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AN EFFICIENT MULTIGRID METHOD FOR GROUND STATE
SOLUTION OF BOSE-EINSTEIN CONDENSATES

NING ZHANG, FEI XU, AND HEHU XIE

Abstract. An efficient multigrid method is proposed to compute the ground state solution of
Bose-Einstein condensations by the finite element method based on the combination of the multi-
grid method for nonlinear eigenvalue problem and an efficient implementation for the nonlinear
iteration. The proposed numerical method not only has the optimal convergence rate, but also has
the asymptotically optimal computational efficiency which is independent from the nonlinearity
of the problem. The independence from the nonlinearity means that the asymptotic estimate of
the computational work can reach almost the same as that of solving the corresponding linear
boundary value problem by the multigrid method. Some numerical experiments are provided to
validate the efficiency of the proposed method.
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1. Introduction

It is well known that Bose-Einstein condensation (BEC), which is a gas of bosons
that are in the same quantum state, is an important and active field [2, B, @, [, [9]
in physics. The properties of the condensate at zero or very low temperature [[3, 1]
can be described by the well-known Gross-Pitaevskii equation (GPE) [I5] which is
a time-independent nonlinear Schrédinger equation [20].

Since this paper considers the numerical method for the nonlinear eigenvalue
problem, we are concerned with the following non-dimensionalized GPE problem:
Find A € R and a function u such that

—Au+Wu+ClufPu = Xu, in$Q,
(1) u = 0, ond9Q,
fQ lul2dQ = 1,

where Q C R? (d = 1,2,3) denotes the computing domain which has the cone
property [, ¢ is some positive constant and W(z) = y2%3 + ... + 423 > 0 with
My---y7a > 0 [6, 29]. It is well known that the ground state solution for (W) is
unique.

The convergence of the finite element method for GPEs is first proved in [2Y]
and [R] gives prior error estimates which will be used in the analysis of our method.
There also exist two-grid finite element methods for GPE in [4, [0, ['7]. Recently, a
type of multigrid method for eigenvalue problems has been proposed in [22, 24, 25,
20, 27]. Especially, [27] gives a multigrid method for GPE (0) and the corresponding
error estimates. This type of multigrid method is designed based on the multilevel
correction method in [22], and a sequence of nested finite element spaces with
different levels of accuracy which can be built in the same way as the multilevel
method for boundary value problems [ZR]. The corresponding error estimates have
already been obtained in [27]. Furthermore, the estimate of computational work
has also been given in [27]. The computational work of the multigrid in [27] is linear
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scale but depends on the nonlinearity (i.e. the value of ¢) in some sense. The aim of
this paper is to improve the efficiency further with a special implementing method
for the multigrid iteration by using the tensor tool [[4] for the GPE. With the tensor
tool, the nonlinear iteration can be implemented only in the coarsest mesh and needs
very small computational work. By using the proposed implementing technique,
the multigrid method can really arrive the asymptotically optimal computational
complexity which is almost independent of the nonlinearity of the GPE.

An outline of the paper goes as follows. In Section 2, we introduce finite element
method for the ground state solution of BEC, i.e. non-dimensionalized GPE ().
A type of one correction step is given in Sections 3. In Section 4, we propose
an efficient implementing technique for the nonlinear eigenvalue problem included
in the one correction step. A type of multigrid algorithm for solving the non-
dimensionalized GPE by the finite element method will be stated in Section 5.
Three numerical examples are provided in Section 6 to validate the efficiency of the
proposed numerical method in this paper. Some concluding remarks are given in
the last section.

2. Finite element method for GPE problem

This section is devoted to introducing some notation and finite element method
for the GPE (). The letter C' (with or without subscripts) denotes a generic positive
constant which may be different at its different occurrences. For convenience, the
symbols <, 2 and ~ will be used in this paper. That z1 < y1,22 2 y2 and x3 = ys,
mean that 1 < Chyy, 2 > coys and czx3 < y3 < Csxg for some constants C1, ca, c3
and Cs that are independent of mesh sizes (see, e.g., [2¥]). The standard notation
for the Sobolev spaces W*P(Q2) and their associated norms || - ||s,p.0 and seminorms
|- |sp.0 (see, e.g., [0]) will be used. For p = 2, we denote H*(Q2) = W*2(Q) and
HY(Q) = {v e HY(Q) : v]|gpg = 0}, where v|spg = 0 is in the sense of trace and
|l lls.o = || |ls.2,0- In this paper, we set V = Hg () and use | - ||s to denote | - ||s.0
for simplicity.

