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A PARTITIONED METHOD WITH DIFFERENT TIME STEPS

FOR COUPLED STOKES AND DARCY FLOWS WITH

TRANSPORT

JINGYUAN ZHANG, HONGXING RUI, AND YANZHAO CAO

Abstract. A decoupled finite element algorithm with different time steps on different physical

variables for a Stokes-Darcy interface system coupled with the solution transport is studied. The
viscosity of the Stokes equation is assumed to depend on the concentration of the transported

solution. The numerical algorithm consists of two steps. In the first step, the system is decoupled

on the interface. In the second step, the time derivatives are discretized with different step sizes for
different partial differential equations in the system. An careful error analysis provides a guidance

on the ratio of the step sizes with respect to the ratio of the physical parameters. Numerical

examples are presented to verify the theoretical results and illustrate the effectiveness of the
decoupled algorithm of using different time steps.

Key words. Coupled Stokes and Darcy flows, solute transport, decoupled algorithm, different
time steps, error estimates.

1. Introduction

Recently there have been growing interests in building suitable mathematical
and numerical models for the coupling of fluid flows in a porous medium domain
and a free flow domain. In the porous medium domain, the fluid flow can be
modeled by a Darcy equation while in the free flow domain the fluid flow can be
modeled by a Stokes equation. The Darcy equation and the Stokes equation are
coupled through conditions on the interface which connects the porous domain
and the free flow domain. Modeling through the Stokes-Darcy system has a wide
arrange of applications such as hydrology[5], environment science[12], and biofluid
dynamics[15].

A number of numerical methods have been developed for the coupled Stokes-
Darcy flow system, including the domain decomposition method [2, 39, 9], the
mixed finite element method [1, 23, 38], the non-conforming finite element methods
[33], the Mortar multiscale finite element methods [20], the Lagrange multiplier
and mixed element methods [4, 24, 27, 16, 17], the mixed finite element method
combining with the DG method [31, 32], the DG method combining with mimetic
finite difference method [25], the pseudospectral least squares method [21] and
spectral method [41], and many other numerical methods [18, 10, 26, 29].

The aim of this paper is to construct an efficient numerical algorithm for the
Stokes-Darcy flow system coupled with an advection-diffusion equation that mod-
els, for example, the transport of a chemical. In [8], Cesmelioglu and Riviere study
the existence and stability of the weak solution with the fluid viscosity depending on
the concentration for this model. For numerical methods, in [40] the flow equations
are solved through the domain decomposition method using classical finite element
methods in the Stokes region and mixed finite element methods in the Darcy re-
gion, and the transport equation is solved by a local discontinuous Galerkin (LDG)
method, while in [34] the authors proposed a mixed weak formulation and use the
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nonconforming piecewise Crouzeix- Raviart finite element, piecewise constant and
conforming piecewise linear finite element to approximate velocity, pressure and
concentration, respectively.

In this paper, we study the finite element approximation of the Stokes-Darcy-
Transport system with different time steps on different physical variables. As a
multi-phyiscs problem, each of the equations in the the Stokes-Darcy-Transport
system has a different time scale reflected by the corresponding partial differential
equation and the related physical parameters. Thus it is natural to use larger time
step in the region with slower velocity. The multiple-time-step technique for the
non-stationary Stokes-Darcy model was presented in [36, 37]. There the viscosity
of the free flow, the hydraulic coefficient of the flow in porous medium and the
diffusion coefficient of the transport are assumed to be constants. In this study, we
assume that viscosity and the hydraulic conductivity depend on the concentration
of the transport and the diffusion coefficient depends on the velocity of flow in
the porous medium. Under a modest time step restriction in relation to physical
parameters, we obtain the stability of the method and a priori error estimates.
With the help of such error analysis we derive criteria of choosing the time step for
each physical variables in accordance to the ratios of the physical parameters. In
particular, we show that the ratio between the time steps should be proportional to
the ratios between these physical parameters. For spatial discretization, we adopt
the decoupling method of [28] (see also [6, 22, 37]).

The rest of the article is organized as follows. In Section 2, we introduce the
model problem, and present the mixed weak formulation. Coupling and decoupling
schemes, and the stability of the decoupling scheme with different time steps on
different subdomains are given in Section 3. The error estimates for fluid velocity,
kinematic pressure, piezometric head and concentration are presented in Section
4. Finally in Section 5, we present some numerical examples to demonstrate our
theoretical results.

Through out this paper we use K and C, with or without subscription, to denote
a generic constant, which may have different values in different appearances.

2. Model problem and weak formulation

The model under consideration is a flow in a bounded domain Ω ⊂ RN (N=2 or
3), consisting of an fluid flow region Ωf , where the flow is governed by the Stokes

equation, and a porous medium region Ωp = Ω\Ωf , where the flow is governed by
the Darcy’s law. Here Ωl(l = f, p) are bounded domains with outward unit normal
vectors nl(l = f, p). The whole domain Ω is occupied by a mixture of two mis-
cible fluids which before mixing are each incompressible, therefore the Boussinesq
approximation is valid and the mean-volume velocity is thought to be equal to the
mean mass velocity. The two regions are separated by an interface ΓI = ∂Ωf ∩∂Ωp,
and τj , j = 1, · · · , N − 1 denote an orthonormal system of tangent vector on ΓI .
On the interface, we have nf = −np. Let Γl = ∂Ωl\ΓI(l = f, p). Each interface
and boundary is assumed to be polygonal or polyhedral. Figure 1 gives a schematic
representation of the geometry with N=2.

The equations of motion, continuity and mass transport for the fluid velocity
u(x, t), kinematic pressure p(x, t) and concentration c(x, t) in Ωf can be written
as

∂tu−∇ · (2µ(c)S(u)) +∇p = f(c), x ∈ Ωf , t ∈ J,(1)

∇ · u = 0, x ∈ Ωf , t ∈ J,(2)
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Figure 1. The model problem.

∂tc−∇ · (d∇c) + u · ∇c = 0, x ∈ Ωf , t ∈ J,(3)

where J = [0, T ] denotes the time interval, ∂t =
∂

∂t
, µ = µ(c) is the concentration

(denoted by c) dependent fluid viscosity, S is the deformation rate tensor defined

by S(v) =
1

2
(∇v + ∇vT ). f ∈ (L2(Ω))N is a term related to body forces. The

equations of motion, continuity and mass transport for the piezometric head ϕ(x, t)
and concentration c(x, t) in Ωp can be written as

up = −λ(c)∇ϕ, x ∈ Ωp, t ∈ J,(4)

S0∂tϕ+∇ · up = qI − qP , x ∈ Ωp, t ∈ J,(5)

φ∂tc−∇ · (D(up)∇c) + up · ∇c = (cI − c)qI , x ∈ Ωp, t ∈ J,(6)

where up is the fluid velocity in Ωp, S0 is the specific mass storativity coefficient,
which is assumed to be a constant, d is the molecular diffusion coefficient, λ(c) =
K(x)

µ(c)
with K = diag kj being the permeability of the medium, qI and qP represent

the source term and sink term, respectively, φ is the porosity of the medium, D is
the diffusion and dispersion coefficient, cI is the injected concentration.

From Darcy’s law (4), Equation (5) can be rewritten in the parabolic form

(7) S0∂tϕ−∇ · (λ(c)∇ϕ) = qI − qP , x ∈ Ωp, t ∈ J.

On the interface ΓI , the following interface conditions are imposed:

u · nf + up · np = 0,(8)

p− nf · 2µ(cf )S(u) · nf = gϕ,(9)

2nf · S(u) · τj + γju · τj = 0, j = 1, · · · , N − 1,(10)

cf = cp,(11)

d∇cf · nf +D(up)∇cp · np = 0.(12)

Here g is the gravitational acceleration, which is assumed to be a constant, γj =

α1/
√
kj , α1 is a parameter determined by experimental evidence. Equations (8)

represents continuity of mass flux, (11) represents continuity of concentration, (12)
represents the balance of concentration flux, (9) represents the balance of normal
forces, and (10) is the Beavers-Joseph-Saffman condition.
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From Darcy’s law (4), the condition (8) can be rewritten as

(13) u · nf = λ(cp)
∂ϕ

∂np
.

To complete the system (1)− (13), we assume the following boundary conditions

u = 0, x ∈ Γf , t ∈ J,(14)

ϕ = 0, x ∈ Γp, t ∈ J,(15)

D(u)∇c · n = 0, x ∈ ∂Ω, t ∈ J,(16)

and initial conditions

u(x, 0) = u0(x), x ∈ Ωf ,(17)

ϕ(x, 0) = ϕ0(x), x ∈ Ωp,(18)

c(x, 0) = c0(x), x ∈ Ω.(19)

Here

D(u) =

{
du, x ∈ Ωf ,
D(up) = D(λ(c)∇ϕ), x ∈ Ωp.

Equations (1)− (19) consist of the coupled Stokes and Darcy flows system with
an advection-diffusion equation that models the transport of a solute in which the
viscosity depends on the concentration c.

We now make several assumptions on the coefficients in the system.
(i) φ ∈ L∞(Ωp), K ∈ L∞(Ωp)

N×N is uniformly bounded and positive defined in
Ωp. There exists positive constants φmin, φmax, kmin and kmax such that

(20) φmin ≤ φ(x) ≤ φmax, ∀x ∈ Ωp,

(21) kmin|x|2 ≤ Kx · x ≤ kmax|x|2, ∀x ∈ Ωp.

(ii) The form of µ is assumed to follow the quarter-power rule

(22) µ(c) = µ(0)

[(µ(0)

µ(1)

) 1
4

c+ (1− c)
]−4

, where c ∈ [0, 1].

From the form of µ, we can see that µ(c) is bounded and monotone for concentration
c ∈ [0, 1]

(23) µmin ≤ µ(c) ≤ µmax, ∀c ∈ [0, 1],

where µmin = min{µ(0), µ(1)}, µmax = max{µ(0), µ(1)}. It is also easy to see that
µ is also Lipschitz continuous for c ∈ [0, 1]. We assume that µL is the Lipschitz
constant.

From the assumptions above, we know that λ is also bounded, monotone and
Lipschitz continuous for concentration c ∈ [0, 1], and

(24)
kmin

µmax
|x|2 ≤ λ(c)x · x ≤ kmax

µmin
|x|2, ∀c ∈ [0, 1],x ∈ Ωp.

(iii) The diffusion-dispersion coefficient is taken to be

D(u) = φdτ̃I + |u|(dlE(u) + dtE
⊥),

where τ̃ is a positive constant in (0, 1), and represents the tortuosity of the porous
medium, dl and dt are the longitudinal and transverse dispersion coefficients, re-
spectively. For u = (u1, · · · , uN ), |u| =

√
u2

1 + · · ·+ u2
N and the matrices E,E⊥

are given by

E(u) =
(uiuj
|u|2

)
N×N

, E⊥ = I −E.
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Usually dl is considerably larger than dt, hence we assume dl > dt.
(iv) f = f(c) is a Lipschitz continuous function for concentration c ∈ [0, 1] with

Lipschitz constant fL.
By the definition of D and the analysis of [14], we know that for u,v ∈ C(Ωp)

N ,
there holds

Dmin|ξ|2 ≤D(u)ξ · ξ ≤ Dmax|ξ|2, ξ ∈ RN ,(25)

(D(u)−D(v))(i, j) ≤ (3dl − 2dt)|u− v|, 1 ≤ i, j ≤ 2,(26)

where Dmin and Dmax are constants depending only on φmin, φmax, τ̃ , dl, dt and d.
Before giving the suitable weak formulations of the problem (1)− (19), we intro-

duce some useful notations. The Sobolev space Wm,n(Ω) is defined in the usual way
with the usual norm ‖·‖Wm,n(Ω), where 0 ≤ m <∞, 0 < n. When n = 2, we simply

substitute Hm(Ω) for Wm,2(Ω) with ‖ · ‖m,Ω = ‖ · ‖Wm,2(Ω), | · |m,Ω = | · |Wm,2(Ω).

In particular, when m = 0, we have L2(Ω) = H0(Ω) with ‖ · ‖ for ‖ · ‖0,Ω. Let
(·, ·)Ω denote L2(Ω), L2(Ω)N or L2(Ω)N×N inner product or duality pairing. Also,
‖ · ‖l, | · |l and (·, ·)l, l = f, p, will be the same with Ω replaced by Ωl, l = f, p.

