 0.1026E+3 | 0.9603 | 0.1027E+3 | 0.9593

TABLE 3. Ex. 1 (k3 = u/2): Dof, total errors, convergence rates,
a posteriori error estimates and effectivity indices (uniform refine-
ment).

N €total T(etotal) n €total /'f] n €total /77
50 0.9530E4-2 0.1244E4-3 | 0.7659 | 0.1261E+3 | 0.7557
182 0.6773E+2 | 0.5286 | 0.7419E+2 | 0.9129 | 0.7910E+2 | 0.8563
686 0.3257E+2 | 1.1037 | 0.3525E+2 | 0.9239 | 0.3652E+2 | 0.8918
2654 | 0.1597E+42 | 1.0533 | 0.1713E+2 | 0.9321 | 0.1743E+2 | 0.9160
10430 | 0.7931E+1 | 1.0228 | 0.8452E+1 | 0.9384 | 0.8528E+1 | 0.9300
41342 | 0.3957TE+1 | 1.0097 | 0.4199E+41 | 0.9423 | 0.4219E+41 | 0.9378
164606 | 0.1977E41 | 1.0043 | 0.2093E+1 | 0.9445 | 0.2099E+1 | 0.9422
656894 | 0.9884E+0 | 1.0020 | 0.1045E+1 | 0.9457 | 0.1046E+1 | 0.9445

on the a posteriori error estimates 7 and 7. In Example 2, we take I'p := ({0} X
[0,1])U([0,1] x {0}). In this example, the solution has a singularity at the boundary
point (0,0). In fact, the behavior of u in a neighborhood of the origin implies that
div(e) € [H?/3(Q))? which, according to Theorem 2, yields 2/3 as the expected
convergence rate for the uniform refinement.

In Tables VI through VIII we provide the dof, the individual and total errors, the
experimental convergence rates, the values of the a posteriori error estimates and
the corresponding effectivity indices for the uniform and adaptive refinements as
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TABLE 4. Ex. 1 (k3 = p/16): Dof, total errors, convergence rates,
a posteriori error estimates and effectivity indices (uniform refine-

ment).
N €total T(etotal) ﬁ €total /ﬁ 77 €total /77
50 0.9546E+-2 0.1243E43 | 0.7681 | 0.1261E43 | 0.7570
182 0.6828E+2 | 0.5186 | 0.7491E+2 | 0.9116 | 0.7965E+2 | 0.8573
686 0.3319E+2 | 1.0874 | 0.3579E+2 | 0.9275 | 0.3727E+2 | 0.8905
2654 | 0.1621E42 | 1.0595 | 0.1727E+2 | 0.9387 | 0.1760E+2 | 0.9207
10430 | 0.8031E+1 | 1.0262 | 0.8485E+1 | 0.9465 | 0.8559E+1 | 0.9383
41342 | 0.4005E41 | 1.0103 | 0.4211E41 | 0.9512 | 0.4229E+1 | 0.9472
164606 | 0.2001E41 | 1.0044 | 0.2098E+1 | 0.9537 | 0.2103E+1 | 0.9517
656894 | 0.1000E+1 | 1.0020 | 0.1048E+1 | 0.9550 | 0.1049E+1 | 0.9540

TABLE 5. Ex. 1 (k3 = p/32): Dof, total errors, convergence rates,
a posteriori error estimates and effectivity indices (uniform refine-