For the aim of finite element discretization, we define the corresponding weak
form for (M) as follows: Find (A, u) € R x V such that b(u,u) =1 and

(2) a(u,v) = Xb(u,v), Vv eV,

where
a(u,v) ::/ (VuVo + Wuv + Clu*uw)dQ,  b(u,v) := / uvdS.
Q Q

Now, let us define the finite element method [, I1] for the problem (B). First we
generate a shape-regular decomposition of the computing domain Q C R? (d = 2, 3)
into triangles or rectangles for d = 2 (tetrahedrons or hexahedrons for d = 3). The
diameter of a cell K € Ty, is denoted by hx and define h as h := maxge7;, hx. Then
the corresponding linear finite element space Vj, C V' can be built on the mesh 7.
We assume that V;, C V is a family of finite-dimensional spaces that satisfy the
following assumption:

(3) lim inf |lw—ovpl1 =0, YweV.
h—0v,EV),

The standard finite element method for (B) is to solve the following eigenvalue
problem: Find (A, @) € R x Vj, such that b(a, @s) = 1 and

U
(4) a(’ah, Uh) = j\hb(ﬂh,vh), Yoy, € Vj,.



EFFICIENT MULTIGRID METHOD FOR BEC 791

Then we define
5 1) = inf - .
6 ()= inf ol

For understanding the multigrid method in this paper, we state the error estimates
of the finite element method for GPE (II).

Lemma 2.1. ([8, Theorem 1],[29]) There ewists hg > 0, such that for all 0 <
h < hg, the smallest eigenpair approximation (\n,ap) of (@) has following error
estimates:

(6) lu—anly < On(w),

(7) lu—tnllo S na(Va)llu—tnlly S 1a(Va)on(u),

(8) A=l S lu—anll + llu = anllo S 1a (Vi) (w),
where 1 (Vi) is defined as follows:

(9) Na(Va) = [lu = tnllr + sup inf [[Tf — vallx

FELA(Q), ] fllo=1nEVR
with the operator T being defined as follows: Find Tf € u™ such that
a(Tf,0) + 2(C[ul*(Tf),0) = (NTf),0) = (frv),  Voeus,
where ut = {v € H}(Q)| [, uvdQ = 0}.
3. One correction step

In this section, we recall the one correction step from [27] to improve the accuracy
of the given eigenpair approximation. This correction step contains solving an
auxiliary linear boundary value problem with multigrid method in the finer finite
element space and a GPE on a very low dimensional finite element space which will
be discussed in the next section.

In order to define the one correction step, we introduce a very coarse mesh 7Ty
and the low dimensional linear finite element space Vg defined on the mesh Tg.
Assume we have obtained an eigenpair approximation (Ap,,un,) € R x V4, and
the coarse space Vy is a subset of Vj,, . Let V4, , C V be a finer finite element
space such that Vj,, C V4, ,,. Based on this finer finite element space, we define
the following one correction step.

Algorithm 3.1. One Correction Step
(1) Define the following auziliary boundary value problem: Find Uy, , € Vi, ,,
such that
(vathrl ) vvhk+1) + (Wﬂhk+1 ) vhk+1) + (<|uhk |2ahk+1 ) vhk+1)

(10) = )‘hk b(uhk » Uhgqq )’ vvhk+1 € th+1'
Solve this equation with multigrid method [B, @, 6, 23, 28] to obtain an
approzimation Up,,, € Vu,,, with the error estimate ||[tp, , — Un, ., |l1 S
Shyyr- Here s, is used to denote the accuracy for the multigrid iteration.

