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FEM-ANALYSIS ON GRADED MESHES FOR TURNING POINT
PROBLEMS EXHIBITING AN INTERIOR LAYER

SIMON BECHER

Abstract. We consider singularly perturbed boundary value problems with a simple interior turning
point whose solutions exhibit an interior layer. These problems are discretised using higher order finite
elements on layer-adapted graded meshes proposed by Liseikin. We prove e-uniform error estimates
in the energy norm. Furthermore, for linear elements we are able to prove optimal order e-uniform
convergence in the L2?-norm on these graded meshes.
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1. Introduction

We consider singularly perturbed boundary value problems of the type

—eu"(z) + a(x)u'(z) + c(x)u(z) = f() in (—1,1),

(1a) w(—=1)=v_1, u(l)=uw,

where 0 < € < 1 is a small parameter and a, ¢, f are sufficiently smooth with
(1b) a(z) = —(z — z9)b(z), b(z) > 0, c(x) >0, c(xo) >0

for a point zg € (—1,1). Thus, the solution of (1) exhibits an interior layer of “cusp”-
type at the simple interior turning point xg.

In the literature (see e.g. [2], [4, p. 95], [7, Lemma 2.3]) the bounds for such interior
layers are well known. We have

2) (um(x,g)‘ <C (1 + (51/2 +lo— m)“)

where the parameter A satisfies 0 < A < X := ¢(wg)/|a’(z0)|. The estimate also holds
for A = X, if A is not an integer. Otherwise there is an additional logarithmic factor,
see references cited above. For convenience we assume zy = 0 in the following.

In the last decades a multitude of numerical methods has been developed to solve
singularly perturbed problems with turning points and interior layers. For a general
review we refer to [6]. Many authors have considered finite difference methods. A
selection of possible schemes for problems of the form (1) may be found in [3] and
the references therein. Also some layer-adapted meshes have been proposed to handle
interior layers of “cusp”-type. As an example Liseikin [4] proved the e-uniform first
order convergence of an upwind finite difference method on special graded meshes.
Moreover, Sun and Stynes [7] studied finite elements on a piecewise uniform mesh.
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We shall also analyse the finite element method, but on the graded meshes proposed
by Liseikin which are described by the mesh generating function

(€)= (e + £ [(1+ e /2) — /2 )V _ 22 forp<g<1,
o el/2 — (e2/2 —¢ [(1+ el/2)e _ Ea/ﬂ)l/oc for 0> &> -1,

where 0 < o < A. In order to handle these meshes, we adapt some basic ideas from [4,
pp. 243-244]. While the strategy of Sun and Stynes in [7, Section 5] is restricted to
linear finite elements, our approach is more general. Thus, we are able to treat finite
elements of higher order as well. Also note that recently, in [1], a similar approach was
used to study the streamline diffusion finite element method on the piecewise uniform
mesh of Sun and Stynes.

Under certain assumptions, we prove e-uniform convergence in the energy norm of
the form

llw = unlll. < CNTF

for finite elements of order k, where C' may depend on « and k, see Theorem 3.5.
On the basis of a supercloseness result we also give an optimal error estimate in the
L?-norm of the form

lu —un|| < CN~2

for linear finite elements, see Theorem 3.10. Numerical experiments confirm our the-
oretical results.

Notation: In this paper C denotes a generic constant independent of ¢ and the
number of mesh points. Furthermore, for an interval I the usual Sobolev spaces
HY(I), H}(I), and L?(I) are used. The spaces of continuous and k times continuously
differentiable functions on I are written as C(I) and C*(I), respectively. Let (-,-);
denote the usual L?(I) inner product and |[|-||; the L?(I)-norm. We will also use the
supremum norm on I given by [|-[| ; and the seminorm in HY(I) given by Iy - I
I = (—1,1), the index I in inner products, norms, and seminorms will be omitted.
Additionally, for all v € H((—1,1)) we define a weighted energy norm by

2 2
ol = (= lol? + ol®)

Further notation will be introduced later at the beginning of the sections where it is
needed.

1/2

2. The graded meshes proposed by Liseikin

The basic idea of Liseikin is to find a transformation (£, e) that eliminates the
singularities of the solution when it is studied with respect to £. In our case the
approach can be condensed to the task to find ¢ : [0,1] — [0, 1] such that

3) ¢ (o+e?) <a p0)=0,  )=1

The outcome of this approach is the mesh generating function

(1) elee) = {(6“/ Prefrete—ee - foro<e<t,
81/2—(ea/z—g[(l—i—elm)“—s“/ﬂ) for 0 > &> —1,

where 0 < a < A. By construction we have ¢(0,e) = 0 and ¢(+1,e) = +1. Note
that Liseikin derived the same transformation indirectly. Based on the principle of
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equidistribution, he used basic majorants of the solution derivatives to find basic layer-
damping transformations. This procedure allows to handle also various other types of
singularities, see e.g. [4, Chapter 6].

Now, the mesh points are generated by x; = gp(%,s), i =—N,...,N. We will
denote the lengths of the mesh intervals by h; :== z; —x;_1, 1 = —N +1,..., N and
h = N~1. Additionally, set h; := (h; + hj11)/2 fori=—-N+1,...,N — 1.

