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Abstract. The existence of solutions to the Boussinesq system driven by random exterior forcing
terms both in the velocity field and the temperature is proven using a semigroup approach. We
also obtain the existence and uniqueness of an invariant measure via coupling methods.
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1. Introduction

We study the existence and ergodicity of the stochastic Boussinesq equation
du = (vAu — (u - V)u+ 06 — Vp)dt + /Q1dW1 (1),

df = (XA — (u - V)0)dt + /QadWs(t),
(1) V-u=0 in (0,400) x O,

u=0, =0 on (0,+00)x 00,

u(0,2) =uo(z), 6(0,2) =60p(x) in O,

which models the interactions between an incompressible fluid flow coupled with
thermal dynamics in two dimensions, in the presence of random perturbations. Here
O C R? is a bounded, open and simply connected domain with smooth boundary
00, and u = (uy,uz2) denotes the fluid velocity field, # is the temperature of the
fluid, p stands for the pressure, v is the kinematic viscosity and x is the thermal
diffusivity, o is a constant two component-vector. Also Wi and W5 represent two
independent cylindrical Wiener processes [18, 21] defined, respectively, on a filtered
space (€2, F;, P) taking values in

H:{UG(L2(O))2:V-U=OinO, U-nzOOné)O}, Hy, = L*(0).

Finally, 1 and ()5 are linear continuous, positive and symmetric operators on H
and Hy, respectively, of trace class (see Definition A.1 in the Appendix A), i.e.,
Tr@Q; < oo, 1=1,2, satisfying the following condition:

(2) Ql = Ai’ya Q2 = A;’ya

where 1/2 < v < 1, A and A; are as defined in (3).

Herein we prove the existence and uniqueness of a solution (u(t, ug, 6o), 0(t, ug, 6p))
of the stochastic Boussinesq system (1), and of the corresponding invariant mea-
sure in the space H x H;. The deterministic version of the Boussinesq system
(1) was comprehensively studied in the literature (see, e.g. [1, 16, 25] and the
references therein). In the 19th century, Boussinesq conjectured that turbulent
flow cannot be described solely with deterministic methods, and indicated that a
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stochastic framework should be used [23]. In the case of two-dimensional Navier-
Stokes equations, the existence and uniqueness of a solution, the uniqueness of the
invariant measure and properties of the corresponding Kolmogorov operators were
studied in [3, 7, 6, 12, 11]. For the two-dimensional magnetohydrodynamics system,
see [2, 24, 5, 22, 15, 14]. Recently, many authors have studied ergodicity for the
solutions of the stochastic Boussinesq equations [10, 26, 27, 4, 9, 13, 17]. Notwith-
standing the physical differences between the Navier-Stokes equations, magnetohy-
drodynamics and the Boussinesq equations (different conserved quantities, unitless
physical parameters, energy cascades, fine scale structure of flows, complex pattern
formation, mean heat transport, Alfvén waves, wavepackets), from a functional
analysis viewpoint, similar results hold. There is an increasing set of standard
tools which can be often adapted to prove deterministic and statistical properties
for all these flows. Inhere we follow closely [2] by adjusting most of the proofs to
the fact that the temperature field is non-solenoidal.

The paper is organized as follows. In Section 2 we formulate problem (1) in
an appropriate functional setting (see [25, 8, 21, 18]) and in Section 3 we give the
main existence and uniqueness result for (1) which is proved via an approximating
regularizing scheme. In Section 4 we prove the existence of an invariant measure p
corresponding to the stochastic flow ¢ — (u(t), 8(¢)), and its uniqueness via coupling
methods, following [19, 2]. In particular, the uniqueness of the invariant measure
implies that the flow is ergodic, i.e.,

T

im = [ e(u(t), o) dt = /H odu Vo LA x Hip)

which agrees with some physical hypothesis on the Boussinesq flow. In the con-

cluding Section 5 we summarize our results, in the Appendix A we provide some
definitions used throughout the report, while Section 6 contains acknowledgements.

