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A SECOND-ORDER CRANK-NICOLSON METHOD FOR
TIME-FRACTIONAL PDES

MAX GUNZBURGER AND JILU WANG

Abstract. Based on convolution quadrature in time and continuous piecewise linear finite element
approximation in space, a Crank-Nicolson type method is proposed for solving a partial differential
equation involving a fractional time derivative. The method achieves second-order convergence in
time without being corrected at the initial steps. Optimal-order error estimates are derived under
regularity assumptions on the source and initial data but without having to assume regularity of
the solution.
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1. Introduction

Let © C RY, d € {1,2,3}, denote a convex polygonal/polyhedral domain with
boundary 02, and consider the problem

Opu(x,t) — Adf ~u(x,t) = f(x,t) (2,t) € A xRy,
(1) OFu(z,t) =0 (z,t) € 9Q x Ry,
(i, 0) = v() ren,

where f(z,t) denotes a given source function and v(x) given initial condition. The
operator A : D(A) — L?(Q2) denotes the Laplacian, defined on the domain D(A) =
{¢ € HY(Q) : Ap € L*(Q)}, and 9} *u denotes the left-sided Caputo fractional
time derivative of order 1 — v € (0, 1), defined by (c.f. [I0, pp. 91])

1 t u(x, s
(2) oOf “u(x,t) == (o) /0 (t— 5)(171%&97
where I'(s) := fooo t>~le~tdt denotes the Euler gamma function. We refer interested
readers to [I5, 21] for the regularity of solutions to (W) and its applications.

A number of numerical methods have been developed in the literature for solving
PDE problems involving a fractional time derivative [3, @, I2, I3, [, 6, T9], among
which the use of convolution quadrature (CQ) [, T3] becomes more and more
popular due to its excellent stability property and ease of implementation.

One of the main difficulties encountered when solving fractional evolution PDEs
such as (I) is the low regularity of the solution in time (even with smooth initial da-
ta), which causes severe reduction of the convergence rates of high-order numerical
schemes. In [B], Cuesta et al. overcame this difficulty by correcting the numer-
ical scheme at the starting time step, which yielded second-order convergence of
the numerical solutions based on certain regularity assumptions on the source and
initial data. This idea was extended to the case 0 < o < 1 in [[7] and [8], where
second-order BDF and Crank-Nicolson type methods were proposed, respectively,
for solving an equivalent formulation of (II). The schemes generally yield first-order
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convergence of the numerical solutions, but can be restored to second-order by cor-
recting the schemes at several starting time steps. Of course, if a non-uniform mesh
is used for time discretization, then the second-order convergence can be achieved
without correction at the starting steps [I6].

The models considered in [B, [4, @, [6] are closely connected to (), but they have
different smoothing properties. As a result, the numerical schemes proposed in these
previous works can not be applied directly to problem (0). In this paper, we develop
a Crank-Nicolson scheme for problem () based on CQ in time and a continuous
piecewise linear finite element method (FEM) in space. Inspired by [g], we combine
the backward Euler CQ with a #-type method for approximating Aatlfam and
use the standard backward Euler method for approximating d;u. Unlike [d], which
approximates the equation at ¢ = ¢, — 5, our method approximates the equation
at t = 1, — 5. The numerical method proposed in this paper is the only existing
second-order method for () that does not require correction at the starting time
steps.

For given initial data v € L?(2) and source f € W21(0,T; L*(Q)), we prove the
following error estimate:

) lunlts) = UP] < Cr2 <tn1||f(0)| el [ ||f"<s>||ds),

where u;, and U} denote the semidiscrete and fully discrete Galerkin finite element
solutions, respectively. Here and below, for simplicity, we denote uy(¢) and f(¢) by
up(x,t) and f(x,t), respectively. The theoretical analysis is based on integral rep-
resentations of u; and U}’ obtained by means of Laplace transform and generating
function, a technique originating in [2, [3] and which proved to be powerful in
[3, 8, [0, 9, 04, 7). Numerical examples are presented to illustrate the convergence
rate of the proposed method.