Motivated by Lemma A.2 and A.3, we define and estimate a special constant k
dependent on « € (0,1] and € € (0, 1] by

(1 + 81/2)04 _ Eoz/2
«

(5) 0<1In(2) <k:=k(a,e) = <min{a ', 1+ |10g2(51/2)|}.

It remains to check whether or not ¢ defined in (4) satisfies (3). An easy calculation
shows

%? (90 + 51/2>)\—1 _ é [(1 etz ga/2] (5Q/2 . {(1 etz sa/QD
(60‘/2 +£ {(1 + 61/2)°‘ _ 6,1/2})()\71)/a

=K (50‘/2 +& {(1 + e/ - 60‘/2])(/\70()/‘1 < Ck

(1—a)/«

which can be bounded independent of € due to (5).

Since the arguments are very similar thanks to the symmetry of the mesh, we will
consider the case & > 0 only. The next lemmas comprise some basic results concerning
the mesh points and mesh intervals. Their proofs are deferred to Appendix B. The
argumentation substantially uses the property (3). Here, the derivative of ¢ comes
into play since the mean value theorem guarantees the estimate h; < hg—?(fi7 ¢) for a

& € (i1, ;).

Lemma 2.1. Let & >0 and 0 < o < min{&/k, 1} with k € N, k > 1 then

. G-k Ch* for2<i<N
k ) 1/2 =0t = ’
hi (x“l e ) = {h’fs(dk)/z <O fori=1, &> n2/e.

If0<a<1/k withk €N, k>1 and e < h*® then we have
x1 < ChF.
In general, we have for 0 < a <1
h; <Ch for1 <i<N.
Lemma 2.2. For0 < a < % the following inequality holds
12«
hi — hy_1 < Ch? (zi v 51/2) for2<i<N.

Let & >0 and 0 < o < min{&/2,1/2} then

a-1

(hi = hioa) (mia +212) 7 <CR? for2<i< N,

Remark 2.3. Note that an estimate similar to the first one of Lemma 2.2 can also
be found in [8].
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Remark 2.4. In the FEM-analysis a generalised version of (3), i.e.,

@) (p+e7) " <c p0) =0, p()=1

would be convenient. In fact, this is ensured for 0 < a < A/k which is already used in
the proof of Lemma 2.1.

3. FEM-analysis on graded meshes

This section follows the paper of Sun and Stynes [7], but while they studied linear
finite elements on a layer-adapted piecewise uniform mesh, we shall use the graded
mesh proposed by Liseikin instead. Besides our more general approach enables to
analyse finite elements of higher order as well. We will only consider homogeneous
Dirichlet boundary condition v_; = r; = 0. This is no restriction at all since it can
be easily ensured by modifying the right hand side f. Furthermore, due to [7, Lemma
2.1] we may assume without loss of generality that

(6) (c—3d) () >~v>0 for all z € [-1,1], ¢ sufficiently small.

For v,w € H((—1,1)) we set
B.(v,w) == (ev’,w") + (av’,w) + (cv, w).
The bilinear form B(-, -) is uniformly coercive over H}((—1,1)) x H}((—1,1)) in terms

of the energy norm |[|-|||. thanks to (6).
The weak formulation of (1) with v_; = 11 = 0 reads as follows:

Find v € H}((—1,1)) such that
B.(u,v) = (f,v), for all v € H}((—1,1)).

Let k > 1 and let Py((xq4,2p)) denote the space of polynomial functions of maximal
order k over (x4, ). We define the trial and test space VV by

VY= {ve C([~1,1]) : 0|z, 1 1) € Pe((ziz1,3)) Vi, v(—1) = v(1) = 0} .
Then the discrete problem is given by:
Find uy € V¥ such that
(7) B.(un,vn) = (f,vn), for all vy € V.

Let o, ..., (ZSk denote the Lagrange basis functions on the reference interval [0, 1]
with respect to the points 0 = g < 1 < ... < Zx = 1. We shall denote by u; € VN
the interpolant of u which is defined on each mesh interval (z;—1, ;) by

UI}(IFM‘M) = Zu(azi,j)@,j’

k
j=0

(l‘ — -Ti—l)/hi)-

with Ty = X1+ hii‘j and ¢i,j( (gj(
11 5 =0,...,k+ 1 the standard interpolation

x) =
Assuming u € C*+1([z;_1,2;]), for all
theory leads to the error estimates:

For & € (z;_1,;) there are & € (x;_1, ;) such that

(8) (u—un) P (@)| < ORI a0 ()
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and

9) [(w=ur) P

Furthermore, for all vy € V¥ the inverse inequality

) =< Ol

S(Tio1,ms J(Tio1,mi)”

|UN|1,($1'717£¢) < Chi_l HvN”(%‘—hwi)

holds.

3.1. Finite elements of higher order. In the following we shall present the analysis
for finite elements of order £ > 1 for problems of the form (1). We assume that
A € (0,k + 1) which is the most difficult case. Otherwise all crucial derivatives of the
solution could be bounded by a generic constant independent of € and consequently
optimal order e-uniform estimates could be proven with standard methods on uniform
meshes.