2. Functional setting and formulation of the problem

We introduce the functional spaces to represent the coupled Navier-Stokes and
heat equations (1) as infinite dimensional differential equation

v={ve H}©)*: V.v=0m0}, Vi=H}O)

The norms of V' and V; are denoted by the same symbol || - ||:

2

||1)H2:Z/ (Vo |2dz, v = (v1,v3) €V,
=170

Il = [ 1VaPds, e

Let denote by V'’ and V/ = H~(0O) the duals of V and V; respectively, endowed
with the dual norms. Denote again (-,-) the scalar product on H and the pairing
between V and V', V4 and V. The norm on H and L?(Q) will both be denoted by
| -|. Identifying H with its own dual we have V.C H C V'. Let A € L(V,V’), 4 €
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LWV, V{),b:V xV xV — R be defined by
(Av,w)z/Vv-dex, v,w €V,
o

(3) (A1, B) :/ Va-VBdx, o,fp eV,

b(u,v,w) = Z/uzDUijdx u,v,w €V,

i,j=1
and B : V — V' given by
(Bv,w) = b(v,v,w), v,weV.
Then system (1) can be written as

du 4+ (vAu + B(u) — o8)dt = /Q1dW1 (¢

(4) d0 + (xA10 4 (u- V)0)dt = \/Q2dWs(t)
U(O) = U, 9( ) = 90.

The cylindrical Wiener process W = (W, Ws) on H x H is defined [18] by

j=1

where {e}}, {e?} are two complete orthonormal bases of eigenfunctions of A, respec-
tively Ay, and {ﬂ;},z = 1, 2 are two independent sequences of mutually independent
Brownian motions on the filtered space (Q, F, F:, P). We denote by Cy (0, T; H x
H;) the space of all continuous functions Z : [0,7] € L?(Q, F;,P; H x H;) which
are adapted to the filtration F;. The spaces L, (0,T;V x V) and L%, (0,T; V' x V{)
are similarly defined.

Consider the stochastic convolution that is the mild solution of the problem

(5) AW 4 (t)+AWA = \/QdW (¢
Wa(0) =
given by
Wa(t) = [ A0 /Qaw(s) == (WA, WA (1)
0
where

A 0 Q1 0
A= (" . Q= .
(3 ) o= (3 a)
Under our assumptions it follows that [6]
W4 € Cw(0,T5H x H) N (L, ([0, T] x 0))?,

and by Theorem 2.13 of [6] we have that

E < sup |W2(t,x)|4> < 4o00.

(t,2)€[0,T)xO



718 Y. LI AND C. TRENCHEA

3. Existence and uniqueness result
Our main theorem is as follows.

Theorem 3.1. For all (ug,6p) € H x Hy and T > 0 problem (4) has a unique
solution (u,0) € L (0,T;V x Vq).

To prove Theorem 3.1 we reduce (4) to a deterministic equation with random
coefficients, via the substitution

u(t) = o(t) + WAE), 6(t) = n(t) + WA ().
Then (4) reduces to
v +vAv + B(w) +v- VWL + W) Vo -0 —cW3 = -B(W3)),
(6) W+ xAn+tv-Vn+o- VWi +W, -Vnp=-Wj- VW3,
v(0) = uo, 71(0) = bo.
We recall the following standard estimates, which will be used in the sequel:
[(B(v),w)| < Cloll|vflllw]] = [|B@)]lv: < Clof[o],
v Vnllv; < Clol 2|l 2|02 |ln]| /2,
1WA - Volly: + [lo- VWhlvs < WA o] /2o,
lo- VWil < CIWZ[*ol'2|lo]*/2,
IW2 - Vnllvy < CIWA*nl"2 (0.

Proposition 3.1. Let (ug,0) € H x Hy. Then there is a unique solution (v,n) €
L%,(0,T;V x Vi) to (6) such that P-a.s. (v,n) : [0,T] — V' x V/ is absolutely
continuous on [0,T] and
(i) v € L*(0,T; V"), ¥ € L*(0,T;V}), P-a.s.
(i) v e C([0,T],H) and n € C([0,T], Hy), P-a.s.
Proof. We consider the approximating equation
vl + vAv. + 5 (ve) +v. - VW4 + W) - Vo — 06, — cW3 = —B(W}),
(7) 0L+ XA + 5(ve,ne) +ve - VW3R + Wi - Vi = =W - VW3,
v(0) =uo, 1(0) = bo,

where
<1
o< (v) = BB(:})) Tf [ :
=iz Aol > <
and
®5(v,n) = vV if [Joll + Inll < £,
e Il + > L

