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A PARTITIONED METHOD WITH DIFFERENT TIME STEPS
FOR COUPLED STOKES AND DARCY FLOWS WITH
TRANSPORT

JINGYUAN ZHANG, HONGXING RUI, AND YANZHAO CAO

Abstract. A decoupled finite element algorithm with different time steps on different physical
variables for a Stokes-Darcy interface system coupled with the solution transport is studied. The
viscosity of the Stokes equation is assumed to depend on the concentration of the transported
solution. The numerical algorithm consists of two steps. In the first step, the system is decoupled
on the interface. In the second step, the time derivatives are discretized with different step sizes for
different partial differential equations in the system. An careful error analysis provides a guidance
on the ratio of the step sizes with respect to the ratio of the physical parameters. Numerical
examples are presented to verify the theoretical results and illustrate the effectiveness of the
decoupled algorithm of using different time steps.
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1. Introduction

Recently there have been growing interests in building suitable mathematical
and numerical models for the coupling of fluid flows in a porous medium domain
and a free flow domain. In the porous medium domain, the fluid flow can be
modeled by a Darcy equation while in the free low domain the fluid flow can be
modeled by a Stokes equation. The Darcy equation and the Stokes equation are
coupled through conditions on the interface which connects the porous domain
and the free flow domain. Modeling through the Stokes-Darcy system has a wide
arrange of applications such as hydrology[5], environment science[12], and biofluid
dynamics[15].

A number of numerical methods have been developed for the coupled Stokes-
Darcy flow system, including the domain decomposition method [2, 39, 9], the
mixed finite element method [1, 23, 38], the non-conforming finite element methods
[33], the Mortar multiscale finite element methods [20], the Lagrange multiplier
and mixed element methods [4, 24, 27, 16, 17], the mixed finite element method
combining with the DG method [31, 32], the DG method combining with mimetic
finite difference method [25], the pseudospectral least squares method [21] and
spectral method [41], and many other numerical methods [18, 10, 26, 29].

The aim of this paper is to construct an efficient numerical algorithm for the
Stokes-Darcy flow system coupled with an advection-diffusion equation that mod-
els, for example, the transport of a chemical. In [8], Cesmelioglu and Riviere study
the existence and stability of the weak solution with the fluid viscosity depending on
the concentration for this model. For numerical methods, in [40] the flow equations
are solved through the domain decomposition method using classical finite element
methods in the Stokes region and mixed finite element methods in the Darcy re-
gion, and the transport equation is solved by a local discontinuous Galerkin (LDG)
method, while in [34] the authors proposed a mixed weak formulation and use the
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nonconforming piecewise Crouzeix- Raviart finite element, piecewise constant and
conforming piecewise linear finite element to approximate velocity, pressure and
concentration, respectively.

In this paper, we study the finite element approximation of the Stokes-Darcy-
Transport system with different time steps on different physical variables. As a
multi-phyiscs problem, each of the equations in the the Stokes-Darcy-Transport
system has a different time scale reflected by the corresponding partial differential
equation and the related physical parameters. Thus it is natural to use larger time
step in the region with slower velocity. The multiple-time-step technique for the
non-stationary Stokes-Darcy model was presented in [36, 37]. There the viscosity
of the free flow, the hydraulic coefficient of the flow in porous medium and the
diffusion coefficient of the transport are assumed to be constants. In this study, we
assume that viscosity and the hydraulic conductivity depend on the concentration
of the transport and the diffusion coefficient depends on the velocity of flow in
the porous medium. Under a modest time step restriction in relation to physical
parameters, we obtain the stability of the method and a priori error estimates.
With the help of such error analysis we derive criteria of choosing the time step for
each physical variables in accordance to the ratios of the physical parameters. In
particular, we show that the ratio between the time steps should be proportional to
the ratios between these physical parameters. For spatial discretization, we adopt
the decoupling method of [28] (see also [6, 22, 37]).

The rest of the article is organized as follows. In Section 2, we introduce the
model problem, and present the mixed weak formulation. Coupling and decoupling
schemes, and the stability of the decoupling scheme with different time steps on
different subdomains are given in Section 3. The error estimates for fluid velocity,
kinematic pressure, piezometric head and concentration are presented in Section
4. Finally in Section 5, we present some numerical examples to demonstrate our
theoretical results.

Through out this paper we use K and C, with or without subscription, to denote
a generic constant, which may have different values in different appearances.

2. Model problem and weak formulation

The model under consideration is a flow in a bounded domain Q C RY (N=2 or
3), consisting of an fluid flow region 2y, where the flow is governed by the Stokes
equation, and a porous medium region €2, = Q\Q, where the flow is governed by
the Darcy’s law. Here Q;(I = f,p) are bounded domains with outward unit normal
vectors (I = f,p). The whole domain  is occupied by a mixture of two mis-
cible fluids which before mixing are each incompressible, therefore the Boussinesq
approximation is valid and the mean-volume velocity is thought to be equal to the
mean mass velocity. The two regions are separated by an interface I'; = 92y N0<,,
and 75,7 = 1,--- , N — 1 denote an orthonormal system of tangent vector on I';.
On the interface, we have ny = —n,,. Let Iy = 0Q;\I';(l = f,p). Each interface
and boundary is assumed to be polygonal or polyhedral. Figure 1 gives a schematic
representation of the geometry with N=2.

The equations of motion, continuity and mass transport for the fluid velocity
u(x,t), kinematic pressure p(x,t) and concentration c(x,t) in ¢ can be written
as

(1) Ou—V - (2u(c)S(u))+Vp=f(c), Qs tel,
(2) Vou=0, ey tel,
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F1GURE 1. The model problem.

(3) Oic—V-(dVe)+u-Ve=0, xzeQptel,

0
where J = [0, 7] denotes the time interval, 9; = Pl u(c) is the concentration
(denoted by ¢) dependent fluid viscosity, S is the deformation rate tensor defined
1
by S(v) = §(VU +Vol). f e (L)Y is a term related to body forces. The

equations of motion, continuity and mass transport for the piezometric head p(x, t)
and concentration c(x,t) in €, can be written as

4) u, = —Ac)Vy, xcQ,tel,
(5) Sodip +V -u, =q' —¢", zeQ,tel,
(6) $0ic — V - (D(up)Ve) +uy, - Ve = (¢! =)', xeQytel,

where u,, is the fluid velocity in ,, Sy is the specific mass storativity coefficient,
which is assumed to be a constant, d is the molecular diffusion coefficient, A(c) =
K(x)
pi(c)
the source term and sink term, respectively, ¢ is the porosity of the medium, D is
the diffusion and dispersion coefficient, ¢! is the injected concentration.

From Darcy’s law (4), Equation (5) can be rewritten in the parabolic form

(7) So0p — V- (M)Ve) =¢' —¢", z€Q,tel

On the interface I';, the following interface conditions are imposed:

with K = diag k; being the permeability of the medium, g’ and ¢* represent

(8) u-nyg+u,-n, = 0,

(9) p—mny-2u(c))S(u)-ny = gp,

(10) ng-Su)-1j+yu-1;, = 0,j=1,--- ,N—-1,
(11) ¢f = Op

(12) dVes-ny+ D(up)Ve,-n, = 0.

Here g is the gravitational acceleration, which is assumed to be a constant, v; =
a1/ \/E , a1 is a parameter determined by experimental evidence. Equations (8)
represents continuity of mass flux, (11) represents continuity of concentration, (12)
represents the balance of concentration flux, (9) represents the balance of normal
forces, and (10) is the Beavers-Joseph-Saffman condition.
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From Darcy’s law (4), the condition (8) can be rewritten as

Ov

(13) u-ny = Acp) o,

To complete the system (1)— (13), we assume the following boundary conditions

(14) u=0, zeclytecl,
(15) =0, zecly,tel,
(16) D(u)Ve-n=0, xc€d,tcl,
and initial conditions

(17) u(z,0) = up(x), x € Qy,
(18) e(x,0) = po(z), @€,
(19) c(x,0) = co(x), xe€
Here

=, . | du, x € (y,
Du) = { D(u,) = DA(Q)Vy), @€y,

Equations (1)— (19) consist of the coupled Stokes and Darcy flows system with
an advection-diffusion equation that models the transport of a solute in which the
viscosity depends on the concentration c.

We now make several assumptions on the coefficients in the system.

(i) ¢ € L®(Q,), K € L>=(2,)V*N is uniformly bounded and positive defined in
Q,. There exists positive constants @min, Pmax; Fmin and kmax such that

(20) ¢min S ¢($) S ¢maxa vV Qpa
(21) Emin|2|? < Kz - & < kpax|2|?, VX € Q.
(ii) The form of p is assumed to follow the quarter-power rule
1 —4
1(0)\
22 = — 1- h 1].
(22) 0 =) | (43) e+ 1=a] . where ce

From the form of u, we can see that u(c) is bounded and monotone for concentration
ce[0,1]

(23) Hmin < .U(C) < fmax, VCE [Ov 1]a

where fimin = min{p(0), £(1)}, pmax = max{u(0), x(1)}. It is also easy to see that
w is also Lipschitz continuous for ¢ € [0,1]. We assume that pp, is the Lipschitz
constant.