To present a variational form of the coupled problem we define the following
spaces Hf Hp and Q for the fluid velocity u(x, t), piezometric head ϕ(x, t) and
kinematic pressure p(x, t), respectively

Hf = {v ∈ H1(Ωf )N : v = 0 on Γf},(27)

Hp = {v ∈ H1(Ωp) : ψ = 0 on Γp},(28)

Q = L2(Ωf ).(29)

The norm of Q is ‖ · ‖f and the norm of Hf and Hp are

‖v‖Hf
= ‖∇v‖f =

√
(∇v,∇v)f , ∀v ∈ Hf ,(30)

‖ψ‖Hp
= ‖∇ψ‖p =

√
(∇ψ,∇ψ)p, ∀ψ ∈ Hp.(31)

The space for concentration is W = H1(Ω) with norm ‖ · ‖W = ‖ · ‖1.
The following inequalities are useful for our analysis.
Poincaré inequalities: there exist constants CP and C̃P which only depend on

Ωf and Ωp respectively, such that

‖v‖f ≤ CP ‖v‖Hf
, ∀v ∈ Hf ,(32)

‖ψ‖p ≤ C̃P ‖ψ‖Hp
, ∀ψ ∈ Hp.(33)

Trace inequalities: there exist constants CT and C̃T which only depend on Ωf
and Ωp respectively, such that

‖v‖L2(Γ) ≤ CT ‖v‖
1/2
f ‖v‖

1/2
Hf
, ∀v ∈ Hf ,(34)

‖ψ‖L2(Γ) ≤ C̃T ‖ψ‖1/2p ‖ψ‖
1/2
Hp
, ∀ψ ∈ Hp.(35)

We now propose the following weak formulation of the coupled problem (1)−
(19): find u ∈ Hf , ϕ ∈ Hp, p ∈ Q and c ∈W such that t ∈ J

(∂tu,v)f + gS0(∂tϕ,ψ)p + af (c;u,v) + ap(c;ϕ,ψ) + aΓ(v, ϕ)− aΓ(u, ψ)

+ b(v, p) = (f(c),v)f + g(qI − qP , ψ)p, ∀v ∈ Hf , ψ ∈ Hp,(36)

b(u, q) = 0, ∀q ∈ Q,(37)

(∂tc, z)φ + d(u; c, z) = (qIcI , z), ∀z ∈W,(38)

(u(0),v)f = (u0,v)f , ∀v ∈ Hf ,(39)
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(ϕ(0), ψ)p = (ϕ0, ψ)p, ∀ϕ ∈ Hp,(40)

(c(0), z)φ = (c0, z)φ, z ∈W,(41)

where

af (c;u,v) = (2µ(c)S(u),S(v))f +

N−1∑
j=1

〈γjµ(c)u · τj ,v · τj〉ΓI
,(42)

ap(c;ϕ,ψ) = g(λ(c)∇ϕ,∇ψ)p,(43)

aΓ(v, ϕ) = g〈ϕ,v · nf 〉ΓI
,(44)

b(v, p) = −(p,∇ · v)f ,(45)

(c, z)φ = (φc, z)Ω,(46)

d(u; c, z) = (D(u)∇c,∇z)Ω + (u · ∇c, z) + (qIc, z)p,(47)

φ =

{
1, in Ωf ,
φ, in Ωp.

The fluid velocity up in (38) is identified by the Darcy’s law (4). Interface conditions
(8)−(10) and (12) are posed weakly in the above variational form, while (11) is
treated as an essential condition. Due to (20), (c, z)φ = (φc, z)Ω is an equivalent

scalar product on L2(Ω) and ‖c‖φ = (c, c)
1/2

φ
defines an equivalent norm on L2(Ω),

we have

(48) φmin‖c‖L2(Ω) ≤ ‖c‖φ ≤ φmax‖c‖L2(Ω).

The existence of the weak solution of Equations (36)-(41) can be found in [8].

3. Finite element discretization

In this section, we construct the finite element discretization of the coupled
problem and propose a coupled and a decoupled scheme with different time step
length. The stability of the decoupling scheme with different time step sizes will
also be proved in this section.

Let Th be a family of triangulations of Ω with nondegenerate triangular (N=2)
or tetrahedron (N=3) elements. Assume that each element T ∈ Th is in either Ωf
or Ωp. For any T ∈ Th, denote by hT the diameter of T . Let h = max

T∈Th

hT and

denote by ρT the diameter of the sphere inscribed in T ∈ Th. We assume that the
triangulation is regular [11]: there exists a constant σ independent of h such that

σT =
hT
ρT
≤ σ, ∀T ∈ Th.

We select finite element subspaces Hf,h ⊂ Hf , Hp,h ⊂ Hp, Qh ⊂ Q, Wh ⊂ W
and use continuous piecewise polynomials of degrees j + 1, j + 1, j, j + 1, j =
1, 2, . . . for the spaces Hf,h, Hp,h, Qh and Wh. The finite element spaces Hf,h

and Qh approximating velocity and pressure, respectively, in Ωf are assumed to
satisfy the well-known discrete inf-sup condition: there exists a positive constant
β, independent of h, such that ∀qh ∈ Qh, ∃vh ∈ Hf,h, vh 6= 0,

(49) b(vh, qh) ≥ β‖vh‖Hf
‖qh‖p.

We also assume that the inverse properties hold:

‖vh‖L∞(Ωf ) ≤ CIh−1‖vh‖L2(Ωf ),∀vh ∈ Hf,h,(50)

‖ψh‖L∞(Ωp) ≤ C̃Ih−1‖ψh‖L2(Ωp),∀ψh ∈ Hp,h.(51)
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Following [28], we define a projection operator Ph from (u(t), ϕ(t), p(t)) ∈ (Hf , Hp, Q)
to
(Pu
h u(t), Pϕh ϕ(t), P php(t)) ∈ (Hf,h, Hp,h, Qh),∀t ∈ J , such that

af (c;u(t),vh) + ap(c;ϕ(t), ψh) + aΓ(vh, ϕ(t))− aΓ(u(t), ψh) + b(vh, p(t))

= af (c;Pu
h u(t),vh) + ap(c;P

ϕ
h ϕ(t), ψh) + aΓ(vh, P

ϕ
h ϕ(t))− aΓ(Pu

h u(t), ψh)

+ b(vh, P
p
hp(t)), ∀vh ∈ Hf,h, ψh ∈ Hp,h,(52)

b(Pu
h u(t), qh) = 0, ∀qh ∈ Qh.(53)

Assume that the exact solution of Stokes-Darcy-transport problem (1)-(19) satisfy
(u(t), ϕ(t)) ∈ (Hj+1(Ωf )N , Hj+1(Ωp)) and p(t) ∈ Hj(Ωf ). Then we have the
following approximation properties for the projection operator Ph:

‖Pu
h u(t)− u(t)‖f + h‖Pu

h u(t)− u(t)‖Hf
≤ Chj+1‖u(t)‖Hj+1(Ωf ),(54)

‖Pϕh ϕ(t)− ϕ(t)‖p + h‖Pϕh ϕ(t)− ϕ(t)‖Hp
≤ Chj+1‖ϕ(t)‖Hj+1(Ωp),(55)

‖P php(t)− p(t)‖f ≤ Ch
j+1‖p(t)‖Hj(Ωf ),(56)

where the constants C are independent of h.
Using the inversive assumption (50) and (51), we have that [19, 30, 35], for

sufficiently small h,

‖Pu
h u(t)‖L∞(Ωf ) ≤ Cu,(57)

‖Pϕh ϕ(t)‖L∞(Ωp) ≤ Cϕ,(58)

where the constants Cu and Cϕ are independent of h.
Next, we define the elliptic projection operator Ξh : W → Wh,[42] (see also

[13, 14, 30]) such that for t ∈ J

(D(u)∇(c(t)− Ξhc(t)),∇z) + (u · ∇(c(t)− Ξhc(t)), z)

+ ((ξ + qI)(c(t)− Ξhc(t)), z)p = 0, ∀z ∈Wh.(59)

Here ξ is a fixed positive constant to ensure the uniqueness of the projection so-
lution. From the theory of finite element methods for elliptic problems, when c is
sufficiently smooth c(t) ∈ Hj+1(Ω) there hold

‖c(t)− Ξhc(t)‖L2(Ω) + h‖∇(c(t)− Ξhc(t))‖L2(Ω) ≤ Chj+1‖c(t)‖Hj+1(Ω),(60)

‖∂t(c(t)− Ξhc(t))‖L2(Ω) ≤ Chj+1
(
‖c(t)‖Hj+1(Ω) + ‖∂tc(t)‖Hj+1(Ω)

)
,(61)

‖Ξhc(t)‖W 1,∞(Ω) ≤ Cc,(62)

where the constants C and Cc are independent of h.
The main purpose of this paper is the use different time step sizes in different

subdomains in temporal discretization. But first we consider a uniform partition

on J = [0, T ] with tn = n∆t,m = 0, 1, 2, . . . , N for ∆t =
T

N
. The standard finite

element approximation to the solution of Stokes-Darcy-transport problem (1)-(19)
is to find (un+1

h , pn+1
h ) ∈ (Hf,h, Qh), ϕn+1

h ∈ Hp,h and cn+1
h ∈Wh, such that

u0
h = Pu

h u0, ϕ
0
h = Pϕh ϕ0, c

0
h = Ξhc0,

and for n = 0, 1, · · · , N − 1,

(dtu
n+1
h ,vh) + gS0(dtϕ

n+1
h , ψh) + af (cnh;un+1

h ,vh) + +ap(c
n
h;ϕn+1

h , ψh)

+ b(vh, p
n+1
h ) + aΓ(vh, ϕ

n+1
h )− aΓ(un+1

h , ψh)

= (f(cnh),vh) + g((qI − qP )n+1, ψh), ∀vh ∈ Hf,h, ψh ∈ Hp,h,
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b(un+1
h , qh) = 0, ∀qh ∈ Qh,

(dtc
n+1
h , zh)φ + d(un+1

h ; cn+1
h , zh) = (qIcI , zh), ∀zh ∈Wh,(63)

where

dtu
n
h =

unh − u
n−1
h

∆t
, dtc

n
h =

cnh − c
n−1
h

∆t
, dtϕ

n
h =

ϕnh − ϕ
n−1
h

∆t
.

Next we consider the decoupling scheme with different time steps. Let

tpk = k∆tp, k = 0, 1, 2, . . . , Np,

tcm = m∆tc, m = 0, 1, 2, . . . , Nc,

tfn = n∆tf , n = 0, 1, 2, . . . , Nf

be the temporal partitions for the Darcy equation, the transport equation, and the

Darcy equation, respectively, where ∆tp =
T

Np
∆tc = T

Nc
and , ∆tf = T

Nf
. Assume

that

∆tp = rpc∆t
c = rpcrcf∆tf = rpf∆tf ,

where rpc, rcf , and rpf are positive integers. Obviously rpc, rcf and rpf are the
ratios of the different time steps and Nf = rcfNc = rpfNp = rcfrpcNp. Denote
nmk

= mkrcf = krpcrcf = krpf . The relationships of different time steps are
depicted in Figure 2. Let

Figure 2. Relationship of the time steps.

dtfu
n
h =

(unh − u
n−1
h )

∆tf
, dtcc

nm

h =
(cnm

h − cnm−1

h )

∆tc
, dtpϕ

nmk

h =
(ϕ
nmk

h − ϕ
nmk−1

h )

∆tp
.

The numerical algorithm of the decoupled scheme (see [28]) with different time
steps is outline as follows

Algorithm : Take u0
h = Pu

h u0, ϕ
nm0

h = Pϕh ϕ0, c
n0

h = Ξhc0

for k = 0 : Np − 1

for m = mk : mk+1 − 1

for n = nm : nm+1 − 1

Find (un+1
h , pn+1

h ) ∈ (Hf,h, Qh), such that

(dtfu
n+1
h ,vh) + af (cnm

h ;un+1
h ,vh) + b(vh, p

n+1
h )

= (f(cnm

h ),vh)− aΓ(vh, ϕ
nmk

h ), ∀vh ∈ Hf,h,(64)
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b(un+1
h , qh) = 0, ∀qh ∈ Qh(65)

end

Take Snm

h =
1

rcf

nm+1−1∑
i=nm

uih

Find c
nm+1

h ∈Wh, such that

(dtcc
nm+1

h , zh)φ + d(Unm

h ; c
nm+1

h , zh) = (qIcI , zh), ∀zh ∈Wh(66)

end

Take T
nmk

h =
1

rpf

nmk+1
−1∑

i=nmk

uih, R
nmk

h =
1

rpc

mk+1−1∑
i=mk

cni

h

Find ϕ
nmk+1

h ∈ Hp,h, such that

gS0(dtpϕ
nmk+1

h , ψh) + ap(R
nmk

h ;ϕ
nmk+1

h , ψh)

= g((qI − qP )nmk+1 , ψh) + aΓ(T
nmk

h , ψh), ∀ψh ∈ Hp,h(67)

end

Where

cnm

h = min{1,max{0, cnm

h }} ∈ [0, 1], R
nmk

h = min{1,max{0, Rnmk

h }} ∈ [0, 1],

Unm

h =

{
Snm

h , x ∈ Ωf ,
unm

p,h , x ∈ Ωp,
unm

p,h = up(c
nm

h , ϕ
nmk

h ).

Since c ∈ [0, 1], it is easy to see that

(68) |cmh − cm| ≤ |cmh − cm|.

In the rest of this section, we study the stability property of the above algorithm.
For this purpose we need the coercivity properties of the bilinear forms af and
ap. Define the discrete divergence free finite dimensional subspace Vf,h ⊂ Hf,h as
follows.

Vf,h = {vh ∈ Hf,h : b(vh, qh) = 0, ∀qh ∈ Qh}.

