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ORTHOGONAL SPLINE COLLOCATION FOR SINGULARLY
PERTURBED REACTION DIFFUSION PROBLEMS IN ONE
DIMENSION
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Abstract. An orthogonal spline collocation method (OSCM) with C! splines of degree r > 3
is analyzed for the numerical solution of singularly perturbed reaction diffusion problems in one
dimension. The method is applied on a Shishkin mesh and quasi-optimal error estimates in
weighted H™ norms for m = 1,2 and in a discrete L2-norm are derived. These estimates are valid
uniformly with respect to the perturbation parameter. The results of numerical experiments are
presented for C! cubic splines (r = 3) and C! quintic splines (r = 5) to demonstrate the efficacy
of the OSCM and confirm our theoretical findings. Further, quasi-optimal a priori estimates in
L2, L>® and W1*-norms are observed in numerical computations. Finally, superconvergence
of order 2r — 2 at the mesh points is observed in the approximate solution and also in its first
derivative when r = 5.
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1. Introduction

In this paper, we consider singularly perturbed reaction diffusion problems of
the form

(1) Lu(z) == —eu”(z) + a(z)u(z) = f(z), ze€l=(0,1),
subject to the Dirichlet boundary conditions,
(2) u(0) =0, wu(l)=0,

where the parameter ¢ is such that 0 < e < 1. It is assumed that the prescribed
functions a and f are smooth on I with

(3) a(r) >a>0, zel,

where « is a constant. Problems of this type are ubiquitous in the mathematical
modeling of numerous real life phenomena; see, for example, [18, 21] and references
therein. The solution of (1)—(2) exhibits a multi scale character. Specifically, there
is a thin transition layer, often called a boundary layer, at one or both ends of
the interval I, in which the solution varies rapidly, while away from the layer,
the solution behaves smoothly and varies gradually. This singular behavior of the
solution presents some challenges in the development of methods to solve this type of
problem accurately and efficiently. One of the most successful approaches involves
the use of layer-adapted meshes such as Shishkin meshes [24], which yield methods
that converge uniformly, regardless of the magnitude of the parameter ¢; see, for
example, [17].

In the literature, much attention has been devoted to the development of numer-
ical methods for the solution of singularly perturbed differential equations which
converge uniformly with respect to the parameter €. This work is chronicled in
numerous texts, research papers, such as [2, 17, 15, 18, 20, 21, 22, 23, 25, 27] and
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survey articles [11, 12, 13]. Broadly speaking, there are three principal approach-
es to solving (1)—(2) numerically, namely; finite difference methods, finite element
methods and spline collocation methods. Particular attention has been devoted
to the latter class of methods, especially, spline collocation based on smoothest
splines such as classical C? cubic splines; see, [9, 10]. Invariably, these methods
yield approximations of suboptimal accuracy. For example, cubic spline collocation
applied to (1)—(2) cannot be more than second order accurate, a fact proved in [3].
A collocation method of optimal accuracy that has been used to solve a variety
of problems involving ordinary and partial differential equations is the orthogonal
spline collocation method (OCSM); see, for example, [1]. The popularity of the or-
thogonal spline collocation approach is due to its conceptual simplicity, wide range
of applicability and ease of implementation. This method, often called spline col-
location at Gauss points in the literature, was originally formulated and analyzed
over 40 years ago in the seminal paper [4], but has seen little use in the numerical
solution of singularly perturbed problems.

In 1980, Flaherty and Mathon [8] used collocation methods with either piecewise
polynomials or splines in tension to obtain accurate approximations of one dimen-
sional singularly perturbed boundary value problems. In their paper, the authors
state “Unfortunately, collocation at the Gauss-Legendre points with piecewise poly-
nomaals is known to behave rather poorly on singularly-perturbed problems for any
partition, where € is much smaller than the minimum subinterval length.” In an
attempt to generalize the results of [4] to (1)-(2), the authors of [16] considered
collocation methods with C'-quadratic splines using a modified Shishkin mesh and
derived almost second order convergence in the maximum norm. In their paper, the
authors state, “C'-splines with arbitrary order for such problems presents an open
task”. In the present article, we develop and analyze an OSCM with C! splines
of order r > 3 for solving (1)-(2) using Shishkin meshes in weaker norms. In par-
ticular, we derive quasi-optimal estimates of order (N ~!log N)"*1~™ in weighted
H™-norms, m = 1,2, and of order (N~'log N)"*! in a discrete L? norm, where
N is the number of mesh subintervals. These estimates are valid uniformly with
respect to the perturbation parameter €. The results of numerical experiments con-
firm our theoretical findings. It is also observed from numerical experiments that
error estimates in L?, L and W1 *-norms are quasi-optimal, which are uniform
in €. Moreover, they demonstrate the exceptional performance of the OSCM, es-
pecially its ability to yield high order approximations systematically. In [26], the
OSCM with » = 3 on a Shishkin mesh is considered but, using a different analysis,
it is proved that the convergence rate in L>(I) is O(N~*log® N).

A brief outline of this paper is as follows. In Section 2, we introduce notation
and some basic results used in the convergence analysis. In Section 3, the OSCM
employing a Shishkin mesh is applied to discretize (1)—(2). Section 4 is devoted
to the convergence analysis. In Section 5, the results of numerical experiments are
presented which illustrate the efficacy of the method and confirm the analytical
results. Moreover, they exhibit superconvergence properties of the method which,
while anticipated, are as yet unproven. Concluding remarks are given in Section 6.

2. Preliminaries

2.1. Notation. Let 7, = {z;}}_ denote a partition of I = [0,1] with

O=xp<z1<...<zaxy_1<zy=1.
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Let

Ijz[mj,l,mj], hj:l‘j—l‘jfl, jzl,...,N, andh:maxhj.
J

We define the finite dimensional subspace M}? of HX(I) by
70 ={v, € CYI) s wplr, € Pr(Ly), j=1,...,N, v(0) = vy (1) = 0},
where P,.(I;) denotes the set of all polynomials of degree < r on I;. Note that
dim M7° = N(r — 1).

When r = 3, the space M?’O is known as the space of piecewise Hermite cubics.