It is easy to see that u. = v, + W}x and 0. = n. + Wi satisfy
dug + (I/AUE + D5 (ue) — aﬁg)dt =1/ Q1dW1 (1),

(8) df- + (xA10: + @5 (ue, 0.))dt = /QadWa(t),
U(O) = Uy, 9(0) = 90.
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Multiplying the first and second equations of (7) by v. and 6. respectively, we have
5 (el 1l + vl + Xl + Bloe, Wh, ) + (o, W, )
= —b(Wi,neyne) + (012, 0) + (GW3, 0e) — B(WA, Wi, v:) — b(Wi, WA, 7).
By use of Young’s inequality we obtain
b(ve, Wi, ve) < Cloe|"?[loe|*2 Wy < %II’UEH2 + Clu:*IWAl3,
b(ve, W, 1) < Cloc|"? o2 |[lme | W]
< Oloelfo=IIWALE + § Inell” < G llvell® + CloePIWAL + &l
bWk Wh,ve) < CIWA v < Zljee|? + CIW A4,
bWhmeine) < Zlnel? + Clne PIWA4,
b(Wi, Wi,n:) < CIWAla|Wilallne|l < %Ilnell2 +CIWAIRIWALL
(ome, ve) < C(|775|2 + |U€|2),
which by the above energy equality yields
9)
% (loel? + nel?) + vllvel® + xlInel® < CUWALL + WAL+ 1)(Inel* + [ve* + 1).

Integrating (9) with respect to ¢ € [0,T] and using Gronwall’s inequality, we have
T
ve (D)7 + [n-(t)]? +/O (loe(s)I1? + In=(s)]1*)ds
T
(10) < C(luol* + [60]?) exp <C/ (IWAl3+ [W3l; + C)d'S) +C, tel0,T],
0

where C'is independent of ¢ and w.
Now we fix w € © and select a sub-sequence € = ¢(w) such that

ve(t) = v(t) weakly in L?(0,T;V), weak star in L°°(0,T; H),
ne(t) — n(t) weakly in L*(0,T;V}), weak star in L>(0,T; L*(2)),
Av.(t) — Av(t) weakly in L*(0,T;V"),
An-(t) — An(t) weakly in L(0,T;V7),
and similarly
S5 (v-(t)) — p1(t) weakly in L2(0,T;V")
@5(0:(£),1:(t)) = @2(t)  weakly in L*(0, T; V7)
ve(t) - VWL — v(t) - WL  weakly in L*(0,T; V")
Wi - Vue(t) = Wi -Vou(t) weakly in L*(0,T; V")
one(t) — on(t) weakly in L*(0,T;V{)
ve(t) - VW3 — v(t) - W3 weakly in L?(0,T;V])
Wh-Vn.(t) — Wi -Vn(t) weakly in L*(0,T; V).
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Thus, we have
v+ vAv+ o) v - VWL + W), - Vo= —-B(W}) 4060 +0W3, ae. tel0,T],

(11)
0 4 xAin+ o2 +v- VW3 + WL -Vnp=-W, VW3, ae. tc[0,7],

0(0) = o, 1(0) = bo.

On the other hand, since v/ and 7. are bounded in L?(0,T;V’) and L?(0,T;V})
respectively, we also have that for ¢ — 0
ve — v strongly in L2(0,T; H),
(12) ne — 1 strongly in L2(0,T; L*(0)).
Moreover,

T T
(13) / (o1 (1), (0))dt — / b(v, 0, 9)dt, W € C((0,T], D(A)),

and the reason is as follows.

/0 (1), (1)) dt

b gy Ve
:/ b(Ua7U67w)dt+/ wdt
te[0,T):||lv-||<1/e te[0,T):||lve||>1/e € 02|l

=1+ 12
Using (12) it is straightforward to obtain that
b(ve, ve, V) — b(v,v,7), a.e. t €[0,T].

Also, since
[b(ve, ve, )| < Clue|l|vel],
we deduce by Lebesgue’s dominated convergence theorem that

T
Il - / b(v,v,¢)dt ase — 0.
0

On the other hand, by (10) we infer that
sup {|lve(t)|| > 1/} < Ce?.
te[0,T]

Therefore,

|I2| < Ce? elllve ] <C ! <Ce—=0 ase—0.
&2||ve|? el
Thus, it follows that ¢1(t) = B(v(t)), a.e. t € [0,T]. Similarly, we have pa(t) =
v-Vn.