(2) Define a new finite element space Vg p, ., = Vi +span{un, , } and solve the
following nonlinear eigenvalue problem: Find (A, ,,un,,,) € R X Vi, .,
such that b(up,_,,un,.,) =1 and

(11) a(uhk+1 ’ UH,hk+1) = )\hk+1 b(uhk+1 » UH, hy 11 )7 va,hk+1 € VH7hk+1 :

Summarize above two steps into

(Ahgsrs Uhyyy) = Correction(Vy, An, s Uny, Vigyrs Shiir)-
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Similarly, we also state the following error estimates from [27] for the one cor-
rection step defined in Algorithm B

Theorem 3.1. ([Z7, Theorem 3.1]) Assume hy < ho (as in Lemma B1). Then
after one correction step, the resultant approximation (A, ., Un,.,) € R x Vi,
has the following error estimates:

(12) ||ﬂhk+1 — Uhyyq ||1 S, Ehk+1( )7
(13) “ﬁhk+1 — Uhyqq ||0 S/ Wa(VH)”u Uhpyq ||1a
(14) |/\}Lk+1 - /\hk+1‘ 5 ( H)5}Lk+1< )

where Ehpta (u) = Ua(th)(shk (u) + Hﬂhk — Upy, ”0 + |5\hk - )\hk| + Shit1 -
4. Efficient implementation

In this section, we show an efficient implementing method for Step 2 of Algorithm
B, i.e., solving the nonlinear eigenvalue problem (). For simplicity of notation,
we use h to denote hgy1. Then Vi, Uy and Vg, = Vg + span{uy} denote V4, ,,
Upyy, and Vi p,,, = Vi + span{up, , , }, respectively, in this section. Here we also
define Ny := dimVy and Ny, := dimV},. Let {¢x m}1<k<n, denotes the Lagrange
basis function for the coarse finite element space V.

For simplicity, the fixed point (self-consistent field) iteration method with dump-
ing technique is adopted to solve the nonlinear eigenvalue problem (). In each
nonlinear iteration, the main content is to assemble the matrices for problem (I)
which is defined on the special space Vg ,. The function in Vi, can be denoted
by ugp = um + auy. Solving problem (I) is to obtain the function uy € Vj,
and the value « € R. Let ug = Zgi up¢r,p and define the vector uy as
ug = [ul, tee ,UNH]T.

Based on the structure of the space Vp j, the matrix version of the eigenvalue
problem (I) can be written as follows

() )l ) (),
Hh Hh o
where uy € RV# and o € R.

It is obvious that the matrix My, the vector ¢y, and the scalar v will not change
during the nonlinear iteration process as long as we have obtained the function wuy,.
But the matrix Ay, the vector by and the scalar £ will change during the nonlinear
iteration process. It is required to consider the efficient implementation to update
the the matrix Ay, the vector by and the scalar £ since there is a function uy
which is defined on the fine mesh 7;. The aim of this section is to propose an
efficient method to update the matrix Ay, the vector by and the scalar £ without
computation on the fine mesh 7, during the nonlinear iteration process. Assume we
have a given initial value (ug, o) € Vg xR. Now, in order to carry out the nonlinear
iteration for eigenvalue problem (IH), we come to consider the computation for the
matrix Ap, vector by and the scalar €.

From the definitions of the space Vi, and the eigenvalue problem (), the
matrix Ay has the following expansion

(Am); = / Vi1V, mdS + / Wi 11512+ / Clunt + i) bipr by 112
Q Q Q
(16) = (Ama)ij+ (Ar2)iy,
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where
a7 (s = [ VoV nd@+ [ woundsnds
and
(Anz2)i; = /QC(UHJraﬂh)Z@,H%ﬂdQ
= /QC((UH)Q+20¢uHﬂh+a2(ﬂh)2)¢i,H¢j,HdQ
= /QC(UH)Q(bi,H(ZSj,HdQ‘i‘QOé/QCahUHQSi,HQSj,HdQ
+a [ (@ 0un ;0
(18) = (An21)ij +20(An22)ij + 0 (An23)i;.

It is obvious that the computational work for the matrix
(19) (Ag21)iy = / C(un )i, mdj,md
Q
is O(Ng). The matrices Ap 1, and Ay 2 3 which is defined by

(20) (Anos)is = /Q C(@in)2 bitt by 112

will not change during the nonlinear iteration process.
The matrix A 22 has the following expansion

Ny

(21) (Am22)i; = Zuk/ Clin Gk, b Gi, 1 5, dQ.
k=1 Q2

The expansion (EI) gives a hint to define a tensor T as follows

(22) (TH)i,j,kZ/QCﬂh%,H@,H%,HdQ-

Then the matrix Ag 22 has the following computational scheme

(23) Ap22 =Ty - um,

793

where Ty - ug denotes the multiplication of the tensor Ty and the vector ug
corresponding to the last index k. From (E2), it is easy to know that the dimension
of the tensor Ty is RV#*NuXNu and the number of nonzero elements is O(Npy).
Thus Ty is a sparse tensor and the computational work for the operation (23) is

O(Ng).