We now construct a Shishkin mesh, which is piecewise uniform.To this end, we
divide the interval [0, 1] into three subintervals, namely; Iy, = [0, 7], Ipy = [7,1 — 7]
and Ir = [1 — 7, 1], where the transition parameter 7 is chosen such that

(4) T:min{1/4, (r+1)(e/a)'/? 1ogN},

where N = 2°, ¢ > 3, and « is given in (3). We divide each of the subintervals [0, 7]
and [7,1—7] into N/4 equal subdivisions while the interval [1 — 7, 1] is divided into
N/2 equal subdivisions, so that

e on [0, 7], the mesh points are x; = x;—1 + A1 maq, for i = 1,2,3,..., N/4,
with himaez = 47/N;

o on [1,7 — 1], ; = i—1 + hamaq, for i = N/4+1,...,3N/4, with hg e =
2(1 —27)/N;

e on [1 —7,1], we have x; = x;—1 + h1 mas, for ¢ = 3N/4+1,..., N, with
hl,max = 4’7'/N

Let {\};Z} and {wy},Z} denote the nodes and weights, respectively, of the
(r — 1)-point Gauss- Legendre quadrature rule on I. Let

={&h Y

be the set of points in I, where
§(j,1)(r,1)+k =zj_1+hjN,, k=1,2,.r—-1, j=1,..,N.

For any ¢, € C°(I), we define the discrete inner product

N N r—1
=Y ($8); = D> wikd (&) (En),
=1 j=1k=1

with
r—1
8); = wikd(&r)e(E k)
k=1

and its induced norm

1/2 N
6], = (6, 0);/% = (ijm m) o = [ Y 1ol
j=1

In the following, we denote by C' a positive constant which is independent of h
and the parameter, €.

1/2
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2.2. Basic Lemmas. The first lemma is a fundamental property of Gauss-Legendre
quadrature.

Lemma 2.1. For ¢ € Pa,_3(I;),1 < j <N,

r—1
/ $(w)dr = w; k(& )-
I k=1

We recall the following results from [6].

Lemma 2.2. [6, Lemma 3.1] For all ¢, € MI’O,
1 [ )72
1 " 2 r) (1) 2r—
~(on) = @) o+ (1-7) [ Bl o,
j=1
where B! (x) is a multiple of the Legendre polynomial of degree r — 1 on I.
Lemma 2.3. [6, Lemma 3.3] If ¢ € M7°, then
1
ol < —(@"0) < (2- 1) ol

Lemma 2.4. [6, Eq. (3.4)] If ¢ € M}°, then
(5) |9l < Cll9llL2(r)-

Lemma 2.5. [6, Eq. (2.11)] Supposeu € H™"3(1;), j =1,2,...,N. Let n = u—uy,
where uy, is the interpolant of u defined in [6, pp. 8-9].1 Then

(6) 9 < ORI ey, £=0,1,
(7) "l < ORI g2y,

(®) [0, < Ot gy,

(9) [ 0,1 < ORIl o

Lemma 2.6. Ifu € H™3(I)N H(I), then

(10) nllzm < CR™ ™ ul| ggrss,  m = 0,1,

and

(11) 1" [lz2 < CR™ =l s

Further,

(12) [nllwmeery < CR ™ fullwrre,  m =0, 1.
Proof. These results may be derived using the Peano Kernel Theorem. O

In the convergence analysis, we use the following regularity result for the solution

u of (1)—(2).

Lemma 2.7. For any positive integer s with 0 < k < s , there exists a positive
constant C' independent of € such that

13) [P (@) <C {1 ek (671’(&/6)1/2 4 67(171)(04/6)1/2)} Czel

Proof. This result may be proved using the inductive argument in [18, pp. 39, Sect.
6, Lemma 1]. O

WWhen r = 3, uy is the piecewise Hermite cubic interpolant of w.
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3. The Orthogonal Spline Collocation Method

In the orthogonal spline collocation method, we seek up € M’{’O satisfying

(14) Lup(€) = f(&) forall¢eg.

The solution of (14) can be written in the form

N(r—1)
(15) up(x) = Z a;B;(z), z€l,
j=1
where {Bj};v:(;_l) is the B-spline basis for M7, On substituting u;, in (14), we
obtain the collocation equations
N(r—1)
(16) LB;(§)a; = f(§) forall €@,
j=1

which can be written as an almost block diagonal linear system of order N(r — 1)
for the coefficients «j,j = 1,..., N(r — 1). Such systems can be solved at cost of
O(N) using the package COLROW [5].

4. Convergence analysis
First note that (14) is equivalent to
(17) (Lun,vn) = (f,vn),  on € M7,

which is used in the error analysis whereas (14) is used in computations.
In the analysis, it is convenient to use the following norm:

1/2
(18) lolhe = (lle'l2 +1a"20l3) -
Using the interpolant uy of w given in [6, Pages 8-9], we write
u—up = (u—uy)— (up —uy) =n-—20,
where 1 = u —uy and 0 = up — uy.

Lemma 4.1. Let I = I, U Iy U g, where I, = (0,7), Iny = (1,1 — 7) and
Ir =1 —7,1). If u is sufficiently smooth, then

18l1e + 1615 < C { Rt e (1 2,0 + €210 2,010
+€||u(r+3)||L2(ILUIR)) + hg,tiax (||u(r+1)HL2(IM)
(19) +€1/2||U(T+2)||L2(IM) + EHU(T-"-3)HL2(1M))} ’
and
10120y + 10120ty < € { B nae (210Dl rpon + 1+ 2rz0m
Jr61/2”u(r+3)||LQ(1.LU]I__<)) + hgfﬁax (5*1/2||u(r+1)||L2(IM)
(20) +HU(T+2)||L2(1M) 4 81/2||u(r+3)||L2(IM)) } ’

Proof. From (1) and (17), we obtain
(21) (L(u — up),vp) =0,
which we write as

(22) (LO,vr) = (Ln,vp).
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Since 6 € M}°, we obtain

<L0’0> = —¢ <77Hv 0>] + <a777 9>
N N
(23) = —EZ (n",0—86)— EZ (", 1)0 + <a1/2n,a1/29> ,
=1 j=1

where

9j ::ghj:%/] Odzx.
J I

For the term on the left hand side of (23), we have
(24) (LO,6) = —< (6",6) + |a' /0|5 > ell6'||7= +|a'/260] = [10]3 .,

using Lemma 2.3. For the first term on the right hand side of (23), a use of (7)
yields

