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Abstract. We construct a pair of conforming and inf-sup stable finite element spaces for the two—
dimensional Stokes problem yielding divergence—free approximations on general convex quadrilat-
eral partitions. The velocity and pressure spaces consist of piecewise quadratic and piecewise con-
stant polynomials, respectively. We show that the discrete velocity and a locally post—processed
pressure solution are second—order convergent.
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1. Introduction

In this paper we construct a low—order, conforming, inf-sup stable, and divergence—
free yielding finite element method for the Stokes problem on quadrilateral parti-
tions of Q C R2. Schemes satisfying these criteria, in particular the divergence—free
one, have several desirable properties, for example, a decoupling of the velocity and
pressure errors (cf. (22a)), the exact enforcement of several conservation laws [14],
and improved long—time stability and accuracy of time—stepping schemes [4].

In more detail we propose a finite element pair Vj, x W}, consisting of piece-
wise polynomials with respect to a quadrilateral partition satisfying the inf-sup
condition:

Jo(divv)qdz

(1) sup  —i——->— 2> Bllq|l 20 Vg € Wy,
vevi\{oy IVVllz2(0) @)

as well as the divergence—free property:
(2) /(div v)gdr =0 VYgeW, <= dive=0in L*Q).
Q

We note that these two properties are antithetical to each other in the sense that (2)
is equivalent to the inclusion div V};, € W},, whereas (1) requires W), C Py, (div V4,),
where Py, denotes the L?-projection onto Wj,.

The construction of our finite element pairs is motivated by a smooth de Rham
complex (or Stokes complex [15]) given by the sequence of mappings
(3) 0-S H2(Q) & HYQ) & 12(9) — 0,
where curl = (9/0x2, —0/021)T. If the domain is simply connected, then this com-
plex is exact, i.e., the range of each map is the kernel of the succeeding map. The
exactness property implies that the divergence operator is surjective from H{ (£2)
onto L3(€2), and in addition, implies the existence of a stream function for incom-
pressible flows. To ensure the stability of our finite element method and to construct

Received by the editors December 1, 2016 and, in revised form, April 5, 2017.
1991 Mathematics Subject Classification. 65N30.

729



730 M. NEILAN AND D. SAP

divergence-free approximations, we build an exact subsequence of (3):

(4) Oézhﬂvhdl)Wh—)(),

where ¥, C HZ(Q), V,, € H}(Q) and W), C LE(Q) are finite dimensional spaces
consisting of piecewise polynomials. Note that the implied inclusion div V}, C W}, in
(4) yields pointwise divergence—free approximations. In addition, if the subcomplex
(4) is exact, then the mapping div : V}, — W), is surjective, and thus div V}, = Wj,.
Along with a uniform bound of the right-inverse, this result implies the inf-sup con-
dition (1). A key feature of this methodology is that the complex provides a guiding
tool to develop a pair V}, x W}, satisfying inf-sup stability and the divergence—free
criterion. In particular, the H?—conforming relative ¥, dictates both the local and
global properties of these spaces. As far as we are aware, all divergence-free yielding
Stokes pairs follow this program, i.e., all finite element pairs Vj, x W), satisfying
div V}, = W), have an H?—conforming relative satisfying the exact sequence (4) (see,
e.g., [3, 22, 15, 6, 17, 14, 20]).

A disadvantage of divergence—free yielding and conforming finite element pairs
is that they tend to be high—order or require certain meshes to ensure stability
and conformity. For example, on general triangular partitions, and for piecewise
polynomial spaces, the minimal polynomial degree for the velocity space is four [22,
15]. For tensor product meshes, the smallest local velocity space in two dimensions
is Qs9 x Qa3 [3, 6, 14, 20, 25], and the construction of these elements does not
extend to general convex quadrilaterals defined by bilinear mappings. On the other
hand, a nonconforming finite element method that imposes the divergence—free
constraint pointwise on each quadrilateral element has recently been done in [26].
The method given there is low—order and is applicable to convex quadrilaterals.
However, due to the nonconformity, the error estimates of this method are still
coupled with a negative scaling of the viscosity.

We address some of these shortcomings by introducing a conforming finite ele-
ment pair that yields divergence—free approximations, and in addition, is relatively
low—order and stable on general shape-regular quadrilateral partitions. In our ap-
proach we take the H? finite element relative X in (4) to be the de Verbeke-Sanders
macro element, a globally C'! piecewise cubic spline [11, 10, 18, 21]. Via the sub-
complex (4) we are then led to a piecewise quadratic (macro) velocity space and
a piecewise constant pressure space. The global dimension of the spaces is com-
parable to the lowest—order Taylor—-Hood pair [23], and furthermore, because the
velocity error is decoupled from the pressure, the method still enjoys second—order
accuracy. We also show that a locally computed post-processed pressure solution
has second order accuracy. We mention that the use of macro elements on simplicial
partitions has recently been done in [1, 7]. The work presented here complements
and extends these results to quadrilateral meshes.