From the assumptions above, we know that A is also bounded, monotone and
Lipschitz continuous for concentration ¢ € [0, 1], and

kmin kmax
(24) oz < Aoz x < P |z2, Vee [0,1],x € Q,.

,Ufmax Hmin

(iii) The diffusion-dispersion coefficient is taken to be
D(u) = ¢d7I + ul(diE(u) + d, EY),

where T is a positive constant in (0, 1), and represents the tortuosity of the porous
medium, d; and d; are the longitudinal and transverse dispersion coefficients, re-
spectively. For w = (uy,---,u"), |u| = \/u? + -+ +u3 and the matrices E, E+
are given by

U Uy

) . E'-I-E
|u|?2 / NxN

E(u) = (
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Usually d; is considerably larger than d;, hence we assume d; > d;.

(iv) f = f(c) is a Lipschitz continuous function for concentration ¢ € [0, 1] with
Lipschitz constant f7,.

By the definition of D and the analysis of [14], we know that for u,v € C(Q,)",
there holds

(25) Diin|€]* < D(u)€ - € < Diax|€]?, € € R,
(26) (D(u) — D(v))(,7) < (3d; — 2d¢)|u —v|, 1<i,j<2,

where Di, and Dy, are constants depending only on ¢nin, @max, 7, di, d¢ and d.

Before giving the suitable weak formulations of the problem (1)— (19), we intro-
duce some useful notations. The Sobolev space W™ (Q) is defined in the usual way
with the usual norm || -|[yym.n(q), where 0 < m < 00,0 < n. When n = 2, we simply
substitute Hm(Q) for Wm’Q(Q) with || . Hm’Q = || : ||Wm,2(Q), | : |m,Q = | . |Wm2(Q)
In particular, when m = 0, we have L?(Q2) = H°(Q) with | - || for || - [lo,o. Let
(-,-)a denote L2(Q), L2(Q)N or L2(Q2)N*N inner product or duality pairing. Also,
I 1ls, |- i and (+,-)1,1 = f, p, will be the same with Q replaced by Q;,1 = f,p.

To present a variational form of the coupled problem we define the following
spaces Hy H, and @ for the fluid velocity u(x,t), piezometric head ¢(x,t) and
kinematic pressure p(z, t), respectively

(27) Hy={ve H Q)N :v=00nTy},
(28) H,={ve H(Q,):¥=0o0nT,},
(29) Q = L*(Qy).

The norm of @ is || - || and the norm of H; and H,, are

(30) [ollz, = [IVoll; =/ (Vo, V), Vo € Hy,
(31) [Plla, = IVYllp =/ (V, Vi), Vi € Hy.

The space for concentration is W = H'(Q) with norm || - ||w = || - [|1-

The following inequalities are useful for our analysis.

Poincaré inequalities: there exist constants C'p and Cp which only depend on
1y and €2, respectively, such that

(32) vl < Cpllvllu,, Vo€ Hy,
(33) 1l < Crllln,, Vo € Hy.

Trace inequalities: there exist constants Cr and C’T which only depend on ¢
and 2, respectively, such that

(34) ollzary < Crllo]Y?|lvll?,  vo e Hy,
(35) [llzaey < Crllwly2vly?, Vo € Hy.

We now propose the following weak formulation of the coupled problem (1)—
(19): find w € Hy, p € Hy,, p€ Q and ¢ € W such that t € J

(Oru, v) s + gS0(Orp, ¥)p + ag(c;w, v) + ap(c;,9) + ar (v, ) — ar(u, )
) +b(v,p) = (f(e)v); + 9@’ —q" ¥)p, Vv Hp e Hy,

) blu,q) =0, VYgeQ,

38)  (Orc,2)g +d(ujc, 2) = (¢'ch2), VzeWw,

) (u(0),v)f = (ug,v)f, Yve€ Hy,
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(40)  (p(0),9)p = (0, ¥)p, Vo € Hy,
(41)  (c(0),2)5 = (co,2)g, =z €W,

where
N-1
(42) ar(c;u,v) = (2u(c)S(u), S(v)) s + Z (yjplou - 7j,v - 7)r,,

(43) ) = 9(A()Ve, Vi),,
(44) ) =g{p,v-ng)r,,
(45) b(v,p) =—(p, V- v)y,
(46) (¢, 2)5 = (9c, 2)a,
(47) D

d(u;c,z) = (D(uw)Ve,V2)a + (u- Ve, 2) + (¢'e, 2),,

5 - 1, in Qy,
Sl 9, in Q.
The fluid velocity u,, in (38) is identified by the Darcy’s law (4). Interface conditions

(8)—(10) and (12) are posed weakly in the above variational form, while (11) is
treated as an essential condition. Due to (20), (c,2)5 = (¢c, 2)q is an equivalent

scalar product on L?(£2) and ellz = (e, c)%/2 defines an equivalent norm on L?(),

we have
(48) Pminllell2@) < llellg < dmaxllellr2(a)-

The existence of the weak solution of Equations (36)-(41) can be found in [8].

3. Finite element discretization

In this section, we construct the finite element discretization of the coupled
problem and propose a coupled and a decoupled scheme with different time step
length. The stability of the decoupling scheme with different time step sizes will
also be proved in this section.

Let 7, be a family of triangulations of 2 with nondegenerate triangular (N=2)
or tetrahedron (N=3) elements. Assume that each element 7' € .7, is in either Qy

or . For any T € 9}, denote by hr the diameter of T'. Let h = 7{1122( hr and
€Ih

denote by pr the diameter of the sphere inscribed in T € 7,. We assume that the
triangulation is regular [11]: there exists a constant o independent of h such that

h
UT:—TSU, VT € G,.
pT

We select finite element subspaces Hyp C Hy, H,p, C Hp, Qp C Q, W, CW
and use continuous piecewise polynomials of degrees 7 +1, j+1, j, 7+ 1, 7 =
1,2,... for the spaces Hyp, Hpp, @n and Wy. The finite element spaces Hy
and @) approximating velocity and pressure, respectively, in §1; are assumed to
satisfy the well-known discrete inf-sup condition: there exists a positive constant
B, independent of h, such that Vg5, € Qn, Jvy, € Hyp, vy # 0,

(49) b(vn, qn) = Bllonllagllanllp-

We also assume that the inverse properties hold:

(50) [vnll Lo,y < Crh™Hvnllr2io,), Vou € Hyp,
(51) 1Yl (,) < éIh71||wh||L2(Qp)av¢h € Hy .
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Following [28], we define a projection operator P}, from (u(t), ¢(t),p(t)) € (Hy, Hp, Q)
to
(Pru(t), Po(t), Pip(t) € (Hyn, Hpp, Qn),Vt € J, such that

ag(c;u(t), vn) + ap(c; o(t), ¥n) + ar(vn, ¢ (t)) — ar (u(t), ¥n) + b(vn, p(t))

= ag(c; Pyu(t), vn) + ap(c; B @(t),1hn) + ar (v, B @(t)) — ar(Pru(t), vn)
(52)  +b(vn, Pip(t)), Yon € Hpp,tbn € Hy s
(53) b(Pyru(t), qn) =0, Yau € Qn.

Assume that the exact solution of Stokes-Darcy-transport problem (1)-(19) satisfy
(u(t),p(t)) € (HITYHQ)N, HIT1(Q,)) and p(t) € HI(Qf). Then we have the
following approximation properties for the projection operator Pj:

(54) (1P u(t) — w(t)lly + bl Pru(t) — wt)lm, < O u)| i o,

(55)  IB7e(t) — o)y + hlIPI(t) = o)llm, < CH o) mi+i(q,),

(56) 1PEp(t) = p(®)lly < CRHIp(0)ll i (0))s

where the constants C are independent of h.
Using the inversive assumption (50) and (51), we have that [19, 30, 35], for
sufficiently small h,

(57) [Py (b)) < Cu,
(58) 1P el =(,) < Ce,

where the constants C,, and C, are independent of h.
Next, we define the elliptic projection operator =, : W — W, [42] (see also
[13, 14, 30]) such that for t € J

(D(w)V(c(t) = Epe(t)), Vz) + (u - V(c(t) = Epe(t)), 2)
(59) + (€ +q")(c(t) = Enc(t), 2)p =0, Vz € W

Here ¢ is a fixed positive constant to ensure the uniqueness of the projection so-
lution. From the theory of finite element methods for elliptic problems, when c is
sufficiently smooth c(t) € H7*1(Q) there hold

(60)  lle(t) = Enct)lr2(0) + IV (e(t) = Enct))llz2(@) < O el aivi(o),
(61)  [10:(c(t) — Enc(t) 2@y < CHH (lle@®) i+ @) + [10ec®)]l g+ (@) »
(62)  [|Enc®)lwr@) < Ce,

where the constants C' and C, are independent of h.
The main purpose of this paper is the use different time step sizes in different
subdomains in temporal discretization. But first we consider a uniform partition