The rest of the paper is organized as follows. In Section B, we present the fully
discrete Crank-Nicolson Galerkin FEM for time-fractional PDE () and then state
our main theoretical results. In Section B, we prove optimal convergence rate for
the approximate solution in time by using its integral representation and estimates
of the resolvent operator. Numerical results are given in Section B to illustrate
the theoretical analyses. Throughout this paper, we denote by C, with/without a
subscript, a generic constant independent of h, n, and 7, which could be different
at different occurrences.

2. The main results
In this section, we present the numerical method for approximating the solutions

of (M) and state the main result of this paper.

2.1. Semidiscrete Galerkin FEM. We first only consider the case of discretiza-
tion in space. 2

Let 7 be a quasi-uniform triangulation of the domain € into d-dimensional
simplexes, denoted by 7y, with a mesh size h (0 < h < hp). A continuous piecewise
linear finite element space X, over the triangulation 7, is defined by

X5, ={xn € HY(Q) : Xn|x, is a linear function, Vrj, € Tp,}.
Over the finite element space X}, we define the L? projection Py, : L?(Q) — X}, by

(Pro,xn) = (0, xn) Yxn € Xn



CRANK-NICOLSON METHOD FOR TIME-FRACTIONAL PDES 227

and define the discrete Laplacian Ay, : X, — X, by
(Anpn, dn) = —(Von, Von) Vo, dn € Xp.

It is well-known that the L? projection satisfies the following standard error esti-
mates ([20])

(4) | Prell < Cllell Vo € L*(Q)
(5) [P — ol < CR? |||l m2(e) Vo € H?(Q) N Hy ()

and the discrete Laplacian operator Aj satisfies the resolvent estimate (cf. [P0,
Chapter 6] and [0, Example 3.7.5 and Theorem 3.7.11])

(6) I(z = Ap)~H < Clzf 7
for any z € Xy := {z € C\{0} : |arg z| < 6} with 6 € (7/2, 7). Then there exists a
constant C, which depends only on 6 and «, such that
(7) [(z* = Ap)"H < Clz|™* Vz € Z.

With the above notations, the spatially semidiscrete Galerkin FEM for problem
() is to find up(t) € vy + Xj, such that
(8) (Dsun, xn) + (VO ~un, Vxn) = (fixn)  Yxn € Xn

with the initial condition uy(0) := v, = Ppv € X},. Through the discrete Laplacian
Ap, we can rewrite the semidiscrete Galerkin FEM (B) in the following equivalent
form:

(9) 6tuh(t) — Ahatl_“uh(t) = fh(t) vVt >0

with up(0) = vy, and fr(t) = P f(t). It was shown in [B, setting ¢, = ¢ in Lemma
3.2] that the semidiscrete scheme (8) has second-order convergence in space. In this
paper, we focus on the error estimates for the time discretization of (H).

2.2. The Crank-Nicolson scheme. We now turn to time discretization of (H).
Because the Caputo fractional derivative satisfies

Oy “up(x,t) = 8~ (un(x,t) — un(x,0)),
the equation (H) can be equivalently written as
(10) 8t(uh(t) - Uh) - Ahatlfo‘(uh(t) - 'Uh) = fh(t).

Let {t,, = nT}Y_, denote a uniform partition of the time interval [0, 7], with a
step size 7 = T/N, and u" = u(z,t,). We approximate the fractional derivative
0t~ (up(t,) — vp,) by the backward Euler CQ (cf. [14, I=] and [9, (2.4)]):

~ 1 & .
(11) DI (Ul — vy = man,j(ugl—uh), n=1,2,...,N,
j=1
where the coefficients b;, j =0, 1,2, ..., are determined by the power series expan-
sion

(1= =) b;¢& V&eCsuch that ¢ < 1.
3=0
For any sequence {g"}2°, € (2(L*(Q2)), we denote the generating function of the
sequence by

(12) g&) =Y _g"¢" for e,

n=0



228 M. GUNZBURGER AND J. WANG

that is an L?(2)-valued analytic function in the unit disk D and the limit
=0V _ iy (il
g(e”) = lim g(re)

exists in L?(0,2m; L?(2)). Then, we have
P Z bnfjgjgn

- azgw — (59 0g(e).

oo

z@-agw:z;

n=0

(13)