The rest of the paper is organized as follows. In Section 2 we set the notation
and give some preliminary results. We define the finite element spaces and provide
a unisolvent set of degrees of freedom in Section 3. In Section 4 we prove that the
Stokes pair is inf-sup stable, and carry out a convergence analysis for the discrete
problem. In addition we propose a local post—processed pressure solution that is
second-order accurate.
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2. Preliminaries

The two-dimensional Stokes problem with no-slip boundary conditions is given
by:

(5a) —vAu+ Vp = f, in Q,
(5b) divu = 0, in Q,
(5¢) u =0, on 09,

where Q C R? is an open, bounded, polygonal domain, v > 0 is the viscosity,
f € L*(9) is an external force applied to the fluid, and w and p are the velocity and
the pressure of the fluid, respectively. For simplicity, we assume that v is constant.
The weak formulation for problem (5) reads: Find (u,p) € H}(Q) x L3(Q) such
that

(6a) / vVu : Vudr — / (divv)pdz = / fvde, Yo € H}(9),
Q Q Q

(6b) /Q (divu)gdz = 0, Vg € L3(Q),

where L3(2) denotes the space of square integrable functions with vanishing mean.
Note that we denote vector—valued functions and vector-valued function spaces in
boldface, e.g., u represents a vector—valued function and H'(Q) = [H'(Q)]?.

Let 7, denote a shape—regular quadrilateral mesh of 2 where each element in 7j,
is a convex quadrilateral. The sets of vertices and boundary vertices are given by
V5, and V,, respectively. For a vertex a € Vy, we let T, (resp., &,) denote the set of
quadrilaterals (resp., edges) that have a as a vertex. We further denote by £° the
set of boundary edges in &,. For each K € Ty, we denote by K, := {K;}}_; the
set of triangles obtained by drawing in the two diagonals between opposite vertices.
The (interior) point of intersection of these two diagonals is denoted by cx. We
assume that the partition is labeled such that K; and K11 have a common (interior)
edge. The sets of vertices and edges of K are given by Vi and €k, respectively.
We set hx and h. to be the diameter of K and length of e € £k, respectively,
h := maxge7, bk, and note that hx ~ h. due to the shape-regularity of 7j,.

Let Pr(K) be the space of polynomials on K with degree not exceeding k, and
let

Pr(E,) = [[Pe(E), and Pu(Th) = [ Pe(K)
i=1 KeTn

be the corresponding (discontinuous) piecewise polynomial spaces.

Let Ky € T, be two elements in the mesh that share a common edge with
e =0K; NOK_. Assuming that the global labeling number of K is smaller than
that of K_, we define the jump of a scalar or vector—valued function v as

oo i= vy — v,
where vy = v|g, . For a boundary edge e = dK 4 N 9N we set
[V]|e = vy
Let Py i : L*(K) — P1(K) denote the L? projection onto the space of linear

polynomials, i.e.,

/IPLKv-wdx:/v-wdx Yw € P1(K).
K K
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We also set Py : L2(Q) — P1(Tp,) via Py|x = Py k for all K € Tp,. For v € H*(K)
and ¢ = min{2, s}, the L? projection satisfies [13]:

(7) ||’U—IP1)KU||L2(K) < Ch§<|’U|He(K), ¢ = min{2, s}.

This result also implies approximation properties of the L? projection with respect
to the H' norm.

Lemma 2.1. The local L? projection satisfies
(8) V(v — P1,xv)| r2(x) < ChiH|perey, Yo € HY(K), s=1,2.

Proof. Using the triangle inequality and inverse estimates, there holds for arbitrary

w € P1(K),
V(v =Py xv)lr2(x)
<|IV(v — w)||r2(x) + Chgt lw — Py v 22(x)
<IV(v —w)lz2x) + Ch;}l(HU —wlr2k) + |lv - IPl,KUHL?(K))-
Standard approximation theory (cf. [13, 8]) and (7) then yield (8). O
3. Finite Element Spaces

To develop a divergence—free conforming pair for the Stokes problem, we first
consider the local C' macro element constructed by de Verbeke and Sander [21, 11]:

Y(K) = Ps3(K,) N H*(K) = P3(K,) N C*(K).

The dimension of ¥(K) and a unisolvent set of degrees of freedom is given in the
following lemma.

Lemma 3.1. The dimension of X(K) is 16, and a function ¢ € X(K) is uniquely
determined by the degrees of freedom (cf. Figure 1)

(9) D(a), |l <1, a€ Vi, and /

where n. denotes the outward unit normal of e.