Lemma 3.1. Let u be the solution of (1) and un the solution of (7) on an arbitrary
mesh. Then we have

N 1/2
_ 2
llur —unlll; < Clllur —ulll +C ( > b lw(ur - U)Il(xil,m) :
i=—N+1

Proof. By the coercivity of Bc(-,-) and due to orthogonality, we have
(10) Cllur — un||” < Be(ur — un,ur — un) = Be(ur — u,up — un).
Integrating by parts, we obtain
B (ur —u,ur — un)
= s((ul —u), (ur — uN)’) + (a(u; —u) ur — uN) + (c(ul —u),uy — uN)
=e((ur — ), (ur —un)’) = (a(ur —u), (ur — un)’)
+ ((c = a")(ur —u),u; —uy).
Hence, triangle inequality and Cauchy-Schwarz inequality yield
|Be(ur — u,uy —uy)|

<e|((ur =), (ur —un))| + [((c = @) (ur — u), ur — un)|

N
N R

i=—N+1

< Ve lur —uly Ve ur —unly + lle = a'll o llur = ull lur = uy]|

N
(11) + Z HG(UJ —U)H(zi,l,xi)

i=—N+1

ur — uN|17(mi—1,Ii) :
Now, for —N + 1 < i < N an inverse inequality and the fact that a is smooth with
a(0) = 0 imply

||a(7.L[ - u)||(;c1717x,) |U[ - uN|17(3:7-,71,xi)

< Ohy Nla(ur =)l o,y lur = wnll e,y
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Using this bound to estimate (11), we get by Cauchy-Schwarz’ inequality
|Be(ur —u,ur — un)|
<max{1, [lc = a'||  } (Ve |ur = uly + [Jur — ull) [lur — unll.
+ Zi Chi*a(ur — Wl 21 w0)

< VEmax{1, e - ||} llur — ull, llur — unll,

B 2 1/2 9
O (3 i letur =)l ) (0, I =l )
B 5 1/2
< (c llur = lll, + € (32 b2 letur =y, ) ) Ml = unll..

Combining this and (10) completes the proof. O

lur = unll (g, 420

1/2

Remark 3.2. For linear finite elements Sun and Stynes [7, Lemma 5.2] proved an
estimate of the form

lur = wnll, < € (Ilu = wrl] /2 + max?),

see also Lemma 3.7. Aside from the fact that their argumentation works for linear
elements only, such an estimate would not enable optimal estimates for finite elements
of higher order.

The next two lemmas give bounds for the interpolation error on the layer-adapted
mesh proposed by Liseikin.

Lemma 3.3. Let u be the solution of problem (1). Let ur € VIV interpolate to u on
the mesh generated by (4) with 0 < o < min{\/(k +1),1/(2(k +1))}. Then

(12) u—u|| < CN~*+D)
and
(13) [l — sl < CN7F.

Proof. Thanks to the symmetry of the problem, we shall consider only = € [0, 1].
Furthermore, we use j € {0, 1} to switch between the L2-norm term and the e-weighted
H'-seminorm term. 4

Let x € (z;_1,2;) where 2 < i < N. Then for some & € (z;_1,x;)

e9/2|(u — up) ) (z)| < Ce/2RF1T ’u(kﬂ)(fg)
, 4 A—(k+1)
< Cel2pit (1 + (9&'4 + 51/2> )

< C']\f—(k-&-l—j)7

where we used (8), (2), and Lemma 2.1. Hence,
ot . 2 4
e’ / ((u - uj)(j)(ac)> dr < ON—20k+1=9),
x1

Now, let @ € (zg,x1). We consider two different cases.
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First, if € > h2/¢ then as above Lemma 2.1 yields

, _ . , A—(k+1)
&2 |(u —up)9) ()| < Cel/2piH1—d <1+ <x0+51/2) )
< Okt (1 I 6(A—(k+17j))/2)
< O N~ (k+1=3)

and therefore

J o _ ) 2 —(k+1-j) 2 —2(k+1—j)
€ (w—wuyp)V(z)) dx < (CN 1de < ChiN .
0

0

If ¢ < h?/* we estimate the integral directly. We have

o rT . 2 L[ .
o (@) < [T, de
< Cel (1 i E(A—j)/2)2 2y < CN2(k+1)

by (9), (2), and Lemma 2.1.
Combining the above estimates for j = 0 and using symmetry on [—1, 0] we get (12).
This estimate together with the above estimates for j = 1 immediately gives (13). O

It remains to estimate the second term in Lemma 3.1.

Lemma 3.4. Let u be the solution of problem (1). Let ur € V' interpolate to u on
the mesh generated by (4) with 0 < a <min{\/(k+1),1/(2(k+1))}. Then

N 1/2
(14) < Z h;Q l|x(ur — U)H?mi_l,ri)> < CN~F.

i=—N+1

Proof. The proof is similar to the proof of Lemma 3.3 but advanced in some way.
Let 2 <i < N and = € (2;-1,2;). Then for some & € (x;_1,x;)

2 |(ur = w)(@)| < Cahf ! a0 ()
A—(k+1)
< C(xi,l + hz)hf+1 (1 + (1'1;1 + 81/2) >

< Chi (N7F 4 N=ED) < onNh,

where we used (8), (2), and Lemma 2.1. Hence, for 2 <i< N
e latur =), oy =h7* [ (ol = 0)(@) da
< h;? (ChiN—F)? / ldz < Ch; N2,

i—1

Now, let ¢ = 1 and z € (xg,21). We consider two different cases.
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First, if € > h2/¢ then as above Lemma 2.1 yields
A—(k+1)
z|(ug —u)(z)| < CxhkH <1 + (xo + 51/2) )

< CRb+? (1 n g(Af(k+1))/2>
< Cth—(k—H)

and therefore

2 [T
02 a(ur — )|y 0y < B2 (Cth_(k“)) / 1dz < Chy N—2(k+1).
xr

0

If ¢ < h?/* we estimate the integral directly. We have

? [t @) e < b s =l [ o
— 2
< Chi? ullsg 0.20) 71
< Oz < CN~204D
by (9), (2), and Lemma 2.1.