*€<’I7//,97g> S 6‘7]”|D |075|D

N
< Ce Z h§+1||u(r+2) 22y 10" L2 (1))

j=1
Ceh™ w2 | 1210/ 12

IN

1
(25) < O a2 s + S0

For the second term on right hand side of (23), we use (9) to obtain

N
—e{n",1)0 sz<n”,1>j§j
j=1

N
r4+3/2 r _
O Y2 oy b0, 1),

<
j=1
N
< Cey B uT Loy [0120] - oo
j=1
< CEhr+1||u(r+3)||L2 |a1/29|
1
(26) < CERTF |2, 4 Z|a1/20|2.
Finally, for the third term on the right hand side of (23), we use (6) with £ =0 to
obtain
<a1/2n’a1/20> < |a1/277‘D |a1/29|D
< Cnlp |a'"?0]p
< Chr+1||u(7“+1)||L2 . |a1/29|
1
(27) < Ch2r+2”u(r+1)||%2 + 1|a1/29|2,

On substituting (24)—(27) in (23), it follows that
0] <C {hq,—tr}aw (|‘u(r+1)||L2(ILUIR) + 51/2“U(r+2)|\L2(1Lu1R) + €|‘u(r+3)||L2(ILUIR))
(28)

+ hgﬁam (Hu('r‘+1) HL2(1M) =+ 51/2||u(r+2) ||L2(IM) + €Hu(r+3) HL2(11\/1)> } )
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proving (19).
Using the Poincaré inequality,
10l < C[I0"]| 2,
in (28), we obtain (20). This completes the proof. O

Remark 4.1. Note that (28) yields a superconvergence result for ||0||1 .
4.1. An a priori H}(I) estimate.

Theorem 4.1. Let u € H™ 3 (I)NHL(I) and u, € M}° be the solutions of (1)~(2)
and (17), respectively. Then

(29) llu = unll g2y < C(N~Hlog N)",
and

(30) lu —up|p < C(N"'log N)™ L.
Proof. From (4), we consider the two cases, 7 = 1 and 7 < 1.

Case I. When 7 = i, the mesh is uniform with h1 mer = h2mee = 1/N, and we
obtain from (4)

(31) e 2 < 4(r+1)a""?1og N.

From Lemma 2.7,
(32)

1
HU(T—H)”%? <C {1 + 8_(7,+1)/ (e_zx(a/g)l/z + 6_2(1—x)(a/8)1/2) d;v} < Ce—(r+1)
0
Similarly,
(33) ellu )2, + 2JuY |2, < C (5 424 57(r+1)€1/2) < e (D),

Therefore, on substituting (31) — (33) in (19), we obtain

_ 2(r+1
(34) 101 + el0/]132y < C (N log N)* Y.
Case II. Here,
1
(35) 7= (r+1)(e/a)/?log N with 7 < 7

and the mesh is piecewise uniform with mesh spacing i1 ymqez = 47/N in each of the
subintervals Iy, and Ig, and hg mee = 2(1 — 27)/N in Ijs. Therefore, from (35),

4(r +1)log N
al/2N
Using Lemma 2.7 and the fact that 7 < %, we obtain

C {1 +e—(7"+1>/ (e—%(a/e)”? n e—?(l—z)(a/s)l/2) dx}
IrLUIR

(37) < Cem (D),

and for the remaining terms in (19), we have

(36) e 2Ry maw =

r+1

IN

||U( )||i2(ILUIR)

N Bty ) + 20D By <O (2422 +270HD)

(38) <Ce~ (D),
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On combining (37) and (38) and using (36), we obtain
2(r+1
Chlfmaz) (Hu(r+1)||%2(ILUIR) + EHU’(T—"_Z) ||%2(1LU1R) + €2||U(T+3) ||i2(ILUIR))

<C (M{Gaye )

1,mazx

(39) <C (N"'log N)*"Y.

In the subinterval I;, the mesh is uniform with

2(1—-2 1 2

40 h2 max — u and — < h2 maz < oo
' N N ’ N
An application of Lemma 2.7 yields
1—7

HU(H—D“QL?(IM) :C/ |u(r+1)|2 de

1—-7
(41) <C {1 + / (a—<r+1>e—2w<a/8>”2 + s—<r+1>e—2<1—w><a/6>“) dx} .

Since

lim e~™e Y/ VE =0, m,y >0

e—0
it follows that
(42) eMme/VE < O
for small e and v # 0. Using (42) in (41) yields
(43) ||UT+1||%2(IM) S C
Similarly, we obtain
(44) ellu™ DN gyy + N2,y < Ce

By combining (43) and (44), we obtain

2(r+1 r , oty
(45) A3t (167 21y + U2 By + 2 u D 2ay, ) < CN72HD,

,max

using (40). Finally, substituting (39) and (45) in (19) yields

(46) 101 + ell0/]132) < C (N log N) Y.
Since

(47) v —unllmr < lnlle+ 1001,

and

(48) |u —un|p < Inlp + 10D,

a use of (46)—(48), (6) with ¢ =0, and (10) with m = 1, completes the proof. O
Remark 4.2. By extending the estimate in [7, p. 21| which is valid for r = 3, we

obtain
(49) 1013z,) < 41612 + 202~ (ell6' 321, ) -
Since
(50) lw—unllzzcry < Inllz2cry + 10l 2(ny.

on using (49), (50) and (46) with (10) with m = 0, we obtain
(51) lu—wunll2y <C (1 +€_1/2N_1) (N~tlog N)"+L.
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Remark 4.3. Since 0 € H}, we have, on using the Sobolev inequality,

(52) 10l Lo (1) < CNE" | 2(r)-

Then

(53) w = unl|poe (1) < e (ry + /2 2(10)| Lo (1),
and using (12) with m =0, (52) and (46), we obtain

(54) = wnlloe(ry < C{ (N7 log N)™#1 4 72N}

4.2. An a priori H2(I) estimate. Here, we use the norm
1/2
loll2e = (I0lIF 2 +€2ll0"1Z2) "

Lemma 4.2. If u is sufficiently smooth, then
”6”3,6(1) <C {hirmaz (h%,maz”u(ﬂrl) ||%2(ILUIR) + (52 + h%,mars)”u(rJrz) H%Z(ILUIR)
2 a0 1,010 ) + Wiman (R
(55) +(€2 + hg,maxg)llu(r—i_m H%Z(Iﬂl) + €2h§,maz”u(7l+3)||%2(1M))} ’
Proof. Choose v, = —f” in (22) to obtain
(L0, _59”> = —¢ (L, 9H> =¢” <77H7 0N> —¢€ <an7 9”>
(56) <e® |n"|p 10”|p + Ce nlp 10" |p.
For the term on the left hand side of (56), we note that
57 Lo, —<0"). = 20”2 — e (ab,0") . .
j j J
Thus, on using (56) and (57),
(58) e210"2 < C (el + Inl; +1a*/261;) (l9").
Using (7), (6) with £ =0, and (19), we then obtain

elo”l; < C ("l + Il +1a'?0],)
< O (gl o,y + 1 D gy + la26);)
< C (h§+1||u(r+1)”L2(Ij) + (6+hj€1/2)h;_‘Hu(r+2)HL2(Ij)
(59) +€h§+1\|u(r+3)HL2(1j)) )
From Lemma 2.1,
(60) 16”|p = 116" 2
Thus, using (60) in (59),
N
1013 = 37 (216" Waqs,) + 160321, )
j=1