0% ds, e€fg,
N,

0

Proof. A proof of this result is given in [21, 11] (also see [12]), but we provide one
here for completeness.

Since the dimension of P3(K) is 10, we see that dim P5(K,.) = 40. The given data
(9) represents 28 equations. Since the point ¢k is a singular vertex (with respect
to the partition {K;} ), the imposed C! continuity at this point represents 8
additional equations (see [19] for details). Finally the imposed C! continuity at the
interior edge midpoints represent 4 more, for a total of 40 equations. Therefore it
suffices to show that ¢ € ¥(K') vanishes on (9) only if ¢ = 0.

Let p € P1(K,) N HE(K) be the unique continuous, piecewise linear polynomial
that vanishes on 0K and takes the value one at cx. Then if ¢ € X(K) vanishes on
(9), we have ¢ = u?p for some p € Py(K,) N HY(K).

Denote by p;,p; € P1(K;) as the restrictions of u; and p; to K;, respectively.
Let ¢; = 0K;NOK;4+1 be the common interior edge of triangles K; and K;;1. Then,
due to the C' continuity of ¢, we find that

Volo = { (2ppV i + p2Vpi)le,,

' 2upV i1 + p*Vpig1)le,,

and therefore 2pVy; + uVp; = 2pVip1 + pVpir1 on £;. Note that p = 0 at the
vertices of K and that Vy; is parallel to the normal direction of the edge 0K NOKj,
in particular, V; # Viqr. It then follows from the identity (2pV (s — piv1) +
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FIGURE 1. A pictorial description of the local space X(K) (left),
V(K) (middle), and W(K) (right). Solid circles indicate function
evaluations, larger circles indicate gradient evaluations, and the
arrows indicate the means of the normal derivative across edges.

uV (p; —pi+1)) ¢; = 0 that p vanishes at the vertices of K, and therefore p = cu for
some ¢ € R. Thus, ¢ = cu®. However, a simple calculation shows that 3 ¢ C*(K),
and so we conclude that ¢ = 0 and ¢ = 0. O

Corollary 3.2. There holds X(K) N HZ(K) = {0}.

Proof. If p € %(K) N HZ(K), then ¢ vanishes on the degrees of freedom (9). By
Lemma 3.1 we conclude that ¢ = 0. ]

Motivated by the smooth de Rham complex (3) and the local space X(K), a
natural candidate for the local Stokes pair is (P2(K,) N HY(K)),P1(K,)). Indeed,
we clearly have div : Po(K,) N HY(K) — P1(K,), and curl : 3(K) — Pa(K,) N
H'(K). Moreover, if v € Pa(K,) N H(K) is divergence—free, then v = curly
for some ¢ € H?(K). Since v is a piecewise quadratic polynomial, we conclude
that ¢ is a piecewise cubic polynomial; thus ¢ € 3(K). Therefore the kernel of the
divergence operator acting on Po(K,)NH'(K) is exactly curl ©(K). However, the
dimension arguments below show that (Ps(K,) N H(K)),P1(K,)) is not locally
inf-sup stable, and thus neither is the corresponding global pair.

Lemma 3.3. The space div (P2(K,)NH'(K)) has dimension 11. Therefore, div :
Po(K,)NH'(K) — P1(K,) is not surjective, and thus (P2(K,)NH(K))xP1(K,)
does not satisfy a local inf-sup condition.

Proof. Set Z.(K) = {v € P3(K,)N HY(K) : divv = 0} to be the kernel of the
divergence operator acting on P2(K,) N H*(K). Then by the preceding discussion
we have Z,.(K) = curl X(K). Since the dimension of Py (K,) N H'(K) is 26, we
have by the rank-nullity theorem and Lemma 3.1,

dim (div (Po(K,) N H'(K))) = dim(Py(K,) N H*(K)) — dim Z,(K)
= dim (Po(K,) N H'(K)) — dim (curl(X(K))),
= dim (Po(K,) N H(K)) —dim 2(K) + 1 = 11.
Because dim P;(K,) = 12, we conclude that the divergence operator mapping
P2(K,) N HY(K) to P1(K,) is not surjective. Furthermore, the dimension coun-
t shows that there exists ¢ € Pi(K,) such that [, (divw)gde = 0 for all v €

Po(K,) N HY(K), and therefore the pair (P2(K,) N HY(K)) x P;1(K,) does not
satisfy a local inf-sup condition. O
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Remark 3.4. By [24, Proposition 2.1], the range of the divergence operator is
characterized as

IS

div (Pa2(K,) NH'(K)) = {q € P1(K,) : > _(—1)'q|x, (cx) = 0}.

=1

3.1. The local velocity space. To derive a locally stable finite element based
on the de Verbeke—Sanders element, we simply restrict the range of the divergence
operator and consider the finite element space

(10) V(K) = {v € Py(K,)N H(K) : dive € Py(K)}.
A unisolvent set of degrees of freedom is given in the next lemma.