Summing up the above estimates gives in the worst case

N N
Z h;Z Hx(ul _ u)||?r1_1,z7) < CN—Q(k-i-l) + Z ChiN_Qk

i=1 1=2
N
< CN—% (Z hi + N—2> < CN—?,
i=2
Since, thanks to symmetry the sum for ¢ = —N+1,...,0 can be bounded analogously,
the proof is completed. O

Now, we are able to prove the e-uniform error estimate of P,-FEM in the energy
norm.

Theorem 3.5. Let u be the solution of (1) and uy the solution of (7) on a mesh
generated by (4) with 0 < o < min{\/(k +1),1/(2(k+1))}. Then we have

lu— unlll. < CN*.

Proof. Based on the splitting u —uy = (u —uy) + (u; — un), the bound in the energy
norm follows easily from the triangle inequality, Lemma 3.1, (13), and (14). |

3.2. Special features of linear finite elements. In this section we present some
special features of linear finite elements. So, we shall assume k = 1. The following two
lemmas hold for arbitrary meshes and are borrowed from [7]. In particular, they show
that for linear finite elements the L?-norm interpolation error estimate (12) suffices to
prove the e-uniform convergence in the energy norm.

Lemma 3.6 (see [7, Lemma 5.1)). Let u be the solution of problem (1) and k = 1.
Then on an arbitrary mesh we have

(15) llu = urlllZ < Cllu —url
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and
! 2
(16) / (z (u—up) ()" de < C|lu—uy.
—1
Proof. See [7, Lemma 5.1]. O

Lemma 3.7 (similar to [7, Lemma 5.2]). Let u be the solution of (1) and uy € V¥
(k =1) the solution of (7) on an arbitrary mesh. Then we have

lfur —unlll. < Cllu—ur] 2.
Proof. As in the proof of Lemma 3.1 the coercivity of B.(-,) and orthogonality yield
Clllur — UNHE < B(ur —un,usr —un) = Be(ur — u,ur — un).
Integrating by parts and applying the Cauchy-Schwarz inequality, we have
|Be(ur — u,ur —un)|
< le(ur —u, (ur —un)")| +[(a(ur —u)',ur —un)| +[(clur —u),ur —un)|
=0
< Clla(ur — )| fur — unl| + € llur — ul fur — uy|

< Clur —ul|"? fJur — un|,

where we used (16) and [jur||, < |lull,, < C. |

The next lemma provides an auxiliary inequality that will be needed later. We
defer its proof to Appendix C.

Lemma 3.8. Let e € VY (k = 1) on an arbitrary mesh and —N < L < R < N.
Then

R—1
1
> hales| + 3 (hesiler] +hrler)) < Cllell gy op):
i=L+1
where e; = e(x;).
Proof. See Appendix C. O

Lemma 3.9 (Supercloseness). Let u be the solution of (1) and uy € VN (k= 1) the
solution of (7) on a mesh generated by (4) with 0 < o < min{\/2,1/4}. Then we
have

llur - unl, < CN-2.
Proof. Following the argument of Lemma 3.7 we have
A7) Ol — unll? < l(alur — w)sur — un)| + C llur — ull lur — uy].
Integrating by parts and applying Cauchy-Schwarz’ inequality yield for j € {0,1}
[(aur = u)' s ur = uw) o, |

(18)
< |(atur = w), (s = un)) o, | + Cllur = wl g 1y s =l -
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Set e; = (uy —un) (x;) for i = =N, ..., N. Then we have

_ ]: esa(zis) { (; /x _h,;1+1 /“> (u— uf)(x)dsc}

i

N-1 T; Tit1
+§:ﬁ{Qi/._%;L/ )(M@—a@ngu—wxmw}
_egi/w(dﬂ—amwﬂu—uﬁ@ﬂx

x1

— Y 4+ Y, + Vs

Inspecting the proof of Lemma 3.3, we see that

if ey <z <1,

— <CON™2
(= ur)()] < { if x> >0, &> h?

Consequently, we have for i =2,...,N —1 orif i =1 and ¢ > h?/®
1 [
[ (@)~ alei) (- un) e < O fu—will g,y < N2
v Jxi1

and analogously for i =1,...,N —1

1 Tit1
/ (a(x) — a(@i-1)) (u — ur)(@)de < Chi lu = url| (4, 20, 1) < Ch;N~2.
hi+1 z; 00, (T, Ti41
Hence, recalling Lemma 3.8, we conclude
N—-1
(20) Yol +[Y3] <CN™2 " eihi <CN 72 |lug — unll gy
i=1
and if ¢ > h?/® (note that x; = hq)
€1 — €o

e T b | el eyis

le1| + leo] o _
< CIUE oy | e < OV s =)
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Next, we bound |Y;|. By an integral transformation, standard interpolation error
estimates, the mean value theorem, and (2), we obtain

L [T e
— — u—u X i
hi Tj—1 hi""l Xy !