T
on J = [0,T] with ¢, = nAt,m =0,1,2,...,N for At = A The standard finite

element approximation to the solution of Stokes-Darcy-transport problem (1)-(19)
is to find (up ™, pit) € (Hyn, Qn), pp ™ € Hpp and cp™t € Wy, such that

uj, = Plug, @), = Pyo, ¢, =Epc,
and forn=0,1,--- ,N — 1,
(deuy ™ o) + gSo(depp T wn) + ag(cisup ™ o) + +ap(cpon ™ n)
+ b(vp, pp ) + ar (v, @p ) — ar(u) T Yy)

= (f(c),vn) +9((¢" = ¢")" ¥n), Vou € Hyp, by € Hyp,
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b(up™,qn) =0, Va € Qn,
(63) (dthH,zh)g—&- duy ™t ertt zn) = (d' et zn),  Van € W,

where )
@n _ 4,0”_
diuy, = ———"—, dicjy = N dipy = hTh

Next we consider the decoupling scheme with different time steps. Let
th = kAP, k=0,1,2,...,N,,
te =mAt°, m=0,1,2,..., N,

m
th =nAt!, n=0,1,2,...,Ns
be the temporal partitions for the Darcy equation, the transport equation, and the

Darcy equation, respectively, where AtP = Fp Ate = Nlc and , At/ = le Assume
that

AP = rp At = TpCTCfAtf = rpfAtf,
where 1, 7cf, and 7, are positive integers. Obviously 7y, rcy and r,; are the
ratios of the different time steps and Ny = 7.y Ne = 7pfNp = 7¢frpcNp. Denote
Ny = MpTef = krperey = krpp. The relationships of different time steps are
depicted in Figure 2. Let

f f
oy
A | ot,,) I
to: | , i
, AP ;o)
b | & i
FiGURE 2. Relationship of the time steps.
Tn
(uf, — ™) G =)y _ (B — ™)
n Nom h h my o h h
duuy = Atf  deecy” = Ate » dwpy " = AP

The numerical algorithm of the decoupled scheme (see [28]) with different time
steps is outline as follows
Algorithm : Take u% = Puy, @Z"L" = P o, ¢;° = Epco
fork=0:N, -1
form=my :mp41 —1
forn=mn, :npy —1
Find (uZH,pZH) € (Hyn,Qn), such that
(desup ™ on) + ap (@5 up ™, op) + b(on, )

(64) = (f(ey™),vn) — ar(vs, 9927”’“), Vop € Hy g,
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(65) b(up™,qn) =0, Van € Qn
end
1 Nm41—1
Take Sp™ = ;
Find ¢, € W}, such that
(66) (decy™ " zn)g + AU ™6, zp) = (¢ch, z), Yz, € Wy
end
Mg g~ 1 mp41—1
rarerpe = LS g e 2 LTS
pf 1= Nn, T'pe 1=my

Find gozm’““ € H,, such that

950 (dtp QOh " awh) + ap(an’“ ; (thw—l , %)

(67) = g((q" — )" ) + ar (T3, ™ n), Yo, € Hpp
end

Where
¢, = min{1, max{0, ¢, }} € [0,1], Rhm’“ = min{1, max{0, an’“}} € [0,1],

I x e n

N h o foonm N my
vpe = { e G el v =l e
Since ¢ € [0, 1], it is easy to see that

(68) lept — ™ < ey’ — <™.

In the rest of this section, we study the stability property of the above algorithm.
For this purpose we need the coercivity properties of the bilinear forms a; and
ap. Define the discrete divergence free finite dimensional subspace Vi C Hyj as
follows.

Vin=A{vn € Hyp : b(vn,qn) =0, Van € Qn}-

Lemma 3.1. af(-;-,-) and ap(;-,-) are coercive on Vi and Hpp, respectively:
there are positive constants oy and cy, such that

(69) ag(cn;vn,vn) > agllonlly,, Yo € Vin,
(70) ap(ch; ¥n, ¥n) = ol | KY2VH|2, Vb € Hyp,

where of o< gmin, ap = ¢/lmax, 05 and «, are independent of h, At! ) At° and
max
AtP.

Proof. From (23), we have
(2u(cn)S(vn), S(vn)) = 2. (S(vn), S(vn))-

By the Korn’s inequality for piecewise H' vector field [3], we have

N-1

(21(cn)S(vn), S(wn)) s+ Y (vjmen)vn - 75, 0n - T5)r, > apllvnll?, -
=1

Since 7; = a1/\/&;, o oc Lo

kmax
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From the definition of a,(-;-,-) (see (43)), we have

g\ en)Vibn, vn)p >

max

O
For the bilinear form ar defined on the interface, we have the following estimates.

Lemma 3.2. There exist constants C; = C’%é’%, and Cy = CpCp, such that
Ve > 0,

€, 9
lar (v, @)| < §(TIIK1/2V30II§ +aglvll,)

Clg\///[/max 2 2
71 + ——————(95 + ||v]|%),

C1Csg
1) lar(w. ) < sl + gt gl Vgl Vo € Hy,p € B

Vv € Hy,p € Hp,

Proof. Using Holder inequality, trace inequalities (34), (35) and Young inequality,
we have

lar (v, 9)l =gl{p, v -np)r,| < gllellzepllv-nsllzo
= 1 1 1 1
<9CrCrllellz ol &, 1ol 7 [l &,
~ “1jay b 1 1 1
<gCrCr(kmin) ™ “llellz IVels vl 7 vl 7,

MmaX
L /a7 K plploln, + \/%\/QSOHSOHpHUHf

02 Cng/umax
<3 ( L KY2V0|2 + agloll3,) + (
2 Hmax fkmmSO
take C, = C2.C2, we get (71).
Using Holder inequality, trace inequalities (34), (35), Poincaré inequalities (32),
(33) and Young inequality, we have

gSollelly + llol7),

lar (v, )| =gl{@,v-np)r,| < gllellLzwpllv-ngllea )
<gCrCrlielZ el vl vl %,
<gCrCrOy*CHlollm, v,
<gCrCrCH O (kin) V2| K2V ||y 0] 1,

C2C2CpC

2 7lrlprlpg 1/2 2

SEOZ}‘.H/U”Hf + 45kminaf gHK V@Hp»

which leads to (72) with ¢, = C2C% and Cy = CpChp. 0

We are now ready to prove the stability for the proposed numerical algorithm.
Theorem 3.3. Assume that At! satisfies

40 max
(73) KA <1, with K = —2JVHmax

Varkmmo
Then for all0 <I <N, —2,0<s<rpr — 1,

nnLl+1+

IF +ayAt! [y, 1
s
i=0

||uZ7nl+1 +s+1
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l
+9Sollen™ " 117 + p Ay |V,

max k=0

mit1+[s/rcy]

202 Atf . 29C% fnax AP "
<o (=E= 3 I3+ 20CH O S 11 gy

o m=0 Fain (=5
(74)
+ ol + gSolleoll + 2 fuolly, + 2 1ty 2)
Ty g +s+1
with C(T) = exp(At! ; m) Here [ ] denote the integral part of a

real number.
In particular, choosing | = 0 in the above, we have the stability for the fluid
velocity up, on [0,t)]: for any 0 < s <r,f —2,

lup 7+ apat! Z ey, W,

1=0
(75)
S/TCf]
402 At
< tp P —Ny, K1/2
<C() (S5 — 30 I+ ol + aSolleoll + - || Viool?)
§ K
with C (1)) ~ exp(At’ — ).
—1- KAt/

Proof. Taking v, = 2At/ 4™ in (64) and (65), we have

g 5+ gt = w3 — a3 + 28 0 (@ syt gt

(76) = 2Atf(f(ch ), uZH) — 2Atfap( ntl <pZ"”“),
Summing up the above with n = ny,np + 1,...; 0y — 1 and m = my, my +
1,...,mgy1 — 1 gives
nmk_*_lfl
™ 34 D ™t = wpllF = ™ )13
i:nmk

Mme+1—1nmyp1—1

_|_2Atf Z Z af nm, z+1 uz—i—l)

m=mpg =N

mep1—1 Nmgp1—1 Mmp g1~
(77) =2At7 N (f@m), > wih) —28tar( Y u”l,go::m").
m=mi T=Nm = L2

Taking v, = 2Atl’g0nm"'+1 in (67), from the definition of 7) ™*, we have

Nm

m Mm my,
gSollen™ I3 + llen ™ = @™ Il = llen™*II3)
+ 20 a, Ry 0, " o)

7"‘k+1

nrnk+1
E uh? )

=Ny,

2At1’

(78) =2Atpg((q1 — qp)”mk+1 , @kaﬂ)
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Combining (77) and (78), we obtain

nmk+171
M 3 Nm
e, ™ F+ D> Ml = w7 = [l 7
i:nmk

Mer1—1nmyp1—1

+20t) > N ap(Eupugt

m=mjy (=N,

m Nm N, Nom
+9So(llen ™ 12+ llen ™ = wn™ 112 = llep™* [12)
+ IAPq (ank ka+1 , SDkaJrl)
me41—1 Nm41—1 . N
—2Atf Z (f(EZm)7 Z u;fl) + 2Atpg((q1 _ qP)’nmk+1,SOhm,k+1)
m=my =N
Nmy, g —1 Tmp g~
. Nm 4 m
(79) + 2At ap( Z ul, 0, ) = 2A ar( Z 'u,“rl7 N
i:nm,C = MNomy,
Following (69) and (70), we have
Py T Mg gy —1
Nm ; m
e, "G+ > g™ =l " (1 4 20880 g,
=N, T=Tm

m T, m 29 T,
+gSolllen ™ 12+ llon ™ = @p™ 112 = len™ 12) + TAtPIIK“th S

max
mpg4+1—1 Nm41—1
3 MNm
<At 3T (FEm), Y ut) +2A8g((g" — ") e 0 )
m=mg T=Nm
(80)
nmkal Mngoq —
. N
280 ar( Y0 w28 an( Y RN
1=Nmy, i=nm,