Lemma 3.5. The dimension of V(K) is 16, and a function v € V(K) is uniquely
determined by the values

(11) v(a), a€Vg, and /'vds7 e€ k.

Proof. We easily find that the kernel of the divergence operator acting on V (K) is
given by Z,.(K) = curl X(K). Therefore by the rank-nullity theorem, we have

dim V(K) = dim curl(2(K)) + dim Py(K)
=dim X(K) + dim Py (K) — 1 = 16.
Since 16 conditions are given in (11) it suffices to show that if v € V(K) vanishes
n (11), then v = 0.

If v € V(K) vanishes on (11), then v € V(K) N H}(K) since v is piecewise
quadratic. Therefore by the divergence theorem

/divvdac:/ v-nds=0.
K K

Since div v is constant, we conclude that v is divergence—free. Thus, v = curl ¢ for
some ¢ € X(K), and since v € H} (K), we may assume that ¢ € X(K) N HZ(K).
But then Corollary 3.2 shows that ¢ = 0, and therefore v = 0. O
4. Stability and Convergence Analysis

The local spaces and degrees of freedom lead to the following global spaces for
the Stokes problem:

Vi ={v e Hy(Q) : v|x € V(K), VK € Ty},

Wi ={qe€ L3(Q): qlx € Po(K), VK € Tp,}.
We also define the corresponding C finite element space as

Y i={z€ H3(Q): z|lx € 2(K), VK € T}

Analogous to the continuous setting (cf. (3)), the finite element spaces form an
exact sequence.

Lemma 4.1. Suppose that the domain is simply connected. Then the sequence (4)
s exact.

Proof. 1t is clear from the definitions of the finite element spaces that if v € V}, is
divergence—free, then v = curl ¢ for some ¢ € X,
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Let V I@:, and K denote the number of interior vertices, interior edges, and
quadrilaterals in the mesh 7y, respectively. From Lemmas 3.1 and 3.5, we find that
dim ¥y, = 3V + E and dim V}, = 2V + 2E. Therefore, by the rank—nullity theorem,

dim (div V) = dim V}, — dim (curl £,) = dim Vj, — dim %, = E — V.

Using the Euler identity E=K+V—-1on simply connected domains [18, Lemma
4.41], and since clearly dimW),, = K — 1, we get dim (divV},) = dim W}. Since
divV,, € W}, we conclude that div V}, = Wj,. Therefore the sequence (4) is exact.

O

The proceeding lemma shows that the divergence operator, acting on Vj, is
surjective onto W}, provided that € is simply connected. The next result shows
that this property holds on general Lipschitz domains, and in addition, gives a
uniform bound on the right—inverse.

Lemma 4.2. Denote by Py : L3(Q) — W), the L?-projection onto Wy,. Then
there exists a (Fortin) operator Iy : HE(Q) — Vj, such that divIIyv = Py dive
and ||[VIIyv| r20) < C||Vv||p2(q) for all v € H(). Consequently, Vi, x Wi, is
an inf-sup stable finite element pair.

Proof. Define Iy : H}(Q) — V4, such that it satisfies

(12a) /HV'U ds = /vds, Ve € Ex,VK € Tp,

(12b) Iy v(a > Pigw(a), VaeVg\V,VK €T,
‘T| K'€Ta

(12¢) IIyv(a) =0, Ya € Vs,

where |7,| is the cardinality of the set T,.
By the divergence theorem and (12a),
(13)

/diV(Hv’U)dJ?:/ (Hv'u)-nds:/ (v~n)ds:/ divv dzx VK € Tp.
K oK oK K

Thus, divIIyv = Py (divv).
Next we write, using Lemma 2.1,

(14)  |VIIyolZaq) <2 Y (IV(Tyo = Py gv)l[72 k) + [VP1v][72 (k)
KeTy,

< C|IVo|Z2q) +2 Z IV(IIyv — P xv) |72k -
KeTh

Note that by scaling, and since P1(K) C V(K), there holds

IV(ITyv =Py k) |72 = Y [Myov(a) — Py go(a))?

a€Vg

(15) + > h 2|/ Myv — Py xv)ds|?.

eelfi
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If a € Vi \ Vs, then we have by (12b),

2 1 2
Myv(a) - Pricv(@ =/ Y (Priv() - Pro(a)
C
(16) §7|7;|2 KZ P1rv(a) — Py go(a)]?,
€Ta

where the constant C' > 0 depends only on the shape regularity of the mesh.
Now for K, K’ € T,, there exists {K;}", C T, such that Ky = K, K,, = K,
and K; and K;;; share a common edge. Thus, by the inverse inequality,