ment).
N €total T(etotal) ’f] €total /'f] 77 61:01:211/7_7
50 0.9547E+2 0.1243E+3 | 0.7683 | 0.1261E+3 | 0.7571
182 0.6872E42 | 0.5089 | 0.7536E+2 | 0.9120 | 0.8016E+2 | 0.8573
686 0.3353E+2 | 1.0819 | 0.3609E+2 | 0.9290 | 0.3771E+2 | 0.8891
2654 0.1632E+2 1.0640 | 0.1736E+2 | 0.9401 | 0.1776E+2 | 0.9190
10430 | 0.8056E+1 | 1.0320 | 0.8501E+1 | 0.9476 | 0.8585E-+1 | 0.9384
41342 | 0.4012E+1 1.0122 | 0.4214E+1 | 0.9521 | 0.4233E+1 | 0.9479
164606 | 0.2004E+1 1.0049 | 0.2099E+1 | 0.9547 | 0.2104E+1 | 0.9526
656894 | 0.1002E+1 | 1.0021 | 0.1048E+1 | 0.9560 | 0.1049E+1 | 0.9550
T & Y " ™
Uniform refinement —4—
10 F Adaptive refinement hased on @ + + 4«

total

Adaptive refinement hased on 5
Adaptive refinement based on ) + v s

—_—

e d s il

biibiad L — L e— L il

1000 10000 100000 le + 06

100

Degrees of freedom N

FiGurE 1. Total error vs. dof for the uniform and adaptive re-
finements (Example 2).

applied to Example 2. We observe from these tables that the errors for the adaptive
procedures decrease much faster than for the uniform one, which is confirmed by the
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experimental convergence rates. This fact can also be observed in Figure 1, where
we display the total error versus the dof for the uniform and adaptive refinements
based on 6, 7 and 7, where 6 is the a posteriori error estimator proposed in [2].

TABLE 6. Ex. 2: Dof, individual and total errors, experimental
convergence rates, a posteriori error estimates and effectivity in-
dices (uniform refinement).

N e(o) e(u) e(y) e(§) Evotal
550 0.8720E+1 | 0.1601E+1 | 0.2928E+1 | 0.6892E+0 | 0.9362E+1
2062 | 0.5441E41 | 0.7396E+0 | 0.1118E+1 | 0.2458E4-0 | 0.5609E+1
7966 | 0.3405E41 | 0.3408E+0 | 0.4245E+0 | 0.9450E-1 | 0.3449E+1

31294 | 0.2136E+1 | 0.1595E4-0 | 0.1718E+0 | 0.3975E-1 | 0.2149E+1
124030 | 0.1342E+41 | 0.7640E-1 | 0.7541E-1 | 0.1673E-1 | 0.1346E+1
493822 | 0.8437E+0 | 0.3732E-1 | 0.3528E-1 | 0.6829E-2 | 0.8452E4-0

N T(etotal) ﬁ €total /ﬁ n €total /77
550 — 0.1012E+4-2 0.9247 0.1021E+4-2 0.9169
2062 0.7753 0.5843E+1 0.9600 0.5872E+1 0.9553
7966 0.7194 0.3523E+1 0.9790 0.3532E+1 0.9766
31294 0.6918 0.2174E+1 0.9882 0.2177E+1 0.9870
124030 0.6794 0.1356E+1 0.9930 0.1356E+1 0.9924
493822 0.6735 0.8489E+-0 0.9956 0.8491E4-0 0.9954

In particular, the experimental convergence rates approach 2/3 for the uniform
refinement procedure (see Table VI) whereas the adaptive procedures based on 7
and 7] are able to recover the rate of convergence O(h) for the total error (see
Tables VII and VIII). On the other hand, we remark that the effectivity indices
in the adaptive procedures remain bounded around the values 0.8 — 0.9, which
confirms the reliability and eventual efficiency of 7 and 7. In Figure 2, we display
the effectivity index versus the dof for the adaptive refinements based on 6, 7 and
7. We observe there that the effectivity indices of 77 and 7 are closer to one than
those of 6.

TABLE 7. Ex. 2. Adaptive algorithm based on 7): Dof, individual
and total errors, experimental convergence rates, a posteriori error
estimates and effectivity indices.