Now, let us consider the computation for the vector bgj. From the definition of
the space Vy,j, and the problem (I), the vector by, has the following expansion

(ban)i = /Vﬂhv¢i,HdQ+/Wﬂh¢i,HdQ+ Clug + atip)*un i rdQ
Q Q Q
(24) = (bana)i + (bun2)i,
where

(25) (bena)i Z/Vﬁ;zv¢i,HdQ+/ Wy @i, gd€2,
Q Q
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and
(buns2)i = / Clug + atip)*TUndi gdQ
Q
= / C((um)? + 20tpuy + o (n)?) tnds, g dQ
Q
— [ CwnPinsima+2a [ C@nPundind2+a? [ (@) .m0
Q Q 0
(26) = (bun21)i +20(bgn22)i + a*(bun2a)i-

It is obvious that the vector by 1 will not change during the nonlinear iteration
process. Thus, we only need to consider the computation for the vector bgp 2.
First, the computation for the vector bgp 21 can be implemented as follows

Ng
(brn21)i = /Q(Zuj¢j,H)zﬂh¢i,HdQ
j=1

Ng Ny

ZZ“JW/ Uundj, Pk, 1 Pi g dSd.

j=1k=1 Q

(27)

Based on the tensor Ty, the vector bgp 2,1 can be calculated by the tensor multi-
plication

(28) bano1 = (Tu -ug)-ug = Agsoum,
where (T - ug) - ugy denotes the multiplication of the tensor Ty with the vector
upg corresponding to the last two indices k and j. Similarly, the computational

work for the operation (E8) is also O(Npg).
Then the computation for bgp 22 can be done as follows

Npg

(29) (brnz22)i = Zug/ C(Un)* @51 05, 1dQY = (Am2,3un);.
= Q

Finally, the vector bgp, 2.3 which is defined as

(30) (binas)s = /Q (@)oY,

will not change neither during the nonlinear iteration process.
Now, let us come to consider the computation for the value . It is obvious that
¢ has the following expansion

£ = /Q|Vﬂh|2dQ+/Qw(ﬂh)2dQ+/QC(uH+aﬂh)2(ﬂh)2dﬂ

— / (IVan|? + w(Ty)?)do +/ C((um)? + 20upty, + o (Ur)?) (Th)?dQ2
Q Q
(31) = dy +do,

where

(32) s :/Q(|Vﬂh|2+w(ﬂh)2)d(2,
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and
Nu Ng N
da = Zzuzu]/ C(ﬂh)2¢i,H¢j,HdQ+2aZui/ C(@)3 s, rd€Y
i=1j=1 Q ] I
+a? / C(tp)*d
Q
(33) = ujl—}AH,Z,SuH + ZQuTI;th7273 —+ 0425}“

with the scalar £, being defined as follows

(34) & = /Q C(up)4dS.

Based on above discussion and preparation, we define the following algorithm
for solving the nonlinear eigenvalue problem (I) in Step 2 of Algorithm B

Algorithm 4.1. Nonlinear iteration method for eigenvalue problem (1)

(1) Preparation for the nonlinear iteration: Compute the tensor Ty as in (23),
the matrices A1 and Ap a3 asin (1) and (BD), vectors b1 and bpp 2.3
as in (Z3) and (D), scalars dy and &, as in (@) and (53).
(2) Nonlinear iteration:
(a) Produce the matriz Ag 21 and Ap a2 asin (M) and (@3). Then com-
pute the matric Ag = Ag1 + Ap21 +20Ag22 + a2AH7273.
(b) Produce bpn21 and brpo2 as in (Z8) and (Z3). Then compute the
vector bgn = bpn,1 + ban,2,1 + 20bgp22 + 042th,2’3.
(¢) Compute the scalar do as in (B3). Then compute the scalar & = di+ds.
(d) Solve the eigenvalue problem (IA) by some eigensolver to get a new
eigenfunction (ug, ) and the corresponding eigenvalue \p,.
(e) If the accuracy for nonlinear iteration is satisfied, stop the nonlinear
iteration. Otherwise, continue the nonlinear iteration.
(3) Output the eigenfunction up, = ug + auy = Zi\g wi¢i g + auy, and the
etgenvalue \p,.