(17) [Prrv(a) = Prrv(@)® < Y|Pk, v(a) — Prk,v(a)]
i=0

<Y P17y S C Y R [0 = Pro] |72,
ec&, e€l,

Likewise, if a € Vi NV, then we have by (12¢),
(18)  [Myw(a) - Py gv(a)]® = [Pygv(a))* < C Y bt [[o = Pro]|Fa)-
ecé?
Combining (17)—(18) we obtain
(19) Y Myo(a) —Prrv(@) <C Y Y hit o —Pio]lia).
a€VK a€Vk e€&,

Now consider the second term in (15). By (12a) and the Cauchy—Schwarz in-
equality, we have

> h;2|/(nhv — Py xv)ds]> = ) th\/(v — Py gv)ds|?

e€fk eclk
(20) < Z hetlo = P kvll72 -
eclk

Finally we apply (19)—(20) to (15), sum over K € Ty, use scaling arguments and
the shape-regularity of the mesh to get

Y IV@vo = Prgv)|7a i)

KeTy
<C > (X - Puwliag + 3 D bl - Prollag)
KeT, e€€x ac€Vk e€&,

<C Y (Hlo = Prolaug + 1900 ~ Pr)lEae)
KEeTh

Applying Lemma 2.1 yields >y [[V(ITyv — ]PLKU)H%Q(K) < Cl|v||gr (o), and
so, by using (14), we conclude that ||VIIyv| 12q) < C||VV| 12 O

4.1. Finite Element Method and Convergence Analysis. The finite element
method to compute the Stokes problem reads: Find (up,pr) € Vi x W, such that

(21a) / vVuyp, : Vodx — / (divv)pp dz = / f-vdx, YveV,,
Q Q Q

(21b) / (divup)gdx =0, Vg € Wh,.
Q
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The discrete inf-sup stability given Lemma 4.2 shows that problem (21) is well-
posed. In addition we have the following error estimates.
Theorem 4.3. There holds, for s =0,1,2,
(22a) lw —unllmr Q) < Ch°ulgs+1(q),
(22b) 1P — pullL2e) < Clhlpla o) + vh®[ulgeri ()],

where the constant C > 0 is independent of the solution, the discretization param-
eter, and the viscosity.

Proof. Define the discrete kernel:
(23) Z,={veV,: (divv,q) =0Vq € Wy} ={v €V, : dive =0}.

Restricting (21a) to Zj, reduces the problem to finding w;, € Zj, such that v(Vuy, Vo)
= (f,v) for all v € Zj,. Now since Z, is divergence—free conforming, we can apply
Cea’s Lemma and the identity Zj = curlXj to get

IV — un)lzee) < inf [V(u =0z = inf |V(u - curlg)|zao).
Writing w in terms of its streamfunction, i.e., u = curly with ¢ € HZ(£2), we have
IV —un)llzz) < inf [[V{eurl(y —¢))r2) = nf ID*(% — @)l 2 (0)-
Employing the approximation properties of ¥, given in [18, Theorem 6.18] then

yields
[V(u —un)ll2@) < ChP ||tz = Ch°|u|gsti@) s=0,1,2.

Finally the inf-sup condition and standard arguments [5] imply that the error of
the pressure satisfies

(24) lon — Pwpllr2) S vIV(w —un)l|L2) < Cvh®|u|gstiq).

Applying the triangle inequality and the approximation properties of the L? pro-
jection then yields (22b). O

4.2. A locally post processed pressure solution. Theorem 4.3 shows that the
velocity and pressure approximations have different orders of convergence with the
pressure solution only converging linearly. In this section, by taking advantage of
the superconvergence property (24), we develop a locally computed post—processed
pressure solution that has the same quadratic convergence as u — uy,.

For an element K € T, let p, x € P1(K) be the solution to the following discrete
Poisson problem with Neumann boundary conditions:

(25a) / V. r - Vedr = / (VAhuh + f) -Vqdzx Vg € P1(K)
K K

(25b) /p*yKda::/phdx,
K K

where the discrete Laplacian Ay, is defined piecewise with respect to K, i.e., Apup,
= Auh|K1, for i = 1,2,3,4.
Since Vp, x and Vg are both constant in (25), we can equivalently write

K;

1
bk Va= / (vApun + f) - Vado
K



738 M. NEILAN AND D. SAP

for all ¢ € P1(K). By considering ¢ = x; we then deduce that the post—processed
pressure solution is given by the formula

(26) pog = Coge + / (vAnun + f) do
K] i

with the constant C, g chosen such that [, p. x dz = [} pnda.