N e(o) e(u) e(v) e(€) €total 7 (etotal) 4l etotal /7

7
550 0.8720E+1 | 0.1601E+41 | 0.2928E+1 | 0.6892E+40 | 0.9362E+1 0.1012E+2 0.9247

840 0.6935E+1 0.1445E+1 0.2060E+1 0.6962E4-0 0.7410E+1 1.1042 0.7987E+1 0.9278

1598 0.5231E+1 0.1221E+1 0.2000E+1 0.7207E40 | 0.5777E+1 0.7742 0.6287E+1 0.9189

2780 0.4066E41 | 0.7077E+0 | 0.1142E+1 | 0.3989E40 | 0.4301E+1 1.0660 0.4555E41 0.9442

3648 0.3432E+1 | 0.6965E40 | 0.1044E+1 | 0.3017E40 | 0.3666E-+1 1.1745 0.3903E+1 0.9393

6194 0.2656E+1 | 0.6006E40 | 0.8164E+0 | 0.2034E40 | 0.2850E+1 0.9516 0.3047E+1 0.9353

10049 0.2074E41 | 0.3823E+0 | 0.6256E+0 | 0.1354E4-0 | 0.2204E41 1.0623 0.2354E41 0.9362

15047 0.1685E41 | 0.3005E+0 | 0.4863E+0 0.9917E-1 0.1782E41 1.0517 0.1896E4-1 0.9402

24239 0.1334E+41 0.2612E+40 0.3654E40 0.9098E-1 0.1411E+41 0.9812 0.1500E+41 0.9404

38599 0.1051E+1 | 0.1806E40 | 0.3108E+0 0.4806E-1 0.1112E+1 1.0239 0.1188E+1 0.9358

59993 0.8405E4-0 | 0.1402E4+0 | 0.2279E+0 0.3713E-1 0.8829E4-0 1.0453 0.9370E4-0 0.9423

92419 0.6775E+0 | 0.1222E4-0 | 0.1848E+0 0.3699E-1 0.7137E40 0.9843 0.7584E40 0.9411

139024 | 0.5488E40 0.9463E-1 0.1505E4-0 0.2516E-1 0.5774E40 1.0384 0.6141E40 0.9402

202849 | 0.4564E-+0 0.7395E-1 0.1183E4-0 0.1638E-1 0.4776E4-0 1.0049 0.5057E4-0 0.9443

Finally, in Figures 3 and 4, we display some intermediate meshes obtained for
Example 2 with the adaptive algorithms based on 7 and 7, respectively. We remark
that both algorithms are able to localize the singularity of the solution at (0,0) since
the adapted meshes are highly refined around the origin.



NSRRI
KRR SR

T.P. BARRIOS, E.M. BEHRENS, AND M. GONZALEZ

818

v_A =
H 5 g
= B, = 2 i
| 9) 4 m X
4 = SR < VAN AN K
nm..e 0 % i
1 )
= S g
= N K
1= 7, ‘= X
= o & ) b
1 oy =) ¢ 5 = K
= b=t %) | o— 7t
= = ) ) X
-~ $— WMEEEEEEEVA? D ol u ﬂum
1 - o ) X Kr
=1 bl e o} B
= 3 SEE R & R !
15 g e} — = .
- < %
] = % =
5 2
| e o A
— - = 7
4 S = ®n c
] = = O <
= = gz
; | . ¢
= 1% =
£ z-
1 g g
- @ =
1 = & ~
- -= = < g
" = e
E - ™ o <
= = 4
" - m ¢ M <
=] =3 [l
= Do 2 o
@) O <
=g g
ST S
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2657 dof (left) and 69092 dof (right).
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TABLE 8. Ex. 2. Adaptive algorithm based on 7: Dof, individual
and total errors, experimental convergence rates, a posteriori error
estimates and effectivity indices.