Remark 4.1. It is obvious that assembling the Tensor, matrices, vectors and scalar
in Step 1 of Algorithm [—1 needs computational work O(Ny). But, the computational
work for each nonlinear iteration step (Step 2) of Algorithm B is only O(My),
where My denotes the computational work for solving the eigenvalue problem (ITA)
and it holds that Mg > Ng. Assume there needs w nonlinear iteration times.
Then the computational work for Algorithm B-1 is only O(Ny + wMpg).

5. Multigrid method for GPE

Based on the preparation in previous sections, we introduce a type of multigrid
method based on the One Correction Step defined in Algorithms BT and the im-
plementing technique defined in Algorithm B-0. This type of multigrid method can
obtain the same optimal error estimate as that for solving the GPE directly on the
finest finite element space.

In order to develop multigrid scheme, we define a sequence of triangulations 7y,
of {1 as follows. Suppose T, is produced from 7z by some regular refinements and
let 75, be obtained from 7, , via a regular refinement such that

1
(35) hk%ghk,h k=2,...,n,
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where (8 denotes the refinement index. Based on this sequence of meshes, we con-
struct the corresponding linear finite element spaces Vj,,, ..., V4, such that

(36) Ve =V, CVp, CVpy Co.. C WV, C VL

In this paper, we assume the following relations of approximation errors hold
1 1
(37) 77a(th) ~ Bna(vhkav 5hk(u) ~ Bahk—l(u)7 k=2...n

Algorithm 5.1. Multigrid Scheme for GPE
(1) Construct a sequence of nested finite element spaces Vir, Vi, Vigy -y Vi
such that (@8) and (1) hold.
(2) Solve the GPE on the initial finite element space Vi, : Find (Ap,,un,) €
R x Vi, such that b(up,,un,) =1 and

n

a(uhl,vhl) = )\hlb(uhl,vhl), Vvhl S Vhl-
(3) Dok=1,...,n—1
Obtain a new eigenpair approximation (Ap,,,,Un,.,) € R x Vi, with
the one correction step being defined by Algorithm B3 and the nonlinear
iteration being defined by Algorithm 1

(Ahpsrs Unyyy) = Correction(Vy, An, s Uny, Vigyr s Shiis)-
End Do

Finally, we obtain an eigenpair approzimation (A, ,un,) € R x Vj, .

n)

The error estimates for Algorithm Bl can be stated as follows.

Theorem 5.1. ([Z7, Theorem 4.1,Corollary 4.1]) Assume hy < hg (as in Lem-
ma 22) and the error c, ., of the linear solving by the multigrid method in the
correction step on the (k + 1)-th level mesh satisfies <p,, < 1a(Va,)On, (u) for
k=1,...,n—1. After implementing Algorithm B, the resultant eigenpair approx-
imation (A, ,up, ) has following error estimates

(38) ltn, —un,lli S B°0a(Vi, )0n, (u),
(39) |, —un,llo < 1a(Va,)on, (u),
(40) Ary = Mol S 1a(Va, )0, (u),

under the condition C3°1,(Vi) < 1 for the concerned constant C.
Furthermore, we have following optimal error estimates

(41) lu—un, i < On,(u),
(42) lu—un,llo < 1Ma(Vh,)Oon, (u),
(43) A= S 10(Va,)on, (u).

Now, we come to estimate the computational work for the multigrid scheme
defined by Algorithm BT with the nonlinear iteration method defined by Algorithm
B0, Since the linear boundary value problem (M) in Algorithm B is solved by
multigrid method, the computational work is asymptotically optimal.

First, we define the dimension of each level linear finite element space as

Nk Z:dithk, kzl,...7’l’L.

Then we have

(44) N, = (;)d("k)

ny k=1,....,n.
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Different from the method in [27], the computational work for the second step
in Algorithm BT with the nonlinear iteration method in Algorithm B0 is O(Ny +
wMpr) in each level space V4, .

Theorem 5.2. Assume solving the linear eigenvalue problem (IA) in the coarse
spaces Vi, (k=1,...,n) and Vj,, need work O(Mg) and O(My,), respectively,
and the work of the multigrid method for solving the source problem in Vy,, is O(Ny)
for k=23,...,n. Let w denote the nonlinear iteration times when we solve the
nonlinear eigenvalue problem (). Then the work involved in Algorithm B has
the following estimate:

(45) Total work = (’)(Nn + wMpylog N, + thl).