This means that the pair (v,n) is a solution to (6) for every fixed w € . On
the other hand, it is readily seen that for each w € €, (11) with ¢; = B(v) and
2 = v - Vn has at most one solution (v,n) with the above properties. This implies
that, for ¢ — 0,

Ue(t) - U(t)7 ne(t) - U(t),
weakly in L2(0,T;V) and L?(0,T;V;), respectively, P-a.s. This indicates that v and
7 (and v’ and 1)') are adapted to the filtration F; and therefore (v,n) € L%, (0,T;V x
Vi) and (v',n') € L%,(0,T; V' x V). O

Now we are ready to prove Theorem 3.1.
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Proof of Theorem 3.1. For the first equation of (8), we have by Itd’s formula

1 ¢ 1 1 t
(14) §E|u6(t)|2 + VE/ |lu(s)||?ds = §|u0|2 + §tT7“ Q1+ E/ (00, uc)ds.
0 0

Similarly, the second equation in (8) yields

1 t 1 1
(15) SEIO-OF +XE [ 10.(5)Pds = 5160 + 3¢ 7z
0

Combining (14) and (15) we obtain

t

(16) E(Ius(t)l2+|95(t)l2)+2E/0(Vl\ue(S)HQ+xll9e(8)|\2)d8

t
— Juof? + 6o]2 + ¢ Tr (Q1+Q2)+2]E/ (00.(s), ue(s))ds, Vi € [0, .
0

By Gronwall’s inequality, we deduce from (16) that
t

(17) E(lue(t)* + 10 ()|*) + E/O (lus(s)I1* + 16=(s)[*)ds < C.
This implies that, for € — 0,

ue —u=v+ W5 weakly in L% (0,T;V),

0. —0=n+W3 weakly in L?,(0,T; V1),

where (u,0) is a solution to (1).
As for uniqueness, if (u(t),0(t)) is a solution with initial data (u1,6;) we have
by (4) that

%d(IU(t) —a(t)? +10(t) = 0(O)) + vilu(t) — a(®)||* + x|16(t) — 6(t)]>
< |b(w — @y @y u — )| + |((u— @) - V0,0 — )| + |(a(6 — 0),u — @)
< Clu — all|lu — all[|al| + Clu—al*/?||u — al|"/*|0]"/2)|6] /2|6 — 6]| + C|6 — 6] |u — @l
< Clu—al[[al]? + T hu = a@l]* + Clu— al68]* + 7 u -
+ 310 =012+ C(10 = 0 + ju— )

< C(19 =8P + Ju—al) (1 + @] + 18P18]) + 3 llu — @l + S ]16 - 6]
Using Gronwall’s inequality there holds

Ju(t) — a(t)]* + |6(t) — (1)

< O(Jug — wr|? + |8o — 61]2) x exp (o /Ot(1 + ) + |§|2||§H2)ds), P-as.
This completes the uniqueness of (u,6) as well as the continuity of (ug,f0y) —
(u(t),0(t)). 0
4. Ergodicity

4.1. Existence of invariant measure. Let (u(t,uo,6),0(t, uo, 00)) € L%,(0,T;V x
V1) be the solution of (1) with initial data (ug, fp). Set

Pﬁﬁ(Uo,@o) = E[¢(u(t,u0,90),9(t,uo,90))], V(Uo,@o) € Hx Hy, ¢ € Cb(H X Hl)
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Recall that a Borel probability measure p in H x H; is invariant (Definition A.3)
for the transition semigroup P; if

/ Pipdu = / ddu, Vo € Co(H x Hy).
Hx H, HxHy

Theorem 4.1. There exists at least one invariant measure p for Py.

Proof. From (16) we have that
t

E(|u(ta Uo, 90)|2 + |9(t7 uo, 90)|2) + E/ (HU(S, uo, 90)”2 + HG(S, Uo, 90)”2)d5
0
(18) < C(luol® + 60> +tT7(Q1 + Q2)), t>0.
Let m¢(ug, 6o, ) be the law of process (u(t),0(t)). Then
t
P,p(ug,6o) = / o(ur, 01)m(uo, o, dui, doy).
0

In order to prove the existence of an invariant measure, it is enough to show that
the set of measures