For the first two terms on the right hand side of the above, we use the Holder
inequality and Poincaré inequalities together with (71), (72) and Young inequality
to obtain

mp41—1 Nmt1—1
) T
oAt ST (F@m), Y up) + 28 g((¢" — gF) e 0, )
m=my 1="Nm
me41—1 Nt1—1
<2CpA Y F@EI Y w
m=my =N
2gC’PAtp Mom,
+ =ll(a" = ") | K2V,

Vv kmin

202 A T 2902 [ty AP .,
<=2 > @G+ FEEEE (g = ) e |1

a.f — krﬂll’l
m=my,

a At ; gAt? T
(1) = Y, g KV

=N,
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For the last two terms of right-hand side in (80) we choose € = 1/8 in (71) to obtain

Mmy g~ Mmppq ™
Nm m
2Atf|:a1" Z uh7 k+1 ) — ar( Z ’u,H_l, n k)}
i= L i= Ny,
1 Nmy g —1
SZAtf[lﬁ(MmaXHKl/szh k+1||2 +af|| Z U;LH%U
Z=nm,k
Mg —1
T,
IV |2 ol > ul,)
max 7 —
1=Nm,,
Clg\/ﬂmax n 2 e P
+ (9Sollen™ o+ 11 D wil?
\/m i:nnzk
nm,k+1 -1
Tomy,
+gSollen ™ B+ Y w3
1=Tm,
My —1
At? — Nm
<Sr(or 20 I +agleg ™ G,
1="m,y,

Mo g Nm
max|\K1/2v<ph k+1||12)_’_ m”Klmv@h k||§>
4019 UmaXAtf e i Mom, Mom
8+ =l (3 Il asollel™ I + 9l 1)
“Fmin”0 .
1=Nm,,

It then follows from (80) that

nmk_'_lfl nmk+1*1

T ; T 5
e R S T e [ e PN S o
i:nmk i:nmlC

1 m m nm Nom, N
- ZafAtfHuh “I3, + 9Sollen ™ 2+ llen ™ = on™ 112 = llep™ 112)

5 g 1 nm g Nm
2 AtP| K27 p, " — L At K2V |2
I | 15— - | e Ny
202At M 29C2 [ AL? .
<= N @G+ —Pk : I(g" = g") e
af M=z min
(83)

4C1g\/Tmax At o T m
JFW(Z ||Uh\|f+950||¢ o ||p+950||<Ph k||)

1=Nm,,

Summing over (83) with k =0,1,2,...,l, 0 <1 < N, — 2, and using the fact that
AtP > At! | we have

Mmp g~

[ m‘“l\f+0éfAth Z i, W,

kanmk
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1
m g N
+gSollen ™ 2+ p —E— AP K VPV,

max k=0

Me41— 1

2
2CPAt Z Z Hf nm

k=0 m=my

|fJr

2Rl 1 _ gy

mm k=0

4019 MmaxAtf l e 4 m Ty,
+ D S (STl + gSollen ™ 12 + 9Sollen ™ 12)
k=0

=N,

af kmin SO

tf gAt!
(84)  +luollF + gSolleoll’ + ||U0Hi1f + T”KUQV%H?;-

max
Next we analyse the stability on time interval [¢}, ¢, ,]. Taking v, = 2Atf ul ™ in
(64) and (65) and summing over with n = ny,,, M, +1,.. ., N, +5, 0 < I < N, —1,
0<s<rpr—2, we have

N, +5 Ny +$
N, +5+1 ; Nm i
[J),™ 13+ D0 ™ = wpllF = llw, ™ 3 + 20,487 > up g,
=N, i=nm,
+[s/res] T+
402 At ™ 3 3a;Atf
<= N FEI + L T [t
304f 4 .
m=my 1=MNm,
Ny +5

C1g/Frmax At ) )

R el w3 + gSollen™ I2)

Varhmgs § 2 I+ gSollen™ I
—tmy

nml—i-s

Atf ;
(85) -+ =(ar D2 Iy, +

=N,

g Nm
I | K2 |2)).

max

Combining (84) and (85) and using the condition (73) and applying the Gronwall
inequality, we obtain (74) and (75). O

We see that the numerical scheme (66) is linear, since we get the stabilities of
vy, and ¢y in Theorem 3.3, we can get the stability of ¢; directly.

4. Error estimates

In this section, we derive the error estimates for the proposed numerical algo-
rithm in the previous section. First we split the errors between the approximate
solutions and the exact solutions as follow.

u—up =u— Plu+ Plu—up =€, +eyp,

p—ph=p—Pip+Pip—pr=¢+epn,

o —pn=9¢—Po+Plp—pn=rc,+epn,
(86) c—cp=Cc—Epc+Epc—cp =€+ ech.

From the definition of P, (see (52) and (53)), we know that, for time step size
At/ there holds

(dys PEu™ o) + ap (™ PRt vp) + b(vy, PPp™ )
=(dpr ™ — Oppu T vy)
(87) — (dyre™ vp) + (F£("Th),v0) — ar(vn, PP@™ ), Yo, € Hyp,
(88) b(Pitu"*,qn) = 0, Yan € Qn,
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and for time step size AtP, there holds
9S0(dip P7@" 51 4bp) + ap (s BE@" ks, )
=gSo(dso @™ ™41 — o1 ) — gSo(dyme ™ )
(89) +9((a" =) ) + ar(Pru" s p), Yoy, € Hpp.

Subtracting (87) and (88) from (64) and (65), respectively, we have that for
vy € Hyny qn € Qn

(dys 6,?:;3, vy) +ag(cpmse Z+h ,up) + b(op, e Z';l)
1) — (dyr €+, wp)
— (af(" T PR vy) — ap(epm; PRu™t vy))
+ (), 0n) = (F(Em), vn))
(90) — (ar(vn, P " = PPO™) + ar (v, PEO™ — 9")),
(91) blew an) = 0.
Subtracting (89) from (67), we have that for ¢, € Hp
gSo(de " n) + ap (B ™ e )
=gS0(dipp" ™1 — By 1y ) — gSo(duwen ™ 1)
= (ap(c"mrers PEQM i) — ap(Ry ™5 PP w1 4y))
(92) + (ap (Ppa’ e — Pra™w ) + ap (Pra e — T, " 1y)).

The next theorem is about the error estimate for the velocity and pressure.

:(dtfun+1 - atfu

Theorem 4.1. Assume that
¢ € L¥(Jy HTH(Q)) N HY (J; HIPH Q) L2 (J; WHe(Q)) 0 H?(J5 L2 (),
w e Whe(J; KT (Q)N) 0 B2 (1, L2(Q)N) 0 HY(T; HITH(Qp)N),
(93) @ e L>(J; HIH Q) N HY (T3 HITH(S,)).
Also assume that the condition (73) holds. Then for sufficiently small h, there exists
a positive constant Cy independent of h, At!, At® and At?, and exists a positive

constant Cs independent of h, Atf, At® and AtP, and independent of physical
parameters [imax, Pmin, Fmax 0nd Emin, such that for 0 <1 < N, —1

Mmp 41
Nom, Nm
€y, ”1||f+04fAth > leb iz, + gSolle, ™ 117
k=01i= Ny,
l
g 1/2v7 ekt )2
+ AtP K'/“Ve
Hmaz ];) H b Hp

Me4+1— 1

<c(r )(c (20 +Atcz S (e -

k=0 i=my

’)

O o Ca A0 R Ay (L b ) )

min af kmin,ufmin
Proof. Taking v, = 2At’ce”+h1 in (90) and (91), we have

lewi I1F + llewh' — ennllF = llew nlF + 2At ap (@ enhl s

'y Fu,h 0 FuLh
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=2At (dysu™ T — Oppunt, e”+hl) At (dysen ™ enthy

' u,h
— oAt (af(c"+1;PfL‘u”+17eZ+hl) —as(C™; Pylu ntl ezzl))
+ 2080 ((F(c™), el = (F@Em) enth)
(95) —2Atf (ap(e;ml, PPo™t — PPO™) +ar(e T;Ll, Pro™ — gpnm’“ ))-
Summing over (95) with n = ngp,nm + 1,.. ., Ny — 1 and m = my, my +
1,...,mgr1 — 1 we obtain
Nmy, q —1
Nm MNom,
lewn ™ 17+ D lebts — e nllF = llewse1I7
T=Nmy,

Mmrr1—1nmp1—1

VD D R

m=myg i=Nm

n?nk+1_1 nmk+1—1
oAt S (du Tt Gt ) — oA ST (it e
T=Nmy, 1=Nmy,

Mmer1—1nmp1—1
B f L, pUg it Gitly g (e, pugitl (it
2A¢ (af(cth Pl seun) —ar(@ms Prlu uh))
m=myj 1=N.m
mrr1—1nmp1—1

bt ST () - () )

m=my 1=Nm

nkarl—l
96) =205 3T (an(eifh B = B tar(ef PRt - o).
1=Nmy,

Taking 1y, = 2Atpezt',;k+l in (92), we have

9Sollel 12 + gSollel i — el |2

m ’!Y‘L nm
- gSOHBan Hp + QAtpaP(Rn kv Lp hk-H ’ 6¢7hk+1)

—2AMPg Sy (din "4t — g ren e ) = 21 Sy (diwe " el )

y€o.h
72Atp(ap( Mg . PS@ Tmy 4 q e hk+1)7azp(Rhmk P(p L2 6[10 hk+1))
(97) + 2A17 (ap (Pru"ms — Pra™ e W) + ap (Prame — Tp ™ e F)).