N e(o) e(u) e(v) e(§) €total 7 (etotal) etotal /N

7
550 0.8720E+1 | 0.1601E+1 | 0.2928E+1 | 0.6892E+0 | 0.9362E+1 0.1021E+2 | 0.9169

840 0.6935E41 | 0.1445E+1 | 0.2060E+1 | 0.6962E40 | 0.7410E41 1.1042 0.8094E41 0.9155

1700 0.5156E+1 | 0.1268E41 | 0.1857E+1 | 0.6590E40 | 0.5664E+1 0.7626 0.6193E+1 0.9145

2657 0.4112E+1 0.7808E+0 0.1196 E+1 0.3527E4-0 0.4367E+1 1.1641 0.4707E+1 0.9278

3648 0.3434E41 | 0.6903E+0 | 0.1017E+1 | 0.3125E4-0 | 0.3661E41 1.1129 0.3945E41 0.9279

6195 0.2669E+1 | 0.5728E4-0 | 0.9052E+0 | 0.3309E40 | 0.2895E+1 0.8868 0.3175E+1 0.9119

10666 0.2045E+1 | 0.3393E4-0 | 0.5667E+0 | 0.1133E40 | 0.2152E+1 1.0910 0.2303E+1 0.9348

15118 0.1689E41 | 0.2989E+0 | 0.4868E+0 | 0.1022E40 | 0.1786E+1 1.0705 0.1919E41 0.9305

24628 0.1331E41 | 0.2564E4+0 | 0.4095E+0 0.8451E-1 0.1419E4-1 0.9423 0.1545E4-1 0.9182

34889 0.1114E+1 0.1933E40 0.3416E4-0 0.5347E-1 0.1182E+41 1.0480 0.1282E+41 0.9222

48280 0.9491E4+0 | 0.1590E40 | 0.2620E+0 0.4081E-1 0.9982E40 1.0415 0.1077E+1 0.9266

69092 0.8021E4-0 | 0.1327E4+0 | 0.2214E+0 0.3359E-1 0.8433E4-0 0.9409 0.9148E4-0 0.9219

116723 | 0.6210E40 | 0.1073E+0 | 0.1850E4-0 0.2809E-1 0.6574E4-0 0.9498 0.7408E4-0 0.8874

124903 | 0.6124E40 | 0.1040E4-0 | 0.1780E+0 0.2707E-1 0.6468E4-0 0.4830 0.7580E4-0 0.8532

In Example 3, we take I'p = {x := (21,22)" € R? : 22 + 25 = 1}. In this
case, the solution shows large stress regions in a neighborhood of the Dirichlet
boundary I'p. In Tables IX through XI we provide the dof, the individual and
total errors, the experimental convergence rates, the values of the a posteriori error
estimates and the corresponding effectivity indices for the uniform and adaptive
refinements as applied to Example 3. We notice from these Tables that the adaptive
algorithms converge faster than the uniform refinement procedure. This fact can
also be observed from Figure 5 below. On the other hand, we also remark that
the effectivity indices are in all cases in a neighborhood of 0.99, which confirms the
reliability and eventual efficiency of 9 and 7. In Figure 6, we display the effectivity
index versus the dof for the adaptive refinements based on 6, 77 and 7.

TABLE 9. Ex. 3: Dof, individual and total errors, experimental
convergence rates, a posteriori error estimates and effectivity in-
dices (uniform refinement).

N e(o) e(u) e() e(§) Evotal
1420 | 0.3345E+3 | 0.3673E+2 | 0.2654E+2 | 0.1895E+2 | 0.3381E4-3
6784 | 0.1772E4-3 | 0.1325E+2 | 0.2863E+2 | 0.8648E41 | 0.1802E+3
30583 | 0.8631E+2 | 0.4538E41 | 0.1098E+2 | 0.1310E+1 | 0.8713E4-2

130076 | 0.4261E+42 | 0.2135E+1 | 0.4027E+1 | 0.9800E40 | 0.4287E+2
541627 | 0.2113E+42 | 0.1520E+1 | 0.1671E41 | 0.1036E+1 | 0.2127E+2