1 /7
HrT = _/ 7Tt(u(boOa )dta T> ]-7
T Jo

is tight in P(H x Hy) (see the definition A.4 in the Appendix A). With fixed
(ug,6p) € H x Hy we have that

1 t

;E/ (l[u(s, uo, 60)|1* + [16(s, w0, 00)[|*)ds < C(Juo|* + 160[* + Tr(Q))-

0

Let Bgr denote the ball of radius R in V' x V;. Then VR > 0, we have
1 (7
pr(B3) = / 71 (1o, O, BE)dt
0
1
TR2
1 2 2
< ﬁC(|u0| + 160" +1T7(Q)),

which yields that {7 }r>1 is tight. O

<

T
/ E(Ju(s, uo, 00)]I% + 6(s. o, 00)|2)ds
0

4.2. Uniqueness of invariant measure. In this section we follow the approach
in [2, 19] to prove the uniqueness of the invariant measure u, using the coupling
method (see, e.g., [2, 19, 11, 12]). The main steps in the proof are comprised
in Lemmas 4.1-4.3. With these a priori estimates, the main result, Theorem 4.2,
follows exactly the same framework as in [2]. Therefore, we only present Lemmas
4.1-4.3 in this section. For a detailed proof of Theorem 4.2 we refer to [2].

Lemma 4.1. The following estimate holds:
t
* t
19) v ]E/ (lu(s, wo, 00)[I* + [16(s, uo, 60) [*)ds < |uol* + |6o]* + 5T(Q),
0
where v* = min{v, x}.
Proof. This is a direct consequence of (18). O

Lemma 4.2. Let py,p1 > 0. Then there exist « = a(pg, p1) and T =T (po,p1) >0
such that for any t € [T, 2T], |uo| < po,|6o| < po, we have

(20) P(|u(tvu0a90)| < p1, |9(t7u0790)| < Pl) > Oé(PO,Pl)~
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Proof. Let v=u— W}, n=0—W3, where W} and W3 are mild solutions to (5).
Multiplying the second equation (6) with 1 yields P-a.s.
Ld 2 2 2 1 2
3 MO+ Xl < [b(u(t), WA ), n($))] + [6(W4(2), Wa(t), n(t))
X
< C(Il@PIWA@E + WA RWAMDIE) + 5 In@®)]*

Thus,

d
SO + xXln@)? < CIWA®E (oI + WA @)12),
hence, with 0 independent of ¢, we have

(21) 3 (@ mR) < CWOR (@] + WA @)

Note that W} and W2 are independent Gaussian processes in L*(O), and following
the argument in [6], for every € > 0 we have

P(Se) >0, Se={weQ:[Wit)i+ WA <e Vte 0, 277}

Integrating and rearranging (21), for e small enough, we deduce

t
n®)* < e n(0)* + C€_6t€/ e ([o(s)? + €)ds
0
(22) < e %n(0)| + Ce, for a.e. t €[0,27T], P-a.s. on S,

where we used the a priori bound on v from (10). Now multiply equation (6) with
v and 7 respectively, to obtain

2 (o(®) + ) + @2 + xlin(®)?

)
<CWA® +IWAOR) (v + 1)
+ @I + Coln®F + T2 + 5 In() 1%

Applying again (10) for the bound of v, and the estimate (22), the above relation
yields

(23) P + O + allo@I + In(?) < OO +e).

Multiply by e® both sides of (23) and integrate from 0 to ¢, then we have
(24) o)) + In(®)* < e ([0(0)] + [n(0)[) + Cln(0)[Pe™ (>t 4 Cet,

P-a.s. on Se and for all ¢ € [0,27T], therefore also on [T, 27T]. The right-hand side
will be small by choosing T large enough first, and then letting € small enough. [J

For notational simplicity, in the sequel we denote by (z,y) € H x H;y the initial
values of (u,6), the solution of (1).