< C {h?Tmam (h%,maz”u(r—i_l) H%?(ILUIR) + (62 + h?,max£)||u(T+2) ||%2(ILUIR)
il 1,01 ) + W8 (P a0 1

(61) (e + B masu D B 1) + 20 P e ) |
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as desired. This concludes the proof. [l

Theorem 4.2. Letu € H™3(I)NHL(I) and u, € M} be the solutions of (1)-(2)
and (17), respectively. Then,

[lw — upll2,e < C(N_1 log N)”"_l.

Proof. As before, we consider the two cases, 7 =1/4 and 7 < 1/4.
Case I. When 7 = 1/4, the mesh is uniform with h1 ez = P2,maez = 1/N and (31)
holds. From Lemma 2.7,

1
himaz”urJrl”%z(I) < Ch%,max {1 +57(r+1)/ (67235(04/5)1/2 +672(171)(a/5)1/2> dx}
0

(62) < C (B} maw + B3 maee 'e77)-

1,max
Similarly,
(62 + h%,max€)||uT+2||%2(I) + €2h%,max”ur+2”%2(1) SC (g_T + 62h%,mam + h2€—1€—r)

(63) SC (e +hf et 'e77) .

Substituting (31) and (63) in (55), we obtain
HHH;E([) < Ch?" (h2 LTy hQE_lis_T)

2
S CN—Q?" <N—2 + (log N)Zr + (log N) (1OgN)27">

N
(64) < (N"'logN)™".
Case II. Here,
7= (r+1)(e/a)/?log N with 7 < 1/4,
and the mesh is piecewise uniform with mesh spacing hq ;mqe = 47/N in Iy, and Ig

and hg maee = 2(1 — 27)/N in Iz, and (40) holds. From Lemma 2.7,

h%,maz Hu'r‘Jrl H%Z(ILUIR)
’ ILUIR

(65)  <Ch? (1 + g—<"+1>) .

1,max
Similarly, for other terms

(52 + h%,maw‘s)|‘ur+2|‘%2(1LU1R) + EQh%,maz ||uT+2 ||%2(ILUIR)

<C (E_T + &2h2 + b2 5_15_7')

1,max 1,max

(66) <C (7" 4+ hi paee te").

1,max

By combining (65) and (66), we obtain

W mas (0 s 10 0 + (€2 4 B ) 0202, 0,

+e%h3 212,

max Hu

(ILUIR)>
(67)  <C e { P s (142700 77}
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Substituting (40) in (67),
h%:"mam (h%,maz”urJrl ||%2(ILUIR) + (52 + himaz‘e)Hur+2||%2(ILUIR)

+€2h§ T+QH%2

,maa:HU’ (ILUIR))
(68) SC {N—2(7'+1) + N—QT(IOg N)Q’r'} .

In the subinterval I, the mesh is uniform as in (40). Hence, an application of
Lemma 2.7 and the use of (42) leads to

hg,mam||ur+1“%2(IM)
1—-7
<Ch3 mas {1 +/ (5_(”1)@—%(%)”2 + e‘“*l)e_Q(l_w)(%)w) d:c}

(69) <CN—=.
Similarly,
(70)
(52 + h%,maz€)||ur+2”%2(IM) + EQh%,maw||uT+2||i2(IM) < C (52 + h%,mazg + h252) .

Combining (69) and (70) gives

h%jnmaz (hg,max||ur+1”%12(IM) + (52 + h§,7nax€)”ur+2||%2(11v{)

+2213 a0 21y )
(71) <C (N 242 +eN3 N
On substituting (68) and (71) in (55) with (64), we have
162, < C (51/2 log N (N*W“) + (N"'log N)”) +(N24+24eN72) N*Q’“)
(72) <C (N 'logN)™.
Thus, from (72) and (11),

— r—1
lu = unll2e < Iz +110]2e < C (N Hog N)"

as desired. 0

Remark 4.4. Fore <« 1,
10172 = 16”122 +116" |1 L2+ 101172 = e (2110”1122 + [0 + 2[161172) < e72[I6]]5.c,
and using (61).

||9H%I2 < c {h’%jﬂmaw (E_thmamHu(r—i_l)"%?(ILUIR) + (1 + himax‘g_l)“u(r+2)|‘%2(1LUIR)
+h?,mazllu(r+3)||%2<1LUIR)) + 13 s (5_2hg,mam’”u(r+l)||%2(IM)

+(]‘ + h%,maxail)HU(TJFQ)H%?(IM) + h%,max”u(rJrS) ||2L2(IM)>} ’

Since
(73) [0llwr.ee < C|0]| 2,
we obtain
lu—unllwy < nllwy +e " ellfllwe,
(74) < C {(N’l log N)" log N + 6’1N*(”1)} ;
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on using (12) with m =1, (73) and (72)

1q® L [ order of comergence=3.7
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FIGURE 1. Discrete L? norm convergence using C' cubic splines.
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FIGURE 4. H2 norm convergence using C* cubic splines
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FIGURE 6. Discrete L? norm convergence using C! quintic splines

5. Numerical Example

In this section, we consider the following test problem from [14]:

(75) —eu’(x) + a(r)u(z) = f(z), z€(0,1),  u(0)=u(l)=0,
where a(x) =1+ 2(1 — z) and
f@) = 1+a(l-a)+ 262 —2®(1 - o) exp[~(1 - z) /"]

+2e1/2 — (1 — )Y exp(—z/e'/?).
The exact solution of (75) is

u(e) =1+ (o — D exp(—/e?) — wexp (~(1 - 2)/12).

which has a boundary layer of width § = O(¢'/2) at each end of [0, 1].