Lemma 3.1. af (·; ·, ·) and ap(·; ·, ·) are coercive on Vf,h and Hp,h, respectively:
there are positive constants αf and αp such that

af (ch;vh,vh) ≥ αf‖vh‖2Hf
, ∀vh ∈ Vf,h,(69)

ap(ch;ψh, ψh) ≥ αp‖K1/2∇ψ‖2p, ∀ψh ∈ Hp,h,(70)

where αf ∝
µmin

kmax
, αp = g/µmax, αf and αp are independent of h, ∆tf , ∆tc and

∆tp.

Proof. From (23), we have

(2µ(ch)S(vh),S(vh))f ≥ 2µ∗(S(vh),S(vh))f .

By the Korn’s inequality for piecewise H1 vector field [3], we have

(2µ(ch)S(vh),S(vh))f +

N−1∑
j=1

〈γjµ(ch)vh · τj ,vh · τj〉ΓI
≥ αf‖vh‖2Hf

.

Since γj = α1/
√
kj , αf ∝

µmin

kmax
.
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From the definition of ap(·; ·, ·) (see (43)), we have

g(λ(ch)∇ψh, ψh)p ≥
g

µmax
‖K1/2∇ψh‖2p.

�
For the bilinear form aΓ defined on the interface, we have the following estimates.

Lemma 3.2. There exist constants C1 = C2
T C̃

2
T , and C2 = CP C̃P , such that

∀ε > 0,

|aΓ(v, ϕ)| ≤ ε

2
(

g

µmax
‖K1/2∇ϕ‖2p + αf‖v‖2Hf

)

+
C1g
√
µmax

8ε
√
αfkminS0

(gS0‖ϕ‖2p + ‖v‖2f ), ∀v ∈ Hf , ϕ ∈ Hp,(71)

|aΓ(v, ϕ)| ≤ εαf‖v‖2Hf
+

C1C2g

4εkminαf
g‖K1/2∇ϕ‖2p, ∀v ∈ Hf , ϕ ∈ Hp.(72)

Proof. Using Hölder inequality, trace inequalities (34), (35) and Young inequality,
we have

|aΓ(v, ϕ)| =g|〈ϕ,v · nf 〉ΓI
| ≤ g‖ϕ‖L2(ΓI)‖v · nf‖L2(ΓI)

≤gCT C̃T ‖ϕ‖
1
2
p ‖ϕ‖

1
2

Hp
‖v‖

1
2

f ‖v‖
1
2

Hf

≤gCT C̃T (kmin)−1/4‖ϕ‖
1
2
p ‖∇ϕ‖

1
2
p ‖v‖

1
2

f ‖v‖
1
2

Hf

≤ε
√

g

µmax

√
αf‖K1/2∇ϕ‖p‖v‖Hf

+
gC2

T C̃
2
T

√
µmax

4ε
√
αfkminS0

√
gS0‖ϕ‖p‖v‖f

≤ε
2

(
g

µmax
‖K1/2∇ϕ‖2p + αf‖v‖2Hf

) +
C2
T C̃

2
T g
√
µmax

8ε
√
αfkminS0

(gS0‖ϕ‖2p + ‖v‖2f ),

take C1 = C2
T C̃

2
T , we get (71).

Using Hölder inequality, trace inequalities (34), (35), Poincaré inequalities (32),
(33) and Young inequality, we have

|aΓ(v, ϕ)| =g|〈ϕ,v · nf 〉ΓI
| ≤ g‖ϕ‖L2(ΓI)‖v · nf‖L2(ΓI)

≤gCT C̃T ‖ϕ‖
1
2
p ‖ϕ‖

1
2

Hp
‖v‖

1
2

f ‖v‖
1
2

Hf

≤gCT C̃TC1/2
P C̃

1/2
P ‖ϕ‖Hp

‖v‖Hf

≤gCT C̃TC1/2
P C̃

1/2
P (kmin)−1/2‖K1/2∇ϕ‖p‖v‖Hf

≤εαf‖v‖2Hf
+
C2
T C̃

2
TCP C̃P g

4εkminαf
g‖K1/2∇ϕ‖2p,

which leads to (72) with C1 = C2
T C̃

2
T and C2 = CP C̃P . �

We are now ready to prove the stability for the proposed numerical algorithm.

Theorem 3.3. Assume that ∆tf satisfies

(73) K∆tf ≤ 1, with K :=
4C1g

√
µmax√

αfkminS0

.

Then for all 0 ≤ l ≤ Np − 2, 0 ≤ s ≤ rpf − 1,

‖u
nml+1

+s+1

h ‖2f + αf∆tf
nml+1

+s∑
i=0

‖ui+1
h ‖

2
Hf
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+ gS0‖ϕ
nml+1

h ‖2p +
g

µmax
∆tp

l∑
k=0

‖K1/2∇ϕ
nmk+1

h ‖2p

≤C(T )
(2C2

P∆tf

αf

ml+1+[s/rcf ]∑
m=0

‖f(cnm

h )‖2f +
2gC̃2

Pµmax∆tp

kmin

l∑
k=0

‖(qI − qP )nmk+1‖2p

+ ‖u0‖2f + gS0‖ϕ0‖2p +
αf∆tf

4
‖u0‖2Hf

+
g∆tf

4µmax
‖K1/2∇ϕ0‖2p

)(74)

with C(T ) = exp(∆tf
nml+1

+s+1∑
i=0

K

1−K∆tf
). Here [ ] denote the integral part of a

real number.
In particular, choosing l = 0 in the above, we have the stability for the fluid

velocity uh on [0, tp1]: for any 0 ≤ s ≤ rpf − 2,

‖us+1
h ‖2f + αf∆tf

s∑
i=0

‖ui+1
h ‖

2
Hf

≤C(tp1)
(4C2

P∆tf

3αf

[s/rcf ]∑
m=0

‖f(cnm

h )‖2f + ‖u0‖2f + gS0‖ϕ0‖2p +
g∆tf

4µmax
‖K1/2∇ϕ0‖2p

)(75)

with C(tp1) ≈ exp(∆tf
s+1∑
i=0

K

1−K∆tf
).

Proof. Taking vh = 2∆tfun+1
h in (64) and (65), we have

‖un+1
h ‖2f + ‖un+1

h − unh‖2f − ‖unh‖2f + 2∆tfaf (cnm

h ;un+1
h ,un+1

h )

= 2∆tf (f(cnm

h ),un+1
h )− 2∆tfaΓ(un+1

h .ϕ
nmk

h ),(76)

Summing up the above with n = nm, nm + 1, . . . , nm+1 − 1 and m = mk,mk +
1, . . . ,mk+1 − 1 gives

‖u
nmk+1

h ‖2f +

nmk+1
−1∑

i=nmk

‖ui+1
h − uih‖2f − ‖u

nmk

h ‖2f

+ 2∆tf
mk+1−1∑
m=mk

nm+1−1∑
i=nm

af (cnm

h ;ui+1
h ,ui+1

h )

=2∆tf
mk+1−1∑
m=mk

(f(cnm

h ),

nm+1−1∑
i=nm

ui+1
h )− 2∆tfaΓ(

nmk+1
−1∑

i=nmk

ui+1
h , ϕ

nmk

h ).(77)

Taking ψh = 2∆tpϕ
nmk+1

h in (67), from the definition of T
nmk

h , we have

gS0(‖ϕ
nmk+1

h ‖2p + ‖ϕ
nmk+1

h − ϕnmk

h ‖2p − ‖ϕ
nmk

h ‖2p)

+ 2∆tpap(R
nmk

h ;ϕ
nmk+1

h , ϕ
nmk+1

h )

=2∆tpg((qI − qP )nmk+1 , ϕ
nmk+1

h ) +
2∆tp

rpf
aΓ(

nmk+1
−1∑

i=nmk

uih, ϕ
nmk+1

h ).(78)
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Combining (77) and (78), we obtain

‖u
nmk+1

h ‖2f +

nmk+1
−1∑

i=nmk

‖ui+1
h − uih‖2f − ‖u

nmk

h ‖2f

+ 2∆tf
mk+1−1∑
m=mk

nm+1−1∑
i=nm

af (cnm

h ;ui+1
h ,ui+1

h )

+ gS0(‖ϕ
nmk+1

h ‖2p + ‖ϕ
nmk+1

h − ϕnmk

h ‖2p − ‖ϕ
nmk

h ‖2p)

+ 2∆tpap(R
nmk

h ;ϕ
nmk+1

h , ϕ
nmk+1

h )

=2∆tf
mk+1−1∑
m=mk

(f(cnm

h ),

nm+1−1∑
i=nm

ui+1
h ) + 2∆tpg((qI − qP )nmk+1 , ϕ

nmk+1

h )

+ 2∆tfaΓ(

nmk+1
−1∑

i=nmk

uih, ϕ
nmk+1

h )− 2∆tfaΓ(

nmk+1
−1∑

i=nmk

ui+1
h , ϕ

nmk

h ).(79)

Following (69) and (70), we have

‖u
nmk+1

h ‖2f +

nmk+1
−1∑

i=nmk

‖ui+1
h − uih‖2f − ‖u

nmk

h ‖2f + 2αf∆tf
nmk+1

−1∑
i=nmk

‖ui+1
h ‖

2
Hf

+ gS0(‖ϕ
nmk+1

h ‖2p + ‖ϕ
nmk+1

h − ϕnmk

h ‖2p − ‖ϕ
nmk

h ‖2p) +
2g

µmax
∆tp‖K1/2∇ϕ

nmk+1

h ‖2p

≤2∆tf
mk+1−1∑
m=mk

(f(cnm

h ),

nm+1−1∑
i=nm

ui+1
h ) + 2∆tpg((qI − qP )nmk+1 , ϕ

nmk+1

h )

+ 2∆tfaΓ(

nmk+1
−1∑

i=nmk

uih, ϕ
nmk+1

h )− 2∆tfaΓ(

nmk+1
−1∑

i=nmk

ui+1
h , ϕ

nmk

h ).

(80)

For the first two terms on the right hand side of the above, we use the Hölder
inequality and Poincaré inequalities together with (71), (72) and Young inequality
to obtain

2∆tf
mk+1−1∑
m=mk

(f(cnm

h ),

nm+1−1∑
i=nm

ui+1
h ) + 2∆tpg((qI − qP )nmk+1 , ϕ

nmk+1

h )

≤2CP∆tf
mk+1−1∑
m=mk

‖f(cnm

h )‖f‖
nm+1−1∑
i=nm

ui+1
h ‖Hf

+
2gC̃P∆tp√

kmin

‖(qI − qP )nmk+1 ‖p‖K1/2∇ϕ
nmk+1

h ‖p

≤2C2
P∆tf

αf

mk+1−1∑
m=mk

‖f(cnm

h )‖2f +
2gC̃2

Pµmax∆tp

kmin
‖(qI − qP )nmk+1 ‖2p

+
αf∆tf

2

nmk+1
−1∑

i=nmk

‖ui+1
h ‖

2
Hf

+
g∆tp

2µmax
‖K1/2∇ϕ

nmk+1

h ‖2p.(81)
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For the last two terms of right-hand side in (80) we choose ε = 1/8 in (71) to obtain

2∆tf
[
aΓ(

nmk+1
−1∑

i=nmk

uih, ϕ
nmk+1

h )− aΓ(

nmk+1
−1∑

i=nmk

ui+1
h , ϕ

nmk

h )
]

≤2∆tf
[ 1

16

( g

µmax
‖K1/2∇ϕ

nmk+1

h ‖2p + αf‖
nmk+1

−1∑
i=nmk

uih‖2Hf

+
g

µmax
‖K1/2∇ϕnmk

h ‖2p + αf‖
nmk+1

−1∑
i=nmk

ui+1
h ‖

2
Hf

)

+
C1g
√
µmax√

αfkminS0

(
gS0‖ϕ

nmk+1

h ‖2p + ‖
nmk+1

−1∑
i=nmk

uih‖2f

+ gS0‖ϕ
nmk

h ‖2p + ‖
nmk+1

−1∑
i=nmk

ui+1
h ‖

2
f

)]

≤∆tf

4

(
αf

nmk+1
−1∑

i=nmk

‖ui+1
h ‖

2
Hf

+ αf‖u
nmk

h ‖2Hf

+
g

µmax
‖K1/2∇ϕ

nmk+1

h ‖2p +
g

µmax
‖K1/2∇ϕnmk

h ‖2p
)

+
4C1g

√
µmax∆tf√

αfkminS0

( nmk+1∑
i=nmk

‖uih‖2f + gS0‖ϕ
nmk+1

h ‖2p + gS0‖ϕ
nmk

h ‖2p
)
.(82)

It then follows from (80) that

‖u
nmk+1

h ‖2f +

nmk+1
−1∑

i=nmk

‖ui+1
h − uih‖2f − ‖u

nmk

h ‖2f +
5

4
αf∆tf

nmk+1
−1∑

i=nmk

‖ui+1
h ‖

2
Hf

− 1

4
αf∆tf‖unmk

h ‖2Hf
+ gS0(‖ϕ

nmk+1

h ‖2p + ‖ϕ
nmk+1

h − ϕnmk

h ‖2p − ‖ϕ
nmk

h ‖2p)

+
5

4

g

µmax
∆tp‖K1/2∇ϕ

nmk+1

h ‖2p −
1

4

g

µmax
∆tf‖K1/2∇ϕnmk

h ‖2p

≤2C2
P∆tf

αf

mk+1−1∑
m=mk

‖f(cnm

h )‖2f +
2gC̃2

Pµmax∆tp

kmin
‖(qI − qP )nmk+1‖2p

+
4C1g

√
µmax∆tf√

αfkminS0

( nmk+1∑
i=nmk

‖uih‖2f + gS0‖ϕ
nmk+1

h ‖2p + gS0‖ϕ
nmk

h ‖2p
)
.