N T(etotal) ﬁ €total /ﬁ n €total /77
1420 — 0.3388E+3 0.9979 0.3390E+3 0.9972
6784 0.8044 0.1824E+3 0.9880 0.1826E+3 0.9868
30583 0.9653 0.8790E+2 0.9913 0.8795E+2 0.9908
130076 0.9800 0.4306E+-2 0.9954 0.4308E+-2 0.9951
541627 0.9823 0.2126E+2 1.0008 0.2126E4-2 1.0006

Finally, in Figures 7 and 8 we display some intermediate meshes obtained for
Example 3 with the adaptive algorithms based on 7 and 7, respectively. We remark
that both algorithms are able to localize the large stress regions of the solution since
the adapted meshes concentrate the refinements around the Dirichlet boundary,
where the large stresses occur.
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TABLE 10. Ex. 3. Adaptive algorithm based on 7 : Dof, individual
and total errors, experimental convergence rates, a posteriori error
estimates and effectivity indices.

N e(o) e(u) e(v) e(§) €total r(etotal) Ll etotal /1

1420 0.3345E+43 | 0.3673E42 | 0.2654E+2 | 0.1895E+2 | 0.3381E+3 0.3388E4-3 0.9979

2185 0.1935E4-3 | 0.1491E4-2 | 0.2871E+2 | 0.6756E+41 0.1963E4-3 2.5231 0.1985E4-3 0.9890

3714 0.1223E+43 0.9772E+41 0.1821E42 0.8330E+1 0.1243E+3 1.7212 0.1255E4-3 0.9908

6358 0.9079E4-2 0.6692E+1 0.1317E+2 | 0.2539E41 0.9201E42 1.1201 0.9295E4-2 0.9900

11903 | 0.6205E42 | 0.4095E+1 | 0.8144E41 | 0.1385E41 0.6273E4-2 1.2220 0.6324E4-2 0.9919

22789 | 0.4488E+2 0.2927E+1 0.5626E+1 0.1022E+1 0.4534E4-2 0.9999 0.4567E4-2 0.9926

43726 | 0.3119E+2 0.2150E+1 0.3702E+1 0.8996E4-0 | 0.3150E+2 1.1178 0.3167E4-2 0.9946

TABLE 11. Ex. 3. Adaptive algorithm based on 77: Dof, individual
and total errors, experimental convergence rates, a posteriori error
estimates and effectivity indices.

N e(o) e(u) e(v) e(§) €total r(etotal) n etotal /N

1420 0.3345E43 | 0.3673E42 | 0.2654E+2 | 0.1895E+2 | 0.3381E+3 — 0.3390E4-3 0.9972

2185 0.1935E4-3 | 0.1491E4-2 | 0.2871E+2 | 0.6756E+41 0.1963E4-3 2.5231 0.1987E43 0.9876

3714 0.1223E+43 0.9772E+41 0.1821E42 0.8330E+1 0.1243E+3 1.7212 0.1258E4-3 0.9888

6358 0.9079E4-2 0.6692E+1 0.1317E+2 | 0.2539E41 0.9201E42 1.1201 0.9316E4-2 0.9877

11903 | 0.6205E42 | 0.4095E+1 | 0.8144E41 | 0.1385E41 0.6273E4-2 1.2220 0.6333E4-2 0.9905

22855 | 0.4481E+2 | 0.2901E+41 | 0.5598E41 [ 0.1013E+1 0.4526E4-2 1.0004 0.4565E4-2 0.9916

43746 | 0.3119E+2 0.2148E+1 0.3689E+1 0.8970E4-0 | 0.3149E+42 1.1176 0.3168E4-2 0.9940

— — T — T
[ Uniform refinement —&—
Adaptive refinement based on @ 4+
Adaptive refinement based on 1 —5—
Adaptive refinement based on ij v x4

100

p————ry

L deikichatat.ald L pidadaditantd il

LU 10000 100000

Degrees of freedom \

FiGUuRE 5. Total error vs. dof for the uniform and adaptive re-
finements (Example 3).