Theorem 4.4. Suppose that the solution to the Stokes problem satisfies the requ-
larity (uw,p) € H3(Q) x H%(Q). Let p. € P1(Th) satisfy (25) on each K € Ty, i.e.,
Dk = Ps i, where py i s defined by (26). Then there holds

(27) Ip = pellz2 (@) < CR*(v|ulms ) + [pla2(@)-

Proof. As a first step, we claim that fK (p —Pwp)dx =0 for all K € Tj,. To see
this, first note that [,(p — Pwp) dz = 0 since p,Pwp € Lj(Q). Now let Ky € Ty
be fixed, and consider K € T, with K # K;. Let q|x, = 1, ¢|x = —|K1|/|K|, and
zero otherwise. Then g € W}, C LZ(Q), and by the definition of the L? projection,

K
/ (p — Pwp)dx = List (p — Pwp)dx.
K |K‘ K

This identity holds for all K € Ty, and it follows that

0—/(p Pwp) dx = Z/p Pwp) d

KeTh

K Q
=> ||K|| —Pwp)dx = ||K|| (p —Pwp)dz.
KeT, 71 K1 HE

We then conclude that [,.(p — Pwp) dz =0 for all K € Tj, as claimed.
Next we apply the Poincaré inequality to the difference p — p, on an element
K e Ty

(28) Ip = pellrzcxy < CIp=pellr2cx) + hilV(p — po)ll 220

where p — p. denotes the mean of (p — p.) over K. Since

P— P+ =D —Dx =Pwp—Dn =Pwp —p,
we obtain
(29) P = pllz2 )y = IPwp — pullezxy < IPwp — pullz(x)

On the other hand, by (25) and the Cauchy—Schwarz inequality, we have for all
q € P (K )

V(p— p*)”L?(K)
/Vp p.)- (p—q)dw+/KV<p—p*>-V(q—pgdx

= [ Vo=p) Vo —a)do+ [ dntu—us)-Vig=p.)ds
K
IV =Pz V(e = )l 2 ) + vIAR(w = wn)l 25 V(€ = pi) [l 2 (k) -
An application of the triangle inequality then yields
(30)
V@ —p)llee) < CUV P = D2 + VI An(u —un)| o)) Vg € PL(K).
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Applying the estimates (29)—-(30) to (28), summing over K € T, and then
applying (24) and standard interpolation estimates yield

1D = pelliz ) < Clpn — Puplliz (o
) (

. 2 2 2 2
(31) * ettty 2 W08 u)l g + 190 = 0l o)
€Th
< C (R (V¥ ulfys o) + Plrze) + D Wk lA(w = wn) [Faq) )-
KeTy

By the triangle and inverse inequalities, we have for any v € Py(K,) N H'(K),

hrcl|An(w — wn)| L2 (x)
<hkl|An(w = v)|r2(r) + OV (un — v)||22(x)
<hi | An(uw = )| L2y + C(IV(w = ) [ L2 () + 1V (0 — wn) [l 22 (x0)) -
By taking v to be the nodal interpolant of u we have
hicl|An(w — wp)|| L2y < C(hic|ulms ) + 1V (6 — wn)|l 2(x)) -

Applying this estimate to (31) and applying estimate (22a) then gets

lp — P*||2Lz(g) < C'<h4 (1/2|U|%13(Q) + |P|§{2(Q)) + 7|V (u - uh)H%mz))
< Ch4(V2\U|§{3(Q) + |P|3{2(Q))-

Taking the square root of this last expression yields (27). O

5. Implementation Aspects

In this section we describe the construction of the velocity space V, and in
particular, how to compute and implement a basis of this space. We note that,
unlike the Taylor—Hood pair, the local velocity space is defined on a physical element
of the mesh, and it is not invariant under bilinear mappings. These restrictions
may suggest that the basis must be solved locally on each quadrilateral of the mesh
(thus leading to sixteen 16 x 16 linear systems for each element). Below we discuss
an alternative construction, which, besides being more efficient, may possibly be
extended to isoparametric elements.

Let K be a quadrilateral in the mesh, and let {T7,T5} be two triangles obtained
by splitting K from opposite vertices. Let A = (A;,As) be the unique vertex
of Ty that is not a vertex of Tj. Let 7' be the reference simplex with vertices
(0,0),(1,0),(0,1), and let F : T — T} be an affine bijection onto Ty. We then set
Ty := F~Y(Ty) and A = (A;, Ay) := F~'(A), and define K ; := Ty U Ty, which is
a convex quadrilateral with vertices (1,0), (A;, Ay), (0,1),(0,0); cf. Figure 5. By
construction, F : K 4 — K is an affine bijection.

Write F(2) = B# 4+ b with B € R**? and b € R®. Let {a;}}_, be the set
of (exterior) vertices and edge midpoints of KA7 and let {f)i(k)} C V(K) satisfy
'bgk)(dj) =eyd;,; for i,5 =1,2,...,8 and k = 1,2; that is, {'bgk)} is the canonical
basis of V(KA) induced by Lemma 3.5. We then define v via a modified Piola

i
transform:

(32) oM (z) = B(BP oM (&) + V8 (3))  for & € K,

K2
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FIGURE 2. Skewed reference element IA{A with vertices (1,0), (A, A3), (0,1), (0,0).