Besides, we define the standard backward Euler difference operator

_,n—1
(14) G = U 49 N
T

If the solution wy, is smooth in time, then the backward Euler CQ has truncation
error O(7), namely, 02~(u} — vp,) — 9} “un(t,) = O() at the nodes t,, n =
1,2,...,N. Recently, it was observed in [2, @, O] that such an approximation is
O(7?) at the shifted point t = ¢, — 157, i.e.,

OL=(up —vp) = 0 “up(t, — 527) + O(7?),
which implies
3tliauh(tn — %)
= (1 - 90 “un(tn — 527) + 30} “up(tn—1 — 527) + O(r?)
= (1—§)07"(up —on) + §0; % (up "' —wp) + O(7%).

The above result inspires us to propose the following time-stepping scheme: find
U;' € X}, such that

0, (UR = vn) = (1= $) 8,01 “(UR = o) — $An0; (U7~ = vp)
(15) =i+ mh
forn=1,2,..., N, with Ug — oy and 7 = fu(tn).

For the above Crank-Nicolson scheme, we prove the following convergence result.

Theorem 2.1. For f € W21(0,T; L*(2)), the solutions of (8) and (I3) satisfy
the estimate

tn
(16) lun(tn) = Upll < C7? <t31||f(0)| + {10l +/0 ||f”(8)||d8)»
where the constant C' is independent of h, T, n, v, and [ (but may depend on T).

Remark 2.1. In (0), the boundary condition 0 “u(x,t) = 0 is equivalent to
u(z,t) —v(z) =0 on 00 x Ry, where v(x) is the initial value.

Remark 2.2. For initial data v € L*(Q) and source f € L'(0,T;L?*(Q)), the
problem (W) admits a mild solution u € C([0,T); L*(Q)) [6, Appendix A]. When the
Caputo derivative of order o € (0,1) is used in (0) with f =0, up(ty) = UP = vy
forn = 0,1,...,N, and thus the error estimate above does mot depend on the
reqularity of the initial data. This is different from the case o € (1,2) considered
in [3, @] and also different from the case of using Riemann-Liouville derivative in

().
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3. Proof of Theorem 21

In this section, we establish the error estimates of the Crank-Nicolson scheme
(). The theoretical analysis is based on an integral representation of the solutions,
which will be first presented in the following subsection.

3.1. Solution representations. In this subsection, we derive the integral repre-
sentations of the semidiscrete solution wy(t) := wup(t) — vy and the fully discrete
solution W} := U}' — vy, respectively.

Clearly, it follows from () that the function wy, satisfies

Opwn (t) — A0}~ *wn(t) = fu(t)
with wp,(0) = 0. By applying the Laplace transform, we have
200 (2) — 21 AR (2) = fu(2),

where z is a complex number and @y (z) denotes the Laplace transform of wp,(¢),
ie., Wp(z) = f0+°° e #twy (t)dt. Taking the inverse Laplace transform, the function
wp(t) can be represented as

1

wnlt) = 5= . et 2 (2% — Ap) " fau(2)dz
1 —~
(17) == e K(2) fu(2)dz,
27T1 Fe,n

with the kernel function defined by K(z) = 22~ (2®* — Aj)~!. Here, I'p . denotes
a contour on the complex plane defined by

(18) Lo ={2€C: 2| =k,|argz| <OLU{z €C: 2= pet? p>k}.
The angle 6 above can be any angle such that 7/2 < 6 < min(m, 7/«) so that, for all
z to the right of I'g ,; in the complex plane, z* € X9 := {z € C\{0} : |arg z*| < af}
with af < 7.