(83)

Summing over (83) with k = 0, 1, 2, . . . , l, 0 ≤ l ≤ Np − 2, and using the fact that
∆tp ≥ ∆tf , we have

‖u
nml+1

h ‖2f + αf∆tf
l∑

k=0

nmk+1
−1∑

i=nmk

‖ui+1
h ‖

2
Hf
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+ gS0‖ϕ
nml+1

h ‖2p +
g

µmax
∆tp

l∑
k=0

‖K1/2∇ϕ
nmk+1

h ‖2p

≤2C2
P∆tf

αf

l∑
k=0

mk+1−1∑
m=mk

‖f(cnm

h )‖2f +
2gC̃2

Pµmax∆tp

kmin

l∑
k=0

‖(qI − qP )nmk+1‖2p

+
4C1g

√
µmax∆tf√

αfkminS0

l∑
k=0

( nmk+1∑
i=nmk

‖uih‖2f + gS0‖ϕ
nmk+1

h ‖2p + gS0‖ϕ
nmk

h ‖2p
)

+ ‖u0‖2f + gS0‖ϕ0‖2p +
αf∆tf

4
‖u0‖2Hf

+
g∆tf

4µmax
‖K1/2∇ϕ0‖2p.(84)

Next we analyse the stability on time interval [tpk, t
p
k+1]. Taking vh = 2∆tfun+1

h in
(64) and (65) and summing over with n = nml

, nml
+1, . . . , nml

+s, 0 ≤ l ≤ Np−1,
0 ≤ s ≤ rpf − 2, we have

‖unml
+s+1

h ‖2f +

nml
+s∑

i=nml

‖ui+1
h − uih‖2f − ‖u

nml

h ‖2f + 2αf∆tf
nml

+s∑
i=nml

‖ui+1
h ‖

2
Hf

≤4C2
P∆tf

3αf

ml+[s/rcf ]∑
m=ml

‖f(cnm

h )‖2f +
3αf∆tf

4

nml
+s∑

i=nml

‖ui+1
h ‖

2
Hf

+
C1g
√
µmax∆tf√

αfkminS0

( nml
+s∑

i=nml

‖ui+1
h ‖

2
f + gS0‖ϕ

nml

h ‖2p
)

+
∆tf

4

(
αf

nml
+s∑

i=nml

‖ui+1
h ‖

2
Hf

+
g

µmax
‖K1/2∇ϕ

nml+1

h ‖2p
)
.(85)

Combining (84) and (85) and using the condition (73) and applying the Gronwall
inequality, we obtain (74) and (75). �

We see that the numerical scheme (66) is linear, since we get the stabilities of
vh and ϕh in Theorem 3.3, we can get the stability of ch directly.

4. Error estimates

In this section, we derive the error estimates for the proposed numerical algo-
rithm in the previous section. First we split the errors between the approximate
solutions and the exact solutions as follow.

u− uh = u− Pu
h u+ Pu

h u− uh = εu + eu,h,

p− ph = p− P php+ P php− ph = εp + ep,h,

ϕ− ϕh = ϕ− Pϕh ϕ+ Pϕh ϕ− ϕh = εϕ + eϕ,h,

c− ch = c− Ξhc+ Ξhc− ch = εc + ec,h.(86)

From the definition of Ph (see (52) and (53)), we know that, for time step size
∆tf , there holds

(dtfP
u
h u

n+1,vh) + af (cn+1;Pu
h u

n+1,vh) + b(vh, P
p
hp

n+1)

=(dtfu
n+1 − ∂tfun+1,vh)

− (dtf ε
n+1
u ,vh) + (f(cn+1),vh)− aΓ(vh, P

ϕ
h ϕ

n+1), ∀vh ∈ Hf,h,(87)

b(Pu
h u

n+1, qh) = 0, ∀qh ∈ Qh,(88)
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and for time step size ∆tp, there holds

gS0(dtpP
ϕ
h ϕ

nmk+1 , ψh) + ap(c
nmk+1 ;Pϕh ϕ

nmk+1 , ψh)

=gS0(dtpϕ
nmk+1 − ∂tpϕnmk+1 , ψh)− gS0(dtpε

nmk+1
ϕ , ψh)

+ g((qI − qP )nmk+1 , ψh) + aΓ(Pu
h u

nmk+1 , ψh), ∀ψh ∈ Hp,h.(89)

Subtracting (87) and (88) from (64) and (65), respectively, we have that for
vh ∈ Hf,h, qh ∈ Qh

(dtf e
n+1
u,h ,vh) + af (cnm

h ; en+1
u,h ,vh) + b(vh, e

n+1
p,h )

=(dtfu
n+1 − ∂tfun+1,vh)− (dtf ε

n+1
u ,vh)

−
(
af (cn+1;Pu

h u
n+1,vh)− af (cnm

h ;Pu
h u

n+1,vh)
)

+
(
(f(cn+1),vh)− (f(cnm

h ),vh)
)

−
(
aΓ(vh, P

ϕ
h ϕ

n+1 − Pϕh ϕ
n) + aΓ(vh, P

ϕ
h ϕ

n − ϕnmk

h )
)
,(90)

b(en+1
u,h , qh) = 0.(91)

Subtracting (89) from (67), we have that for ψh ∈ Hp,h

gS0(dtpe
nmk+1

ϕ,h , ψh) + ap(R
nmk

h ; e
nmk+1

ϕ,h , ψh)

=gS0(dtpϕ
nmk+1 − ∂tpϕnmk+1 , ψh)− gS0(dtpε

nmk+1
ϕ , ψh)

−
(
ap(c

nmk+1 ;Pϕh ϕ
nmk+1 , ψh)− ap(R

nmk

h ;Pϕh ϕ
nmk+1 , ψh)

)
+
(
aΓ(Pu

h u
nmk+1 − Pu

h u
nmk , ψh) + aΓ(Pu

h u
nmk − Tnmk

h , ψh)
)
.(92)

The next theorem is about the error estimate for the velocity and pressure.

Theorem 4.1. Assume that

c ∈ L∞(J ;Hj+1(Ω)) ∩H1(J ;Hj+1(Ω))L2(J ;W 1,∞(Ω)) ∩H2(J ;L2(Ω)),

u ∈W 1,∞(J ;Hj+1(Ωf )N ) ∩H2(J ;L2(Ωf )N ) ∩H1(J ;Hj+1(Ωf )N ),

ϕ ∈ L∞(J ;Hj+1(Ωp)) ∩H1(J ;Hj+1(Ωp)).(93)

Also assume that the condition (73) holds. Then for sufficiently small h, there exists

a positive constant Ĉ1 independent of h, ∆tf , ∆tc and ∆tp, and exists a positive
constant Ĉ2 independent of h, ∆tf , ∆tc and ∆tp, and independent of physical
parameters µmax, µmin, kmax and kmin, such that for 0 ≤ l ≤ Np − 1

‖e
nml+1

u,h ‖2f + αf∆tf
l∑

k=0

nmk+1∑
i=nmk

‖ei+1
u,h‖

2
Hf

+ gS0‖e
nml+1

ϕ,h ‖2p

+
g

µmax
∆tp

l∑
k=0

‖K1/2∇e
nmk+1

ϕ,h ‖2p

≤C(T )

(
Ĉ1

(
h2(j+1) + ∆tc

l∑
k=0

mk+1−1∑
i=mk

(‖cni − cni

h ‖
2
)

+ Ĉ2

( 1

αf
(∆tf )2 +

µmax

kmin
(∆tp)2 + (

1

αf
+
µmaxkmax

kminµmin
)(∆tc)2

))
.(94)

Proof. Taking vh = 2∆tfen+1
u,h in (90) and (91), we have

‖en+1
u,h ‖

2
f + ‖en+1

u,h − e
n
u,h‖2f − ‖enu,h‖2f + 2∆tfaf (cnm

h ; en+1
u,h , e

n+1
u,h )



478 J. ZHANG, H. RUI, AND Y. CAO

=2∆tf (dtfu
n+1 − ∂tfun+1, en+1

u,h )− 2∆tf (dtf ε
n+1
u , en+1

u,h )

− 2∆tf
(
af (cn+1;Pu

h u
n+1, en+1

u,h )− af (cnm

h ;Pu
h u

n+1, en+1
u,h )

)
+ 2∆tf

(
(f(cn+1), en+1

u,h )− (f(cnm

h ), en+1
u,h )

)
− 2∆tf

(
aΓ(en+1

u,h , P
ϕ
h ϕ

n+1 − Pϕh ϕ
n) + aΓ(en+1

u,h , P
ϕ
h ϕ

n − ϕnmk

h )
)
.(95)

Summing over (95) with n = nm, nm + 1, . . . , nm+1 − 1 and m = mk,mk +
1, . . . ,mk+1 − 1 we obtain

‖e
nmk+1

u,h ‖2f +

nmk+1
−1∑

i=nmk

‖ei+1
u,h − e

i
u,h‖2f − ‖e

nmk

u,h ‖
2
f

+ 2∆tf
mk+1−1∑
m=mk

nm+1−1∑
i=nm

af (cnm

h ; ei+1
u,h , e

i+1
u,h)

=2∆tf
nmk+1

−1∑
i=nmk

(dtfu
i+1 − ∂tfui+1, ei+1

u,h)− 2∆tf
nmk+1

−1∑
i=nmk

(dtf ε
i+1
u , ei+1

u,h)

− 2∆tf
mk+1−1∑
m=mk

nm+1−1∑
i=nm

(
af (ci+1;Pu

h u
i+1, ei+1

u,h)− af (cnm

h ;Pu
h u

i+1, ei+1
u,h)

)
+ 2∆tf

mk+1−1∑
m=mk

nm+1−1∑
i=nm

(
(f(ci+1), ei+1

u,h)− (f(cnm

h ), ei+1
u,h)

)
− 2∆tf

nmk+1
−1∑

i=nmk

(
aΓ(ei+1

u,h , P
ϕ
h ϕ

i+1 − Pϕh ϕ
i) + aΓ(ei+1

u,h , P
ϕ
h ϕ

i − ϕnmk

h )
)
.(96)

Taking ψh = 2∆tpe
nmk+1

ϕ,h in (92), we have

gS0‖e
nmk+1

ϕ,h ‖2p + gS0‖e
nmk+1

ϕ,h − enmk

ϕ,h ‖
2
p

− gS0‖e
nmk

ϕ,h ‖
2
p + 2∆tpap(R

nmk

h ; e
nmk+1

ϕ,h , e
nmk+1

ϕ,h )

=2∆tpgS0(dtpϕ
nmk+1 − ∂tpϕnmk+1 , e

nmk+1

ϕ,h )− 2∆tpgS0(dtpε
nmk+1
ϕ , e

nmk+1

ϕ,h )

− 2∆tp
(
ap(c

nmk+1 ;Pϕh ϕ
nmk+1 , e

nmk+1

ϕ,h )− ap(R
nmk

h ;Pϕh ϕ
nmk+1 , e

nmk+1

ϕ,h )
)

+ 2∆tp
(
aΓ(Pu

h u
nmk+1 − Pu

h u
nmk , e

nmk+1

ϕ,h ) + aΓ(Pu
h u

nmk − Tnmk

h , e
nmk+1

ϕ,h )
)
.(97)

Combining (96) and (97), using (69) and (70), and following the definition of T
nmk

h ,
we have that

‖e
nmk+1

u,h ‖2f − ‖e
nmk

u,h ‖
2
f + 2αf∆tf

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+ gS0‖e
nmk+1

ϕ,h ‖2p − gS0‖e
nmk

ϕ,h ‖
2
p +

2g

µmax
∆tp‖K1/2∇e

nmk+1

ϕ,h ‖2p

≤2∆tf
nmk+1

−1∑
i=nmk

(dtfu
i+1 − ∂tfui+1, ei+1

u,h)

+ 2∆tpgS0(dtpϕ
nmk+1 − ∂tpϕnmk+1 , e

nmk+1

ϕ,h )
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− 2∆tf
nmk+1

−1∑
i=nmk

(dtf ε
i+1
u , ei+1

u,h)− 2∆tpgS0(dtpε
nmk+1
ϕ , e

nmk+1

ϕ,h )

− 2∆tf
mk+1−1∑
m=mk

nm+1−1∑
i=nm

(
af (ci+1;Pu

h u
i+1, ei+1

u,h)− af (cnm

h ;Pu
h u

i+1, ei+1
u,h)

)
− 2∆tp

(
ap(c

nmk+1 ;Pϕh ϕ
nmk+1 , e

nmk+1

ϕ,h )− ap(R
nmk

h ;Pϕh ϕ
nmk+1 , e

nmk+1

ϕ,h )
)

+ 2∆tf
mk+1−1∑
m=mk

nm+1−1∑
i=nm

(
(f(ci+1), ei+1

u,h)− (f(cnm

h ), ei+1
u,h)