We present numerical results obtained by the OSCM with C! cubic (r = 3)
and C! quintic (r = 5) splines. For each choice of subspace, error estimates in
the L2, L>° H} H?, W and discrete norms for various values of ¢ and N are
given. The L™ and W1 errors were estimated by determining the maximum
absolute error in the solution and its first derivative at 10 equally spaced points
in each subinterval I;, j = 1,..., N. To estimate the L2, HE1 and HE2 errors, three-
point and five-point Gauss quadrature were used in the cubic and quintic cases,
respectively. In each case, the experimental convergence rate of the error, for each
fixed €, was computed using

Rate = log(En/Ean) ,

log(2log N/log(2N))
where En denotes the norm of the error using N subintervals.

Results are given for C! cubic splines in Tables 1-6, and for the quintic case in
Tables 7-12. In each case, the parameter uniform convergence of the method is
obtained at the proven rate. Specifically, the results in Tables 4 and 10 and Tables
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5 and 11 confirm the estimates given in Theorems 4.1 and 4.2, respectively. Tables
2 and 8 validate the optimal result obtained in discrete norms. However, in Tables
1 and 7 and Tables 3 and 9 confirm the results (51) and (54) respectively, while
Tables 6 and 12 confirm the estimate given in (74).

jgl | Order of convergence=5.97

0 . . e . . .
10 10 10
MiLogiM)

Error in L2 norm using quintic spline

FIGURE 7. L? norm convergence using C! quintic splines
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FIGURE 8. H! norm convergence using C'! quintic splines
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10 Order of comvergence= 3 98
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Errorin Hz norm usin

FIGURE 9. HE2 norm convergence using C! quintic splines

In many methods based on orthogonal spline collocation, superconvergence of
order 2r — 2 in the approximate solution and its first derivative at the nodes is
observed. For the cubic case, r = 3, the results in Table 13 exhibit superconvergence
in the approximate solution (for » > 3) and its first derivative of order four, whereas
the results in Tables 14 and 15 for quintics, r = 5, demonstrate the anticipated
eighth order accuracy in the approximate solution and its first derivative at the
nodes.

We also include plots of the error in the various norms (|.|p, L?, H}, H2,W1)
versus N/In(N) on a log-log scale. The plots in Fig. 1-12 for cubic and quintic
splines demonstrate the robustness of the method with respect to the parameter e.



i quintic spline

Errorin W normn usin

©

OSCM FOR SINGULARLY PERTURBED TWO-POINT BVP 661

4
107 - | Order of corwergence= 4.81

10!
WLogit)

FIGURE 10. W1 norm convergence using C! quintic splines

In [14], the authors presented a parameter uniform method of order O(N ! log N)?
in the maximum absolute nodal error only using cubic B-splines, and compared
their results with some existing methods in the literature. When compared with
the results in Table 4 of [14], the results presented in Table 16 of the present paper
show that, as expected, the OSCM is substantially more accurate.

In [19], we present the results of numerical experiments which not only support
the analytical results derived in the present paper, but also exhibit quasi-optimal
estimates in other norms for Dirichlet problems as well as for problems with more
general boundary conditions.

TABLE 1. L? error and convergence rate using C'' cubic splines.

N — 2% 2%/ Rate 25 /Rate 27 /Rate 2% /Rate 29 /Rate
ey
10~ % | 3.4063¢-03 | 7.7479¢-04 | 1.2268¢-04 | 1.5413¢-05 | 1.6924e-06 | 1.7111e-07
3.150611 3.607947 3.848577 3.947446 3.982837
10~ 0 | 1.0534e-03 | 2.38350-04 | 3.7637¢-05 | 4.7232¢-06 | 5.1842¢-07 | 5.2409¢-08
3.161653 3.613295 3.850671 3.948175 3.983076
10~ 3.3253¢-04 | 7.5165¢-05 | 1.1865¢-05 | 1.4889¢-06 | 1.6341e-07 | 1.6519¢-08
3.163890 3.613888 3.850892 3.948250 3.983099
10~ 10 | 1.0570e-04 | 2.3769¢-05 | 3.7511e-06 | 4.7067¢-07 | 5.1658¢-08 | 5.2222¢-09
3.175050 3.614366 3.850955 3.948268 3.983073
10~ 12 | 3.5187¢-05 | 7.53446-06 | 1.1865¢-06 | 1.4884¢-07 | 1.6335¢-08 | 1.6516-09
3.279114 3.618596 3.851378 3.948370 3.982803
TABLE 2. Discrete-norm error and convergence rate using C'! cubic splines.
N — 2% 2%/ Rate 25 /Rate 27 /Rate 2% /Rate 29 /Rate
ey
10~ | 2.2901e-03 | 6.2019¢-04 | 1.0657¢-04 | 1.3835¢-05 | 1.5371e-06 | 1.5602¢-07
2.779437 3.447776 3.787841 3.926461 3.975993
10~ 0 | 7.1082¢-04 | 1.90966-04 | 3.2688¢-05 | 4.2368¢-06 | 4.7046¢-07 | 4.7745¢-08
2.796434 3.455348 3.790717 3.927451 3.976315
10~ 2.2436¢-04 | 6.0225¢-05 | 1.0305¢-05 | 1.3354¢-06 | 1.4828¢-07 | 1.5048¢-08
2.798184 3.456127 3.791013 3.927553 3.976348
10~ 10 | 7.0934e-05 | 1.9040e-05 | 3.2576e-06 | 4.2216¢-07 | 4.6874e-08 | 4.7570e-09
2.798360 3.456205 3.791043 3.927564 3.976352
10~ 2 | 2.2431e-05 | 6.0207e-06 | 1.0301e-06 | 1.3350e-07 | 1.4822¢-08 | 1.5042¢-09
2.798377 3.456213 3.791046 3.927565 3.976352
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TABLE 3. L error and convergence rate using C' cubic splines.