In the following, by means of the discrete analogues of Laplace transform and

generating function, we derive an integral representation of the fully discrete solu-
tion W' over a truncated contour I'j defined by

(19) 0. =12 €l [Im(2)] < 7/7}.
Proposition 3.1. Let K(z) := 271 (2% — Ap)™! and G := f* — ). Then, the
fully discrete solution W} can be represented by
1 —ZT —ZT\— —ZT
Wi =g [ e (w0 KGR

27l Jpr
FG,K,

(20) n K(@(e”))v(ezwéh(e”)7) a:

with integration over the truncated contour 'y . defined in (I9) (oriented with in-
creasing imaginary parts), and the parameters k and 6 satisfying the conditions of
Lemma B3 below. In the representation (BO), the functions B.(€), u(&), and (&)
are given by

(21)

_ 1-¢
BT(g)_ T(l—%+%£)1/a7

respectively.
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Proof. The scheme (IH) shows that the fully discrete solution W} satisfies
(22) O-Wi — (1= §) A0, Wy — §0.7 Wi = 5 (fil + f 1)

for n = 1,2,...,N, with W = 0. Without loss of generality, we can assume
= fP (e, G =0) for n > N = T/7r. Otherwise, we can define fJ* := f} for
n > N. It is seen from (22) that such definition does not affect the value of W}
forn =1,2,...,N. Then, by multiplying (22) by £" on both sides and summing
up the results for n =1,2,..., we get

D€ 0w =Y [(1 = §)ARI WL + §AL0 W e
n=1 n=1
(23) Z LU b,

Noting that W}? = 0, by the discrete convolution rule, we have
Zf% p=T 1= OWR(E),

(1= §)AR0L Wi + §AR0L Wyt en

1
= (1- 9+ 367 V(1 - O AW (©),

and

Z%chf

n=1 n=1

(5 + 36)Gn(E) + frEL -7

Since [£| < 1, B-(§)* € Zg for some 0" € (7/2,7) (cf. [R, proof of Theorem 6.1]).
By the resolvent estimate (@), substituting the above results into (23) leads to

lfag

17 . a —1 0
Wa(6) = (3" - 8™ =g
TG40 5
et r30hO)
(24) = L€ KB (€)1 + KB (©)

We note that Wh(f) is analytic with respect to ¢ in a neighborhood of the origin.
Hence, using Cauchy’s integral formula, we derive
1 — —
W;ll = — finilwh(f)dg = QLﬂ'l/ eZt"Wh(€7ZT)dZ

2mi [€1=p A

for p € (0,1), where the second equality is obtained by the change of variables
§=e "7, and I'] denotes the segment of a vertical line defined by

(25) [7:={2=—-In(p)/7+iy : yeRand |y| <7/7}.

Lemma B below shows that the operator (8;(e™*7)® — A,)~! is analytic with
respect to z in the region ¥ € C enclosed by the curves I'}, I'y ., and the two
lines R + iw/7 (oriented from left to right). Consequently, it is easily seen that
e#tn WN/h(e_”) is analytic with respect to z € 3. Furthermore, it is straightforward
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to prove that the values of e*'» Wh(e*”) on the two lines R +in/7 coincide. Thus,
by using Cauchy’s theorem, we get

T o~
Wi = [ W (e)d
h Qm/r e Wa(e™™)dz

-
P

2tn 117 —zT T 2t T/ —2T
=— 1% dz+ — "W d
o iy e n(e™*T)dz + 27 S e h(e7*T)dz
T b
o z W, 2TVq
omi Jy i © V(e
(26) = Wi (e™*7)dz
2mi 1"79' ’
with which, the desired result (20) follows immediately. O

In (7) and (PO), the integral representations of the semidiscrete solution and
the fully discrete numerical solution have been derived, respectively. Before we
prove the error estimates of the numerical scheme ([[3), we introduce several useful
lemmas in the following.

Lemma 3.1. ({9, Lemma 3.3]) For a € (0,1), let ¢ € (an/2,7) be fized. Then
there exists a constant ko > 0 (independent of T) such that for k € (0,kg] and
0 € (r/2,7/2 + Ko], we have

(27) Bre* )" €%y VzeTly, U X, ,2/{0}.

Moreover, the operator (B3,(e*7)*—Ay) ! is analytic with respect to z in the region
enclosed by the curves I'y, I'y - and R & in /T and satisfies

(28) 1(Br(e™*7)™ = Ap) T < ClBr(e™* )7 Vz €Ty,
where the constant C' is independent of T (but may depend on ¢ ).