1

(u —ur)(xi—1 +thy) — (u —ur)(x; + thipq) dt ‘

- % (1 0 [0 (61(0) = P10 (G ()] |
1
08 182 61 (00) — € (0)) + (02— 2) o (€2 ()] dt\
1 1
<1 (zhh (]2 (o — be) max M’(&)I) | a-ora

éh <h» max v (&) + (hit1 —h;) max |U"(§)|>

zi—1<E<Tip1 i SESTi41

(B2 B 2 (. 12\ B . 172\
SChz hi+(hz+1 hz)+h¢ Ti—1+e¢ +(hz+1 hz) T +e )

where ;1 < &_1(t) < z; and x; < &;41(t) < x;41. Combining this with the estimates
of Lemma 2.1 and Lemma 2.2 yields together with Lemma 3.8
N-1

N—-1 1 x; 1 Ti41
| <C ; €iTi—1 {’ <hi /gg1 T /w ) (u —ur)(z)de
-1 -1
(22) < CN~? Z e; i1 h; <1 + (xi,l + 51/2) + (mi + 51/2) )
i=2
N-1

<CN~2 Z eihi < CN“?|juy — UNH(zl,l)'

1=2

Altogether (18) — (22), and (12) give
(a(ur —u) ur — UN)(zj,n‘ <CON? (HUI = un g, ,1) + llur = UN||(0,1))

for j =1 or j =0 if e > h?/® Because of symmetry, it remains to bound the term
(a(ur —u)',ur —un) (g, if € < h?/®. Applying the Cauchy-Schwarz inequality gives

1/2

0

(alur — ), ur = un)(o4p)
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Using integration by parts twice, (2), and |jur||, < |lull,, < C, we obtain
z1
/ (z(u; —u))* dz
0
1 x1
:—/ 2z (U/[_'U/)/(UI_U)dCU_/ 22 (ur —u) d
0 0
Xy , xTq 9 Xy
:/ 2z (uy —u) (ur — u) dx—i—/ 2 (ur — u) d:v—/ zu” (ur — u) da
0 0 0

T 1
:/ (ul—u)Qd:cf/ 22" (ur —u) da
0 0

< [ (- P + €l - un @) do
<Cz; <CN™*

by Lemma 2.1.
Combining (17), the last three estimates, and (12) completes the proof. ]

We now prove the e-uniform error estimate in the energy and L?-norm.

Theorem 3.10. Let u be the solution of (1) anduy € VN (k= 1) the solution of (7)
on a mesh generated by (4) with 0 < o < min{\/2,1/4}. Then we have

llw = unll]. < ON7*
and
lu —un| < CN~2,

Proof. The bound in the energy norm is already given in Theorem 3.5, but also follows
easily from the splitting v — uy = (u — uy) + (ur — uy), the triangle inequality,
Lemma 3.7, (15), and (12). To prove the bound in the L2-norm only the supercloseness
result of Lemma 3.9 and (12) have to be used. O

Remark 3.11. For linear elements in [7, Theorem 5.1] the presumably non-optimal

L?-norm estimate
lu—un| < C (N N)*?

is proven for a discrete solution calculated on a piecewise equidistant mesh. The ar-
gumentation there is similar to the proof of Lemma 8.9. But, in one of the occurring
terms there are problems when h; # h;y1 since the difference |h; — hiy1| is not suf-
ficiently small on the piecewise equidistant mesh. For the graded meshes generated
by (4) we have the estimates of Lemma 2.2. Thus, these problems can be circumuvent-
ed.

4. Numerical experiments

Now, we shall present some numerical results to verify the theoretical findings of
this paper. Therefore, we study a test problem taken from [7] whose solution exhibits
typical interior layer behaviour of “cusp”-type.

All computations where performed using a FEM-code based on SOFE by Lars
Ludwig [5]. In general, the parameter « needed to generate the graded mesh was
chosen as

a=aomin{\/(k+1),1/(2(k+1))}
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with oy = 1. Exceptions are explicitly stated. For given errors E, n we calculate the
rates of convergence by (InE. y —InE; on) /In2.

Example 4.1 (see [7]). We consider the singularly perturbed turning point problem
—eu” — (1423 + A1+ 2¥)u = f, for xe(-1,1),
u(—=1) =u(l) =0,
where the right hand side f(x) is chosen such that the solution u(x) is given by

(Afl)/Q _ (1 +5)>\/2 (1 +$(1 +E)71/2) .

u(z) = (2% + E))\/2 +z (2% +¢)
Note that the problem parameter \ coincides with the quantity A = ¢(0)/|a’(0)].

In Figure 1 the energy norm error is plotted for finite elements of order k =1,...,4
applied to Example 4.1 with ¢ = 107® and A = 0.005. The expected convergence
behaviour, cf. Theorem 3.5, can be clearly seen. The numerical results suggest that
the energy norm error is almost independent of €. Anyway it stays stable for small ¢,
see Table 1.