N — 27 25/Rate | 29/Rate | 27/Rate | 2%/Rate | 2°/Rate
ey
10-% | 2.81E-02 | 8.07E-03 | 1.59E-03 | 2.37E-04 | 2.92E-05 | 3.18E-06
2.65529 | 3.180792 | 3.532167 | 3.738579 | 3.854942
10-6 | 2.75E-02 | 7.85E-03 | 1.54E-03 | 2.29E-04 | 2.83E-05 | 3.07E-06
2.666953 | 3.187621 | 3.535747 | 3.740425 | 3.85591
10~ 2.74E-02 | 7.83E-03 | 1.54E-03 | 2.28E-04 | 2.82E-05 | 3.06E-06
2.668155 | 3.188325 | 3.536116 | 3.740616 | 3.85601
10~ [ 2.74E-02 | 7.83E-03 | 1.54E-03 | 2.28E-04 | 2.82E-05 | 3.06E-06
2.668276 | 3.188396 | 3.536153 | 3.740635 | 3.85602
1012 | 2.74E-02 | 7.83E-03 | 1.54E-03 | 2.28E-04 | 2.82E-05 | 3.06E-06
2.668288 | 3.188403 | 3.536156 | 3.740638 | 3.855677
TABLE 4. H! error and convergence rate using C' cubic splines.
N — 2% 2%/ Rate 25 /Rate 27 /Rate 2% /Rate 29 /Rate
ey
10-T | 6.5124e-03 | 2.0208¢-03 | 4.9165¢-04 | 1.0241e-04 | 1.9443e-05 | 3.4806e-06
2.489769 2.767079 2.910530 2.969019 2.989891
100 | 2.0118¢-03 | 6.2175¢-04 | 1.5094e-04 | 3.1414e-05 | 5.9622e-06 | 1.0672¢-06
2.498429 2.771260 2.912153 2.969580 2.990074
10~ 6.3479¢-04 | 1.9607e-04 | 4.7589¢-05 | 9.9033e-06 | 1.8795¢-06 | 3.3643e-07
2.499628 2.771696 2.912320 2.969638 2.990093
10~ 19 [ 2.0099e-04 | 6.1987e-05 | 1.5044e-05 | 3.1307e-06 | 5.9417e-07 | 1.0635e-07
2.502827 2.771806 2.912340 2.969644 2.990095
10~ 12 | 6.4501e-05 | 1.9608e-05 | 4.7574e-06 | 9.9000e-07 | 1.8789e-07 | 3.3631e-08
2.533425 2.772479 2.912371 2.969647 2.990095

TABLE 5. H? error and convergence

rate using C'! cubic splines.

N — 2% 2%/ Rate 25 /Rate 27 /Rate 2% /Rate 29 /Rate
€4
10~ [ 1.9951e-02 | 8.8979¢-03 | 3.4218e-03 | 1.1964e-03 | 3.9450e-04 | 1.2524e-04
1.718004 1.870814 1.949707 1.982444 1.994253
10-6 [ 6.1450e-03 | 2.7341e-03 | 1.0500e-03 | 3.6691e-04 | 1.2097e-04 | 3.8399e-05
1.723091 1.873367 1.950749 1.982815 1.994375
10~ 1.9381e-03 | 8.6206e-04 | 3.3104e-04 | 1.1567e-04 | 3.8133e-05 | 1.2105e-05
1.723649 1.873630 1.950856 1.982853 1.994388
10~ 19 [ 6.1281e-04 | 2.7253e-04 | 1.0465¢-04 | 3.6566e-05 | 1.2055e-05 | 3.8266e-06
1.724040 1.873660 1.950867 1.982857 1.994389
10~ 2 | 1.9409e-04 | 8.6180e-05 | 3.3093e-05 | 1.1563e-05 | 3.8120e-06 | 1.2100e-06
1.727423 1.873699 1.950869 1.982857 1.994389

TABLE 6. W1

error and convergence rate using C'! cubic splines.

N — 2% 2% /Rate 2%/ Rate 27 /Rate 28 /Rate 29 /Rate
ed
10~ T | 4.1472e400 | 1.7328¢4+00 | 5.4185e-01 | 1.3527e-01 | 2.8894e-02 | 5.5591e-03
1.856754 2.275736 2.574690 2.758320 2.864629
10~% [ 4.0494e+01 | 1.6847¢+01 | 5.2522¢+00 | 1.3088¢+00 | 2.7929¢-01 | 5.3704e-02
1.865911 2.281645 2.578012 2.760117 2.865601
10~% | 4.0396e+02 | 1.6799¢+02 | 5.2355e+01 | 1.3044e+01 | 2.7832e4+00 | 5.3515e-01
1.866855 2.282255 2.578355 2.760303 2.865701
10~ 10 | 4.0386e+03 | 1.6794e+03 | 5.2338e+02 | 1.3040e+02 | 2.7823e+01 | 5.3496e+00
1.866950 2.282316 2.578390 2.760322 2.865710
10~ 12 | 4.0385e+04 | 1.6793e+04 | 5.2337e+03 | 1.3039e+03 | 2.7822e402 | 5.3494e+01
1.866960 2.282322 2.578393 2.760324 2.865713

6. Concluding Remarks

We have presented an OSCM of arbitrary order on Shishkin meshes. Also, none
of the problems stated in [8] were encountered. Quasi-optimal error estimates in
various norms which are uniform with respect to the parameter ¢ are established

and these estimates are supported by numerical experiments.
An OSCM for the convection—diffusion equation

Lu(z

)=

—eu”(z) + a(x)u’(z) = f(x),

xel=|(0,

1),
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TABLE 7. L? error and convergence rate using C'! quintic splines.

N — 27 25/Rate | 29/Rate | 27/Rate | 2%/Rate | 2°/Rate
el
10~ % | 2.47TE-04 | 2.26E-05 | 1.33E-06 | 3.92E-08 | 6.36E-10 | 1.00E-11
5.091993 | 5.553161 | 6.530152 | 7.366523 | 7.212013
10-6 | 7.54E-05 | 6.85E-06 | 4.00E-07 | 1.74E-08 | 6.28E-10 | 2.01E-11
5.102251 | 5.559053 | 5.818563 | 5.934806 | 5.978414
10~ 2.37E-05 | 2.16E-06 | 1.26E-07 | 5.47E-09 | 1.98E-10 | 6.34E-12
5.103327 | 5.559671 | 5.818846 | 5.934915 | 5.978355
10~ [ 7.50E-06 | 6.82E-07 | 3.98E-08 | 1.73E-09 | 6.25E-11 | 2.00E-12
5.103475 | 5.559734 | 5.818874 | 5.934893 | 5.977808
10~ | 2.37E-06 | 2.16E-07 | 1.26E-08 | 5.47E-10 | 1.98E-11 | 6.33E-13
5.103889 | 5.559752 | 5.818892 | 5.933981 | 5.979354

TABLE 8. Discrete-norm error and convergence rate using C'! quin-

tic splines.