Proof. Let W}, denote the work in the k-th finite element space V3, . Then with the
correction definition in Algorithms B, B0 and Remark B, we have

(46) Wi, = O(NNp+wMy).
Iterating (28) and using the fact (E4), we obtain
Total work = Z W,=0 <WMh1 + Z (Nk + wMH)>
k=1

k=2

— O(iNk +(n—1)wMy +th1)

k=2
"1\ d(n—k)
= O Z<7) N, + wMpy log Ny, + wMjp,
k=2 2
(47) = O(Nn—FwMHlOgNn—Fthl).
This is the desired result (E5) and we complete the proof. (]

Remark 5.1. The estimate of the computational work (G3) is an essential improve-
ment from the estimate in [274]. With the help of the implementing technique defined
in Algorithm B, the nonlinear iteration times affect the final computational work
by wMpy and wMy, which is very small scale since My < Ny, and My, < Np,,.
It means that the final computational work is asymptotically optimal and depends
very weakly on the the nonlinearity of GPE.

6. Numerical examples

In this section, we provided three numerical examples to validate the efficiency of
the multigrid method stated in Algorithm 60 with the nonlinear iteration technique
defined in Algorithm BZ0. About the convergence behavior of Algorithm B, please
refer to [IR, 27] which give the corresponding numerical results. Here, we are only
concerned with the computing time (in seconds) for Algorithm BT for the eigenvalue
problem (M) with different choices of .

Example 6.1. In this example, we solve GPE (1) with the computing domain §2
being the unit square = (0,1) x (0,1), W = 22 + 23 and different choices of C.

The sequence of finite element spaces are constructed by using the linear finite
element on the sequence of meshes which are produced by regular refinement with
B = 2 (connecting the midpoints of each edge). In this example, we choose the
coarse mesh T = Tp, which is shown in Figure 0 to investigate the CPU time (in
seconds) for different (.
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FIGURE 1. The coarse mesh Ty = Tj, for Example 6.

problem (M) which consists with the estimate (E3) in Theorem B3.

CPU time (in seconds)

CPU time for original multigrid method

-¥¢ Linear solving time
5 Multilevel method time, Z=1
-Q- Multilevel method time, {=60
5 Multilevel method time, {=100
—+ Multilevel method time, Z=200
2= Multilevel method time, =300
7~ Multilevel method time, {=400

- - slope=1

6 10°

Number of elements

CPU time (in seconds)

=
o

=
o

>

L
&

CPU time for multigrid

method with Algorithm 4.1

For comparison, we also present the CPU time of the original multigrid method
which has been introduced in [Z7]. The CPU time results are shown in Figure B.
From Figure B, we can find that the computational work of Algorithm Bl with
the nonlinear iteration defined by Algorithm BT is much smaller than that of the
original multigrid method in [27]. The computational work of the original multigrid
method in [27] has linear scale but depends on the nonlinearity of the problem. It
is well known that bigger value of ( means stronger nonlinearity of the problem
This is why the original multigrid method needs more CPU time for bigger
(. Figure B also shows that the asymptotic computational work for Algorithm
B is almost independent from the nonlinearity (the choice of ¢) of the eigenvalue

-¥-Linear solving time

3 Tensor method time, =1

-Q-Tensor method time, {=60

5 Tensor method time, =100

—+Tensor method time, {Z=200
Tensor method time, {=300

V- Tensor method time, =400

Number

10° 10°
of elements

FIGURE 2. The CPU time (in seconds) for two dimensional eigenvalue
problem (). Here linear solving time denotes the CPU time for the lin-
ear elliptic boundary value problem by the multigrid method, multilevel
method time denotes the CPU time for the original multigrid method
in [Z7] and tensor method time denotes the CPU time for Algorithm B
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Example 6.2. In the second example, we solve GPE () with the computing domain
Q being the unit brick Q = (0,1) x (0,1) x (0,1), W = 2% + 2% + 2% and different
choice of C.

The sequence of finite element spaces are constructed by using the linear finite
element on the sequence of meshes which are produced by regular refinement with
B = 2 from the coarse mesh Ty which is shown in Figure B. In this example, we
also use the initial mesh Ty = 7T, to investigate the CPU time (in seconds) for
different (.