Combining (96) and (97), using (69) and (70), and following the definition of T:m’“,
we have that

Nmy g —1

MNm N
lewn ™ IF = llewis I + 2008867 Y7 gl

=N,

Mo, m 29 MNom
+gSolle 112 = gSollen, 3k 12 + ———AtP|| K/2Ve |2
/J'max

Nmy, q —1
<A YT (dypu = Gutt el
i:nmk

+ 2Atpg50(dtp<,0nm"'+1 — atp(P M+l e hk+1)
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nkarl—l
=287 N (dyeitt el ) — 2817 g S0 (dppey " el
i:nmk_

Met+1—1nmp1—1

YN Z Z (af(ciH;PﬁuiH,eri) ar(@m; Piu i+l i:ri))
m=myg 1=Nm

— 2P (ap (" PR M e ";Lk+1)_ap(ank Pyt e¢72k+1))
Mg+1—1nmip1—1

+2AtS Z Z (@), elin) = (F@Em),elhh)
m=myg 1=Np,
Nmy 1

20t 3 ap(elf), PEot - PPYY)
’Z=7’Lm,k

n
p U, MNon, ., (T ey MEe4+1
+ 2AtPap (Pylu" st — Pla™me e, )

nmk_'_lfl
—oAd 3 ar(elf) Pret - PRt
1=Nmy,
nmk+171
+2Atr N ap(Prute — PRt et )
1=Nmy,
n’"k+171 nmk+171
—2At! N ap(elfieln) 28t ST ap(el, e,
1=Nmy, T=Nmy,
98) =T1+To+T5+Ty+T5+Ts+Tr+Ts.

Now we estimate the terms T7 through Ty term by term.
Using Hoélder inequality, trace inequalities (34), (35) and Young inequality, we
have

Mg —
[Ty :‘2Atf Z (dtfu”l—atfuiﬂ,ei:i)
i=nmk

+ 2AtPgSo(dpp @ E 1 — B e hk+1)

Nom, MNm -
apAtf TS 12021 IS ; ;
<Y Z le ZHHHf # Z dpsu'™? — By rui™ |3

12 _
1="Nm, 1=Nm,,
AP ” 10gC2S8 frmax At
DT LRGN P R [ a e e
’ITLG.I min
Mmp 1™
OzfAtf i1 gAt? /2, "™k (|2
< ——||K/?Ve
<=7 Z lewnllz, + 10wall eon ' p
1=Nm,
Nm -1 f
12C2 A 1 K 2
= > W/ (/f (t —tHoFut)dt!) da
f T=Nmy, Q t

1090353ﬂmaxﬁtp 1 t£+1 2
t — 205 p(t)dtP) d
T (Atp)?/sz(/tg (8 = )0 ()i7) da



480 J. ZHANG, H. RUI, AND Y. CAO

arAtf TSN . AP N
<Y SN, 22 ke 2

i:nmk

12C3 At ’”"“ T .

P S 82 f _f f

" ay , Atf /Q/ % u(t))dt / (t—t)"dt! d
1:71,,,,,C

10 C2S max AP 1 .
4 ok Atp //tp (920(t) dtp/ (t —t2) dtPda

kIﬂlIl

Nom,
ap At TS A N
=—I0= >0 ledili, + e

12 10/maz
1=Nm,
4C? (Atf) mk+1
el 107 u(t)|[Fdt!
I -
10gC2 52 pimax (ALP)?
o9) M0 B 2
min ti
Similarly
nmk_*_lfl
o] =28 3" (dyseift el ) + 2087 g So(dwey ™ el 1]
T=Nmy,
ap At T 1203A T
< et g, + —2— lds i |17
12 ) f af )
1=Nm, 1=Nmy,
At? i 10gC2 S2 firmax AP o
T L A i R AR
]-0 Hmax kmm
7l7nk+1
afAt i+1 gAtp 1/2 nmk 2
< v K +1
<=1 Z lew 7, + 10/t [ Ve [
1=Nm,
pczar T th ] ey
— —_— w(t)dt
T ;m (Atf)g/ﬂ(/t[ vre(t)dt! ) da
109C? S2 pimax AP 1 tit 9
+ = (Atp)2/ﬂ(/p e, (t)dt?) " da
min tk:
Mmpgr
afAtf +1 gAtP 1/2 nmk 9
< v K +1
ST Z; lew 7, + 10/ || Ve [
S,
N, —1 f
120123Atf o 1 tiia 2
— Tav) dt! 12dt")d
+ af i_%;% (Atf)Q/Q(/t,f (dereu(t /t
109C% S3 pmax AP 1 i
(d )2dtP 12dt»
+ kmin (Atp)Q/ (/tp “’699 /tp dt

k

afAtf Mmp g +1 gAtP 1/2 an 9
= v K +1
D DI Coel A ol e Ll -

1=Nmy,
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tf
L et ar +
t

12C%
+

(100)

nmy,

Mer1—1nmypr1—1

1096’12353umax

kmin

481

. i
/tp e (£) |27,
k

From (57), (68) and the assumption that p is Lipschitz continuous, we have

||Hf’

— )

Tl =288 > 3" (ap(@ PRt ) — ap(@ms PrutT el
Mm=my 1=Nm
Mer1—1nmp1—1
12Ath2 C? _ arAtf
< 3N (R (Y = @3+ Lo lle 1,
12 !
m=my i=nm
(101)
12Atf0202M2 ME41— 1nm+1 1 a Atf n”Lk+171 .
Laabtruplay by, Z Z ”Cnm 1+1||f) f12 Z ”ellufé 2
m=my 1=Nm i:’ﬂmk
Since
Nm41—1 Nmt1—1
Sl —em P S (I = IRl = TP o e
=Ny 1=Nm,
Nm41—1
Srp 3 [t =,
T=Nm
we can estimate the first term of (101) as follows
1n 1—1
12Atfc /,L2 Me4+1— m+ )
e Y N
m=my 1=Nm
lnm 1— 1
12Atf02 C%ﬂ IS ,
e EEL NN (e =gl e =13
m=my 1=Nm
-1 n”"k+171
12Afcze2: M E R , 4
Sa—Pm(ch Z ||Cm—CZ’||?v+7”cf Z ”Cz-‘rl_Cz”?)
I i=mp 1=Nmy,
1
12877, C202 2 "N _
<SR TEE >l el
Qf -
1=Mg
12A8 A C2C2 12 [thmyn—
¥ PCL [T oypclhae
ay .
Thus
11
12At°C202 2 "
Ts| < P~uML ng o ni||2
T3] < oy Z l[e Ch llf
1=my
Atc 2 + Atf 2 tfhm -1
YA Ll PR
af 2,
arAt! Py
f +1
(102) S e,

=Ny,
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From (58), (68) the definition of A, and the assumption that p is Lipschitz contin-
uous, we have

i A oy (5o P €5 ) = ay B P )
10gC fimax AtPC2 s AP
< PHmax soll)\( nmk+1) _)\(RZ k)||127+ g

HKl/ZV "mk+1 HZ

- Emin IOPJ
10gC% imax APC2 pip ka1 - .
(103) PR R s — R 4 S |

Here, the term |[|¢"™#+1 — Rka |2 on the right hand side above can be estimated
as follows

me41—1 Mme41—1

1 v 1
le i — RS = e — = Y el < 5 Do et — e
TPC i Tpc i
1=mg 1=mp
1 mk+171
<o 2 (e =l e — )
pc i:mk
1 mk+171 1 mk+171
S X I dl e B e e
pc i:mk pc i:mk
1 ! n; n; (|2 1 c t:nk*'lil 2 ¢
(104) <5 > e =clp+ —At |Bhec|Zdte.
rpc i=my T'pe tfnk
Applying the above to (103), we obtain the estimate of Ty:
= -1
logC%’,UmaxAtCCZ,Ukamax " n; n
7] < o > Ml =l
mmﬂ'rnlnrpc 1:mk
1Ogéjg—7ﬂmax(Atc)2CiﬂLkmax tf"k”rl*l 2 e
+ H@tcchdt
k‘min,umin t"C"k
gAtp MNom,,,
(105) + m||K1/2Ve%h’”“ ||12)