N — 2% 2%/ Rate 25 /Rate 27 /Rate 2% /Rate 29 /Rate
ey
10-T | 1.3761e-04 | 1.3085¢-05 | 7.9060e-07 | 1.4389e-08 | 2.3420e-10 | 3.6986e-12
5.006290 5.493890 7.432948 7.358654 7.209745
10-0 | 4.1924e-05 | 3.9657¢-06 | 2.3889¢-07 | 1.0625¢-08 | 3.881le-10 | 1.2501e-11
5.017364 5.499808 5.775072 5.914272 5.970895
10~ 1.3207e-05 | 1.2486e-06 | 7.5191e-08 | 3.3439¢-09 | 1.2213e-10 | 3.9339e-12
5.018522 5.500428 5.775379 5.914394 5.970937
10~ 10 [ 4.1749e-06 | 3.9468e-07 | 2.3766e-08 | 1.0569e-09 | 3.8602e-11 | 1.2434e-12
5.018638 5.500490 5.775410 5.914406 5.970942
10~ 12 | 1.3202e-06 | 1.2480e-07 | 7.5152e-09 | 3.3421e-10 | 1.2206e-11 | 3.9318e-13
5.018650 5.500497 5.775413 5.914407 5.970942

TABLE 9. L™ error and convergence rate using C! quintic splines.

N — | 2%/Rate | 2°/Rate | 2%/Rate | 27 /Rate | 28/Rate | 29/Rate
ey
10~ % | 2.23E-03 | 2.48E-04 | 1.97E-05 | 4.67E-07 | 8.90E-09 | 1.53E-10
4.671359 | 4.954352 | 6.94743 | 7.075665 | 7.057549
10~0 | 2.14E-03 | 2.38E-04 | 1.89E-05 | 1.04E-06 | 4.40E-08 | 1.56E-09
4.675659 | 4.963024 | 5.380193 | 5.645782 | 5.801667
10~ 2.13E-03 | 2.37E-04 | 1.88E-05 | 1.03E-06 | 4.38E-08 | 1.56BE-09
4.676107 | 4.963932 | 5.380735 | 5.646091 | 5.801841
10~10 | 2.13E-03 | 2.37E-04 | 1.88E-05 | 1.03E-06 | 4.38E-08 | 1.55E-09
4.676152 | 4.964023 | 5.380789 | 5.646122 | 5.801858
10~ 2 | 2.13E-03 | 2.37E-04 | 1.88E-05 | 1.03E-06 | 4.38E-08 | 1.55E-09
4.676157 | 4.964032 | 5.380794 | 5.646125 | 5.801861
TABLE 10. H! error and convergence rate using C' quintic splines.
N — 27 25/Rate | 29/Rate | 27/Rate | 2%/Rate | 2°/Rate
ed
1074 3.24E-04 4.15E-05 3.74E-06 2.69E-07 1.52E-08 4.78E-10
4.374889 | 4.706971 | 4.884634 | 5.138432 | 6.009563
10~ % | 9.85E-05 | 1.25E-05 | 1.13E-06 | 8.12E-08 | 5.06E-09 | 2.87E-10
4.383308 | 4.711465 | 4.886553 | 4.960245 | 4.986968
10~ 3.10E-05 | 3.95E-06 | 3.56B-07 | 2.55E-08 | 1.59E-09 | 9.03E-11
4.384522 | 4.711951 | 4.886756 | 4.960318 | 4.986991
10~ 0 | 9.82E-06 | 1.25E-06 | 1.12E-07 | 8.07E-09 | 5.03E-10 | 2.85B-11
4.387968 | 4.712151 | 4.88679 | 4.960328 | 4.986773
10~ 2 | 3.16B-06 | 3.95E-07 | 3.56E-08 | 2.55E-09 | 1.59E-10 | 9.08B-12
4.420918 | 4.713684 | 4.886934 | 4.960343 | 4.976415
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with Dirichlet, Neumann and Robin boundary conditions has been examined ex-
perimentally on several test problems from the literature and expected convergence
rates obtained; cf. [26]. The theoretical analysis of this method and its application
to time-dependent problems are topics of future research.
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TABLE 11. HZ error and convergence rate using C* quintic splines.

N — 2% 25/Rate | 2%/Rate | 27/Rate | 2%/Rate | 2°/Rate
el
10-%T | 1.31E-03 | 2.62E-04 | 3.91E-05 | 4.80E-06 | 4.82E-07 | 3.04E-08
3.421217 | 3.723914 | 3.89053 | 4.104504 | 4.805521
10-% [ 3.97E-04 | 7.92E-05 | 1.18E-05 | 1.45E-06 | 1.58E-07 | 1.59E-08
3.428643 | 3.728049 | 3.892329 | 3.962173 | 3.987589
10~ 1.25E-04 | 2.49E-05 | 3.71E-06 | 4.55E-07 | 4.96E-08 | 5.00E-09
3.420443 | 3.728484 | 3.892518 | 3.962243 | 3.987612
10~ 19 [ 3.95E-05 | 7.88E-06 | 1.17E-06 | 1.44E-07 | 1.57E-08 | 1.58E-09
3.429735 | 3.728532 | 3.892537 | 3.96225 | 3.987614
10~ 2 | 1.25E-05 | 2.49E-06 | 3.71E-07 | 4.55E-08 | 4.95E-09 | 5.00E-10
3.431881 | 3.728577 | 3.89254 | 3.96225 | 3.98761

TABLE 12. W error and convergence rate using C! quintic splines.

N — 2% /Rate 25 /Rate 25/ Rate 27 /Rate 2% /Rate | 2%/Rate
el
10-% | 4.69E-01 | 8.90E-02 | 1.11E-02 | 5.00E-04 | 1.87E-05 | 6.41E-07
3.536312 | 4.078207 | 5.748956 | 5.869859 | 5.865856
10~% | 4.52E400 | 8.53E-01 1.06E-01 | 9.61E-03 | 7.00E-04 | 4.38E-05
3.54788 4.085582 | 4.450854 | 4.680516 | 4.818104
10~ 4.50E4+01 | 8.49E+00 | 1.05E4+00 | 9.56E-02 | 6.96E-03 | 4.35E-04
3.549088 | 4.086356 | 4.451326 | 4.680794 | 4.818264
10~ 19 [ 4.50E+02 | 8.49E4+01 | 1.05E+01 | 9.55E-01 | 6.96E-02 | 4.35E-03
3.54921 4.086433 | 4.451373 | 4.680821 | 4.81828
10~ 12 | 4.50E+03 | 8.49E+02 | 1.05E402 | 9.55E+00 | 6.96E-01 | 4.35E-02
3.549222 | 4.086441 | 4.451378 | 4.680824 | 4.818282

TABLE 13. Maximum absolute nodal error in first derivative and
convergence rate using C' cubic splines.