10°

1072 :

1074+ *
-
2
5 10°°| 1
g
-
2 o8
= 108 8
20 N
= SN +
o 10—10 L SN . .

oo
SN .
| [+ P w-
10-12 | * 11 R |
+P2 NN
+ Py N
100714 |-8-P ! a
| | | | | | | |
32 64 128 256 512 1024 2048 4096
number of mesh intervals O(N)
FIGURE 1. Energy norm error for finite elements of order k = 1,...,4

applied to Example 4.1 with ¢ = 1078 and A = 0.005. Reference
curves of the form O(N~F).

Furthermore, we study the influence of varying A and «g. Therefore, we consider
Example 4.1 with fixed ¢ = 1078 on correspondent layer-adapted meshes with N =
1024. In Figure 2 the energy norm error is plotted against A for ag = 1 (left) and
against o for A = 0.005 (right), respectively. In both cases the error is almost constant
in the studied ranges. Thus, it seems to be plausible to presume the method to be
robust in a.
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TABLE 1. Energy norm error for finite elements of order k =1,...,4
applied to Example 4.1 with certain € and A = 0.005.
Pi-elements Ps-elements Ps-elements Py-elements

e\ N 512 1024 512 1024 512 1024 512 1024
1 5.89e-04 2.95e-04 2.36e-07 5.91e-08 1.37e-10 1.71e-11 1.49e-13 2.06e-13
1072 7.64e-04 3.82e-04 1.31e-06 3.28e-07 2.36e-09 2.95e-10 4.07e-12 3.06e-13
107*  4.61e-04 2.30e-04 1.52e-06 3.81e-07 5.28¢-09 6.60e-10 1.75e-11 1.10e-12
107%  2.16e-04 1.08¢-04 1.07e-06 2.68¢-07 5.56e-09 6.95e-10 2.76e-11 1.73e-12
1078 9.04e-05 4.52e-05 6.12e-07 1.53e-07 4.14e-09 5.17e-10 2.75e-11 1.72e-12
1071 3.54e-05 1.77e-05 3.69e-07 9.17e-08 2.54e-09 3.17e-10 2.17e-11  1.35e-12
10712 1.33¢-05 6.66e-06 3.53e-07 8.79e-08 1.38¢-09 1.72e-10 1.80e-11 1.12e-12
107 4.95e-06 2.45e-06 4.49e-07 1.12e-07 6.87e-10 8.58e-11 2.3le-11 1.44e-12

energy norm error

10271 T T 1 1 - 102
-%-P——Py + P3-8-P
4l il _
10 KK e o ok ke ek 107
1076 1 1076
| oo |
1078 |- 1 1078
7+++++++++++++7
10710 110°10
jo-12| ©Eecw-eseTaGg | 10-12]
! !

|
10—1310—11

Lo
10791077107° 1073 10~*

A

k= P1+P2 + P3*E|*P4

R i e

B T ke alte ATIE S PE ST

Oo-g-g-o-—40--8-8-0-o00--8 |

| | | | | | | | | |
10719 107% 1076 107* 1072 1
Qg

FIGURE 2. Energy norm error for N = 1024 and finite elements
of order k = 1,...,4 applied to Example 4.1 with ¢ = 1078,

A=10"13 .
and ap = 10710, ...

,1071, and ag = 1 (left). Same setting with A = 0.005
, 1 (right).

Finally, in Table 2 we compare the energy norm and the L2-norm error for linear
finite elements. As predicted by theory, cf. Theorem 3.10, the L2-error is uniformly
convergent of second order whereas the error in the [[|-|||.-norm converges with order
one only.

In summary, our numerical experiments confirm the theoretical results of Section 3.
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TABLE 2. Energy norm and L2-norm error for linear finite elements
applied to Example 4.1 with ¢ = 1078,107'2 and A = 0.005.

e=10""° =101
lllw —unlll, lluw —unl| lllw —unlll. llw —unl|
N error rates error rates error rates error rates

8 7.58e-03 1.402 4.11e-03 2.467 2.22e-03 1.623 2.06e-03 1.846

16 2.87e-03 0.986 7.43e-04 2.108 7.22e-04 1.460 5.72e-04 1.853
32 1.45e-03 1.002 1.72e-04 2.009 2.62e-04 1.203 1.59e-04 1.947
64 7.23e-04 1.001 4.28e-05 2.002 1.14e-04 1.070 4.11e-05 1.986
128 3.62e-04 1.000 1.07e-05 2.000 5.43e-05 1.019 1.04e-05 1.997
256 1.81e-04 1.000 2.67e-06 2.000 2.68e-05 1.005 2.60e-06 1.999
512 9.04e-05 1.000 6.68e-07 2.000 1.33e-05 1.001 6.50e-07 2.000
1024 4.52e-05 1.000 1.67e-07 2.000 6.66e-06 1.000 1.63e-07 2.000
2048 2.26e-05 1.000 4.17e-08 2.000 3.33e-06 1.000 4.07e-08 2.000

theory 1 2 1 2
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Appendix A. Auxiliary lemmas

In this section we provide some auxiliary lemmas and prove some basic inequalities
that are needed in the paper.

Lemma A.1. Leta € R, 0< a <1 and let a,b > 0. Then
(a+b)1/a < gl/a-1 (al/a +b1/a),
(a+b)" <a*+b%,

for0<a<1.