Lemma 4.3. Let g € Cy(H x Hy) be such that ||gllo < 1. Then for anyt > 0 there
exists 6 > 0 such that

Y

|~

|Ptg(x7y) - Ptg(m17y1)| §

for all (x,y),(x1,y1) € H X Hy, x,y,x1,y1 € B5(0), where Bs(0) denotes the ball
centered at the origin of § radius.
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Proof. Let Z = (u, ) be the solution of (1) with initial value (z,y) € H x H; and
by DZ the Gateaux derivative of Z. Denote

51 = Dzua 52 = Dazea 53 = Dyua 54 = Dyoa
where D, and D, are Gateaux derivatives with respect to z and y. Then
1 +vAG + B'(u)é — 08 =0,

(25) Eo+xAi&a+ (& - V)0 + (u- V)& =0,
51(0) = ]-a 52(0) = 0;

and
& +vA&L + B'(u)és — 064 =0,

(26) i+ xA1&+ (& - V)0 + (u- V)& =0,
£3(0) =0, &(l) =1

By multiplying (25) by & and &a, respectively, we have

1d
Sl + lef) + via + el

=—b(&,u, &) + (0€2,81) — b(61,0,&2)
<Cléallléalllull + ([ + |1 + Clleall2 g2l lex [ &2 6]

<ell&ll* + Clea *[lull + %(IEQI2 +&l) + %(II&H2 +ll&l*) + Clal® + l&*)llo]>.

For properly chosen ¢, there exists v > 0 such that

d
Gl +1&el) + (&l + 160 < C(&al® + &) lul® + 101* + €),

and by Gronwall’s inequality, we obtain

t
0

t
(27) 1642 + [&af? + / (Ul + [El®)ds < C exp (o / <||u||2+||9|2+c>ds),

for all t € [0, T]. Similarly,

t

(28) 1] + |Eaf® + 4 / (€112 + [€a]2)ds < C exp (o / <||u||2+||9|2+c>ds).
0 0

The next step is to estimate

E [g (U(t, €, y)a Q(t, Z, y)) -9 (U(t, Iy, yl)v G(t, Ty, yl))]

by following the argument in [19]. First we recall the definition of a real cut-off
function
1 if r € [0, K]
Cr(r)=<0 if r e 2K, o0
€0,1] ifre [K,2K].



EXISTENCE AND ERGODICITY FOR 2D STOCHASTIC BOUSSINESQ EQUATION 725

Then

E [g (U(t, €, y)a Q(t, Z, y)) -9 (u(ta Iy, yl)a Q(t, Iy, yl))]

— &g (utt.) 00t ) o [ (lu(s, 2.2 + 66,2 ) s )|
~E g ult o). 00t ) - e [ (s, zram)2 + 665,01, 1)a5 )|

0

H,
+E[glu(t, ), 0t,2,9) - (1 - e [uw(s,x,y)w + 116G, 7, 9)|)ds) )|
H>
~E[gtu(t. e p0). 00210 - (1= o ( [ (s, o5l + 10, 21,90 [)ds))
Hs

= Hy(t) + Hy(t) + Hs(t).

Using Markov’s inequality and Lemma 4.1 we have

t
@) 1) <P ([ Gatsn )l + 106, 50)7)ds = K ) ol
t
< W90 (102 4 g2+ Lre(@u + Qo).
Similarly,
lgllo 2 2
(30) (Ha(0)] < 222 (a1 + s + 5Tr(Q1 +Q2)).

In order to estimate H;(t), we write it as follows.

g (U(t, T, y)\)v G(tv T, y)\))

Lg
Hl(t):A a1E

x ®x (/ (luls, zx, ya)|I” + ||9(s,xA,yA)|2)ds) ]dA,

0

where
Ty = Az + (1 — Nz, yry=My+ (1— Ny, Iel0,1].

Denoting by h = (x — 21,y —y1), & : V x Vi3 = V' x V{ the canonical isomorphism
of V- x V; onto V' x V{, and

t
= inf{t > 00 [ (luts.on )l + 1065, 7a,00) P)ds > 2K},
0
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the Bismut-Elworthy [20] formula yields

(0 = [ 75 |o(Zan ) ([ s on )P+ 106,22, 1))

/ (QI/QDZ(s,xA,yA)h,dW(s))] d\

0

0 (Z(L ) - Vg ( [ s vl + ||9(8793A,yA)|2)d5)

1
+2/E
0

t
[ 0= 25,000 D2 (s, )|
0

Then we have

1/2

1 1 tAT
H1(8) < Clglo | d)\lgE [/ |Q—1/2DZ(s,ac>\,y>\)h|2ds]
0 0

AT 1/2 t 1/2
(/ ||€h(5730wyx)|%/xvld5) (/ ||z<s,xk,yk>|2) H

where ¢" = DZ - h. By estimates (27) and (28), as well as the condition (2), we
have that

+ 2[| Pk [[0E

¢
| 1@ 2Dz mr s < v
0
Finally, using the estimates (19) and (27)-(30), we obtain

(31) [Elg(Z(t z,y)) — 9(Z(t, 21,51))] |

5 1
<cC 5(— 269K (1 t—1/2)<_,
< Cllglod (2 + 265 (14 71/2) < 4
for all z,y, x1,y1 € Bs(0) when K is appropriately chosen and § is small enough. O

With the a priori estimates in Lemmas 4.1-4.3, the next theorem can be obtained
by following the same (coupling method) approach in [2].