N — 27 2% /Rate 25/ Rate 27 /Rate 2°/Rate 29 /Rate

el
10~ 7 3.62E+00 8.04E-01 1.26E-01 1.57E-02 1.72E-03 1.74E-04
3.202438 3.635568 3.859531 3.951259 3.984083
10-0 3.51E+01 7.7TTE+00 1.21E4-00 1.51E-01 1.65E-02 1.67E-03
3.209053 3.638776 3.860791 3.951698 3.984226
10~ 3.50E+02 7.74E+01 1.21E4-01 1.50E4-00 1.65E-01 1.67E-02
3.209734 3.639109 3.860922 3.951744 3.984234
10— 10 3.50E+03 7.74E+02 1.21E4-02 1.50E4-01 1.65E+400 1.66E-01
3.209803 3.639142 3.860935 3.951749 3.984243
10~ 12 3.50E+04 7.73E+03 1.21E4-03 1.50E4-02 1.65E401 1.67E4-00
3.20981 3.639145 3.860934 3.951703 3.983826

TABLE 14. Maximum absolute nodal error and convergence rate
using C'! quintic splines.

N — 27 25/Rate | 25/Rate | 27/Rate | 2%/Rate | 2°/Rate
ed
10-% | 4.32E-05 | 2.18E-06 | 5.40E-08 | 2.19E-10 | 8.54E-13 | 3.54E-14
6.352481 | 7.239378 | 10.217753 | 9.912546 | 5.532157
10-% | 3.98E-05 | 2.01E-06 | 4.96E-08 | 7.03E-10 | 7.87E-12 | 7.95E-14
6.360358 | 7.242241 | 7.896552 | 8.027456 | 7.9867
10-% | 3.95E-05 | 1.99E-06 | 4.92E-08 | 6.97E-10 | 7.80E-12 | 7.93E-14
6.360891 | 7.242247 | 7.896141 | 8.028306 | 7.975899
10~ 19 [ 3.95E-05 | 1.99E-06 | 4.91E-08 | 6.97E-10 | 7.79E-12 | 8.03E-14
6.360941 | 7.242245 | 7.896095 | 8.02813 | 7.952817
10~ 2 | 3.95E-05 | 1.99E-06 | 4.91E-08 | 6.96E-10 | 7.79E-12 | 7.53E-14
6.360946 | 7.242244 | 7.896091 | 8.028435 | 8.06406
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TABLE 15. Maximum absolute nodal error in first derivative and
convergence rate using C! quintic splines.

N — 27 25/ Rate 25/Rate | 27/Rate | 28/Rate | 2°/Rate
el
10~ % 7.03E-02 3.68E-03 9.67E-05 4.80E-07 1.99E-09 6.44E-12
6.278407 7.122586 9.841753 9.799622 9.969293
10-0 6.70E-01 3.49E-02 9.17E-04 1.50E-05 1.83E-07 1.88E-09
6.284881 7.124722 | 7.634613 | 7.868111 | 7.955033
10— 6.66E+00 3.47E-01 9.12E-03 1.49E-04 1.82E-06 1.88E-08
6.285578 7.124975 7.634671 7.86815 7.953676
10— 10 6.66E+01 3.47TE+00 9.12E-02 1.49E-03 1.82E-05 1.87E-07
6.285648 7.125 7.634677 7.868138 7.954558
10~ 12 6.66E+02 3.47E+01 9.12E-01 1.49E-02 1.82E-04 1.87E-06
6.285655 7.125003 7.634678 7.868157 7.959282

TABLE 16. Maximum absolute nodal error and convergence rate
using C! cubic splines.

N — 2% 25 /Rate 25/ Rate 27 /Rate 2% /Rate 29 /Rate
el
-1 6.9532e-07 4.3205e-08 2.6968e-09 1.6848e-10 1.0552e-11 8.3045e-13
5.911506 5.430182 5.144818 4.950745 4.418185
2=6 6.9946e-06 4.2832e-07 2.6632e-08 1.6624e-09 1.0387e-10 6.4727e-12
5.942551 5.437766 5.146392 4.954960 4.823938
27 1.0523e-04 6.1382e-06 3.7677e-07 2.3441e-08 1.4634e-09 9.1434e-11
6.045875 5.463004 5.152457 4.956496 4.819373
2710 1 1.4285¢-03 | 9.8320e-05 | 5.7692¢-06 | 3.5467¢-07 | 2.2075e-08 | 1.3782e-09
5.693963 5.551183 5.174618 4.961917 4.820670
2= 12 3.0702e-03 6.0390e-04 7.9417e-05 8.7193e-06 9.1945e-07 9.1313e-08
3.459744 3.971395 4.098678 4.019748 4.013947
2~ 1T 3.1365e-03 6.1583e-04 8.0763e-05 5.5946e-06 3.4424e-07 2.1430e-08
3.463592 3.976788 4.953110 4.982374 4.825713
2~ 16 3.0370e-03 5.9798e-04 7.8754e-05 8.6525e-06 9.1272e-07 9.0648e-08
3.457586 3.968542 4.097404 4.019125 4.013900
2= 18 13.0205¢-03 | 5.9504e-04 | 7.8425¢-05 | 8.6193¢-06 | 9.0939e-07 | 9.0318e-08
3.456446 3.967075 4.096759 4.018805 4.013876
2—20 3.0122e-03 5.9357e-04 7.8262e-05 8.6029e-06 9.0774e-07 9.0154e-08
3.455861 3.966331 4.096435 4.018638 4.013870
2=2% 3.0054e-03 5.9237e-04 7.8127e-05 8.5893e-06 9.0638e-07 9.0021e-08
3.455371 3.965714 4.096167 4.018510 4.013817
2—30 3.0042¢-03 5.9215e-04 7.8104e-05 8.5869e-06 9.0614e-07 9.0009e-08
3.455284 3.965604 4.096119 4.018478 4.013603
10°
é 10t b
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FIGURE 11. Maximum absolute nodal error in first derivative us-

ing C! cubic splines
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