Lemma 3.2. Let a € (0,1) be given, and B,(§), u(€), v(§) be defined as in (E1).
Then there exists a constant k1 > 0 (independent of T) such that for k € (0, k1]
and 0 € (7/2,7/2 + k1], we have for any z € I'y _,

(29) (e ) < C

(30) (eI <C

(31) u(e™*7) = 1] < Oz
(32) (e*7)

(e™™) = 1| < C7[f?

(33) Colz| < [B-(e7*")] < Cil#]
(34) Br(e™7) — 2| < C72|f°
(35) |Br(e7T)* = 2% < CT?|*,

where the constants Cy, Cy and C are independent of T, 6 and k (but may depend
on Ki).

Proof. The proof of the estimates (83)-(BH) can be found in [d, Lemma 3.4]. By
using Taylor expansion, the estimates (29)-(B2) can be easily obtained. O
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3.2. Error analysis of the numerical scheme. In the homogeneous case f =0,
we have up(t,) = Uy = v, for n = 0,1,..., N, and thus Theorem E1 follows
immediately. Therefore, it remains to consider the inhomogeneous case f ## 0 with
zero initial v = 0. Using Taylor expansion, we have

(36) fu(t) = fn(0) + ££5(0) + ¢ = fi,

where * denotes the convolution. By linearity, it suffices to consider the three cases

frn = fr(0), tf7,(0) and ¢ * f, separately.
We begin with error estimates for the case fi,(t) = f,(0) =: fy.

Lemma 3.3. Let v = 0, and uy(t) and U]} denote the solutions of (8) and (I3)
with the source term fr(t) = f2 and f' = f5, respectively. For f{ € L*(Q), we
have

(37) lun(tn) = URll < CT2 IR
where the constant C' is independent of T.

Proof. Let kg and k1 be the constants defined in Lemma Bl and Lemma B2,
respectively. By choosing x = min(ko, 1) and § = § + r, (1) and (20) yield

1
(38) un(tn) = ;/ €222 = AR) "' f2%dz  (here we use f(z) = 1)
™ FG.K,
1 —zT —zT\o— —2T\« —
(39) Up=s— [ e ule™*)B(e ™) (B (e7*T)™ — Ap) " fld.
2mi Fﬂe' .

Therefore, we have

up(tn) — Uy
1 — o - —2T —2T\a— —2T\« -
" omi F 722 = Ap) T = (e ) B (e ) TR (Br (7)Y = A) T frdz
Tl Fg,,‘-
1
— et 272 (2% — Ap) T fdz
2mi Fe’ﬁ/rg’ﬂ
=: Il +IQ.

Clearly, the analysis of Z; is based on the error bound of the kernel z*~2(z® —
Ap)~t to p(e ) Br(e7*T)* 2 (Br(e7*T)* — Ap) " along the contour I'y . Hence,
we first prove the following result:

(40) 22722 = An)Th = (e ) B (e 7T (B (e )Y = Ap) T < O
for any z € I'y .. By the triangle inequality, we have

120722 = Ap) ™ = (e ) B (e ) T2 (B (e7FT) Y — Ap) 7|

< Ju(e™) = 2272 (2 = An) 71|

+ (e 2772 = An)Th = Br(em ) (B (7)™ = An)
=: Al + AQ.

With Lemma B2 and the resolvent estimate (), it shows

Ay <O 2722 < O3
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Since

|BT(efz'r)a72 o Za72|

< |Z2/87' (e—ZT)Ot _ BT(6—27)22a|‘BT(e—zT)|—2|Z|—2

< (1228 (€77T)* = 2)| + (2% = Br(e727)*)2)) B+ (e77)| 2|2 72

< CT3|2|*
and |[(2% — Ap)7! — (Br(e727)® — Ap)7Y| < C12|2]27% (cf. [9, the estimate of
(3.20)]), we have

A < |8 () 2 — 222 (2% — AL
+ 187 ) 2|1(z* = An) T = (Br(e7F)* = An) 7
< Cre.

Combining the estimates of Ay and Ay yields (E0).
With (E0) and choosing k = 1/t,,, we derive

e 0 6
< el [T et tar [ il )
i i

<CT AN + k)
< O AR
Furthermore, since [|2972(2% — Ap) 7| < C|2|*72|2| 7 < C|2]72, we get
o0

I1Z2] < ClI AR ortncosf —2 .