Proof. To prove the first inequality, we use that z — z!/@

0 < a < 1. Hence,
1/«
(a+ b)l/a _ 9l/a (;a—l— ;b) < 9l/a (;al/a n ;bl/a> _ gl/a—1 (al/a i bl/a).

We gain the second inequality by studying the function f : (0,00) — R which is
defined by f(z) = (a + z)* — (a® +2%). Since a > 0, 0 < a < 1, and = ~— 2° ! is

is convex on [0,00) for
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monotonically decreasing we have
f@) =alla+z)* ' —2*") <0 for z > 0.
Hence, also f is monotonically decreasing and for x € (0,0)

(a—|—b)°‘—(aa—|—ba)Sf(x)§iig%)f(x):(a—i—O)a—(ao‘—!-Oo‘):ao‘—aa:O.D

Lemma A.2. Let a,c€[0,1]. Then 2* —1 < (14+¢)* —c* < 1.

Proof. Since the case a = 0 is easy, we assume « > 0. The proof uses the monotonicity
properties of the function z — (14 z)* — 2. To detect these properties we study the
first derivative

a « @l a—1 a—1
%[(1—1—3:) - =a[(l4+z)* " =]

for z € (0,1). By assumption o — 1 < 0. Consequently, (1 +z)*"! <1 and 271 > 1
for z € (0,1). Therefore, the first derivative of x > (1 + 2)* — 2 is negative in (0, 1)
and the function is monotonically decreasing in this interval. Hence,

29 —1=(1+1D)"=1"<(1+¢)% = c* < (1+0)* -0 =1. O

Lemma A.3. Let a,c € (0,1]. Then
0<(1+0)*—c*< w(ln(l +¢) — In(c)).
In(2)
Furthermore, we have
aln(2) < (2*-1) <o
Proof. We study the function

aln(l+z) — aln(z) In((H=)")

@) = (14 z)> -z~ - (1—|—a:)gfl —z®

for z € (0,1], a € (0,1]. The first derivative of f is calculated to be
@ (14%@ - %) (14 2)* —2%) —aln((HE2)Y) (1 +z)ot — 207t
((1 + z)o — xa)2
«

- sl(@e—(10+z 14+2)" —a®
z(1+2)((1+2)* — 2%) (( ( ) (( ) )

CIn(()) (40— a1 +)
a z(1+a)((1+z)> - .130‘)2

{((1 +2)% = 2%) + In((H2)) (2(1 + 2)* — 21+ x))} _

x

=:g(x)
By Lemma A.1 we have for z € (0,1], a € (0, 1]

r(142)* —2%(1 +2) <2(1% +2%) — 2% — 2" =z — 2> <0.
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Therefore, due to In(x) < 2 — 1 we obtain

g(z) > (14 2)* —a%) + ( (HT”)Q 1) (z(1+2)* —2*(1 4+ 2))
(I4z)—1a*+(1-z—(1+2)Q+2)*+2'"*(1+2)*
e _92(1 4 ) 4+ 2'7%(1 + z)*

(
X
(x(1+a)/2 _ x(l—a)/2(1 i x)a>2
0

Y

Thus, f'(z) < 0 for z € (0,1], « € (0,1] and f is monotonically decreasing. This
yields

@) = aln(l +z) — aln(z) > aln(2) — aln(1) _ aln(2)

(1+z) — 2o 90 — 1@ 20 —1

and for z = c € (0,1]

14+ =< <211(_2)1)(1n(1 +¢) — In(c)).

The lower bound of the second statement follows from 1 4+ x < e® since
1+ aln(2) <e” In(2) — ge
The upper bound is verified using the convexity of x — 2%. We have

20 = 9o 1H1=0)0 <y 2l 4 (1—0)-2°=204+(1—a)=1+a. O

Remark A.4. The bound of the last lemma is exact for ¢ = 1 and asymptotically
ezact for a ™\, 0.

Appendix B. Proof of Lemmas 2.1 and 2.2
For & > 0 we have

(23a)
p(&e) = (ea/Q +¢ [(1 Fel/2)ye Eoc/szl/“ BRVEY
(23b)
ggw(&f) = é {(1 +el/?)e - ga/z} <€a/2 te [(1 et/ ga/ﬂ)“*“)/“’
(23¢)

02 11—«

S0 = 2 [ e — ] (g [ ey o))

Using the definition of the mesh points z; = ¢(ih,€) we obtain
1/«
(24) z; +el/? = (5a/2 +ih [(1 e 5"‘/2}) .

Proof of Lemma 2.1. Recalling (23) and (24), using the mean value theorem, and the
monotony of a%ga(g, €) (here oo < 1 is needed) we can bound the lengths of the mesh
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intervals as follows
hi = z; — xi—1 = @(ih,e) — p((i — 1)h,¢)
(25) 1 (1-a)/a
= 1/2\ya _ /2 a/2 . 1/2ya _ _a/2
_ha [(1—1—5 ) —e }(5 +zh{(1+€ )* —¢ D

1 (1—a)
= ha {(1 +el/2ye — 50‘/2} (:cl + 51/2>

Consequently, for 0 < o < 1 we get the third wanted estimate

1—a)

1 (
h; < ha [(1 + 51/2)" — 50‘/2] (acl + 51/2) < hx2(=%) < 9kh < Ch.