We end this section with some numerical results concerning the performance
of the augmented mixed finite element scheme (3) and the adaptive algorithms
based on the a posteriori error estimates 77 and 77 to approximate the solution of
the classical Cook’s membrane problem. We consider the domain Q := [0, 48] x
[0,60] \ {(a:llxg) € R?/xy < 1};1 or x> 2} Tp = {(21,22) € Q/ x1 =0} and
I'y =002\ T'p. We assume the data f = 0 and g(z1,22) = (0,1) if (z1,22) € I'n
with 21 = 48 and g = (0, 0) on the remaining part of I'y. The material parameters
are F = 2900 and v = 0.3. We use the estimates 1 and 7 to show the convergence
behavior for the uniform and adaptive refinements (see Figures 9 and 10). We
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FIGURE 6. Effectivity indices vs. dof for adaptive refinements (Ex-
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FI1GURE 7. Adapted meshes obtained using 7 in Example 3 with

2714 daf (left) and 292789 daf (richt)
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F1cURE 8. Adapted meshes obtained using 7 in Example 3 with

2185 dof (left) and 43746 dof (right).



822 T.P. BARRIOS, E.M. BEHRENS, AND M. GONZALEZ

T T T |' T \_ _I I -l T T |
Uniform refinement —8—

10 Adaptive refinement based on 7+ 4+

e ks ik

4 aaal

0.1 L s | L g | " L -
1000 10000 100000 le + 06

Degrees of freedom A

FIGURE 9. Estimator 7 vs. dof for adaptive and uniform refine-
ments (Cook’s membrane).

T T T [ T T = .I ] T T T |
Uniform refinement —4—

10 & .‘\lld[#l we refinement based on f) o i

o aaal

i

01 L L | L il i L " |
1000 10000 100000 le + 06

Degrees of freedom A

FiGURE 10. Estimator 77 vs. dof for adaptive and uniform refine-
ments (Cook’s membrane).

observe from these pictures that the errors of the adaptive procedures decrease
much faster than those obtained by the uniform one.

Some intermediate meshes obtained with the adaptive refinements are shown in
Figures 11 and 12. We remark that the algorithm is able to recognize the large
stress regions of the solution.

In summary, the numerical results provided in this section confirm the reliability
of the a posteriori error estimates 7 and 77, and support their eventual efficiency in
practice. The associated adaptive algorithms are able to localize the singularities
and large stress regions of the solution. Hence, they become much more suitable
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FIGURE 11. Adapted meshes obtained using 7 in Cook’s mem-
brane with 4890 dof (left) and 25581 dof (right).
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FIGURE 12. Adapted meshes obtained using 7 in Cook’s mem-
brane with 4890 dof (left) and 25581 dof (right).

than the corresponding uniform refinement procedure when solving problems with
non-smooth solutions.

5. Conclusions

We introduced two new a posteriori error estimators for the augmented mixed
finite element method proposed in [7] for the linear elasticity problem in the plane
with mixed boundary conditions. The first a posteriori error estimator, 7, is reliable
and requires the computation of 4 residuals per element in the interior triangles and
in the triangles with a side on the Dirichlet boundary; in the triangles with a side on
the Neumann boundary, it requires the computation of 6 residuals per element. The
second a posteriori error estimator, 7, is reliable and locally efficient in the elements
that does not touch the Neumann boundary. It requires the computation of 5
residuals per element in interior triangles and triangles with a side on the Dirichlet
boundary; in triangles with a side on the Neumann boundary, 7 residuals need
to be computed. As compared with the a posteriori error estimator ¢ introduced
in [2], which is reliable and efficient, the new a posteriori error estimators are less
expensive and easier to implement (the computation of the error indicator 6 involves
13 terms per triangle, including normal and tangential jumps). From a practical
point of view, the performance of the three a posteriori error estimators is very
similar. All estimators recognize the singularities and large stress regions of the
solutions. Effectivity indices of 7 and 7 are closer to one than those of 6. In view
of the numerical results, we recommend the use of 7 or 7.
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