T sin @

oo
<A /0 e"tneosbdy  (here we use r > —)
< ORI
This completes the proof of Lemma B33. 0

Next, we consider the error estimates for the source term of the form f,(t) =

t7.(0).

Lemma 3.4. Let v =0, and up(t) and U} denote the solutions of (8) and (IF) with
the source term fr, = tf}(0) and f' = t, f1(0), respectively. For f;(0) € L?(£2), we
have

(41) [un(tn) = Upll < C2[ £ (0)]I,
where the constant C' is independent of T.
Proof. Again, let ko and k1 be the constants defined in Lemma B and Lemma

B3, respectively. By choosing x = min(ko, x1) and 6 = 5 + &, it follows from (I2)
and (E0) that

(42)
wnlta) = 5 [ € AT O (here wse iz) = £ £3(0)
(43) |
n 1 zt T26_ZT —zT\a—1 —2zT\« —1 —2zT\ £/
Uh = 5= e niQBT(e ) (ﬁ‘r(e ) - Ah) 7(6 )fh(O)dZ

2mi Jr; (I—e=7)
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Then, we have

up(tn) — Up
1
= ezt” <2a3(2a o Ah)71
2mi s .

2, ,—z2T

e T ) - ) ) ) (000
1
2mi To.n/T% .
=T+ Ja.
Similarly as the proof of Lemma BZ3, we shall show below the error estimates of
the kernels:

e 273 (2% — Ap) T (0)dz

2 ,—2T

T¢ ZBT(e—zr)a—l(BT(e—m—)a _ Ah)—l,y(e—m—)

a=3( o A )T
297z ) ==

(44) <er?|zIt
for any z € I'y - By the triangle inequality, we have

2 —zT
(]_7—_667727)2/87(6_ZT)0‘_1(57(6_27)Q _ Ah)_l’y(e_ZT)
<[ = B (e ) T AT = An) T

1B (eI AT = An) T = (Br(eTT) = AR) 7|

+ 18- (e ) 2 2 (Br (e T)* — Ap) M1 — y(e™=T)]

1B (e HI(Br (e ) = Ap) " HIv(e )] |22 -
=: D1+ Dy + D3+ Dy.

Z(x—3(za _ Ah)_l _

7_2e—z7'
(1 _ e—z7-)2

Now, we analyse D;, 1 <i < 4, respectively. Since
|Br(e*T) 7t = 271
< 2B (e ) = Br(e* )2 |B- (e )T o 7
< (12118 (7)™ = 2| + |z = Br(e7*M)||21%) 1B+ (e*7)| 7 |2l
< O3z,
it turns out
Dy < C72%2|* 2| 72)2|* < 22|
By the resolvent estimate (@), Lemmas BT and B3, we further have
Dy < Oz | 7272|227 < O72)2 7Y,
D3 < Olz|* 7Yz 2277222 < O72|2| 7L
To obtain the estimate of Dy, we note that |(1 — e *7)2e*"772 — 22| < O72|2|* (cf.
[6, Lemma 3.11]) and [(1 — e7*7)2e*T77222| > ¢|z|* (straightforward to prove by
applying the same method as used in (C.1) in [6]), which imply

72 7_267,27'

- | <
z (l_e—ZT)Q = L7
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Using Lemma B2, we have
Dy < OB (e*N)|* B (e *T) |71 < O7?[2| 1.

Combining the estimates of D;, 1 <14 < 4, results in (E4).
With the estimate (B4) and choosing x = 1/t,,, we have
= 6

Tein®
Il = g (7 emesttars |

Hemcomdw) < |0l

By the resolvent estimate (@), it follows that

| 7| §C||f,;(o)||/ © rtnesstpsgy

T sin 6
oo

< CT 7,00 et cos0p=1dr  (here we use r > %)
< C7?| £ (0)]].
The proof of Lemma B4 is complete. (|

Finally, we present the error estimates for the source term of the form f5(t) =
t* fr.

Lemma 3.5. Let v = 0, and up(t) and U}’ denote the solutions of (8) and (I3)
with the source term fy(t) = t = f;/ and f' = t = f}/, respectively. For f, €
W?2L1(0,T; L3(Q)), we have

tn
(45) Jan(ta) = U2l < 07 [ )]s,
where the constant C' is independent of T.