T can be estimated the same way as that for Tj:

Mmrr1—1nmp1—1

ITs| =248 >~ > (F(@H) = F@m).enth)]
m=mjy i=Nm
Mr41—1Npmp1—1
12At CIQDfL Z+1 nm |2 + afAt H z+1|| )
m=my i=nmn,
120022 T
<BECGITS e
i=my
At 4 (AF)2) [,
wocp pplAITHAT) [ 2o
; o
MNm -
arAt o
(106) == Y el

=Ny,
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Following the proof of (72), we have

"mk+1_1
Tsl =28 > an(elf Pre'™ - PEe)

i=nmk

n
P w, Mm U, Mm . MEk41
+ 2AtPap (Pplu" st — Prla™me e, )

Tny,,, —1 S
as At S 12201 CoAt! A . .
< f12 Z ‘ 2+1HHf ai Z ”Pff@Hl _ P;f(PZ”%-[p
=N, f T=Nmy,
(107)
gAt? N 10gC, Co AtP i )
+ mHKINVe%hMI ”127 + — MAX || PUgPmpr — Py ||%{f

By the equivalence between ||u| g, and |[Vu|, |[¢|a, and [|[V¢l|,, we have

Mg yq —1 Nmyy g —1
S Pt = PG, <Cp o > lle(th) — e,
i:nmk i:nnLk
n’”k+171 ,
<Cp > (Vi) = et]) da
i:nmk Qp
Mmp g ™
Z / / V(0 p)dt! ) d
et T t{+1
Z / / V(0 ¢)| dtfdx/f 12at! dx
ti
(108) =CpAt [ 0yl dt
tnr,,,,k
Similarly, we have
t£+1
(109) | P mees — Pt |3 < CpAtP / 10wl Fy, dt?.
th

Taking (108) and (109) back to (107), we have

arAt et gAt Nom,
|Te| <=L ST llebt, + ||K1/2v 2

12«
=N,
¥
12g201020p(Atf)2 Brmga
¥ [ ol af
oy o,
109C1 CoCp (AP oy [H41
(110) L 109G CROp(AT) p / 0wl dt?.
kmin ti 4
Similar to the estimate of of T we have that
nmk+1—1
il =| =20t > ar(elf Pfe' - Piet)

i:nmk
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nmk+1—1
+2Ath N ap(Prute — PRl W",‘f“)
i:nmk
Ny, - r Mm -
(0% Atf - 12920102Atf s ;
<=L Yo el + ————— Y P - Pl
12 ) Qg . P
L=Nm 1=Nm,

-1

! Mmp g
gAt HKl/Q ”Mk+1 ||2 10C1 Co At pimax Z | Pl me —

10 Hmax kmin i=n h U ||Hf
—
as At/ kT gAt n
<o 2 Nl + g MKV
i:nm,C
12620, Cy At S5 :
D D e )
i:nmk
(111)
Nom,. 1 —1
10C Co AP fiax - w, i1 w, i(2
4 RS ST ppt - P
=Ny,
Similar to (108) and (109), we have
Mg yq —1 !
w, 0 u z k41
S Pt - P, < cont! [ oyl dif
. !
1=Nmy, nmy,
¥ tik-%—l 9 tik-%—l 9
(112) = CpAt Tpf ) ||8tpu||Hfdtp = CpAtp ) ||8tpu||Hfdtp.

It follows from (108) and (112) to (111) that

O[fAtf i gAt N,
T <S5 30 el + gg, K250

1=Nm,

AtH2 + (AP)?) [thm
+6g201020p(( )"+ (A7) )/ 0ol dt
of S ’
10C1CoCp(AP)  fimax [ 7k
(113) + kmin ‘/tp ||8tpu|ﬁ[f dtP.
k

Similar to the estimate (82), we have that

-1

Mmpgq nmk+171
.
T = —2A¢ Y~ ap(elfl el )+ 2080 Y ap(el, e )
i:nmk i:nmk
1 Mmyp g — —1
Nm
oAt | IV o YD e,
max .
z:nmk

Nmp g —1

KV R ol Y elllh,)

Nmax R——
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-1

gClVHmax Nomy, (12 i +1
+7 gSolle, i ln+11 > e

1=Nmy,
nkarl—l
+gSollepn T 241 Y ehall?)]
i:nmk
Nom —1
At — M
ST(Oéf > lleialE, + aglleys:

iznmk

+ LHKU2V6;2’““ ||127 ? ||K1/2V nmk

max max

71,

»)

4901 vV MmaxAtf ESE

n n
eu 2498 e, P 2—1— Solle,

i:nm,k
Replacing T; thorough T in (98) with the above estimates and summing over
with £ =0,1,...,[ and using the fact that eu =0, er’,ﬁL‘) = 0, we have that

(114)  +

Mmpa

N
ey I“Ilf+04fAth > lebrlz,

k=01t= Ny,

+ gSollen h |2 + /f’ At”Z||K1/2V el
max

k=0
_4c(atf)? 109C2 53 pimmax (ALP)?
e M e e
12C2 109C3 S pmax
2% [ aeatoar + 00 [Tz
ar Jo min 0

MEk4+1— 1

12AtCC’202u .
i BACCHCE 375 e -

k=0 i=my
At Atf
+60,%C§ui(( s ") / |0 cl2ae!
f 0

].OgCPMmaXAt Cgp,Ukamax !

Yoo e =l

k=0 i=my

10903 frmasx (AL)2C2 i kmaxe [T
+ gUpH a( ) go:uL a; / ||6tCC||12]dtc
0

kmln,u/mlnrpc

kmin,ulmin

Mpg4+1— 1
12Atcc,%fL N 2 a2 2 (A2 (AE)?)
S %l i +ocps AT Mg par

k=0 i=my

12 20,C,Cp (AL
g 1V2 P( ) / ”af@”H dtf
ayp
10gC1 CoCp (AP pimax [T
+ LR S o [0,y v
min 0

AtH2 + (Ar)?) (T
+69°C1CoCp (at]) o (E7) )/ 18ss I3, dt”
f 0
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N 10C, CoCp (AP)? fimax

T
/ (o2, dre
0

Emin
(115)
49C1 /imax AT P —— -
Z Z ||€uh||f + gSolle, " ||p+950”6 k”)

\VAST: kmlnSO

Using the approximation properties of the projection operator P, given by (54)
and (55) and the Gronwall inequality, we obtain (94). O

Now we consider the error estimate for the concentration. From (38), (59) and
(66), we have that for z, € Wp,

(d,gcenerl zh)¢ (D (U,;L’")Ven"'Jrl Vzn)
=(dge "t = Qg™ 2p) 5 — (dpe€l™ ", 20)

— ((D(u"m+) = D(U;™))VEL" ™+, Vz,

— ((u"mtr = U™ - Epc™ 1, 2,) — (U™ - Ve, 7t 2n)

(116) (g — gl ),

i:nmk

s
)

Theorem 4.2. Suppose that the assumptions of Theorem 4.1 satisfied, and if AtT,
At® and AtP are sufficiently small, then there exists a positive constant Cs inde-
pendent of h, At!, At¢ and AtP, and ezists a positive constant Cy independent of
h, Atf, At® and AtP, and independent of physical parameters fimax, fmins Kmaxs
kmin and ¢max, such that for 0 <1 < N, —1

Me4+1— 1
e ”"”“H%Dmmmcz S Vel
k=0 i=my
max kmax
(117) <C3h*UFY 1 ¢y ((M ) (AE)” 2B (AL)7).

Proof. Taking z;, = 2At% " in (116), we have

el 12 = ey

|2 + 2At°D(U) || Vel |2
SO (dye " — By el ) — 2 (dye el €2
— 284 (D(u"+) = DU} ) VEpe™ ve”m“)
= 28t5((u = U ) - B e i) = 205U - Ve it e i)
(118)  +2At(Eer™+t —qleri ™ el i)y,

@

Summing over (118) with m = my, mg+1,...,mg1 —1, and following the property
(25), we have

mpg41—1
n.
||ec’7;k+1 ”2 _ ||enmk ||2 +2AtD i Z ||Venm+1 H2
1=my
ey mp4+1—1
<2At¢ Z (dpe i+t — Dpec™it+1 Zihﬂ) _9ALe Z (dtCGZ”l,eZ’inl)g
i=my Pl

mk+1—1
—2At° S (D(u"+) — D(UJ)VERe™+, Vel

i:mk
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mk+1—1
_ 2Atc 2 ((u"“l _ U}’;h) . Ehcni-pl’e:;a‘,’:q)
1=my
mk+1—1
c n; Mit1 /'L»L+1
—ane S (U Ve el
i=my
mk+1—1
c 2: niyr _ I i1 Mt
+2At (566 q ech ’ech )P
i=my

(119) =Hy,+ Ho+ Hs + Hy + Hs + Hg.