In this example, we also present the CPU time for the original multigrid method
introduced in [27] for comparison. Figure @ shows the CPU time results where we
can find the same behavior as in Example 6. The computational work of Algorith-
m B0 is much smaller than the original multigrid method in [27]. Figure @ shows
that the computational work of the the original multigrid method in [27] depends
on the strength of the nonlinearity. Furthermore, the asymptotic computational
work for Algorithm B is almost independent of the nonlinearity (the choice of ()
of the eigenvalue problem (M) which consists with the estimate (EH) in Theorem B2

FIGQURE 3. The coarse mesh Ty = Tj, for Example G3.

Example 6.3. In this example, we also solve the GPE (@), where the computing
domain Q is the L-shape domain Q = (0,2) x (0,2)\[1,2) x [1,2), W = 2% + 23.

Due to the reentrant corner of 2, the exact eigenfunction with singularities is
expected. The convergence order for approximate eigenpair is less than the order
predicted by the theory for regular eigenfunctions. Thus, the adaptive refinement is
adopted to couple with the multigrid method described in Algorithm BTl. Since the
exact eigenvalue is not known, we also choose an adequately accurate approximation
on a fine enough mesh as the exact one to check the error estimates. We give
the numerical results of the multigrid method in which the sequence of meshes
Thys- -+ 5 Tn, is produced by the adaptive refinement with the following a posteriori
error estimator

(48)  n*(uny, K) = D[R un Mo e+ D hellTe(un)lIf e
e€€r,eCOK
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FIGURE 4. The CPU time (in seconds) for three dimensional eigenvalue
problem (). Here multilevel method time denotes the CPU time for the
original multigrid method in [27] and tensor method time denotes the
CPU time for Algorithm Bl

where the element residual R (up, ) and the jump residual 7. (un, ) are defined as
follows:

(49)  Rr(Mn,,un,) = An tun, + Aup, — Wup, — Clun, |*un, in K € Tp,,
(50)  Te(up,) :==-Vor - v —Vu~ v == [Vv]. - v, oneé€ .

Here &1 denotes the set of interior faces (edges or sides) of 7p,, and e is the common
side of elements K and K~ with the unit outward normals v* and v, respectively,
and v, = v,

Figure B shows the corresponding numerical results by Algorithm BT coupled
with the adaptive refinement. From the numerical experiment, it is also observed
the errors by Algorithm B0 is the same as the original multigrid method in [27] since
the difference between these two algorithms is only the implementing technique.
From Figure B, we can also find that Algorithm BT can also work on the adaptive
family of meshes and obtain the optimal accuracy.

In this example, for comparison, we also present the CPU time for the original
multigrid method introduced in [27]. The CPU time results are shown in Figure
B which shows the same behavior as in previous examples. The computational
work of Algorithm BT is much smaller than the original multigrid method in [27].
Figure B shows that the computational work of the the original multigrid method
in [27] depends on the strength of the nonlinearity. Furthermore, the asymptotic
computational work for Algorithm B is almost independent from the nonlinearity
(the choice of ¢) of the eigenvalue problem (@) even on the adaptive family of
meshes.

7. Concluding remarks

In this paper, with the help of tensor, we propose an efficient implementing
method for the multigrid method introduced in [27] to solve GPE. With the new
implementing method for the nonlinear iteration, the asymptotical computation-
al work for solving GPE is almost the same as solving the corresponding linear
boundary value problem by the multigrid method, and almost independent of the
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FIGURE 5. The errors for eigenvalue problem (M) which is solved by
the multigrid method coupled with the adaptive refinement. The left
subfigure shows the errors for the eigenvalue approximation and the
right one shows the posteriori error estimates for the eigenfunction ap-
proximations.
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FIGURE 6. The CPU time (in seconds) for eigenvalue problem () which
is solved by the multigrid method coupled with the adaptive refinement.
Here multilevel method time denotes the CPU time for the original
multigrid method in [27] and tensor method time denotes the CPU time
for Algorithm BT

nonlinearity of GPE. Three examples are provided to validate the efficiency of the
proposed method.

The idea and method here can also be extended to other problems with polyno-
mial or rational type of nonlinearity such as Navier-Stokes, Kohn-Sham equations
and some phase models. Furthermore, we can use the algorithms here to design high
order nonlinear iteration method for the general nonlinear problems and nonlinear
eigenvalue problems.
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