)
− 2∆tf

nmk+1
−1∑

i=nmk

aΓ(ei+1
u,h , P

ϕ
h ϕ

i+1 − Pϕh ϕ
i)

+ 2∆tpaΓ(Pu
h u

nmk+1 − Pu
h u

nmk , e
nmk+1

ϕ,h )

− 2∆tf
nmk+1

−1∑
i=nmk

aΓ(ei+1
u,h , P

ϕ
h ϕ

i − Pϕh ϕ
nmk )

+ 2∆tf
nmk+1

−1∑
i=nmk

aΓ(Pu
h u

nmk − Pu
h u

i, e
nmk+1

ϕ,h )

− 2∆tf
nmk+1

−1∑
i=nmk

aΓ(ei+1
u,h , e

nmk

ϕ,h ) + 2∆tf
nmk+1

−1∑
i=nmk

aΓ(eiu,h, e
nmk+1

ϕ,h )

= T1 + T2 + T3 + T4 + T5 + T6 + T7 + T8.(98)

Now we estimate the terms T1 through T8 term by term.
Using Hölder inequality, trace inequalities (34), (35) and Young inequality, we

have

|T1| =
∣∣∣2∆tf

nmk+1
−1∑

i=nmk

(dtfu
i+1 − ∂tfui+1, ei+1

u,h)

+ 2∆tpgS0(dtpϕ
nmk+1 − ∂tpϕnmk+1 , e

nmk+1

ϕ,h )
∣∣∣

≤αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
12C2

P∆tf

αf

nmk+1
−1∑

i=nmk

‖dtfui+1 − ∂tfui+1‖2f

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p +
10gC̃2

pS
2
0µmax∆tp

kmin
‖dtpϕnmk+1 − ∂tpϕnmk+1‖2p

≤αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p

+
12C2

P∆tf

αf

nmk+1
−1∑

i=nmk

1

(∆tf )2

∫
Ω

( ∫ tfi+1

tfi

(t− tfi )∂2
tfu(t)dtf

)2
dx

+
10gC̃2

pS
2
0µmax∆tp

kmin

1

(∆tp)2

∫
Ω

( ∫ tpk+1

tpk

(t− tpk)∂2
tpϕ(t)dtp

)2
dx
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≤αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p

+
12C2

P∆tf

αf

nmk+1
−1∑

i=nmk

1

(∆tf )2

∫
Ω

∫ tfi+1

tfi

(
∂2
tfu(t)

)2
dtf
∫ tfi+1

tfi

(
t− tfi

)2
dtfdx

+
10gC̃2

pS
2
0µmax∆tp

kmin

1

(∆tp)2

∫
Ω

∫ tpk+1

tpk

(
∂2
tpϕ(t)

)2
dtp
∫ tpk+1

tpk

(
t− tpk

)2
dtpdx

=
αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p

+
4C2

P (∆tf )2

αf

∫ tfnmk+1

tfnmk

‖∂2
tfu(t)‖2fdtf

+
10gC̃2

pS
2
0µmax(∆tp)2

3kmin

∫ tpk+1

tpk

‖∂2
tpϕ(t)‖2pdtp.(99)

Similarly

|T2| =|2∆tf
nmk+1

−1∑
i=nmk

(dtf ε
i+1
u , ei+1

u,h) + 2∆tpgS0(dtpε
nmk+1
ϕ , e

nmk+1

ϕ,h )|

≤αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
12C2

P∆tf

αf

nmk+1
−1∑

i=nmk

‖dtf εi+1
u ‖2f

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p +
10gC̃2

PS
2
0µmax∆tp

kmin
‖dtpε

nmk+1
ϕ ‖2p

≤αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p

+
12C2

P∆tf

αf

nmk+1
−1∑

i=nmk

1

(∆tf )2

∫
Ω

( ∫ tfi+1

tfi

dtf εu(t)dtf
)2
dx

+
10gC̃2

PS
2
0µmax∆tp

kmin

1

(∆tp)2

∫
Ω

( ∫ tpk+1

tpk

dtpεϕ(t)dtp
)2
dx

≤αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p

+
12C2

P∆tf

αf

nmk+1
−1∑

i=nmk

1

(∆tf )2

∫
Ω

( ∫ tfi+1

tfi

(dtf εu(t))2dtf
∫ tfi+1

tfi

12dtf
)
dx

+
10gC̃2

PS
2
0µmax∆tp

kmin

1

(∆tp)2

∫
Ω

( ∫ tpk+1

tpk

(dtpεϕ(t))2dtp
∫ tpk+1

tpk

12dtp
)
dx

=
αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p
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+
12C2

P

αf

∫ tfnmk+1

tfnmk

‖dtf εu(t)‖2fdtf +
10gC̃2

PS
2
0µmax

kmin

∫ tpk+1

tpk

‖dtpεϕ(t)‖2pdtp.(100)

From (57), (68) and the assumption that µ is Lipschitz continuous, we have

|T3| =|2∆tf
mk+1−1∑
m=mk

nm+1−1∑
i=nm

(
af (ci+1;Pu

h u
i+1, ei+1

u,h)− af (cnm

h ;Pu
h u

i+1, ei+1
u,h)

)
|

≤
mk+1−1∑
m=mk

nm+1−1∑
i=nm

(12∆tfC2
PC

2
u

αf
‖µ(ci+1)− µ(cnm

h )‖2f +
αf∆tf

12
‖ei+1

u,h‖
2
Hf

)

≤12∆tfC2
PC

2
uµ

2
L

αf

mk+1−1∑
m=mk

nm+1−1∑
i=nm

(
‖cnm − ci+1

h ‖
2
f

)
+
αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf
.

(101)

Since

nm+1−1∑
i=nm

‖ci+1 − cnm‖2 ≤
nm+1−1∑
i=nm

(
‖ci+1 − ci‖2 + ‖ci − ci−1‖2 + · · ·+ ‖cnm+1 − cnm‖2

)
≤ rcf

nm+1−1∑
i=nm

‖ci+1 − ci‖2,

we can estimate the first term of (101) as follows

12∆tfC2
PC

2
uµ

2
L

αf

mk+1−1∑
m=mk

nm+1−1∑
i=nm

(
‖cnm − ci+1

h ‖
2
f

)
≤12∆tfC2

PC
2
uµ

2
L

αf

mk+1−1∑
m=mk

nm+1−1∑
i=nm

(
‖cnm − cnm

h ‖
2
f + ‖ci+1 − cnm‖2f

)
≤12∆tfC2

PC
2
uµ

2
L

αf

(
rcf

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
f + rcf

nmk+1
−1∑

i=nmk

‖ci+1 − ci‖2f
)

≤12∆tfrcfC
2
PC

2
uµ

2
L

αf

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
f

+
12∆tc∆tfC2

PC
2
uµ

2
L

αf

∫ tfnmk+1
−1

tfnmk

‖∂tf c‖2fdtf .

Thus

|T3| ≤
12∆tcC2

PC
2
uµ

2
L

αf

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
f

+ 6C2
PC

2
uµ

2
L

(
(∆tc)2 + (∆tf )2

)
αf

∫ tfnmk+1
−1

tfnmk

‖∂tf c‖2fdtf

+
αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf
.(102)
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From (58), (68) the definition of λ, and the assumption that µ is Lipschitz contin-
uous, we have

|T4| =|2∆tp
(
ap(c

nmk+1 ;Pϕh ϕ
nmk+1 , e

nmk+1

ϕ,h )− ap(R
nmk

h ;Pϕh ϕ
nmk+1 , e

nmk+1

ϕ,h )
)
|

≤
10gC̃2

Pµmax∆tpC2
ϕ

kmin
‖λ(cnmk+1 )− λ(R

nmk

h )‖2p +
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p

≤
10gC̃2

Pµmax∆tpC2
ϕµLkmax

kminµmin
‖cnmk+1 −Rnmk

h ‖2p +
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p.(103)

Here, the term ‖cnmk+1 − Rnmk

h ‖2p on the right hand side above can be estimated
as follows

‖cnmk+1 −Rnmk

h ‖2p = ‖cnmk+1 − 1

rpc

mk+1−1∑
i=mk

cni

h ‖
2
p ≤

1

r2
pc

mk+1−1∑
i=mk

‖cnmk+1 − cni

h ‖
2
p

≤ 1

r2
pc

mk+1−1∑
i=mk

(
‖cni − cni

h ‖
2
p + ‖cnmk+1 − cni‖2p

)
≤ 1

r2
pc

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
p +

1

r2
pc

rpc

mk+1−1∑
i=mk

‖cni+1 − cni‖2p

≤ 1

r2
pc

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
p +

1

rpc
∆tc

∫ tcmk+1−1

tcmk

‖∂tcc‖2pdtc.(104)

Applying the above to (103), we obtain the estimate of T4:

|T4| ≤
10gC̃2

Pµmax∆tcC2
ϕµLkmax

kminµminrpc

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
p

+
10gC̃2

Pµmax(∆tc)2C2
ϕµLkmax

kminµmin

∫ tcmk+1−1

tcmk

‖∂tcc‖2pdtc

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p.(105)

T5 can be estimated the same way as that for T3:

|T5| =|2∆tf
mk+1−1∑
m=mk

nm+1−1∑
i=nm

(f(ci+1)− f(cnm

h ), ei+1
u,h)|

≤
mk+1−1∑
m=mk

nm+1−1∑
i=nm

(12∆tfC2
P f

2
L

αf
‖ci+1 − cnm

h ‖
2
f +

αf∆tf

12
‖ei+1

u,h‖
2
Hf

)
≤12∆tcC2

P f
2
L

αf

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
f

+ 6C2
P f

2
L

(
(∆tc)2 + (∆tf )2

)
αf

∫ tfnmk+1
−1

tfnmk

‖∂tf c‖2fdtf

+
αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf
.(106)
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Following the proof of (72), we have

|T6| =
∣∣∣− 2∆tf

nmk+1
−1∑

i=nmk

aΓ(ei+1
u,h , P

ϕ
h ϕ

i+1 − Pϕh ϕ
i)

+ 2∆tpaΓ(Pu
h u

nmk+1 − Pu
h u

nmk , e
nmk+1

ϕ,h )
∣∣∣

≤αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
12g2C1C2∆tf

αf

nmk+1
−1∑

i=nmk

‖Pϕh ϕ
i+1 − Pϕh ϕ

i‖2Hp

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p +
10gC1C2∆tpµmax

kmin
‖Pu

h u
nmk+1 − Pu

h u
nmk ‖2Hf

.

(107)

By the equivalence between ‖u‖Hf
and ‖∇u‖f , ‖ϕ‖Hp

and ‖∇ϕ‖p, we have

nmk+1
−1∑

i=nmk

‖Pϕh ϕ
i+1 − Pϕh ϕ

i‖2Hp
≤ CP

nmk+1
−1∑

i=nmk

‖ϕ(tfi+1)− ϕ(tfi )‖2Hp

≤ CP
nmk+1

−1∑
i=nmk

∫
Ωp

(
∇(ϕ(tfi+1)− ϕ(tfi ))

)2
dx

≤ CP
nmk+1

−1∑
i=nmk

∫
Ωp

( ∫ tfi+1

tfi

∇(∂tfϕ)dtf
)2
dx

≤ CP
nmk+1

−1∑
i=nmk

∫
Ωp

∫ tfi+1

tfi

|∇(∂tfϕ)|2dtfdx
∫ tfi+1

tfi

12dtfdx

= CP∆tf
∫ tfnmk+1

tfnmk

‖∂tfϕ‖2Hp
dtf .(108)

Similarly, we have

‖Pu
h u

nmk+1 − Pu
h u

nmk ‖2Hf
≤ CP∆tp

∫ tpk+1

tpk

‖∂tpu‖2Hf
dtp.(109)

Taking (108) and (109) back to (107), we have

|T6| ≤
αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
g∆tp

10µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p

+
12g2C1C2CP (∆tf )2

αf

∫ tfnmk+1

tfnmk

‖∂tfϕ‖2Hp
dtf

+
10gC1C2CP (∆tp)2µmax

kmin

∫ tpk+1

tpk

‖∂tpu‖2Hf
dtp.(110)

Similar to the estimate of of T6 we have that

|T7| =
∣∣∣− 2∆tf

nmk+1
−1∑

i=nmk

aΓ(ei+1
u,h , P

ϕ
h ϕ

i − Pϕh ϕ
nmk )
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+ 2∆tf
nmk+1

−1∑
i=nmk

aΓ(Pu
h u

nmk − Pu
h u

i, e
nmk+1

ϕ,h )
∣∣∣

≤αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
12g2C1C2∆tf

αf

nmk+1
−1∑

i=nmk

‖Pϕh ϕ
i − Pϕh ϕ

nmk ‖2Hp

+
g∆tf

10µmax
‖K1/2e

nmk+1

ϕ,h ‖2p +
10C1C2∆tfµmax

kmin

nmk+1
−1∑

i=nmk

‖Pu
h u

nmk − Pu
h u

i‖2Hf

≤αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
g∆tf

10µmax
‖K1/2e

nmk+1

ϕ,h ‖2p

+
12g2C1C2∆tp

αf

nmk+1
−1∑

i=nmk

‖Pϕh ϕ
i+1 − Pϕh ϕ

i‖2Hp

+
10C1C2∆tpµmax

kmin

nmk+1
−1∑

i=nmk

‖Pu
h u

i+1 − Pu
h u

i‖2Hf
.