Now we estimate the terms H;, Hs, ..., Hg term by term.
Similarly as the estimates for 77 and T, we have

mk+171
Hl=J2At Y (e — Becnien 5
i:mk
A€ me41—1 me41—1
<% ‘Z [dgec™ = Dpec™ 1|2+ K At ‘Z ez 12
1=my 1=my
mk+1 1
Omax At°
g% tftc )O2.c(t)dt®)
1 Z tC
mk+171
+EAE Y el R
T=my

mp4+1—1 c .
Pmax At° pas 1 tia c tit1 ¢ c
TR, > (A2 Q( . (3fc6(t))2dt/ (t —t§)%dt%)dz

1=my 3
mk+171

PSS

i=my

max Atc c mk+1 ' n
(120) u/ OpeclPdte + KA ST [ler 2,
tl,

3K, ,
mp 1=my
mk_*_l*l
|Ha| =[2At° Z (dee ey )5l
i=my
Ate mpg4+1—1 mpg4+1—1
D I Ry N S
i=mpy i=mp
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Mpyt1—1 c mpgy1—1
¢maxAtC < 1 tl+1 c 2 c UZES)
S (Atc)Q/Q(/t o) dw + oA e

c
i

i=my

i=my
m —1 c c
PmaxAt® 1 / /tm 2 e [T 2 02
< Pmax A 1 (dpeco(t)) dtC/ 124t) da
Ko 1:z7n:k (At€)? sz( te ' te )
mk+1—1

FIAE Y R

i:mk
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(121)
¢max tf"'k+1 . cmk+1—1 —
= deeec(B)][Pdte + Kot >~ leniit |12,
tfnk i=my

where the positive constants K; and K are independent of h, Atf, At¢ and AtP.
Using Holder inequality, Young inequality, (26) and (62), we have

mk+171
|Hs| =[2At° > (D(u"+) = D(U}"))VE," ', Ver )]
i:mk
mk+171 o -
<2At° Y Co|[D(u™*) = DU - Ve |
i:mk
202 AL e DuinAte ™
(122) <= (3 —2dp) Y- [ute U P+ TS YT Ve
min i=my i=my
me1—1
where Z |u+t — U} || can be split into three parts:
i=mk
mk+171
S e U
i:mk
mk+171
= D (™ = S lF + IE+) = Mep) Ve Iy
i:mk
(123) + ARV +t = Vg "))

Now we estimate each term of (123). By the definition of S}, we have

mp+1—1 mp4+1—1 Nm+1—1

) ) 1 .
2 e =Sl = 3 Mt = 3 il

. (& .
i=my m=myg =N

mrr1—1nmp1—1

< D D> ut =3

T .
cf M=Mp =Ny

Mmrr1—1nmypr—1

<5 > D (e —uh]f o+ utme —al)f)
ch Mm=my 1=Nm
1 nkarl—l 1 nkarl—l
< - wi— w2+ — w2,
<= ; I nlly v ; I ¥
my, my,
Nm —1 !
1 k+1 ) ) Atf t"karl
2 < Y fu-wlpe s [ fouliar
cf 1=Nm, cf t”'rnk

By the definition of A and the assumption that p is Lipschitz continuous, we have

mp41—1 mp41—1

M1 74 N1 krnaxﬂL N1 "
Z [(A(c™ 1) = Alep)) Vit ||;27 < T Z [t — eyt

. min -
1=Mp 1=my

2
p
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k mpg41—1 Mp41—1
< max.uL( Z Hcm omi2 + Z ||Cn1 _ Cni+1||12])
Mmin i:mk i:mk
. —1 c
19 kmaxiir i n; nif2 4 Age b 2 1.c
(125) < 7( Z ¢ —cpill, + At [Orec||2dt°),
Hmin P e,
mr41—1 k me41—1
i i Nm i Nm
D I (Ve = V™ )2 < == N [Vt — Vi, |12
’i:mk min i:mk
k mk+171 mk+171
< (D0 IVt = Ve R Y0 Vet = Vet )
Mmln i:mk i:mk
k mk+171
O 2 A F DR P o
min 74:mk;
k . b
(126) < T iy [V = Vg™ 2 At / 0 Vol 2d).
min

Taking (124)-(126) to

| <2CcAt
| | chmln

202 (Atf
| 2C2(AL )

tfnk

(122), we get the estimate of Hs:

mp g -1

(3dz —2d) Yl —upllf

i:nmk

tf
(3dl—2dt)/ Oyl Bt

Dmin A
mp
m —1
202 ko i At° pas _ ,
+M_—D'ML_(3d172dt) S e -
min min i:mk
2C% kax i (AL€)? g
+ . _%L(_ ) (3dl—2dt)/ [0 cl|2dt
min min t

2C2 kpax AtP
+ - -

c
mip

(3d; — 2d4) |[Vep" ™ — Vi |3

,Ufmianin
Emax ((At€)% + (AtP)?) (3d; — 2d
02 (( ) ( ) )( 1 t)/ ||8t"V<PH dt¢
Hmin Dmin tﬁ”k
DAt "I

(127)

2 Y Vel

i=mk

Similarly, we can get the estimate of Hy:

mk+171
|Ha| =24t Y ((w"+
i:mk
ep1—1
C2Ate "M E
< Zc< Mit1
- Ky Z e
=M
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2A fomeA ]
D S
Kyrey .
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2—|—K4Atc Z H n1,+1||2

i:mk

o C2(AH)? [T,
wilg+ S [T ol

K,

tn mp



490 J. ZHANG, H. RUI, AND Y. CAO

_|_

mk+1—1 c
Cgkmax,quAtC Z chl _ a2 4 C’Ckaax.uL(Atc)2 /tm’CJrl HatcCH2dtC
,U/minK4 i=m ,U/minK4 tfnk P

C?kmax AtP m
+ [V e — Vi, |2

/J'minKél
C? kmax (A% + (AtP)?)  [tmisa ,
c c dt¢
+ 2Ky Hmin /tfnk ||af ng”p
(128)
mk+1—1
pEaaE S e
i:mk

Here the positive constant K, is independent of h, Atf, At® and AtP.
To estimate Hy, we make the following induction hypothesis.

(129) luhll=(2,) < Ku, V0™ 2 (0,) < Ko
Then
mk+171
|Hs| =[2At° ) (U - Ve ery™)|
i*mk
Dmln n 2K2At6 n
(130) Sillv en P+ =p—lezi" 1%,

where K5 = max{K,, K,}.
Using Hélder inequality and Young inequality, we have

mk_*_l*l
[Hgl = 2065 3" (€emvt — glelyt el
i=my
(131)
sztc mit1—1 Mep1—1 mp41—1
D DI Al (S YV S el LR VA S el
6 i=my i=my i=my

Taking the estimates of Hi, Ho,...,Hg back to (119), summing over with k£ =
0,1,...,0 and using the fact that ez','{“ =0and (-, ~)$ is an equivalent scalar product

on L?(Q), we have

MEe4+1— 1

H an1||2+DmmAth Z ||V z+1||2

k=0 i=my

Mmp41—1 Tomgpq —1
DIGUREYD i VRETUEVED SR Y
k=0 i=my i:nml
mk+1 1
8 Y ST - G+ Y AT - T )
k=0 i=my k=0
A kmax N2 kmax 2
(132) (2 o ) (A)? + ZE=(A)?).

If Atf, At® and AtP are sufficiently small, we can get (117) by using Gronwalll
inequality (60) and (94) in Theorem 4.1.
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It remains to check the induction hypothesis (129). Note that

il o) < PR Lo, + KR

< Pt L= (o, + KR!

Using the same method we can derive the estimate for ||V,

pletes the proof.

Tony,

491

(flup, — “i||L2(szf) +flu’ - Pf?UiHH(Qf))
(hUHD 1 Ah).

| o< (q2,)-This com-

O

With the above two theorems, we conclude this section with an error estimate
solely in terms of Aty under appropriate choices of v,y and ~.f, which determine

time steps for each equation.

Theorem 4.3. Suppose that the assumptions of Theorem 4.2 hold. Let

. kmaxkmi 3
133 s ( max vmin ) ’
( ) rpf b Mmax HUmin + kmakain

A kmakain
(134) rep = 05(

1
) 2
)
kmakain + ,Umakaax + ¢maxﬂminkmin

where the positive constant C’5 1s independent of tmax, Mmins Fmax, Kmin 0Nd Gmax-
Then there C independent of h, At!, At® and AtP? and independent of fimax, fmins

kmax, Fmin and @max, such that for 0 <1 < Np —1
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Proof. From Theorem 4.1 and Theorem 4.2, and the fact that oy o

Lemma 3.1, we have
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0 D‘W 0‘2 03 0‘4 05 D‘E 0‘7 08 0‘9 1
FIGURE 3. Finite element triangulation.

where ég = maX{C(T)ég,é4}. Taking 07 = ég(l + 2(@5)2) and 06 = él + 03,
we complete the proof. O

5. Numerical experiments

In this section, we present some numerical experiments to demonstrate the error
estimates results obtained in the previous section. For all the numerical exper-
iments, we choose Q; = [0,1] x [0,1] and ©Q, = [1,2] x [0,1] with the interface
I'r = {1} x (0,1), and the time interval is J = [0,1]. unless specified otherwise,
the values of the parameters are assigned as ¢ = 1, g = v =d = ¢ = Sy = 1,
D=1 K= %I. A typical triangulation .7, is depicted in Figure 3. The upper
and lower bounds of p in (22) are u(1) = 37/21 and wu(0) = 1/50. Since it is
difficult to construct the exact solutions that satisfy the entire coupled Stokes and
Darcy flows with mass transport (1)— (19), especially because of the the interface
conditions, we generalize the interface conditions (9), (10) and (13) (as in [33]) to
include nonhomogeneous terms:

(136) p—mny-2u(cy)S(u) -ny = go+n,

(137) 2ng - p(cp)S(u) - T+ plep)yu - T = 12,
©

(138) u-ny= )\(cp)anp + ns,

where 71, 72 and 73 are given functions on I'; according to the analytical solutions.
The variational form for this modified system will include two additional terms
— (M, v - ng)r, + (N2, v, - T)r, to the right-hand side of (64), and one additional
term —(ns, ¥p)1, to the right-hand side of (67). We select all the right-hand terms
and boundary conditions according to the analytical solution. Notation wise, we
use the following symbols to represent the computational errors.