Now, let 0 < @ < 1/k with k e Nk >1and e < h2/o, Using the definition of the
mesh (4) and Lemma A.2 we obtain

a/2 | p, [ (14¢el/2)e — €a/2D1/a /2

= (e
(h+h { (14 el/2) —6‘”2})1/&
(2h
2

IN

IN

)l/a _ (2h(1—ka))1/a BF

/ahk

IN

Note that for 0 < o« < 1/(2k) and h < 1/4 an a-independent estimate is guaranteed
because of

2n(1—ke) < opl/2 <9 (L2 =1,

1
1

Finally, let & > 0 and 0 < o < min{&/k,1} with k e Nk > 1. If ¢ > h2/e we
obtain by (25) and Lemma A.2
hy (2o +€1/2)d/k—1 — hyel@/k=1)/2
< hl [(1 4el/2ye 5o¢/2} (Ea/2 Th {(1 Fel/2ye Ea/2D(1_a)/a (6/k=1)/2
a

< hk (26”‘/2>(1_a)/a gla/k=1)/2
_ pro(l-a)/og(a/k—a)/2
< Ch.
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In general, the estimate (25) and the identity (24) yield for 1 <i < N
h; (Z‘i_l + 61/2>

< hé {(1 + et/ 60‘/2] (xi + 51/2)(17@ (xi_l + 61/2>

1/2va _ _a/2 T+ € e 1/2)8/k=e
[(l—i-s )* —¢ ](xi_1+51/2) (aziq +e )

a/k—1

a/k—1

1/2
h

lm Q|+

h

{(1 + 51/2)0‘ - Ea/z]

£/2 4 ih [(1 + 61/2)0‘ _ 5(1/2] (1—0)/04(1.- N 61/2)@/k—0¢
e/ 4 (i — 1)h [(1 + €1/2)> — g2/?] ot '

Furthermore, for 2 <i < N we have

/2 4 ih [(1+ gl/2ye - 50‘/2]
e/2 + (i — 1)h [(1 4 e/2)> — e2/?]

h [(1 +€1/2)a _ &_a/Q]
e/2 + (i — 1)h [(1 4 1/2)> — e2/?]
1/2\a _ /2
. 'h[(1+s ) —e*/?]
(it —1)h [(1 +el/2)a — sa/ﬂ
1 i

=1 = .
+i—l 1—1

Hence, we get

a/k—1 ;o\ (I-a)/a a/k—a
h; (xi_1 +61/2) < hk < ! 1) (%‘—1 + 51/2)

i —
<Ch for 2 <i < N.

Raising the inequalities to the k-th power gives the wanted estimate. |

Proof of Lemma 2.2. First of all, recall (23). Fori = 2,..., N the mean value theorem,
the monotony of g—;w(ﬁ, e) (here 0 < a < 3 is needed), (24), and (5) enable to estimate
the difference h; — h;_1 as follows
hi —hi—1 = (Lp(ih7€) —o((i - 1)h,5)) - ((p((z —1)h,e) —o((i — 2)h,€))
d¢ d¢
=h| = 15 T e \Si—2,
C-CERE ()

P
0¢?

=h(§ —&—2) (§i-1,€)

2
< QhQ%(ih,s)

= 2h21;72a {(1 + 81/2)“ — Ea/2r (50‘/2 +ih {(1 + 51/2)0‘ — E“/2D

(1-2a)/a

12«

=2h%(1 — a)K? (xl + 51/2)1_2a < Ch? (rvz + 51/2>

where ; € ((’L - 1)h, Zh), o € ((l - 2)h, (’L - 1)h), and &_1 € (gi_g,&).
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Using this bound and applying the same technique as in the proof of Lemma 2.1,
we obtain

hi —hi—1) (wiy +€'/? " < Ch* | - ) ax171+81/2 " < Ch?
( e ;N2 a0

i—1
for 2 <i < N. O
Appendix C. Proof of Lemma 3.8

Proof of Lemma 3.8. An easy calculation shows

lell @y om) = <12L;r1/$ { I(ei—ei_l)rdx>

) 1/2
< Z / e _9¥ x(ei—ei_l)ei+(xi};x)(ei—ei_1)2dx>
i=L+177Ti

1/2

i—1 4
5 1/2
-z 1 (2 — o
- Z PO Rk Ve VO C ek /5 DA RO
, h; 3 h;
i=L+1 7
R 1/2
1 2 1
= Z hi(€? —e?+eei 1+ € — Zejei 1 + €2,
, 3 3 3
i=L+1
L& 1/2 | & 1/2
= <3 Z hi (6% + €;€;_1 =+ 622_1)> Z (6 Z ]’L1 (612 + 6142_1)> .
i=L+1 i=L+1
Furthermore, using the Cauchy-Schwarz inequality, we get
R—1 1
> hiles] + 5 5 (hetiler] + hrlerl)
i=L+1
= 1 &
=3 Z (hileil + hitileil) + 5 (hrtiler| + hrler]) = 5 Z hi (leil + lei-1])
i=L+1 i=L+1
L& 1/2 L& 1/2
2
< (2 > hi) (2 > hilleil +leial) )
i=L+1 i=L+1
on g \V2[ B 1/2
R—TL 2, .2
(252 ()
i=L+1
Hence, we have
Z hilei + (hrsiler] + hrler)) < V3 (zr —20)? llell 4, - O

i=L+1
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