(111)

Similar to (108) and (109), we have

nmk+1
−1∑

i=nmk

‖Pu
h u

i+1 − Pu
h u

i‖2Hf
≤ CP∆tf

∫ tfnmk+1

tfnmk

‖∂tfu‖2Hf
dtf

= CP∆tfrpf

∫ tpnk+1

tpk

‖∂tpu‖2Hf
dtp = CP∆tp

∫ tpnk+1

tpk

‖∂tpu‖2Hf
dtp.(112)

It follows from (108) and (112) to (111) that

|T7| ≤
αf∆tf

12

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+
g∆tf

10µmax
‖K1/2e

nmk+1

ϕ,h ‖2p

+ 6g2C1C2CP

(
(∆tf )2 + (∆tp)2

)
αf

∫ tfnmk+1

tfnmk

‖∂tfϕ‖2Hp
dtf

+
10C1C2CP (∆tp)2µmax

kmin

∫ tpnk+1

tpk

‖∂tpu‖2Hf
dtp.(113)

Similar to the estimate (82), we have that

|T8| =| − 2∆tf
nmk+1

−1∑
i=nmk

aΓ(ei+1
u,h , e

nmk

ϕ,h ) + 2∆tf
nmk+1

−1∑
i=nmk

aΓ(eiu,h, e
nmk+1

ϕ,h )|

≤2∆tf
[ 1

16

( g

µmax
‖K1/2∇enmk

ϕ,h ‖
2
p + αf‖

nmk+1
−1∑

i=nmk

ei+1
u,h‖

2
Hf

+
g

µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p + α‖
nmk+1

−1∑
i=nmk

eiu,h‖2Hf

)
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+
gC1
√
µmax√

αfkminS0

(
gS0‖e

nmk

ϕ,h ‖
2
p + ‖

nmk+1
−1∑

i=nmk

ei+1
u,h‖

2
f

+ gS0‖e
nmk+1

ϕ,h ‖2p + ‖
nmk+1

−1∑
i=nmk

eiu,h‖2f
)]

≤∆tf

4

(
αf

nmk+1
−1∑

i=nmk

‖ei+1
u,h‖

2
Hf

+ αf‖e
nmk

u,h ‖
2
Hf

+
g

µmax
‖K1/2∇e

nmk+1

ϕ,h ‖2p +
g

µmax
‖K1/2∇enmk

ϕ,h ‖
2
p

)
+

4gC1
√
µmax∆tf√

αfkminS0

( nmk+1
−1∑

i=nmk

‖eiu,h‖2f + gS0‖e
nmk+1

ϕ,h ‖2p + gS0‖e
nmk

ϕ,h ‖
2
p

)
.(114)

Replacing T1 thorough T8 in (98) with the above estimates and summing over
with k = 0, 1, . . . , l and using the fact that e

nm0

u,h = 0, e
nm0

ϕ,h = 0, we have that

‖e
nml+1

u,h ‖2f + αf∆tf
l∑

k=0

nmk+1∑
i=nmk

‖ei+1
u,h‖

2
Hf

+ gS0‖e
nml+1

ϕ,h ‖2p +
g

µmax
∆tp

l∑
k=0

‖K1/2∇e
nmk+1

ϕ,h ‖2p

≤4C2
P (∆tf )2

αf

∫ T

0

‖∂2
tfu(t)‖2fdtf +

10gC̃2
pS

2
0µmax(∆tp)2

3kmin

∫ T

0

‖∂2
tpϕ(t)‖2pdtp

+
12C2

P

αf

∫ T

0

‖dtf εu(t)‖2fdtf +
10gC̃2

PS
2
0µmax

kmin

∫ T

0

‖dtpεϕ(t)‖2pdtp

+
12∆tcC2

PC
2
uµ

2
L

αf

l∑
k=0

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
f

+ 6C2
PC

2
uµ

2
L

(
(∆tc)2 + (∆tf )2

)
αf

∫ T

0

‖∂tf c‖2fdtf

+
10gC̃2

Pµmax∆tcC2
ϕµLkmax

kminµminrpc

l∑
k=0

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
p

+
10gC̃2

Pµmax(∆tc)2C2
ϕµLkmax

kminµmin

∫ T

0

‖∂tcc‖2pdtc

+
12∆tcC2

P f
2
L

αf

l∑
k=0

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
f + 6C2

P f
2
L

(
(∆tc)2 + (∆tf )2

)
αf

∫ T

0

‖∂tf c‖2fdtf

+
12g2C1C2CP (∆tf )2

αf

∫ T

0

‖∂tfϕ‖2Hp
dtf

+
10gC1C2CP (∆tp)2µmax

kmin

∫ T

0

‖∂tpu‖2Hf
dtp

+ 6g2C1C2CP

(
(∆tf )2 + (∆tp)2

)
αf

∫ T

0

‖∂tfϕ‖2Hp
dtf
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+
10C1C2CP (∆tp)2µmax

kmin

∫ T

0

‖∂tpu‖2Hf
dtp

+
4gC1

√
µmax∆tf√

αfkminS0

l∑
k=0

( nmk+1
−1∑

i=nmk

‖eiu,h‖2f + gS0‖e
nmk+1

ϕ,h ‖2p + gS0‖e
nmk

ϕ,h ‖
2
p

)
.

(115)

Using the approximation properties of the projection operator Ph given by (54)
and (55) and the Gronwall inequality, we obtain (94). �

Now we consider the error estimate for the concentration. From (38), (59) and
(66), we have that for zh ∈Wh,

(dtce
nm+1

c,h , zh)φ + (D(Unm

h )∇enm+1

c,h ,∇zh)

=(dtcc
nm+1 − ∂tccnm+1 , zh)φ − (dtcε

nm+1
c , zh)φ

− ((D(unm+1)−D(Unm

h ))∇Ξhc
nm+1 ,∇zh)

− ((unm+1 −Unm

h ) · Ξhcnm+1 , zh)− (Unm

h · ∇enm+1

c,h , zh)

+ (ξεnm+1
c − qIenm+1

c,h , zh)p.(116)

Theorem 4.2. Suppose that the assumptions of Theorem 4.1 satisfied, and if ∆tf ,
∆tc and ∆tp are sufficiently small, then there exists a positive constant Ĉ3 inde-
pendent of h, ∆tf , ∆tc and ∆tp, and exists a positive constant Ĉ4 independent of
h, ∆tf , ∆tc and ∆tp, and independent of physical parameters µmax, µmin, kmax,
kmin and φmax, such that for 0 ≤ l ≤ Np − 1

‖e
nml+1

c,h ‖2 +Dmin∆tc
l∑

k=0

mk+1−1∑
i=mk

‖∇eni+1

c,h ‖
2

≤Ĉ3h
2(j+1) + Ĉ4

(
(
kmax

µmin
+ φmax)(∆tc)2 +

kmax

µmin
(∆tp)2

)
.(117)

Proof. Taking zh = 2∆tce
nm+1

c,h in (116), we have

‖enm+1

c,h ‖2
φ
− ‖enm

c,h‖
2
φ

+ 2∆tcD(Unm

h )‖∇enm+1

c,h ‖2

=2∆tc(dtcc
nm+1 − ∂tccnm+1 , e

nm+1

c,h )φ − 2∆tc(dtcε
nm+1
c , e

nm+1

c,h )φ

− 2∆tc((D(unm+1)−D(Unm

h ))∇Ξhc
nm+1 ,∇enm+1

c,h )

− 2∆tc((unm+1 −Unm

h ) · Ξhcnm+1 , e
nm+1

c,h )− 2∆tc(Unm

h · ∇enm+1

c,h , e
nm+1

c,h )

+ 2∆tc(ξεnm+1
c − qIenm+1

c,h , e
nm+1

c,h )p.(118)

Summing over (118) with m = mk,mk+1, . . . ,mk+1−1, and following the property
(25), we have

‖e
nmk+1

c,h ‖2
φ
− ‖enmk

c,h ‖
2
φ

+ 2∆tcDmin

mk+1−1∑
i=mk

‖∇enm+1

c,h ‖2

≤2∆tc
mk+1−1∑
i=mk

(dtcc
ni+1 − ∂tccni+1 , e

ni+1

c,h )φ − 2∆tc
mk+1−1∑
i=mk

(dtcε
ni+1
c , e

ni+1

c,h )φ

− 2∆tc
mk+1−1∑
i=mk

((D(uni+1)−D(Uni

h ))∇Ξhc
ni+1 ,∇eni+1

c,h )
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− 2∆tc
mk+1−1∑
i=mk

((uni+1 −Uni

h ) · Ξhcni+1 , e
ni+1

c,h )

− 2∆tc
mk+1−1∑
i=mk

(Uni

h · ∇e
ni+1

c,h , e
ni+1

c,h )

+ 2∆tc
mk+1−1∑
i=mk

(ξεni+1
c − qIeni+1

c,h , e
ni+1

c,h )p

=H1 +H2 +H3 +H4 +H5 +H6.(119)

Now we estimate the terms H1, H2, . . . ,H8 term by term.
Similarly as the estimates for T1 and T2, we have

|H1| =
∣∣∣2∆tc

mk+1−1∑
i=mk

(dtcc
ni+1 − ∂tccni+1 , e

ni+1

c,h )φ

∣∣∣
≤∆tc

K1

mk+1−1∑
i=mk

‖dtccni+1 − ∂tccni+1‖2
φ

+K1∆tc
mk+1−1∑
i=mk

‖eni+1

c,h ‖
2
φ

≤φmax∆tc

K1

mk+1−1∑
i=mk

1

(∆tc)2

∫
Ω

( ∫ tci+1

tci

(t− tci )∂2
tcc(t)dt

c
)2
dx

+K1∆tc
mk+1−1∑
i=mk

‖eni+1

c,h ‖
2
φ

≤φmax∆tc

K1

mk+1−1∑
i=mk

1

(∆tc)2

∫
Ω

( ∫ tci+1

tci

(∂2
tcc(t))

2dtc
∫ tci+1

tci

(t− tci )2dtc
)
dx

+K1∆tc
mk+1−1∑
i=mk

‖eni+1

c,h ‖
2
φ

=
φmax(∆tc)2

3K1

∫ tcmk+1

tcmk

‖∂tcc‖2dtc +K1∆tc
mk+1−1∑
i=mk

‖eni+1

c,h ‖
2
φ
,(120)

|H2| =|2∆tc
mk+1−1∑
i=mk

(dtcε
ni+1
c , e

ni+1

c,h )φ|

≤∆tc

K2

mk+1−1∑
i=mk

‖dtcεni+1
c ‖2

φ
+K2∆tc

mk+1−1∑
i=mk

‖eni+1

c,h ‖
2
φ

≤φmax∆tc

K2

mk+1−1∑
i=mk

1

(∆tc)2

∫
Ω

( ∫ tci+1

tci

dtcεc(t)dt
c
)2
dx+K2∆tc

mk+1−1∑
i=mk

‖eni+1

c,h ‖
2
φ

≤φmax∆tc

K2

mk+1−1∑
i=mk

1

(∆tc)2

∫
Ω

( ∫ tci+1

tci

(dtcεc(t))
2dtc

∫ tci+1

tci

12dtc
)2
dx

+K2∆tc
mk+1−1∑
i=mk

‖eni+1

c,h ‖
2
φ
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=
φmax

K2

∫ tcmk+1

tcmk

‖dtcεc(t)‖2dtc +K2∆tc
mk+1−1∑
i=mk

‖eni+1

c,h ‖
2
φ
,

(121)

where the positive constants K1 and K2 are independent of h, ∆tf , ∆tc and ∆tp.
Using Hölder inequality, Young inequality, (26) and (62), we have

|H3| =|2∆tc
mk+1−1∑
i=mk

((D(uni+1)−D(Uni

h ))∇Ξhc
ni+1 ,∇eni+1

c,h )|

≤2∆tc
mk+1−1∑
i=mk

Cc‖D(uni+1)−D(Uni

h )‖ · ‖∇eni+1

c,h ‖

≤2C2
c∆tc

Dmin
(3dl − 2dt)

mk+1−1∑
i=mk

‖uni+1 −Uni

h ‖
2 +

Dmin∆tc

2

mk+1−1∑
i=mk

‖∇eni+1

c,h ‖
2,(122)

where

mk+1−1∑
i=mk

‖uni+1 −Uni

h ‖
2 can be split into three parts:

mk+1−1∑
i=mk

‖uni+1 −Uni

h ‖
2

=

mk+1−1∑
i=mk

(
‖uni+1 − Sni

h ‖
2
f + ‖(λ(cni+1)− λ(cni

h ))∇ϕni+1‖2p

+ ‖λ(cni

h )(∇ϕni+1 −∇ϕnmk

h )‖2p
)
.(123)

Now we estimate each term of (123). By the definition of Sni

h , we have

mk+1−1∑
i=mk

‖uni+1 − Sni

h ‖
2
f =

mk+1−1∑
m=mk

‖unm+1 − 1

rcf

nm+1−1∑
i=nm

uih‖2f

≤ 1

r2
cf

mk+1−1∑
m=mk

nm+1−1∑
i=nm

‖unm+1 − uih‖2f

≤ 1

r2
cf

mk+1−1∑
m=mk

nm+1−1∑
i=nm

(
‖ui − uih‖2f + ‖unm+1 − ui‖2f

)
≤ 1

r2
cf

nmk+1
−1∑

i=nmk

‖ui − uih‖2f +
1

rcf

nmk+1
−1∑

i=nmk

‖ui+1 − ui‖2f .