Proof. In this part, we still choose £ = min(xg, x1) and § = § + k. Similarly as the
analysis in [d], we introduce an operator £(¢) defined by

1
46 Elt) = — o (2 = Ap) e
(46) (=g [ e CT - A s
With such an operator and using the Laplace transform of the convolution quad-
rature, it follows from (ICA) that the semidiscrete Galerkin solution up(t,) can be
represented by

(47) un(tn) = (€% fu)(tn) = (€ L+ f3))(tn) = (€ %)  fi)(tn).

By using the Laplace transform of the convolution quadrature again, it is seen from
(£8) that

(48) (€ x1t)(t) ! /F et 20732 — Ay) M.

T oni

To establish the error estimate (EH) for the source term ¢ * f}/, we shall below

derive a similar representation of the fully discrete solution U]’ as wy(t,) in (E2).
Since B, (€)* (B, (£)* — Ap)~14(€) is analytic with respect to £ in a neighborhoood
of the origin, it can be represented by a generating function, i.e.,

o0

(49) Br()* (B ()™ — Ap) () = > Eren.

n=0
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Applying the similar method as used in Proposition Bl (by Cauchy’s integral for-
mula and Cauchy’s theorem), it is easy to see that

T

gr — . €Zt"57—(6_ZT)a_l(BT(E_ZT)Q _ Ah)_l’y(e_ZT)dZ.

27 Jpr
Fe,n

Since v = 0 and by (E4), we obtain
Un(8) = (B-(6)" = &)™
= ()71 (B (6" = An) (O f(©)

(Z e ) (i;)fh(tn)&")

(50) = upen,
n=0

where we have used (Z9) and the definition of generating function, i.e., f,(¢) =
oo o fn(tn)€™. The above last equality further implies
U= &7 fulty).
§=0
Let E-(t) = Y07 EM6;,, —(t) with §;, . denoting the Dirac delta function concen-

n=0 %7
trated at t,, — € and € an arbitrary small constant. Then, we have

(51)  Up = (€ * fu)(tn) = (€ = (5 1)) (1) = (€ % 1) % 1)) (t)-

From (£7) and (B), it suffices to analyse the error estimates of (€ — ;) . By
using the definition of &.(t), it clearly shows lim. ,o(E; * t)(tn) = Z] 0 EX T,
Hence, with (€9), we get the following generating function

S e e = S5 i - (S erer) (S
n=0 n=0

n=0 j=0

a—1 (€3 -1 T§
=B (B (§)" — An) 7(5)@-

Again, using the similar method given in Proposition B (by Cauchy’s integral
formula and Cauchy’s theorem), it shows that

lim (&, * t)(t)
e—0

1 7.26—27-

52 — 2ty - —zT\a—1 - —ETVO A —1 —2T dz.
60 =g [ G e T BT - AT
Applying the same technique as used in Lemma B3, we obtain

(53) | (€ = &) 1) (tn)

Next, we prove that the same result still holds for any ¢ € (t,—1,t,), i.e.,
(54) H 1%((5—57)*@(15)“ <O VEE (taoy,tn).

To this end, we take the Taylor expansion of £(t) at t = t,:

(€% 1)(8) = (€ ) (t) + (t— t)(E % 1)(t) +/t (t — $)E(s)ds.

n
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Such expansion also holds for (£, xt)(t). Thus, to derive the estimate (B4), we first
prove the following result

(55) lim ((€ — &) * 1)(tn)

e—0

< C7.