Theorem 4.2. There is a unique invariant measure u for semigroup P;.

5. Summary

We have proved an existence and uniqueness result for the Boussinesq system
with random exterior forcing both in the velocity and temperature fields, using a
semigroup approach and an approximating regularizing scheme. The ergodicity of
the stochastic Boussinesq flow ¢ — (u(t),0(¢)) is a consequence of the existence and
uniqueness of an invariant measure, which was derived by coupling methods.

6. Acknowledgments

This work was partially supported by the AFOSR under grants FA 9550-12-1-
0191 (C. Trenchea), FA9550-16-1-0355 (Y. Li), and partially supported by the NSF
grant DMS-1522574 (C. Trenchea).



EXISTENCE AND ERGODICITY FOR 2D STOCHASTIC BOUSSINESQ EQUATION 727

References

(1]
2]

3]

[4]

[9

(10]
(11]
(12]
(13]

(14]

(15]

[16]

(17]
(18]
(19]
20]
(21]

(22]

23]

(24]

F. Abergel and R. Temam, On some control problems in fluid mechanics, Theor. Comput.
Fluid Dyn.,, 1 (1990), pp. 303—-325.

V. Barbu and G. Da Prato, Existence and ergodicity for the two-dimensional stochastic
magneto-hydrodynamics equations, Appl. Math. Optim., 56 (2007), pp. 145-168.

V. Barbu, G. Da Prato, and A. Debussche, Essential m-dissipativity of Kolmogorov operators
corresponding to periodic 2D-Navier Stokes equations, Atti Accad. Naz. Lincei Cl. Sci. Fis.
Mat. Natur. Rend. Lincei (9) Mat. Appl., 15 (2004), pp. 29-38.

M. D. Chekroun, E. Park, and R. Temam, The Stampacchia maximum principle for stochastic
partial differential equations and applications, J. Differential Equations, 260 (2016), pp. 2926—
2972.

H. Cui, Y. Li, and J. Yin, Long time behavior of stochastic MHD equations perturbed by
multiplicative noises, J. Appl. Anal. Comput., 6 (2016), pp. 1081-1104.

G. Da Prato, Kolmogorov equations for stochastic PDEs, Advanced Courses in Mathematics.
CRM Barcelona, Birkhéduser Verlag, Basel, 2004.

G. Da Prato and J. Zabczyk, Ergodicity for infinite-dimensional systems, vol. 229 of London
Mathematical Society Lecture Note Series, Cambridge University Press, Cambridge, 1996.
G. Da Prato and J. Zabczyk, Stochastic equations in infinite dimensions, vol. 152 of En-
cyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge,
second ed., 2014.

J. Foldes, N. Glatt-Holtz, G. Richards, and E. Thomann, FErgodic and mixing properties
of the Boussinesq equations with a degenerate random forcing, J. Funct. Anal., 269 (2015),
pp- 2427-2504.

J. Foldes, N. E. Glatt-Holtz, G. Richards, and J. P. Whitehead, Ergodicity in randomly
forced Rayleigh-Bénard convection, Nonlinearity, 29 (2016), pp. 3309-3345.

M. Hairer and J. C. Mattingly, Ergodic properties of highly degenerate 2D stochastic Navier-
Stokes equations, C. R. Math. Acad. Sci. Paris, 339 (2004), pp. 879-882.

, Ergodicity of the 2D Navier-Stokes equations with degenerate stochastic forcing,
Ann. of Math. (2), 164 (2006), pp. 993-1032.

D. D. Holm, Variational principles for stochastic fluid dynamics, Proc. A., 471 (2015),
pp. 20140963, 19.

V. L. Klyatskin, Stochastic equations: theory and applications in acoustics, hydrodynam-
ics, magnetohydrodynamics, and radiophysics. Vol. 1, Understanding Complex Systems,
Springer, Cham, 2015. Basic concepts, exact results, and asymptotic approximations, Trans-
lated from the 2008 Russian original by A. Vinogradov.