≤ 1

r2
cf

nmk+1
−1∑

i=nmk

‖ui − uih‖2f +
∆tf

rcf

∫ tfnmk+1

tfnmk

‖∂tfu‖2fdtf .(124)

By the definition of λ and the assumption that µ is Lipschitz continuous, we have

mk+1−1∑
i=mk

‖(λ(cni+1)− λ(cni

h ))∇ϕni+1‖2p ≤
kmaxµL
µmin

mk+1−1∑
i=mk

‖cni+1 − cni

h ‖
2
p
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≤ kmaxµL
µmin

(mk+1−1∑
i=mk

‖cni − cni

h ‖
2
p +

mk+1−1∑
i=mk

‖cni − cni+1‖2p
)

≤ kmaxµL
µmin

(mk+1−1∑
i=mk

‖cni − cni

h ‖
2
p + ∆tc

∫ tcmk+1

tcmk

‖∂tcc‖2pdtc
)
,(125)

mk+1−1∑
i=mk

‖λ(cni

h )(∇ϕni+1 −∇ϕnmk

h )‖2p ≤
kmax

µmin

mk+1−1∑
i=mk

‖∇ϕni+1 −∇ϕnmk

h ‖2p

≤ kmax

µmin

(mk+1−1∑
i=mk

‖∇ϕnmk −∇ϕnmk

h ‖2p +

mk+1−1∑
i=mk

‖∇ϕnmk −∇ϕni+1‖2p
)

≤ kmax

µmin

(
rpc‖∇ϕnmk −∇ϕnmk

h ‖2p +

mk+1−1∑
i=mk

rpc‖∇ϕni+1 −∇ϕni‖2p
)

≤ kmax

µmin

(
rpc‖∇ϕnmk −∇ϕnmk

h ‖2p + ∆tcrpc

∫ tcmk+1

tcmk

‖∂tc∇ϕ‖2pdtc
)
.(126)

Taking (124)-(126) to (122), we get the estimate of H3:

|H3| ≤
2C2

c∆tf

rcfDmin
(3dl − 2dt)

nmk+1
−1∑

i=nmk

‖ui − uih‖2f

+
2C2

c (∆tf )2

Dmin
(3dl − 2dt)

∫ tfnmk+1

tfnmk

‖∂tfu‖2fdtf

+
2C2

c kmaxµL∆tc

µminDmin
(3dl − 2dt)

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
p

+
2C2

c kmaxµL(∆tc)2

µminDmin
(3dl − 2dt)

∫ tcmk+1

tcmk

‖∂tcc‖2pdtc

+
2C2

c kmax∆tp

µminDmin
(3dl − 2dt)‖∇ϕnmk −∇ϕnmk

h ‖2p

+ C2
c

kmax

(
(∆tc)2 + (∆tp)2

)
µmin

(3dl − 2dt)

Dmin

∫ tcmk+1

tcmk

‖∂tc∇ϕ‖2pdtc

+
Dmin∆tc

2

mk+1−1∑
i=mk

‖∇eni+1

c,h ‖
2.(127)

Similarly, we can get the estimate of H4:

|H4| =|2∆tc
mk+1−1∑
i=mk

((uni+1 −Uni

h ) · Ξhcni+1 , e
ni+1

c,h )|

≤C
2
c∆tc

K4

mk+1−1∑
i=mk

‖uni+1 −Uni

h ‖
2 +K4∆tc

mk+1−1∑
i=mk

‖eni+1

c,h ‖
2

≤C
2
c∆tf

K4rcf

nmk+1
−1∑

i=nmk

‖ui − uih‖2f +
C2
c (∆tf )2

K4

∫ tfnmk+1

tfnmk

‖∂tfu‖2fdtf
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+
C2
c kmaxµL∆tc

µminK4

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
p +

C2
c kmaxµL(∆tc)2

µminK4

∫ tcmk+1

tcmk

‖∂tcc‖2pdtc

+
C2
c kmax∆tp

µminK4
‖∇ϕnmk −∇ϕnmk

h ‖2p

+
C2
c

2K4

kmax

(
(∆tc)2 + (∆tp)2

)
µmin

∫ tcmk+1

tcmk

‖∂tc∇ϕ‖2pdtc

+K4∆tc
mk+1−1∑
i=mk

‖eni+1

c,h ‖
2.

(128)

Here the positive constant K4 is independent of h, ∆tf , ∆tc and ∆tp.
To estimate H5, we make the following induction hypothesis.

(129) ‖uih‖L∞(Ωf ) ≤ Ku, ‖∇ϕnmk

h ‖L∞(Ωp) ≤ Kϕ.

Then

|H5| =|2∆tc
mk+1−1∑
i=mk

(Uni

h · ∇e
ni+1

c,h , e
ni+1

c,h )|

≤Dmin∆tc

2
‖∇eni+1

c,h ‖
2 +

2K2
5∆tc

Dmin
‖eni+1

c,h ‖
2,(130)

where K5 = max{Ku,Kϕ}.
Using Hölder inequality and Young inequality, we have

|H6| = |2∆tc
mk+1−1∑
i=mk

(ξεni+1
c − qIeni+1

c,h , e
ni+1

c,h )p|

≤ ξ2∆tc

K6

mk+1−1∑
i=mk

‖εni+1
c ‖2 +K6∆tc

mk+1−1∑
i=mk

‖eni+1

c,h ‖
2 + 2qImax∆tc

mk+1−1∑
i=mk

‖eni+1

c,h ‖
2.

(131)

Taking the estimates of H1, H2, . . . ,H6 back to (119), summing over with k =
0, 1, . . . , l and using the fact that e

nm0

c,h = 0 and (·, ·)φ is an equivalent scalar product

on L2(Ω), we have

‖e
nml+1

c,h ‖2 +Dmin∆tc
l∑

k=0

mk+1−1∑
i=mk

‖∇eni+1

c,h ‖
2

≤C
(
h2(j+1)

)
+ ∆tc

l∑
k=0

mk+1−1∑
i=mk

‖eni+1

c,h ‖
2 + ∆tf

nml+1
−1∑

i=nml

‖ui − uih‖2f

+ ∆tc
l∑

k=0

mk+1−1∑
i=mk

‖cni − cni

h ‖
2
p +

l∑
k=0

∆tp‖∇ϕnmk −∇ϕnmk

h ‖2p
)

+ Ĉ4

(kmax

µmin
+ φmax)(∆tc)2 +

kmax

µmin
(∆tp)2

)
.(132)

If ∆tf , ∆tc and ∆tp are sufficiently small, we can get (117) by using Gronwalll
inequality (60) and (94) in Theorem 4.1.
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It remains to check the induction hypothesis (129). Note that

‖uih‖L∞(Ωf ) ≤ ‖Pu
h u

i‖L∞(Ωf ) +Kh−1(‖uih − ui‖L2(Ωf ) + ‖ui − Pu
h u

i‖L2(Ωf ))

≤ ‖Pu
h u

i‖L∞(Ωf ) +Kh−1(h(j+1) + ∆tf ).

Using the same method we can derive the estimate for ‖∇ϕnmk

h ‖L∞(Ωp).This com-
pletes the proof. �

With the above two theorems, we conclude this section with an error estimate
solely in terms of ∆tf under appropriate choices of γpf and γcf , which determine
time steps for each equation.

Theorem 4.3. Suppose that the assumptions of Theorem 4.2 hold. Let

rpf = Ĉ5

( kmaxkmin

µmaxµmin + kmaxkmin

) 1
2

,(133)

rcf = Ĉ5

( kmaxkmin

kmaxkmin + µmaxkmax + φmaxµminkmin

) 1
2

,(134)

where the positive constant Ĉ5 is independent of µmax, µmin, kmax, kmin and φmax.
Then there Ĉ7 independent of h, ∆tf , ∆tc and ∆tp and independent of µmax, µmin,
kmax, kmin and φmax, such that for 0 ≤ l ≤ Np − 1

‖e
nml+1

u,h ‖2f + αf∆tf
l∑

k=0

nmk+1∑
i=nmk

‖ei+1
u,h‖

2
Hf

+ gS0‖e
nml+1

ϕ,h ‖2p +
g

µmax
∆tp

l∑
k=0

‖K1/2∇e
nmk+1

ϕ,h ‖2p

+ ‖e
nml+1

c,h ‖2 +Dmin∆tc
l∑

k=0

mk+1−1∑
i=mk

‖∇eni+1

c,h ‖
2

≤Ĉ7
kmax

µmin
(∆tf )2 + Ĉ6h

2(j+1).(135)

Proof. From Theorem 4.1 and Theorem 4.2, and the fact that αf ∝
µmin

kmax
in

Lemma 3.1, we have

‖e
nml+1

u,h ‖2f + αf∆tf
l∑

k=0

nmk+1∑
i=nmk

‖ei+1
u,h‖

2
Hf

+ gS0‖e
nml+1

ϕ,h ‖2p

+
g

µmax
∆tp

l∑
k=0

‖K1/2∇e
nmk+1

ϕ,h ‖2p

+ ‖e
nml+1

c,h ‖2 +Dmin∆tc
l∑

k=0

mk+1−1∑
i=mk

‖∇eni+1

c,h ‖
2

≤Ĉ8

(kmax

µmin
(∆tf )2 + (

µmax

kmin
+
kmax

µmin
)(∆tp)2 + (

kmax

µmin
+
µmaxkmax

kminµmin
+ φmax)(∆tc)2

)
+ (Ĉ1 + Ĉ3)h2(j+1).

=Ĉ8

(kmax

µmin
+ (

µmax

kmin
+
kmax

µmin
)(rpf )2 + (

kmax

µmin
+
µmaxkmax

kminµmin
+ φmax)(rcf )2

)
(∆tf )2

+ (Ĉ1 + Ĉ3)h2(j+1),
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Figure 3. Finite element triangulation.

where Ĉ8 = max{C(T )Ĉ2, Ĉ4}. Taking Ĉ7 = Ĉ8(1 + 2(Ĉ5)2) and Ĉ6 = Ĉ1 + Ĉ3,
we complete the proof. �

5. Numerical experiments

In this section, we present some numerical experiments to demonstrate the error
estimates results obtained in the previous section. For all the numerical exper-
iments, we choose Ωf = [0, 1] × [0, 1] and Ωp = [1, 2] × [0, 1] with the interface
ΓI = {1} × (0, 1), and the time interval is J = [0, 1]. unless specified otherwise,
the values of the parameters are assigned as φ = 1, g = γ = d = qI = S0 = 1,
D = I, K = 1

2I. A typical triangulation Th is depicted in Figure 3. The upper
and lower bounds of µ in (22) are µ(1) = 37/21 and µ(0) = 1/50. Since it is
difficult to construct the exact solutions that satisfy the entire coupled Stokes and
Darcy flows with mass transport (1)− (19), especially because of the the interface
conditions, we generalize the interface conditions (9), (10) and (13) (as in [33]) to
include nonhomogeneous terms:

p− nf · 2µ(cf )S(u) · nf = gϕ+ η1,(136)

2nf · µ(cf )S(u) · τ + µ(cf )γu · τ = η2,(137)

u · nf = λ(cp)
∂ϕ

∂np
+ η3,(138)

where η1, η2 and η3 are given functions on ΓI according to the analytical solutions.
The variational form for this modified system will include two additional terms
−〈η1,vh · nf 〉ΓI

+ 〈η2,vh · τ 〉ΓI
to the right-hand side of (64), and one additional

term −〈η3, ψh〉ΓI
to the right-hand side of (67). We select all the right-hand terms

and boundary conditions according to the analytical solution. Notation wise, we
use the following symbols to represent the computational errors.

‖Ehu‖l∞(L2) := max
n
‖un − unh‖, ‖Ehu‖l∞(Hf ) := max

n
‖un − unh‖Hf

,

‖Ehp ‖l∞(L2) := max
n
‖pn − pnh‖,

‖Ehϕ‖l∞(L2) := max
n
‖ϕn − ϕnh‖, ‖Ehϕ‖l∞(Hp) := max

n
‖ϕn − ϕnh‖Hp

,

‖Ehc ‖l∞(L2) := max
n
‖cn − cnh‖, ‖Ehc ‖l∞(H1) := max

n
|cn − cnh|1.(139)
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With these notations in hand, we compute the convergence rate (degenerate rate)
of the approximate solutions by

(140) rate =
log(‖Eh1‖/‖Eh2‖)

log(h1/h2)
,

where h1 and h2 are the meshsizes and Ehi , i = 1, 2 are any of the errors described
in (139). The finite element spaces are constructed using the well-known MINI
elements (P1b-P1) for the Stokes problem and the linear Lagrangian elements (P1)
for the Darcy flow and concentration. We use two numerical examples to verify the
convergence rates of the decoupled scheme (64)− (67) and illustrate the theoretical
conclusion of the stability (73). In each example we also compare the errors, con-
vergence rates and CPU times (unit: second) for the coupled scheme (CS for short)
(63) and decoupled scheme (DS for short) (64)− (67) with different time steps.