(k)
(ﬁ%k)> = Bilek7
2

and z = F(&). Clearly vz(k) € P2(K,) N HY(K). Moreover, computing the diver-
(k)

div o () = 0T 60 (3) 1 BT 6 (3) = VT 6D 4 AP 6.2,
where the last equality emphasizes that the divergence of ﬁgk) is constant on K.

Thus, vl(k) € V(K). We also find that on the (physical) nodes a; = F(a;),
k k) (1) /A k) - (2) /A
o (a5) = B89 (@) + 6,797 (ay))

K2 K2

= B(ﬁ%k)&,j«el + ﬁék)&,jeg)

B
= (51"]‘3 ﬁ(k) = (52‘73‘619.

2

with

gence of v,/ we find

Thus, {vi(k)} is the canonical basis of V(K).

To summarize, to compute the local velocity basis on an element K € T, we
first take three vertices of K to construct an (inverse) affine mapping and a skewed
reference element which is parameterized by the vertex A. A basis on the skewed
reference element is computed, and the physical bases are found via the transfor-
mation (32). To finalize our discussion, we describe an efficient way to compute the
basis on the skewed reference element K i

FI1GURE 3. Labelling of skewed reference quadrilateral

Let {¢; ;*:1 denote the set of interior edge midpoints of a two-diagonal split of

K 4, and let ¢5 be the point of intersection of the two diagonals; cf. Figure 3. Let
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(i}, CPa(K;,) N HY (K ) and {8;}3, C Pa(K 4,) N H' (K ;) satisfy
wi(e;) = 0ig,  wi(az) =0,
bi(¢;) =0, bi(az) = di;-
Thus, {w;, ¥;} form the canonical basis of PQ(R'AJ) NH'(K ;) (the Lagrange basis).
Note that w; vanishes on GKA, and that {w;ex, v;e} forms the canonical basis of
Po(Ky,) NH (K ).
We view the basis of V(K ;) as the the Lagrange sub-basis {7;e} “corrected”

by the functions w; to enforce the constant divergence constraint. In particular,
Lemma 3.5 implies the following result.

Lemma 5.1. Let {vgk)} denote the canonical basis of V(KA). Then, for each i

and k, there exist unique vectors {agkj) ?:1 C R? such that

5
’lAJZ(k) = ekﬁi + Zafé)ﬁh
j=1

In particular, the vectors are uniquely determined the following constraint, which
represents a 10 x 10 system:

5
(33) divol” = ep - Vi + Y o) - Vi € Po(K ).
j=1
Remark 5.2. The 10 x 10 system (33) can be easily solved symbolically in terms
of the point A and hardcoded into a finite element subroutine.

6. Numerical Examples

In this section, we perform some numerical experiments which back up the the-
oretical results in Section 4. In addition, we compare the performance of the pro-
posed method with the reduced (serendipity) Taylor—-Hood finite element pair with
grad-div stabilization.

6.1. Convergence Rate Tests. In these series of tests, the domain is the unit
square © = (0,1), the viscosity is ¥ = 1072, and the data is chosen such that the
exact solution is given by
(34) u = curl, ¢ = sin® (37 sin? (37a2),

p=71 —T2.

We compute the finite element method (21) on a sequence of refined meshes,
obtained from a O(h) perturbation of a uniform grid (see Figure 6.1), and report the
errors and rates of convergence in Table 1. The table clearly shows third and second
order convergence of the velocity approximation measured in the L? and H' norms,
respectively. In addition, the pressure approximation is first order convergent, and
the post-processed pressure solution is second order convergent. These rates of
convergence agree with the theoretical results established in Theorems 4.3-4.4.

For comparison, the errors using the reduced Taylor-Hood element pair Qs— Q4
with grad-div stabilization on the same sequence of meshes are listed in Table 2.
The grad-div stabilization parameter is taken to be one in the tests.

Tables 1-2 show that the errors of the divergence—free yielding method are con-
siderable smaller than the Taylor—-Hood method. In addition, we observe a deteri-
oration of the convergence rate of the Taylor—-Hood method as the mesh is refined.
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This behavior is expected since the quadrilaterals in the mesh are not affine equiv-
alent [2].

TABLE 1. Errors and rates of convergence of the divergence-free
yielding method on a sequence of mesh refinements. The exact
solution is given by (34).