I EL oo 12y := max [[u” —ujl], IEL oo a1,y = max [|[u" —up|m,,
[ E}l1o0 (22) = max ™ —pill,
[ max [|" — @], IEX e (s, = max [|" — ¢ | a,

(130) Bz o= max e — cfll B[ gary 2= max|e” — e
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With these notations in hand, we compute the convergence rate (degenerate rate)
of the approximate solutions by

log(||E™|| /|| E">
110) ate = JoBUEM /1))

log(h1/h2)

where hy and hy are the meshsizes and E" i = 1,2 are any of the errors described
in (139). The finite element spaces are constructed using the well-known MINI
elements (P1b-P1) for the Stokes problem and the linear Lagrangian elements (P1)
for the Darcy flow and concentration. We use two numerical examples to verify the
convergence rates of the decoupled scheme (64)— (67) and illustrate the theoretical
conclusion of the stability (73). In each example we also compare the errors, con-
vergence rates and CPU times (unit: second) for the coupled scheme (CS for short)
(63) and decoupled scheme (DS for short) (64)— (67) with different time steps.

TABLE 1. The convergence performance and CPU time of coupling
scheme in Example 1.

h NBullicey N Bulliemy  NEplliezy Bl
1/4 1.57e-1 3.22e+0 1.96e+0 1.49e-1
1/8 4.41e-2 1.36e+0 6.20e-0 9.57e-3
1/16 1.21e-2 6.41e-1 2.35e-1 2.40e-3
1/32 3.07e-3 3.12e-1 1.04e-1 6.71e-4
rate 1.97 1.04 1.18 1.84

h Eollier,) N Eellier2y  |Eelie(ary CPU time (s)
1/4 5.21e-1 1.41e-1 4.76e-1 0.31
1/8 2.52¢-1 2.08e-2 1.66e-1 6.61
1/16 1.25e-1 4.97e-3 8.09e-2 378.52
1/32 6.21e-2 1.46e-3 4.02e-2 21766.00
rate 1.00 1.77 1.01 -

TABLE 2. The convergence performance and CPU time of decou-
pling scheme with different time steps in Example 1.

h NBulliezy N Bulliemyy  NEplliezy  [[Epllier2)
1/4 1.55e-1 3.22e+0 2.25e+0 2.07e-2
1/8 4.37e-2 1.36e+0 6.16e-0 5.14e-3
1/16 1.21e-2 6.41e-1 2.35e-1 1.35e-3
1/32 3.14e-3 3.12e-1 1.04e-1 4.19e-4
rate 1.94 1.04 1.18 1.88

h NEglie(rr,)  NEellio@z)  |Eclicezy  CPU time (s)
1/4 4.99¢-1 2.02e-1 6.33e-1 0.09
1/8 2.50e-1 4.70e-2 1.72e-1 0.53
1/16 1.24e-1 9.65e-3 8.16e-2 27.80
1/32 6.21e-2 2.78e-3 4.04e-2 1628.20
rate 1.00 1.80 1.01 -

We listed and plot all the errors in (139) and the corresponding convergence rate
for h =27 m = 2,3,4,5, and the time step At = 1/100 in (63) and At/ =1/100
(Casel) in (64)— (67), and to illustrate (73)we also plot the errors for h = 27™ m =
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Convergence of the fluid velocity Convergence o f the kinemat tic pressure

Relative Error
e

Relative Error
@

I e

N

10° 10’ 10° 10° 10’ 10°
No. DoF'Pim No. DoF'Pim
(a) Fluid velocity (b) Kinematic pressure
—o— 1z "
N ——
ik e o' b
10° i _,
b S s 0 fry
; S i £
: 5 %
T e " S
T 2 10 T 2
No. DofF!/im No. DofF!/im
(c) Piezometric (d) Concentration

FicUrE 4. Convergence rates of Example 1. The tangent of the
triangle in (b) is 1 and those in (a), (c) and (d) are 2.

2,3,4,5 and At/ =1/8 (Case II) in (64)— (67). To make sure that 7.; and r,. are
integers, we take Cs = ,/% ~ 4.27 so that r.y = 2, rpc = 2 in the decoupled
scheme (64)— (67).

Example 1 In this example, we choose the nonhomogenenous functions in (5.1)-

(5.3) so that The exact solutions for the fluid velocity, kinematic pressure, piezo-
metric head, and concentration are given by

u = (sin(y? + 62 + t), cos(42%y)e)T, p=2(y — 1) cos® zet,
¢ =1/6cos(y? + 6x + 1), c=2x

The numerical results and the convergence rates of Example 1 are listed in Table
1 and Table 2. The errors and convergence rates are plotted with respect of nodes
on each direction in Figure 4.

Example 2 In this example, the analytical fluid velocity, kinematic pressure,
piezometric head and concentration are given by

w = (e~ @2+t ervgin(t))T, p = 12zeY sin(t),
o = e~ (z+2y+t) ¢ = sin(nz) sin(27y)et.
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The errors and the convergence rates of Example 2 are listed in Table 3 and
Table 4. The errors and convergence rates are plotted with respect of nodes on
each direction in Figure 5.

TABLE 3. The convergence performance and CPU time of coupling
scheme in Example 2.

h [Bullierz)y Eullic@r,)  [[Eplic@e)  [[Epllie(r2)
1/4 1.88e-1 2.59e+0 1.66e+0 2.80e-2
1/8 4.32e-2 1.18e+0 8.73e-0 4.21e-3
1/16 1.11e-2 5.95e-1 4.58e-1 7.16e-4
1/32 3.05e-3 3.02e-1 2.35e-1 2.01e-4
rate 1.86 0.98 0.96 1.83

h N Elliem,) | Eellieqrzy  [Ecliory CPU time (s)
1/4 1.55e-1 1.25e+0 1.77e+1 0.31
1/8 3.28e-2 2.43e-1 6.76e+0 7.67
1/16 1.39e-2 5.88e-2 3.18e+0 431.02
1/32 7.03e-3 1.43e-2 1.57e+0 25370.00
rate 0.98 2.03 1.02 -

TABLE 4. The convergence performance and CPU time of decou-
pling scheme with different time steps in Example 2.

h NBullicey N Bulliemyy  NEplliezy Bl r2)
1/4 2.11e-1 2.91e+0 1.74e+0 2.29e-2
1/8 4.36e-2 1.19e+40 8.77e-0 3.82¢e-3
1/16 1.11e-2 5.96e-1 4.58e-1 6.12e-4
1/32 2.93e-3 3.02e-1 2.35e-1 1.60e-4
rate 1.92 0.98 0.96 1.94

h NEglie(rr,)  NEellio@2)  |Eclicezny  CPU time (s)
1/4 1.39e-1 1.60e+0 2.09e+1 0.06
1/8 3.22e-2 2.73e-1 6.93e+0 0.53
1/16 1.37e-2 6.44e-2 3.20e+0 33.42
1/32 6.86e-3 1.55e-2 1.57e+0 2149.90
rate 0.99 2.05 1.03 -

From Tables 1-4 and Figures 4-5 we find that the numerical results are consistent
with our theoretical analysis. In particular, the convergence rates for fluid velocity
in [°°(H¢) norm, kinematic pressure in [°°(L?) norm, piezometric head in [*°(H,)
norm and concentration in semi-/*°(H') norm are first-order, and the convergence
rates for fluid velocity in [°°(L?) norm, piezometric head in {°°(L?) norm and con-
centration in [°°(L?) norm are second-order. All the convergence rates are optimal.
And we find that the errors are basically non-convergence when taking a large time
step At/ = 1/8. It means that At/ should be relatively small to ensure the stabil-
ity, which illustrate the theoretical conclusion of the stability (73). What’s more,
from the comparison of coupled scheme and decoupled scheme, we find that, the
errors are similar in every discretization parameter, and the convergence rates are
the same, but the decoupled scheme costs less CPU time than coupled scheme. The
comparison verifies that our method with different subdomain time steps is useful
in increasing computational efficiency.
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Convergence of the fluid velocity Convergence of the kinematic pressure
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