Table 1. The convergence performance and CPU time of coupling
scheme in Example 1.

h ‖Eu‖l∞(L2) ‖Eu‖l∞(Hf ) ‖Ep‖l∞(L2) ‖Eϕ‖l∞(L2)

1/4 1.57e-1 3.22e+0 1.96e+0 1.49e-1
1/8 4.41e-2 1.36e+0 6.20e-0 9.57e-3
1/16 1.21e-2 6.41e-1 2.35e-1 2.40e-3
1/32 3.07e-3 3.12e-1 1.04e-1 6.71e-4
rate 1.97 1.04 1.18 1.84
h ‖Eϕ‖l∞(Hp) ‖Ec‖l∞(L2) |Ec|l∞(H1) CPU time (s)

1/4 5.21e-1 1.41e-1 4.76e-1 0.31
1/8 2.52e-1 2.08e-2 1.66e-1 6.61
1/16 1.25e-1 4.97e-3 8.09e-2 378.52
1/32 6.21e-2 1.46e-3 4.02e-2 21766.00
rate 1.00 1.77 1.01 -

Table 2. The convergence performance and CPU time of decou-
pling scheme with different time steps in Example 1.

h ‖Eu‖l∞(L2) ‖Eu‖l∞(Hf ) ‖Ep‖l∞(L2) ‖Eϕ‖l∞(L2)

1/4 1.55e-1 3.22e+0 2.25e+0 2.07e-2
1/8 4.37e-2 1.36e+0 6.16e-0 5.14e-3
1/16 1.21e-2 6.41e-1 2.35e-1 1.35e-3
1/32 3.14e-3 3.12e-1 1.04e-1 4.19e-4
rate 1.94 1.04 1.18 1.88
h ‖Eϕ‖l∞(Hp) ‖Ec‖l∞(L2) |Ec|l∞(H1) CPU time (s)

1/4 4.99e-1 2.02e-1 6.33e-1 0.09
1/8 2.50e-1 4.70e-2 1.72e-1 0.53
1/16 1.24e-1 9.65e-3 8.16e-2 27.80
1/32 6.21e-2 2.78e-3 4.04e-2 1628.20
rate 1.00 1.80 1.01 -

We listed and plot all the errors in (139) and the corresponding convergence rate
for h = 2−m,m = 2, 3, 4, 5, and the time step ∆t = 1/100 in (63) and ∆tf = 1/100
(Case I) in (64)− (67), and to illustrate (73)we also plot the errors for h = 2−m,m =
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(a) Fluid velocity (b) Kinematic pressure

(c) Piezometric (d) Concentration

Figure 4. Convergence rates of Example 1. The tangent of the
triangle in (b) is 1 and those in (a), (c) and (d) are 2.

2, 3, 4, 5 and ∆tf = 1/8 (Case II) in (64)− (67). To make sure that rcf and rpc are

integers, we take Ĉ5 =
√

9584
525 ≈ 4.27 so that rcf = 2, rpc = 2 in the decoupled

scheme (64)− (67).
Example 1 In this example, we choose the nonhomogenenous functions in (5.1)-

(5.3) so that The exact solutions for the fluid velocity, kinematic pressure, piezo-
metric head, and concentration are given by{

u = (sin(y2 + 6x+ t), cos(4x2y)et)T , p = 2(y − 1) cos2 xet,
ϕ = 1/6 cos(y2 + 6x+ t), c = x(2− x)y(1− y)e−t.

The numerical results and the convergence rates of Example 1 are listed in Table
1 and Table 2. The errors and convergence rates are plotted with respect of nodes
on each direction in Figure 4.

Example 2 In this example, the analytical fluid velocity, kinematic pressure,
piezometric head and concentration are given by{

u = (e−(x+2y+t), exy sin(t))T , p = 12x2ey sin(t),
ϕ = e−(x+2y+t), c = sin(πx) sin(2πy)et.
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The errors and the convergence rates of Example 2 are listed in Table 3 and
Table 4. The errors and convergence rates are plotted with respect of nodes on
each direction in Figure 5.

Table 3. The convergence performance and CPU time of coupling
scheme in Example 2.

h ‖Eu‖l∞(L2) ‖Eu‖l∞(Hf ) ‖Ep‖l∞(L2) ‖Eϕ‖l∞(L2)

1/4 1.88e-1 2.59e+0 1.66e+0 2.80e-2
1/8 4.32e-2 1.18e+0 8.73e-0 4.21e-3
1/16 1.11e-2 5.95e-1 4.58e-1 7.16e-4
1/32 3.05e-3 3.02e-1 2.35e-1 2.01e-4
rate 1.86 0.98 0.96 1.83
h ‖Eϕ‖l∞(Hp) ‖Ec‖l∞(L2) |Ec|l∞(H1) CPU time (s)

1/4 1.55e-1 1.25e+0 1.77e+1 0.31
1/8 3.28e-2 2.43e-1 6.76e+0 7.67
1/16 1.39e-2 5.88e-2 3.18e+0 431.02
1/32 7.03e-3 1.43e-2 1.57e+0 25370.00
rate 0.98 2.03 1.02 -

Table 4. The convergence performance and CPU time of decou-
pling scheme with different time steps in Example 2.

h ‖Eu‖l∞(L2) ‖Eu‖l∞(Hf ) ‖Ep‖l∞(L2) ‖Eϕ‖l∞(L2)

1/4 2.11e-1 2.91e+0 1.74e+0 2.29e-2
1/8 4.36e-2 1.19e+0 8.77e-0 3.82e-3
1/16 1.11e-2 5.96e-1 4.58e-1 6.12e-4
1/32 2.93e-3 3.02e-1 2.35e-1 1.60e-4
rate 1.92 0.98 0.96 1.94
h ‖Eϕ‖l∞(Hp) ‖Ec‖l∞(L2) |Ec|l∞(H1) CPU time (s)

1/4 1.39e-1 1.60e+0 2.09e+1 0.06
1/8 3.22e-2 2.73e-1 6.93e+0 0.53
1/16 1.37e-2 6.44e-2 3.20e+0 33.42
1/32 6.86e-3 1.55e-2 1.57e+0 2149.90
rate 0.99 2.05 1.03 -

From Tables 1-4 and Figures 4-5 we find that the numerical results are consistent
with our theoretical analysis. In particular, the convergence rates for fluid velocity
in l∞(Hf ) norm, kinematic pressure in l∞(L2) norm, piezometric head in l∞(Hp)
norm and concentration in semi-l∞(H1) norm are first-order, and the convergence
rates for fluid velocity in l∞(L2) norm, piezometric head in l∞(L2) norm and con-
centration in l∞(L2) norm are second-order. All the convergence rates are optimal.
And we find that the errors are basically non-convergence when taking a large time
step ∆tf = 1/8. It means that ∆tf should be relatively small to ensure the stabil-
ity, which illustrate the theoretical conclusion of the stability (73). What’s more,
from the comparison of coupled scheme and decoupled scheme, we find that, the
errors are similar in every discretization parameter, and the convergence rates are
the same, but the decoupled scheme costs less CPU time than coupled scheme. The
comparison verifies that our method with different subdomain time steps is useful
in increasing computational efficiency.
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(a) Fluid velocity (b) Kinematic pressure

(c) Piezometric (d) Concentration

Figure 5. Convergence rates of Example 2. The tangent of the
triangle in (b) is 1 and those in (a), (c) and (d) are 2.
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[17] Gabriel N. Gatica, Ricardo Oyarzúa, Francisco-Javier Sayas, A residual-based a posteriori

error estimator for a fully-mixed formulation of the Stokes-Darcy coupled problem, Comput.
Methods Appl. Mech. Engrg. 200 (2011), 1877-1891.

[18] V. Girault, G. Kanschat, B. Rivière, On the coupling of incompressible Stokes or Navier-

Stokes and Darcy flow through porous media. in Modelling and simulation in fluid dynamics
in porous media, 1-25, Springer Proc. Math. Stat. 28, Springer, New York, 2013.

[19] V. Girault, P. A. Raviart, Finite element methods for Navier-Stokes equations, Springer

Verlag, Berlin, (1986).
[20] Vivette Girault, Danail Vassilev, Ivan Yotov, Mortar multiscale finite element methods for

Stokes-Darcy flows. Numer. Math. 127 (2014), 93-165.

[21] Peyman Hessari, Pseudospectral least squares method for Stokes-Darcy equations. SIAM J.
Numer. Anal. 53 (2015), 1195-1213.

[22] X. He, J. Li, Y. Lin, J. Ming, A domain decomposition method for the steady-state Navier-
Stokes-Darcy model with Beavers-Joseph interface condition, SIAM J. Sci. Comput., 37

(2015), S264-S290.

[23] T. Karper, K-A. Mardal, R. Winther, Unified finite element discretizations of coupled Darcy-
Stokes flow. Numer. Methods partial Differ. Eqns. 25 (2009), 311-326.

[24] W. J. Layton, F. Schieweck, I. Yotov, Coupling fluid flow with porous media flow, SIAM

J.Numer. Anal. 40 (2003), 2195-2218.
[25] Konstantin Lipnikov, Danail Vassilev, Ivan Yotov, Discontinuous Galerkin and mimetic finite

difference methods for coupled Stokes-Darcy flows on polygonal and polyhedral grids. Numer.
Math. 126 (2014), 321-360.

[26] Antonio Márquez, Salim Meddahi, Francisco-Javier Sayas, A decoupled preconditioning tech-
nique for a mixed Stokes-Darcy model. J. Sci. Comput. 57 (2013), 174-192.

[27] J. M. Melenk, H. Rezaijafari, B. Wohlmuth, Quasi-optimal a priori estimates for fluxes in
mixed finite element methods and an application to the Stokes-Darcy coupling, IMA J. Nu-

mer. Anal. 34 (2014), 1-27.
[28] M. Mu, X. Zhu, Decoupled schemes for a non-stationary mixed Stokes-Darcy model, Math

Comput 79 (2010), 707-731.
[29] G. Pacquaut, J. Bruchon, N. Moulin, S. Drapier, Combining a level-set method and a mixed

stabilized P1/P1 formulation for coupling Stokes-Darcy flows, Internat. J. Numer. Methods

Fluids 69 (2012), 459-480.

[30] H. Pan, H. Rui, A mixed element method for Darcy-Forchheimer incompressible miscible
displacement problem, Comput. Methods Appl. Mech. Engrg. 264 (2013), 1-11.

[31] B. Riviere, Analysis of a discontinuous finite element method for the coupled Stokes and
Darcy problems, J. Sci. Comp. 22 (2005), 479-500.



498 J. ZHANG, H. RUI, AND Y. CAO

[32] B. Riviere, I. Yotov, Locally conservative coupling of Stokes and Darcy flows, SIAM J.Numer.

Anal. 42 (2005), 1959-1977.

[33] H. Rui, R. Zhang, A unified stabilized mixed finite element method for coupling Stokes and
Darcy flows, Comput. Methods Appl. Mech. Engrg. 198 (2009), 2692-2699.

[34] H. Rui, J. Zhang, A stabilized mixed finite element method for coupled Stokes and Darcy

flows with transport, Comput. Methods. Appl. Mech. Engrg. 315 (2017), 169-189.
[35] T. F. Russell, Time stepping along characteristics with incomplete iteration for a Galerkin

approximation of miscible displacement in porous media, SIAM J. Numer. Anal. 22 (1985)
970-1013.

[36] I. Rybak, J. Magiera, A multiple-time-step technique for coupled free flow and porous medium

system, J. Comput. Phys. 272 (2014), 327-342.
[37] L. Shan, H. Zheng, W. Layton, A decoupling method with different subdomain time steps

for the nonstationary Stokes-Darcy model, Numer. Methods partial Differ. Eqns. 29 (2013),

549-583.
[38] J. M. Urquiza, D. N’Dri, A. Garon, M. C. Delfour, Coupling Stokes and Darcy equations,

App. Numer. Math. 58 (2008), 525-538.

[39] Danail Vassilev, Changqing Wang, Ivan Yotov, Domain decomposition for coupled Stokes
and Darcy flows, Comput. Methods Appl. Mech. Engrg. 268 (2014), 264-283.

[40] D. Vassilev, I. Yotov, Coupling Stokes-Darcy flow with transport, SIAM J. Sci. Comput. 31

(2009), 3661-3684.
[41] Weiwei Wang, Chuanju Xu, Spectral methods based on new formulations for coupled Stokes

and Darcy equations, J. Comput. Phys. 257 (2014), part A, 126-142.
[42] M. F. Wheeler, A priori L2 error estimate for Galerkin approximation to parobolic partial

differential equations, SIAM J. Numer. Anal. 10 (1973), 723-759.

School of Mathematics, Shandong University, Jinan 250100, China.

E-mail : iamzjy00@126.com and hxrui@sdu.edu.cn

Department of Mathematics and Statistics, Auburn University, Auburn, AL 36830, USA.

E-mail : yzc0009@auburn.edu