By using the definition of the operator £(t) in (E8), we arrive at
1
(Ex1)(t) = / #2272 (2 — Ap) "tz
FG,N

T 2mi

Recalling the definition of £-(t) = > "0~ ;"6 (), we have

> tim(e it)e = > oerie = (L ener) (e
n=0 n=0 j5=0 n=0 n=0

= 89" (36)" — M) O

which implies

: _ i ztn T —zT\a—1 —zT\a -1 —2T
lim(€,# 1)(t) = 3= [ e T BT B ) - A ez,

-
0,k

To prove (63), we shall show below the error bound of the kernels 222 (2% — Ay,) 1
to 7===B- (e *)* (B (e7*7)* — Ap) " 'y(e"*7). The proof is analogous to that
of (£2). By the triangle inequality, we have

T

_ Wﬁ‘r(efm’)afl(ﬂﬁr(efzr)a _ Ah)717(6727)
<[22 = An) Yl = Br(e )Y
12 7B (e ) (= = An) T = (Br(e7 ) — Ay) 7Y
12 B (e (B (e ) = Ap) M1 = y(eT)]
18 (e ) Y (Br (e )™ = Ap) (e )| 27! .

£~ 1_ g—27
<Cr?+ CT|Z|_1,

Za72(zo¢ o Ah)71

where we have used |z7! — 7(1 — e7*7)~!| < C7. With such estimate, we derive

lm((€ — &) * 1)(tyn)

e—0

<cC e (12 4 1)z Hdz + C e*tn|z|72dz
Fg,n FB,N\FE,N

Tin e o
<C </ ertncost(r2 4 rp=)dr 4 / ginl cos | (12K + T)dgp)
K —0

)
+ C ertn cos 07"_2(17’

PR
T sin @

< C(/ ertncosbrp=ldr 4 O (72K + T)) (here we use 7 < —I—)

— rsinf

oo

+Cr eltn st =14, (here we use r > 1)
T S1n

PR | S
T sin 6

< Cr,
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which is (63). Finally, since [[2*71(2® — Ay)71|| < Clz|71, it implies
0o 0
@l <c [ ettriargo [ etlergp < c
K —0
and therefore,

2%
< C/ (s—t)ds < cr2.
t

¢
’/ (t —s)E(s)ds
t’”.
With ||E]] < Cr (straightforward to prove), we further get
¢
/ (t —s)E-(s)ds
tn

Combining the above results yields the estimate (64). Together with (E2) and (E1),
the proof of Lemma BZ3 is complete. O

<7ller) < cr

By using the estimate (8) and Lemmas B3-B3, Theorem 21 follows immediately.
4. Numerical examples

In this section, we present a numerical example to illustrate the performance of
the fully discrete Crank-Nicolson scheme (I03) for solving () in the one-dimensional
spacial domain = (0,1) up to time 7' = 1, with two pairs of given v and f, i.e.,

(a) v = sin(mz), f = 2¢'sin(7z)
b)v=2(1-2), f=51+t"")z(1-2),

where the functions f in both (a) and (b) satisfy the regularity assumptions of
Theorem .

TABLE 1. The L? error ||uy(t,) — U|| for Example (a).

a\ Tk 273 21 27° 276 order
a=0.25| 1.626e-04 3.959¢-05 9.736e-06 2.389e-06 | 2.030
o =0.50 | 9.948e-05 2.364e-05 5.732e-06 1.396e-06 | 2.052
a=0.75 | 8.069e-05 1.949e-05 4.760e-06 1.163e-06 | 2.039

TABLE 2. The L? error ||uy(t,) — U|| for Example (b).

a\ Ty 273 21 275 276 order
a =0.25| 1.057e-04 2.694e-05 6.822e-06 1.705e-06 | 1.985
a = 0.50 | 8.240e-05 2.099e-05 5.306e-06 1.325e-06 | 1.986
a =0.75] 6.159e-05 1.574e-05 3.972e-06 9.895e-07 | 1.986

The problem (I) is discretized by using continuous piecewise linear finite element
in space. Since the exact solution is unknown, we solve (0) by using a much finer
mesh size h = 278 and a smaller time step 7 = 272 to compute the reference
solution wup (t). Here, we only focus on the time discretization of (M) and measure
the L? error |lup(t,) — UJ|| for different o € (0,1). From Theorem P, we might
expect ||up(t,) — U|| to be O(r?). Thus, we choose the time step 7, = 27F,
k = 3,4,5,6, and take a sufficiently small mesh size h = 278 to avoid the effect of
spatial discretization error. The numerical results for Examples (a) and (b) at the
time ¢ = 1 are given in Tables I and B, which illustrate second-order accuracy in
time.
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