R [ Tw—unll e | rate [ IV(u —w)l 2 [ rate [ o —pnll 2 | rate [ P —psll 2 | rate | V"

2_2 3.07TE+00 8.85E+01 1.56E-01 7.16E-01 1.99E-13
2_3 5.44E-01 2.50 3.06E+01 1.53 6.02E-02 1.38 2.88E-01 1.32 5.49E-13
2_4 6.96E-02 2.97 7.94E+00 1.95 2.72E-02 1.14 5.32E-02 2.43 3.24E-12
2—5 9.24E-03 2.91 2.10E4-00 1.92 1.34E-02 1.02 1.09E-02 2.29 3.82E-12
2—6 1.17E-03 2.98 5.35E-01 1.98 6.70E-03 1.00 2.53E-03 2.11 2.37E-11
27 1.43E-04 3.03 1.32E-01 2.02 3.34E-03 1.01 5.98E-04 2.08 1.03E-10
278 1.78E-05 3.01 3.30E-02 2.00 1.67E-03 1.00 1.48E-04 2.02 2.20E-10
279 2.22E-06 3.00 8.24E-03 2.00 8.35E-04 1.00 3.69E-05 2.00 7.04E-10

V* stands for ||divuy, || oo

TABLE 2. Errors and rates of convergence of the reduced Taylor—
Hood method with grad—div stabilization on a sequence of mesh
refinements. The exact solution is given by (34).

h lw —wplly2 | rate | [V(u —w)ll;2 | rate | [lp —pnllp2 | rate | [[divupllpeo
272 | 5.89E+00 1.17E+02 2.08E+00 6.67TE+00
273 | 1.68E+00 1.81 | 4.63E+01 1.34 | 1.03E+00 1.02 | 4.39E+00
274 | 1.56E-01 3.43 | 8.16E400 2.50 | 1.36E-01 2.92 | 2.27E+00
275 | 1.91E-02 3.03 | 1.96E400 2.06 | 5.40E-02 1.33 | 1.10E+00
276 | 2.62E-03 2.87 | 6.55E-01 1.58 | 4.76E-03 3.51 | 2.47E-01
277 | 3.95E-04 2.73 | 2.57E-01 1.35 | 1.16E-03 2.03 | 1.27E-01
278 | 7.80E-05 2.34 | 1.22E-01 1.08 | 5.06E-04 1.20 | 7.90E-02
279 | 1.79E-05 2.12 | 6.00E-02 1.02 | 2.37E-04 1.09 | 4.54E-02

FIGURE 4. The quadrilateral mesh used in Section 6.1 with h = 273.

6.2. Non-isothermal Flow Example. In this section, we use the proposed s-
paces to compute a natural convection problem modeled by the Navier—Stokes—
Boussinesq system:

—vAu + (u - V)u + Vp = Raesp,
(35) divu =0,
—Ap+u-Ve=0.
Here, ¢ represents the temperature, and Ra is the (rescaled) Rayleigh number,

representing the relative strength of buoyancy forces with respect to thermal and
momentum diffusion [16, 9].
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The domain is taken to be Q = (0,1)%\(S; U S2), where S; is the triangle
with vertices (1,1), (0.5,0.5), (1,0.5), and Ss is the regular polygon centered at
(15/32,41/50) and with edge length 1/16. The system of equations is coupled with
velocity no-slip boundary conditions, heating/cooling is applied on the top and
middle horizontal sides

v =10 onT; :=(0,1) x {1},
=0 on T’y :=(1/2,1) x {1/2},
and the rest of the boundary is insulated:

Oy

on
We note that large Rayleigh numbers induce a large rotation—free part of the forcing
function in the momentum equations, which has a significant effect on the discrete
solutions if the divergence—free constraint is not sufficiently resolved [16].

Figure 6.2 shows the resulting computing streamlines and temperature profiles
with Ra = 2 x 10* and v = 3.5 x 10~2 on relative course meshes using the grad—
div stabilized Taylor-Hood finite element pair with 8709 unknowns (left) and the
divergence—free yielding method with 8657 unknowns (middle). In both cases, the
temperature is approximated by the biquadratic Lagrange finite element space. The
numerical experiments clearly show the advantage of the divergence-free yielding
pair, as the method resolves the prominent features of the flow on a relatively course
grid.

0 on 8Q\(F1 Urg).

FIGURE 5. Streamlines and pressure profiles of the Boussinesq sys-
tem (35) with v = 3.5x 1072 and Ra = 2x 10*. Left: Taylor-Hood
with grad-div stabilization (8709 unknowns); Middle: Divergence-
free yielding method (8657 unknowns); Right: Reference solution
(412k unknowns).

7. Conclusions

In this paper we introduced a stable finite element pair for the Stokes problem
that enforces the divergence—free condition exactly in the method. The key features
of the method are its relative low—order and robustness with respect to the meshes.
In the future we plan on extending these results to the three—dimensional setting.
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