, Stochastic equations: theory and applications in acoustics, hydrodynamics, magneto-
hydrodynamics, and radiophysics. Vol. 2, Understanding Complex Systems, Springer, Cham,
2015. Coherent phenomena in stochastic dynamic systems, Translated from the 2008 Russian
original by A. Vinogradov.

L. D. Landau and E. M. Lifshitz, Course of theoretical physics. Vol. 6, Pergamon Press,
Oxford, second ed., 1987. Fluid mechanics, Translated from the third Russian edition by J.
B. Sykes and W. H. Reid.

J. Lee and M.-Y. Wu, Ergodicity for the dissipative Boussinesq equations with random
forcing, J. Statist. Phys., 117 (2004), pp. 929-973.

W. Liu and M. Rockner, Stochastic partial differential equations: an introduction, Univer-
sitext, Springer, Cham, 2015.

C. Odasso, Ergodicity for the stochastic complex Ginzburg-Landau equations, Ann. Inst. H.
Poincaré Probab. Statist., 42 (2006), pp. 417-454.

S. Peszat and J. Zabczyk, Strong Feller property and irreducibility for diffusions on Hilbert
spaces, Ann. Probab., 23 (1995), pp. 157-172.

C. Prévot and M. Roéckner, A concise course on stochastic partial differential equations,
vol. 1905 of Lecture Notes in Mathematics, Springer, Berlin, 2007.

P. A. Razafimandimby and M. Sango, Existence and large time behavior for a stochas-
tic model of modified magnetohydrodynamic equations, Z. Angew. Math. Phys., 66 (2015),
pp. 2197-2235.

M. M. Stanisi¢, The mathematical theory of turbulence, Universitext, Springer-Verlag, New
York, second ed., 1988.

Z. Tan, D. Wang, and H. Wang, Global strong solution to the three-dimensional stochastic
incompressible magnetohydrodynamic equations, Math. Ann., 365 (2016), pp. 1219-1256.




728 Y. LI AND C. TRENCHEA

[25] C. Trenchea, Periodic optimal control of the Boussinesq equation, Nonlinear Anal., 53 (2003),
pp. 81-96.

[26] K. Yamazaki, Global martingale solution for the stochastic Boussinesq system with zero
dissipation, Stoch. Anal. Appl., 34 (2016), pp. 404-426.

[27] Y. Zheng and J. Huang, Large deviation principle for stochastic Boussinesq equations driven
by Lévy noise, J. Math. Anal. Appl., 439 (2016), pp. 523-550.

Appendix A.

Definition A.1. Suppose H is a real separable Hilbert space with inner product
(-,+) and norm |- |. A linear continuous operator Q is of trace class if it satisfies,
e positivity: (Qx,x) >0, z € H,
o symmetry: (Qz,y) = (z,Qy), z,y € H,
e bounded trace: Tr Q := Y ;- (Qex, ex) < +o0o for one (and consequently
for all) complete orthonormal system (ey) in H.

Definition A.2. A Markov semigroup P, on By(H) is a mapping
[0,+OO)—)L(BI,(H)), tHPta
such that
(i) Po =1, Piys = P.Ps for allt,s > 0.

(ii) For anyt >0 and x € H there exists a probability measure m(x,-) € P(H)
such that

Prplz) = /H o(y)me(z,dy) for all o € By(H).

(i11) For any ¢ € Cy,(H) (resp. By(H)) and x € H, the mapping t — Pyp(x) is
continuous (resp. Borel).

Definition A.3. Assume P; represents a Markov semigroup A.2 on a Hilbert space
H. A probability measure u € P(H) is said to be invariant for Py if

/ Pypdp = / wdp,  for all p € By(H) and t > 0,
H H

where By(H) is the Banach space of all real-valued Borel bounded mappings defined
on H with the norm

llollo = sup |p()].
rE€H

Definition A.4. A subset A C P(H) is said to be tight if there exists an increasing
sequence (K,) of compact sets of H such that

lim pw(K,) =1 wuniformly on A,
n—o0
or, equivalently, if for any € > 0 there exists a compact set K. such that
pK)>1—-¢, peA
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